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This book is written for those who are in sympathy with its spirit. This spirit
is different from the one which informs the vast stream of European and
American civilization in which all of us stand. That spirit expresses itself in
an onwards movement, in building ever larger and more complicated
structures; the other in striving in clarity and perspicuity in no matter what
structure. The first tries to grasp the world by way of its periphery —in its
variety; the second at its centre —in its essence. And so the first adds one
construction to another, moving on and up, as it were, from one thing to the
next, while the other remains where it is and what it tries to grasp is always
the same.

Wittgenstein



CONTENTS

PREFACE

I. FREE INTUITIONISTIC LOGIC AND COMPLETE HEYTING ALGEBRAS

II. LOCAL SET THEORIES / INTUITIONISTIC TYPE THEORIES

ITII. CATEGORIES AND TOPOSES

IV.INTERPRETING A LOCAL LANGUAGE IN A TOPOS: SOUNDNESS
AND COMPLETENESS

V. TRANSLATIONS OF LOCAL LANGUAGES

VI. USES OF THE EQUIVALENCE THEOREM

VII. NATURAL NUMBERS IN LOCAL SET THEORIES

VIII. SYNTACTIC PROPERTIES OF LOCAL SET THEORIES AND THEIR
TOPOS COUNTERPARTS

IX. CHARACTERIZATION OF Set

X. TARSKI'S AND GODEL’S THEOREMS IN LOCAL SET THEORIES



PREFACE: FROM SET THEORY TO TOPOS THEORY

The reigning concepts of set theory are the membership relation € and the

extension {x: A(x)} of an arbitrary predicate A. These are related by the

comprehension principle

Comp Aly) © y € {x: A0}

In set theory {x: A(x)} is taken to be an actual collection of individuals,

namely, the class of individuals having the property associated with the

predicate A, and the relation € to be the concrete membership relation

obtaining between a class and the individuals comprising it.

Now from a purely formal standpoint it is not necessary to
construe the comprehension principle in the concrete manner prescribed
by set theory. One has the option of regarding that principle as asserting
a purely formal connection between the symbols involved. This opens up
the possibility of conferring new meanings on those symbols, while at the
same time continuing to affirm the principle. Topos theory—or local set
theory—offers just such a possibility.

In the universe of sets every entity is a set (or a class) and so also

an extension of a predicate since the comprehension principle trivially

implies that, for each set X, X = {x: x € X}. This remains the case in topos

theory. A topos is a category every entity of which—that is, each object
and arrow—can formally be construed as an extension of a “predicate”
(suitably defined) in such a way as to preserve the comprehension

principle. The difference between set-theoretic extensions and their



“formal” counterparts can then be seen to rest on just how symbols for
variables (x, y, ...) are to be understood. In the set-theoretic case these

symbols are construed substitutionally—i.e. as placeholders for names of

fixed individuals. Thus, for example, VxA(x) is understood to mean the

conjunction A(a) & A(b) & A(d) & ... where a, b, ¢, ... is a list of names of
the distinct individuals constituting the universe of discourse. In the
formal case as realized by topos theory, on the other hand, symbols for
variables ultimately denote correspondences and so have to be regarded

as truly variable entities. Thus while in set theory the rule of inference

A(a) for every individual a

VXA(x)

is affirmed, this rule fails in the “formal” case. Indeed, the correctness of
the rule singles out the set-theoretic case.

The fact that the whole apparatus of extensions is applicable
within a topos is what makes topos theory a “generalization” of set

theory.



I.
FREE INTUITIONISTIC LOGIC AND COMPLETE HEYTING
ALGEBRAS

The system of free intuitionistic logic has the following axioms and rules of

inference.

Axioms

a—>P->o

[ => (B —=7) = [la—>PB) > (a—7)]

a—>P->anp)

aAAP—>a anpP—pB

oa— avf B— avp

(=) > [B—=>7—>(@vp -7

(@ —B) = [(a > —=p) > —a]

-0 = (a0 > B)

o(t) = Ixo(x) Vxo(x) > a(y) (xfree in o and tfree for x
in o)

X=X o) Ax=y— a(y)

Rules of Inference

Restricted modus ponens o, o0— B

B (all free variables
of a free in B)

p— alx o) - B

B — Vxo(x) dxa(x) > B (x not free in B)

A lattice is a partially ordered set with partial ordering < in which each

two-element subset {x, y} has a supremum or join—denoted by x v y—



and an infimum or meet—denoted by x A y. A lattice is complete if every
subset X (including &) has a supremum or join—denoted by VX—and an
infimum or meet—denoted by AX. Note that \VJ = O, the least or bottom
element of the lattice, and AY = 1, the largest or top element of the

lattice.

A Heyting algebra is a lattice H with top and bottom elements such
that, for any elements x, y € H, there is an element—denoted by x = y—

of H such that, for any z € H,

z<(x >y =t zAax<y
Thus x = y is the largest element z such that z A x < y. So in particular,

if we write x* for x = 0, then x*is the largest element z such that x A z =

O: it is called the pseudocomplement of x. We also write x < y for (x = y)

Ay = x.

A Boolean algebra is a Heyting algebra in which x** = x for all x, or
equivalently, in which xv x* =1 for all x.

Heyting algebras are related to intuitionistic propositional logic in
precisely the same way as Boolean algebras are related to classical
propositional logic. That is, suppose given a propositional language L; let
P be its set of propositional variables. Given a map f: P - H to a Heyting

algebra H, we extend f to a map a ~ [a] of the set of formulas of L to H a

la Tarski

[anBl=Taf A[BT [oovB]=[a]lv[B] [-af=]o]*
[o— Bl = [a] = [B].

1 Throughout, we use “=” for “if and only if” and “=” for “implies”.



A formula o is said to be (Heyting) valid—written Fo—if [a] = 1 for any
such map f. It can then be shown that a is valid iff Fa in the intuitionistic

propositional calculus, i.e., a is deducible from the propositional axioms
listed above.

A basic fact about complete Heyting algebras is that the following
identity holds in them:

(%) xA Vyi = Vxnyi

iel iel

And conversely, in any complete lattice satisfying (*), defining the

operation = by x= y=V{z: zA x< y} turns it into a Heyting algebra.

To prove this, we observe that in any complete Heyting algebra,

xaVyisz = Vyis(x= 2

iel iel

Yyi < (x: Z),

yinx <z alli

VxaAy £ z

iel
Conversely, if (¥) is satisfied and x = y is defined as above, then
x=yrx sVzZzarxsyrx
=Vizax zArx< y}

<y.
Soz< (x >y = zAx < (x= y) Ax <y. The reverse inequality is an
immediate consequence of the definition.

In view of this result a complete Heyting algebra is frequently
defined to be a complete lattice satisfying (*).



Complete Heyting algebras are related to (free) intuitionistic logic in
the same way as complete Boolean algebras are to classical logic. To be
precise, let L be a first-order language whose sole extralogical symbol is a
binary predicate symbol P. An L-structure is a quadruple M =
(M, eq, Q, L), where M is a (not necessarily nonempty!) set, H is a
complete Heyting algebra and eq and Q are maps M2 — M satisfying, for

allm,n, m,n" e M,

eg(m, m) = 1, eq(m, n) = eq(n, m), eq(m, n) A eq(n, n) < eg(m, n),
Q(m, n) A eq(m, m) < Q(m’ n), Q(m, n) A eq(n, n) < Q(m, n).
For any formula a of L and any finite sequence x = <xi, ..., xx> of

variables of L containing all the free variables of a, we define for any L-

structure M a map

[o]My: M —> H
recursively as follows.:
[%p=xq] Mx = <mu ..., mx> » eq(mp, my),
[Pxp xg]Mx = <my ..., mp> > Q(myp, my),
[o A BMx = [o|Mx A [B]Mx, and similar clauses for the other
connectives,
[Qyoa]Myx = <my ..., mx>~ V o (y/W)]Mux(mm: ..., my)
meM
[Vya]Mx = <my ..., mp> > Alo (y/ W]Mux(m,mi ..., my)
meM

Call o M-valid if [a]M. is identically 1, where x is the sequence of all free

variables of a. Note that, if M is empty, then any formula containing a

free variable is M-valid, but [3x. x = x]M = 0.
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Then it can be shown that a is M-valid for all M iff o is provable in
free intuitionistic logic. This is the completeness theorem for this system of

logic.
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IT
LOCAL SET THEORIES /INTUITIONISTIC TYPE THEORIES

LOGIC IN A LOCAL LANGUAGE

A local set theory is a type-theoretic system built on the same primitive
symbols =, e, {} as classical set theory, in which the set-theoretic
operations of forming products and powers of types can be performed,
and which in addition contains a “truth value” type acting as the range of
values of “propositional functions” on types. A local set theory is
determined by specifying a collection of axioms formulated within a local

language defined as follows.

A local language Zhas the following basic symbols:

o 1 (unit type) Q (truth value type)

e S, T,U,... (ground types: possibly none of these)

o f, g, h,... (function symbols: possibly none of these)

* Xa, Ya, Za, ... (variables of each type A, where a type is as defined

below)

* (unique entity of type 1)

The types of #are defined recursively as follows:
1, Q are types
any ground type is a type
A1 x ... x Ap is a type whenever Ay, ..., An are, where, if n= 1,
A1 x ..x Anpis A1, whileif n=0, A1 x .. x Anis 1 (product types)
e PA is a type whenever A is (power types)

Each function symbol f is assigned a signature of the form A - B, where

A, B are types; this is indicated by writing f: A —» B.
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Terms of % and their associated types are defined recursively as

follows. We write

1: A to indicate that the term 1 has type A.

Term: type Proviso
*:1
xa: A
f(r): B ffA>B A
<Tly eeey Tn>: A1 X oo X An, where <tT1, ooy Tn> T1: A1, veey Tn An

ist1if n=1, and % if n = 0.

(t)i A

where (tf)iistifn=1 TA1X..xAn 1<i<n
{xa: a}: PA a:Q
c=1.Q o, © of same type
cetnQ o: A, ©: PA for some type A

Terms of type Q are called formulas, propositions, or truth values.

Notational conventions we shall adopt include:

o, 0, o’ variables of type Q
o, B,y formulas
X, Y,,Z ... XA, YAy ZA...

1(x/ o) or t(o)

result of substituting o at each free
occurrence of x in t: an occurrence of x is
free if it does not appear within {x: o}

ao B a=p
I':o sequent notation:I" a finite set of formulas
T D a

A term is closed if it contains

type Q is called a sentence.

no free variables; a closed term of

The basic axioms for #are as follows:

Unity tx1= %
Equality x=y,o(z/x : a(z/y)
Products P (=x1, ey Xn>)i= Xi

t X =<(%)1, ..., (In>

Comprehension : x e {x: o} <> a

The rules of inference for Z are:

Thinning r:

(%, y free for zin o)

B, T:a
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Restricted Cut o o, I':p

r:p (any free variable of a free in I') or B)
Substitution I':a

[(x/7) : ax/7) (t free for xin I" and o)

Extensionality l'xeoceoxen

lo=r1 (x not free in I, o, 1)
Equivalence ol:p B,T:a

loaop

These axioms and rules of inference yield a system of natural

deduction in % If S is any collection of sequents in % we say that the
sequent I' : a is deducible from S, and write I' s a provided there is a

derivation of I' : o wusing the basic axioms, the sequents in S, and the

rules of inference. We shall also write T a forT' 5 a and Fs a for
D Fsa.

A local set theory in % is a collection S of sequents closed under
deducibility from S. Any collection of sequents S generates the local set
theory S* comprising all the sequents deducible from S. The local set

theory in #generated by O is called pure local set theory in %

The logical operations in Zare defined as follows:

Logical Operation Definition2
T (true) * =K
(x/\[?) <a, B> =<1, T>
oa—>p (anPB)ea
VX o {x:a}={x:T1}
L (false) Y®. ®

2 For the intuitive justification of the last pair of definitions, observe that: a v  holds iff,
for any proposition o, if ® follows both from a and from B, then ® holds. Similarly, Jxa
holds iff, for any o, if ® follows from a(x) for any value of x, then o holds.
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—a o—> L
avp Vol(a > oAp - o) > o]’
IX o Vo[ VX(a - o) > o]

We also write x# y for —(x = y), and x ¢ y for —=(x € y).
It can now be shown that the logical operations on formulas just
defined satisfy the axioms and rules of free intuitionistic logic. We

present some of the relevant derivations. In general, we write

Fl:O(l,...,Fn:O(n
A:B
for derivability of A: B from "1t a1, ... , ['n: an.

1. Fx=x

Derivation: : (x)1 = x.

2. otk a.

Derivation: O,0=0:0 tO=®
OO
o a

. x=yFy=x, x=yk1(z/x9 =1(2/y).

4. FT, aFoa=T, a=TF a.
Derivations: T,0:0 O, 0:T
a:a=T

0O=0,0 0
T.T:Q

(X/:
a=T:0
5. T:a F:|§
IF'ianp
Derivation: : a:a=T a=T,B=T:a B
B:B=T L B=T:aArB

3 Here o must nt occur in o or B.
4 Here o must nt occur in a.
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[ a a. fB:anl
:RB LLB:anrl
F:anpP
6. o l:y B, T :y
anB, Ty anB, Ty
7. o, T':PB Frta—->p
I'ra—>p o [ :PB
8 o B:y aAPey
anPry o, Py
9. I''a B

I:{x o = B} (x not free in I

Derivation: I:oaoB

(x,I‘:J.B B,f‘:oc
xefxal, T:x efxpBt xe{xBl T:x e f{xal
:x ef{xaleo xelx B

:{ea)={a B}

10. [ :a
I': Vxa provided xis not free in (a) I" or (b) a

Derivation: (a) :ta atoaeT
LloaeoT

I':Vxa

(b) I':a
[(x/v) : a (v new)
Llx/v) : Vxa
I':Vxa

11. O a)={x B}
Frroaeop provided xis free in o or

12. Vxo b a provided x is free in a
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Derivation: Vxo:Vxa
YxXa:a=T aQ=T:qQ

Vxa:ao
13. F Yuo(x/u) <> Vxa provided uis free for x, and not free in, a

(This shows that the definitions of L , v, and 3 do not depend on the
choice of bound variable .)

14. I :a(x/u

I':vVxa provided that either (a) u is free for x in
o, and not free in I' or Vx a or (b) xis not free in a.

15. olx/7),. I : 0
Vxo, I': B provided that tis free for xin o, xis free

in o, and any free variable of t is free in Vxa, I, or B.

16. 1+ a o, " ¢ 1L I': o

I':—a —o, ' L

17. o, :v B, I' : ¢y
avp T ty
Derivation: o, :y B, I =y
F:a—>y r:g-oy
Fta->yaABoy yiy

(o 2>2yABoy) o>y, Ty
Yolla>oaB >ao) o>l iy (from 195)

avp T ty

18. | ) [:p
Fr:avp F:avp (Derivation uses 14.)

19. o - dxa provided xis free in a

Derivation (with ® not occurring in o):
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0:0  ®:®

0> ®,.0:®
Vx(a—o o), a:@ (from 15)
QiVX(g—om —o

o : dxa

Notice that it does not follow from 12.and 19. that Vx a + 3x a,
because the free variable x in a is free in neither premise nor conclusion.

20. o, [:PB
dxa, ' : B provided xis (a) not free in I" or B or (b) not
free in a.
21. [ alx/1)
I' : 3xa provided t is free for xin a, xis free in

o and any free variable of t is free in I or Ixa.

22. + FJuo(x/uw) <> Ixa provided u is free for x, but not free in, a.

23. Modified Cut Rule

(1) | o o I :p
Axi(x1 = x1), ..., xXn(xn=xn), T : B
where xi, ..., Xn are the free variables of a not occurring freely
in I or B.
(i) [:a o, I':
r:p provided that, whenever

A is the type of a free variable of a with no free occurrences
in I or B, there is a closed® term of type A.

*

We define the unique existential quantifier 3! in the familiar way,
namely,
dlxa = Ix|a A Vyla(x/y) - x =y).

The Eliminability of Descriptions for Propositions® can now be established:

5 A term is closed if it contains no free variables.
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oo F a(o/a (©/T)).
Consequently, if Fs Jlmwa then there is an explicit sentence o for
which Fsa(o). Here is the proof.
For simplicity write o(t) for a(®w/1). Then we have
oo, aT),a F 0=T F ®;, o,a F o=TAa F o).
Hence
Jloa, a - o =o(T); oo, a - o =o(T) A ot o(a(T)),

so that Flwa, oo F a(a(T)). Since Flwa - Joa, the result follows.

SET THEORY IN A LOCAL LANGUAGE

We can now introduce the concept of set in a local language. A set-like
term is a term of power type; a closed set-like term is called an (#-) set.
We shall use upper case italic letters X, Y, Z, ... for sets, as well as
standard abbreviations such as Vx €X.a for Vx(x € X — a). The set
theoretic operations and relations are defined as follows. Note that in the

definitions of c, N, and U, X and Y must be of the same type:

Operation Definition

{xe X o} {x xe Xna}
XcY Vxe X. xe Y
XNnY {xxe XAxeY}
XuY {xxeXvxeY}
xe X —(xe X

Ua or A {xa: T}

Ja or O {xa: L}
E-X {x: xe EAx¢ X}
PX {w uc X}

6 By this is meant that any proposition which can be identified by means of a
description of the sort the unique proposition for which such-and such can already be
explicitly named.
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NU (U: PPA)

{x: Vue U. x € u}

UU (U: PPA)

{x: Jue U. x € u}

Nx.

iel

{x: Vie I x e X3}

UX,

iel

{x: Jie I x e Xi}

{ty,0-0,T,}

{x:x=t v..vx=1,}

{t:a} {z:3x..3x,(z=1AQ)}

XxY {<xy>:x eXryeV}

X+Y (<}.0> xe X} U By} ye V)
Fun(X,Y) {u: uc Xx YAVxeX3lyeY. <x,y> € u}

The following facts concerning the set-theoretic operations and

relations may now be established as straightforward consequences of

their definitions:

(FX=Yeo Vxixe X xeY)

()FXCX, FXCYAYCX)>X=Y,

FXCYAYCZ ->XCZ
i) FZCXNY & ZCXAZCY
ivVFXuUYCZ & XCZAYCZ
(V) - xa e Ua
(Vi) F = (x € Da)
(vi) - X e PY & XCY

(vi) F XCNU« VueU. XCu
(ix) FUUC X VueU. uCX

x) Fxelyy © x=y

(xi) Fa—>rte{t: o}



20

Here (i) is the axiom of extensionality, (iv) the axiom of binary union,
(vi) the axiom of the empty set, (vii) the power set axiom, (ix) the
axiom of unions and (x) the axiom of singletons. These, together
with the comprehension axiom, form the core axioms for set theory
in [J. The set theory is local because some of the set theoretic
operations, e.g., intersection and union, may be performed only on
sets of the same type, that is, “locally”. Moreover, variables are
constrained to range only over given types—locally—in contrast
with the situation in classical set theory where they are permitted

to range globally over an all-embracing universe of discourse.
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III

CATEGORIES AND TOPOSES

CATEGORIES

A category € is determined by first specifying two classes Ob(¥), Arr(€)—
the collections of “€-objects and €-arrows. These collections are subject

to the following axioms:

e Each “-arrow fis assigned a pair of “€¢-objects dom(f}, cod(f} called
the domain and codomain of f, respectively. To indicate the

fact that “-objects X and Y are respectively the domain and
codomain of f we write f; X— Yor X—.—Y. The collection of €¢-

arrows with domain X and codomain Y is written €(X, Y).

e Each “¢-object X is assigned a €-arrow 1x: X —» X called the identity

arrow on X.

e Each pair f, g of €-arrows such that cod(f) = dom(g) is assigned an
arrow go fi dom(f)] > cod(g) called the composite of f and g.
Thus if £ X—> Yand g Y—> Z then g o fi X > Z We shall

sometimes write X—L Y —9 >Z or simply gf for g o f. Arrows

f, g satisfying cod(f) = dom(g) are called composable.

e Associativity law. For composable arrows (f, g) and (g, h), we have

holgefi= holgef

e Identity law. For any arrow f: X > Y, we have fo 1x=f=1yo f.
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A category is small if its collections of obects and arrows are both
sets.

As a basic example of a category, we have the category Set of sets
whose objects are all sets and whose arrows are all maps between sets
(strictly, triples (f, A, B) with domain(fj = A and range(f) < B.) Other
examples of categories are the category of groups, with objects all groups
and arrows all group homomorphisms and the category of topological
spaces with objects all topological spaces and arrows all continuous
maps. A category possessing exactly one object may be identified with a
monoid, that is, an algebraic structure with an associative multiplication
and an identity element, while a category having at most one arrow
between any pair of objects may be identified with a preordered class, i.e.
a class carrying a reflexive transitive relation—a preordering”.

A subcategory € of a category & is any category whose class of
objects and arrows is included in the class of objects and arrows of &,
respectively, and which is closed under domain, codomain, identities,
and composition. If, further, for any objects A, B of €, we have €¢(A, B) =
P(A, B), we shall say that €is a full subcategory of &.

BASIC CATEGORY-THEORETIC DEFINITIONS

Commutative diagram (in category €) Diagram of objects and arrows
such that the arrow obtained by
composing the arrows of any
connected path depends only on
the endpoints of the path.

7 Thus a partial ordering is an antisymmetric preordering, i.e. a preodering < satisfying

x<yand y £ x= x =y. A set carrying a partial ordering will be called a poset.



Initial object

Terminal object

(€~ Element of an object X

Monic arrow X > Y

Epic arrow X > Y

Isomorphism X = Y

Product of objects X, Y

Product of arrows fi: X1 — Y1,
fQI Xo—> Y2

Diagonal arrow on object X
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Object O such that, for any object
X, there is a unique arrow 0 — X
(e.g., D in Set)

Object 1 such that, for any object

X, there is a unique arrow X — 1
(e.g. any singleton in Set)

Arrow 1 =5 X

Arrow fi X — Y such that, for
any arrows g, h: Z—> X, fo g
=foh=g=h (in Se. one-one
map)
Arrow f: X — Y such that, for
any arrows g, h: Y—> Z, go f=
hof= g=nh (in Set, onto map)

Arrow f: X — Y for which there
is g Y— Xsuch that go f = 1x,
fog= 1y

Object X xY with arrows (projections)

X<+ —XxY—" Y such that any
diagram s« can be uniquely
f / \g

completed to a commutative diagram

f

X1 —XxY—"2 Y

Unique arrow fix fo: X1 x Xo = Y1 x Y»
making the diagram

X1 X XQ \
1
le X2
f 1% f2 J2
' n'a
Y1 %Y1 X Yo _—> 2

commute. I.e., fix fo=<fiom, f2 0 m2>

Unique arrow dx : X —> X x X making
the diagram



24

X
X

1 1x
Ox
X Y — =2 Y

« XX

commute. l.e., 0x = <1x, 1x>.

Coproduct of objects X, Y Object X + Y together with a pair of
arrows X —2—> X +Y«—>2—Y such
that for any pair of arrows
X—L—>A«2—B, there is a unique
arrow X +Y—" A such that the

diagram X—32>X+Y«2 Y

h
A commutes

his usually written f+ g.

Pullback diagram or square Commutative diagram of the form
> .
f
g
T

such that for any commutative
diagram

—>

g

[ ] % [ ]
there is a unique ¢ —~—> ® such
that

e commutes.

Equalizer of pair of arrows e —J;> B Arrow 4 —=>e such that foe=goe
and, for any arrow A —< 5 e such that

fo e’ =goe’ thereis a unique A ——> ¢



Subobject of an object X

Truth value object or subobject
classifier

Power object of an object X.
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such that A “ oy ¢ commutes.
[ ]

Pair (m, Y), with ma
monic arrow Y- X

Object Q together with
arrow T: 1 = Q such that
every monic m: e — ¢

(i-e., subobject of )
can be uniquely extended
to a pullback diagram of the form

m\L T
xX(m)

¢ —— >0

and conversely every diagram of the
form A———>Q« lhas a pullback.
1(m) is called the characteristic arrow of m.

The maximal characteristic arrow Ta, or

simply T, on A, is defined to be the
characteristic arrow  of 1a . The
characteristic arrow of O >> 1 is written L:
1> Q.

An object PX together
with an arrow (“evaluation”)

ex. X x PX — Q such that,

for any f: X x PX —Q,
there is a unique arrow

f: Y— PX such that

T

X x PX ex ;Q

commutes. (In Set, PX
is the power set of X
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and ex the characteristic
function of the member-
ship relation between X
and PX)

Exponential object of objects Y, X An object YX, together with an
arrow ev: X x YX = Y such
that, for any arrow f: XxZ —> 'Y
there is a unique arrow
f 1 Z— YX—the exponential

transpose of f— such that the
diagram

Xx Z
lxxf\EN
Xx YX —2nsY

commutes. In Set, YXis the set

of all maps X — Yand evis
the map that sends (x, f) to
).

Product of indexed set {Ai: i € I; of objects Object HAi together with arrows
iel
[]A —=—A (i) such that, for
iel

any arrows fi: B— Ai (i € ] there

is a unique arrow h: B—)HA
iel
such that, for each i € I, the diagram

h
B HAi commutes.

Coproduct of indexed set {Ai: i € I of objects Object HAi together with arrows

icl
A —— HA1 (i € I) such that, for
any arrowslefli : Ai > B (i € ] there

is a unique arrow h: HAL —>B
such that, for each i :II, the diagram

Ao 1A

N

B commutes.
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A category is cartesian closed if it has a terminal object, as well as
products and exponentials of arbitrary pairs of its objects. It is finitely
complete if it has a terminal object, products of arbitrary pairs of its
objects, and equalizers. A topos is a category possessing a terminal
object, products, a truth-value object, and power objects. It can be
shown that every topos is cartesian closed and finitely complete (so that
this notion of topos is equivalent to that originally given by Lawvere and
Tierney).

More on products in a category. A product of objects A, ..., Anin a category € is an
object A; x ... x An together with arrows i A; x ...x An —> Aifor i = 1, ..., n, such that, for
any arrows fi B—> A, i =1, ..., n, there is a unique arrow , denoted by <fi, ..., fa>:
B—> A1 x ..x An such that w=nio<fi, ..., fi>=f, i=1, ..., n. Note that, when n =0,

A; x ...x An is the terminal object 1. The category is said to have finite products if
Ai x ...x An exists for all Ay, ..., An. If € has binary products, it has finite products, since

we may take Aix ...x Anto be A; x (A2 x (...x An)...). It is easily seen that the product
operation is, up to isomorphism, commutative and associative. The relevant

isomorphisms are called canonical isomorphisms.

A functor F: € — & between two categories € and % is a map that
“preserves commutative diagrams”, that is, assigns to each “€¢-object A a
$-object FA and to each €¢-arrow f: A— B a $%-arrow Ffi FA — FB in

such a way that:
A FA
N> V¥
B FB

AOIA | Fl@lFA HlA) = 1ra

Ff
L[] %C

f
o%o
\/l \/ Flgef) = Fgo Ff

commutes commutes
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A functor F: €— 9 is an equivalence if it is “an isomorphism up to
isomorphism”, that is, if it is
e faithfull Ff=Fg = f=g.
e full: for any h: FA — FBthere is f: A— Bsuch that h = Ff.

e dense: for any $-object B there is a €-object A such that
B = FA

Two categories are equivalent, written =, if there is an equivalence between them.
Equivalence is the appropriate notion of “identity of form” for categories.

Given functors F, G: € — 9, a natural transformation between F and G is a map
n from the objects of <€ to the arrows of % satisfying the following conditions:

e For each object A of €, nAis an arrow FA — GAin &
e Foreacharrow f: A— A’in <€,

nA
FA —> GA

A
nA’

FA’ 5 GA’” commutes.

Finally, two functors F: € — % and G: & —<€ and are said to be adjoint to one
another if, for any objects A of €, B of 9, there is a “natural” bijection between arrows
A — GB in ¢ and arrows FA — B in $. To be precise, for each such pair A, B we must
be given a bijection gag: €(A, GB) — S(FA, B) satisfying the “naturality” conditions

e foreachf: A— A’and h: A’— GB, @ag(h o f) = pag(h) o Ff

e foreachg: B —> B’and h: A — GB’, pas(Gg o h) = go @as(h).

Under these conditions F'is said to be left adjoint to G, and G right adjoint
to F.

THE TOPOS OF SETS DETERMINED BY A LOCAL SET THEORY

Let S be a local set theory in a local language % Define the relation ~s on

the collection of all Z-sets by
X~sY =FsX=Y.
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This is an equivalence relation. An S-set is an equivalence class [X]s—

which we normally identify with X—of #-sets under the relation ~s. An S-
map f: X > Yor X—L Y is a triple (f, X, Y)—normally identified with
f—of S-sets such that Fsf e YX. X and Y are, respectively, the domain
dom(f) and the codomain cod(f) of f.

We now claim that the collection of all S-sets and maps forms a

category €(S), the category of S-sets. This is proved by showing
(1) if £, ge X—> Y, then

f=g

xe Xks <x,y>e f <x,y>eg.

Given X—L >Y—9% »Z, define

gof =1{<x, z> JyYy(<x, y> € f A <y, 2> € g)}.

Then

(2) go f: X— Zis associative.

Given an S-set X, define

Ax ={<x, x> x e X} 1x = (Ax, X, X).

Then

B)lx X> X, forany f : X—> Y, folx=f =1yof.

Now suppose we are given a term 1 such that

<X1, ..., Xn> € XFs 1€ Y.
We write <xi, ..., xp> P> 1 or simply x > 1 for
{<<x1, ..., Xn>, T>: <X1, ..., Xn> € X}.

If x1, ..., xn includes all the free variables of tand X, Yare S-sets, then
<X1, ..., Xp> P> 1 is an S-map X— Y, which we denote by t©: X— Yor

X——Y . If fis a function symbol, we write f for x = f(x). It is not hard

to show that, if, for all i, o;is free for y; in 1, then
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(<Y1, .oy Yn> 1) o 1 (<X, ..., Xn> P> <0C1, ..., On>) = (<X, ..., Xn> P> 1(Y/0)).
We next claim that €(S) is a topos. To prove this, observe that, first,

Ui is a terminal object in€(S). For, writing 1 for Ui, given a set X, we have

the Smap (x> *x): X> 1. If f X—> 1, then x € X ks <x, * > € f, so

f= e #).
Products in €(S). Given S-sets X, Y, let

1= (<xy>P x: Xx Yo X m2=(<x Y>> ) X x Y > Y.

Then X x Yis a product object in €(S) with projections 11, 1T0.

It is easily shown that an S-map is monic iff
<x,z>ef,<y,z>ef sx=y.

Given an S-map f: X —> U,, write ffx) for <x, 7> € f. Since

dlo <x, o> € f, it follows from eliminability of descriptions that

x e X Fs<x, f{x9> € f. So f¥x) is the value of fat x. And

(x> ) =f, (xPoO)*(<x, ..., Xxn>) < 0.

Write (2 for U,and T7: 1 —» (2 for x = T. Then it can be shown that,

if m: Y>>X is monic, the €(S)- diagram
Y —1

is a pullback iff
h =(x Jy.<y, x> € m).
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Using these facts we can show that ({2, T) is a truth value object in
€(S). For suppose given a monic m: Y>> X. Define y(m): X — {2 by
x(m) = x> Jy.<y, x> e m.

Then by the previous result y(m) is the unique arrow X — 2 such that the
diagram

Yy

ml T

X yxm 2
is a pullback. Conversely, given h: X — 2, let Z = {x h*x)} and h* =
(x> x: Z— X. Then

% (1) = (x> Jy.<y, x> € W)= (x> i) = h.

So ({2, T) satisfies the conditions imposed on a truth value object.

We remark parenthetically here that it follows from the

eliminability of descriptions for propositions that €(S)-elements of 2 may
be identified with sentences of the language of S. To see this, associate

with each sentence c the €¢(S)-element of {2 * = o: 1 — (2. Reciprocally,

given a €(S)-element £ 1 — 2 , then Fs Jlo<x, > € f and so, by

Eliminability of Descriptions for Propositions, there is a sentence o for

which Fs<x, 6> € f. We associate ¢ with f. Provided we identify sentences

when they are S-provably equal, these associations are mutually inverse.

Finally, € (S) has power objects. For, given an S-set X, define

ex: XX PX— 2byex=(<x,z> xe 2),and if X x Y —> (2 define
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f:Y>PXby f =y {x ff<x, y>)}. It is now not hard to verify that

f is the unique arrow Y — PX making the diagram

X1Y
1x><f \

X x PX > 0

ex

commute. So (PX, ex) is a power object for Xin € (5).

EXAMPLES OF TOPOSES

One of F. W. Lawvere’s most penetrating insights was to conceive of a

topos as a universe of variable sets. Here are some examples.

To begin with, consider the topos Set of sets varying over two

possible states O (‘then”), 1 (“now”), with O < 1. An object X here is a pair

of sets Xo, X1 together with a “transition” map p: Xo » Xi. An arrow
fi X—> Y is a pair of maps fo: Xo > Yo, fi: X1 > Y1 compatible with the
transition maps in the sense that the diagram

p
Xo —»X3

commutes.

The truth value object (2 in Set . has 3 (rather than 2) elements.

For if (m, X) is a subobject of Y in 5@1/_>, then we may take Xo C Yo, Xi



33

CYi, fo and f1 identity maps, and p to be the restriction of g to Xo. Then

for any y e Y there are three possibilities, as depicted below: (0) y € Xo,
(1) qly) € X1 and y ¢ Xo, and (2) q(y) ¢ X1.

So if 2 = {0, 1} and 3 = {0, 1, 2} we take () to be the variable set 3 —> 3
withO~ 1,1~ 1,2+ 2.

More generally, we may consider sets varying over n, or T, or any
totally ordered set of stages. Objects in Se«™ are “sets through n
successive stages”, that is, (n — 1)-tuples of maps

X, —L X L oX L5 X 25X .

The truth value object in Set™ looks like

n > n > T n

Objects in S«® are “sets through discrete time”, that is, infinite

sequences of maps

X, —h sx L x5 .




The truth value object in Set” looks like:

() () ()] 0—>
A 3 s 3

Iy P
1 1 1 ] —»
OLOE:O:: 0o,

In each case there is “one more” truth value than stages: “truth” = “time”

+ 1.

Still more generally, we may consider the category Sef of sets
varying over a poset P. As objects this category has functors8 P — Se, i.e.,
maps F which assign to each p € P a set F(p) and to each p, g € P such
that p < ga map Fpq: Flp) > Flq) satisfying:

qu
p < g < r implies that F(p) F(qg)

Fpr qur

F(n commutes
and
Fyp is the identity map on F(p).

An arrow n: F— G in S«® is a natural transformation between F and G,
which in this case is an assignment of a map np: F(p) > G(p) to each

p € Pin such a way that, whenever p < g, the diagram

8 Recall that any preordered set, and in particular any poset, may be regarded as a
category.
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qu
) > Flg)

Ne lﬂq

qu
Glp)—™ " G(qg commutes.

To determine 2 in Sef we define a (pre)filter over p € P to be a

subset Uof Op ={qge P: p< g suchthatqe U, r > q= re U. Then

2(p) = set of all filters over p,

2pq(U) =UN Oy for p< q, U € p).

The terminal object 1 in Set® is the functor on P with constant value

1={0and t 1 — 2 has t,(0) = O, for each p € P.

Objects in Se? —where P*is the poset obtained by reversing the

order on P— are called presheaves on P. In particular, when P is the
partially ordered set @(X) of open sets in a topological space X, objects in
Set”® called presheaves on X. So a presheaf on X is an assignment to

each U € @(X) of a set F(U) and to each pair of open sets U, V such that

V C U of a map Fyv : F(U) — F(V) such that, whenever W C U C V, the

diagram
Fuv
MU V)
Fuw Fvw
W) commutes;
and

Fyy is the identity map on F(U).
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If s e F(U), write s|v for Fyv(s)—the restriction of s to V. A presheaf

F is a sheaf if whenever U = UUi and we are given a set {sg i € I} such

iel
that s; € F(U) for all i e I and si|uinyi = Sjluinyj for all i, j € I, then there is

a unique s € F(U) such that s|yi=s;forall ie L

For example, C(U) = set of continuous real-valued functions on U, and
s‘ v = restriction of s to V defines the sheaf of continuous real-valued
functions on X.

It can be shown that the category of sheaves on a topological space
is a topos: in fact the topos concept was originally devised by
Grothendieck as a generalization of this idea.

The idea of a set varying over a poset can be naturally extended to

that of a set varying over an arbitrary small category. Given a small
category C, we introduce the category Su® of sets varying over C. Its

objects are all functors € — Se, and its arrows all natural

transformations between such functors. Again, it can be shown that Set®

is a topos.

An important special case arises when C is a one-object category,
that is, a monoid. To be precise, a monoid is a pair M = (M, -) with M a set
and - a binary operation on M satisfying the associative law a - (p - y) =
(o - B) - vy and possessing an identity element 1 satisfying 1 -a=a -1 =a.

(Note that a group is just a monoid with inverses, that is, for each o there
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is B for which a- 3 =f:a =1.) Any object in Sel™ may be identified with
a set acted on by M, or M-set, that is, a pair (X, o) witheamap M x X > X
satisfying (@ - B) e x =a e« (B +x) and 1 « x = x. An arrow f: (X, ¢) = (Y, ) is
an equivariant map fi X — Y, i.e, such that flo « x) = o « flx). The
subobject classifier {2 in Se™ is the collection of all left ideals of M, i.e.
those I C M for which a € [ B € M= B - a € I The action of M on 2 is

division, viz. o« I ={ € M: B - a € I°. The truth arrow & 1 — (2 is the map

with value M.

Toposes can also arise as categories of “sets with a generalized
equality relation”, with arrows preserving that relation in an appropriate
sense. Some of the most important examples in this regard are the
categories of Heyting algebra-valued sets. Given a complete Heyting

algebra H, an H-valued set is a pair (I, §) consisting of a set I and a map

6: I x I > H (the “generalized equality relation” on I satisfying the

following conditions, in which we write & for 6(i, i) (and similarly below):
dii-=0ii (Ssymmetry)

dii’ A ivi < i~ (substitutivity)

The category Setrr of H-valued sets has as objects all H-valued sets. A Sety -

arrow f. (I, 8) —> (J, ¢) is amap f: I x J — H such that

i’ A fij < fij fij A gjjr fijf (preservation of identity)

fij A fij < &5 (single-valuedness)

9 This is because if X is a sub-M-set of Y, each y € Yis naturally classified by the left
ideal{o. € M: o e y € X}.
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V fij= & (defined on 1)

jed

The composite g o f of two arrows £ (I, 6) — (J, ¢) and g: (J, €) = (K, 1) is
given by
(Gefa = _\{]ﬁjAgjk'
Jje

Then Sety is a topos in which the subobject classifier is the H-valued set (H, <).

BASIC PROPERTIES OF TOPOSES

Given a topos ¢, and an §-arrow u: A — 2, we choose u : B— A, the

kernel of u, so that B—— 1 is a pullback and I1(14) = 1a. Note that

uy__ v T

A u 2

then y (u) = u.

Now given monics m, n with common codomain A, write mC n if

n

there is a commutative diagram of the form \7 ..
m

Write m ~nif mC nand n C m. Then ~ is an equivalence relation and

m ~ n iff there is an isomorphism such that

° ~ )
m\ / n
A commutes

Equivalence classes under = are called subobjects of A. Write [m] for the

equivalence class of m: for u: A — (2, [u] is called the subobject of A

classified by u. We define [m| C [n] = m C n. The relation C—inclusion—is
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a partial ordering on the collection Sub(A) of subobjects of A. It is easily

shown that [m] = [n] = y(m) = x(n), so we get a bijection between Sub(A)

and §(A4, (), the collection of §-arrows A — (2. Define, for u, v e E(A, 2),

u< v= u C v. This transfers the partial ordering C on Sub(A) to S(A, (2).

It can be shown by an elementary argument that, in a topos, any

diagram of the form e with m monic can be completed to a

#m

o —Poe

pullback The arrow f1(m) is called the inverse image

fl(m)£ f m
o —Po

of munder f. We may in fact take f1(m) to be y(m)o f .
Now define 6a= <14, 14> A > A X A, eqa=7y (06a), T=Ta=1y (1a).

Then YTA =14, s0 u< Tafor all u € E(A4, 1)).

Given a pair of monics m, n with common codomain A, we obtain

their intersection m N n by first forming the pullback

n-l(m)
° >
m-1(n) l l m
. o) > ©

and then defining mnn=no ml(n) = mo nl(m). This turns (Sub(4), J)

into a lower semilattice, that is, a partially ordered set with meets. We

transfer N to €(A, (2) by defining ua v = x(u A v). This has the effect of

turning €(4, (2) into a lower semilattice as well.
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IV
INTERPRETING A LOCAL LANGUAGE IN A TOPOS:
SOUNDNESS AND COMPLETENESS

INTERPRETATIONS AND SOUNDNESS

Let #be a local language and ¢ a topos. An interpretation I of % in € is
an assignment:

e to each type A, of an ‘§-object Arsuch that:

(A1 X ...x Apr = (A1)rX ...x (An)y,

(PA); = PAj,
1;=1, the terminal object of &,

Q= (2, the truth-value object of €.

e to each function symbol f: A - B, an ‘§-arrow

Jf: Ar> B.

We shall sometimes write A, or just A for Ay
We extend I to terms of Zas follows. If 1 : B, write x for (x1, ..., xn),
any sequence of variables containing all variables of t (and call such

sequences adequate for 1). Define the ‘€-arrow

[t]x: A1 X ... x An—> B

recursively as follows:

[*]x =A1x .. X An—> 1,
[Xi]x = it A1X ...xX An— A,

[f(D)]x = fi © [1]x
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[[Tla ey Tn]]x = <|IT]_:[|X, ooy IITn]]x>,

[(Di]x = rtie [1]x,

[y: o}x = ([a(y/W)]ux o can)”,

where in this last clause u differs from xi, ..., xn, is free for y in «a, y is of

type C, (so that B is of type PC), can is the canonical isomorphism

C x (A1x ...x Ap) =2 CH A1 x ...x An, and f is as defined for power

objects. (To see why, consider the diagrams

([ouy/u)]ux
Cx Al X .. X Ap——>

C x (A1 X ...x Ap) Aix ..x An —L— PC
In set theory, f (a1, ..., ar) ={y € C: a(y, a1, ..., an)}, so we take [{y: a}]« to

be f.)
Finally,
[o =1]x = eqc o [<o, 1>]x (With o, T: C)
[o € 1]x =ec o [<o, t>]x (With o : C, t: PC and where ecis as

defined for power objects.)

If 1 : B is closed, then x may be taken to be the empty sequence &.

In this case we write [t] for [t]g; this is an arrow 1 — B. In particular, if ©
is {y : o} of type PC, then [{y: o} | is an arrow 1 — PC which corresponds

to the subobject of C classified by [a],: C— (2.

We note that
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[T]x=[*=*]x=eqo <[*]x,[*]x> = T.

For any finite set I' = {a1, ..., am} of formulas write
[ T]ix for {[{ o1 ix A A [am]ie ifm>1
T if m=0.
Given a formula a, let x = (x1, ..., x») list all free variables of ' U {a}; write

I'Fra orT' F, a for [T]ix <[ oa]ix

I' (1 a is read “T" : a is valid under the interpretation Iin €.” If Sis a

local set theory, we say that Iis a model of S if every member of S is valid

under I. Notice that
Frp = [Blx =T
So if Iis an interpretation in a degenerate topos, i.e., a topos possessing

just one object up to isomorphism, then F; o for all a, so that I'is a

model of the collection of all formulas.

We write:
s a for I'cr o forall I
I'Es a for I' F; o for every model Iof S.

It can be shown (tediously) that the basic axioms and rules of inference

of any local language are valid under any interpretation. This yields the

Soundness Theorem.

'Foa = TE a I'Fsa = T Fs a.

A local set theory S is said to be consistent if it is not the case that

s L. The Soundness Theorem yields the
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Corollary. Any pure local set theory is consistent.

Proof. Set up an interpretation I of Zin the topos Zinset of finite sets
as follows: 1; = 1, Q= {0, 1} = 2, for any ground type A, A; is any
nonempty finite set. Extend I to arbitrary types in the obvious way.
Finally f;: A; — By is to be any map from A to B

If - 1, then Fa, so Fra for any formula a. In particular Fr u=v
where u, v are variables of type P1. Hence [u]; w = [V]; w, that is, the

two projections PI x P1 — P1 would have to be identical, a contradiction.

THE COMPLETENESS THEOREM

Given a local set theory S in a language ¥ define the canonical
interpretation C(S) of #in €(S) by:
Acis) = Ua foig = (x+~ f(x)): Un > Us forf: A> B
A straightforward induction establishes
[tlaw x = (x+1).
This yields
(*) FFeg a= Ths a.

For:

Feis) o [oes = = T

= (xma) = (x o)

= Fsoa=T
= Fsa.
Since ' Fs a = Fs y — o, where y is the conjunction of all the formulas

in I', the special case yields the general one.
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Equivalence (*) may be read as asserting that C(S) is a canonical

model of S. This fact yields the

Completeness Theorem.

''cFoa = I'F a 'Fsa = I'kFs a

Proof. We know that C(S) is a model of S. Therefore, using (*),
'Esa = I'kFgg a = T'ks a.

EVERY TOPOS IS LINGUISTIC

A topos of the form €¢(S) is called a linguistic topos. We sketch a proof that
every topos is equivalent to a linguistic one.

Given a topos <6, we shall exhibit a theory Th(¥) and an
equivalence ¢ = €(Th(¥)).

We define the local language #. associated with ‘6—also called the
internal languge of 6—as follows. The ground type symbols of %, are

taken to match the objects of € other than its terminal and truth-value

objects, that is, for each ‘§-object A (other than 1, {2) we assume given a

ground type A in %. Next, we define for each type symbol A an ‘€-object
A by

A.=A for ground types A,

(A X B)y= Ay x B,10

(PA) = P(A).

10 Note that, if we write C for A x B, then while C is a ground type, A X B is a product
type. Nevertheless C, = (A X B).
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The function symbols of Zare triples (f, A, B) = f with f A, — B
in 6. The signature of fis A —» B.1!
The natural interpretation—denoted by é—of %, in € is determined

by the assignments

A= A for each ground type A (f; A, B). = f.

The local set theory Th(¢), the theory (or internal logic) of &€, is the

theory in %. generated by the collection of all sequents I' : a such that

I' 5. o under the natural interpretation of %, in 6. Then we have
'Fme o =TF, a .
Forif I' - ) o then by Soundness I' Fe) o ie., 't a is valid in every

model of Th(¢). But by definition € is a model of Th(%9).

It can now be shown that the canonical functor F: € — €¢(Th(¥))
defined by

FA = Ua for each ‘6-object A

Ff= (x fix): Un > Us for each ¢-arrow f: A— B

is an equivalence of categories. This is the Equivalence Theorem.
Here is another fact about Th().

A local set theory Sin a language Zis said to be well-termed if:

11 Note the following: if f: A x B— D, in €, then, writing C for A x B as in the footnote
above, (f, C, D) and (f, A X B, D) are both function symbols of %, associated with f. But

the former has signature C — D, while the latter has the different signature A x B - D.
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e whenever s Jlxa, there is a term t of # whose free

variables are those of o with x deleted such that

Fs a(x/1),

and well-typed if
e for any S-set X there is a type symbol A of #such
that Ua = Xin €(S).

A local set theory which is both well-termed and well-typed is said to be
well-endowed. 1t follows from the Equivalence Theorem that, for any
topos €, Th(¢) is well-endowed.

The property of being well-endowed can also be expressed
category-theoretically. For local set-theory S, let @ (S)—the category of S-
types and terms —be the subcategory of €¢(S) whose objects are all S-sets
of the form Ua and whose arrows are all S-maps of the form (x ~ t). Then
S is well-endowed exactly when the insertion functor T (S) —» €(S) is an
equivalence of categories.

We remark finally that, for well-termed S, and any S-set X of type PA,
€(S)-arrows 1 - X—the €(S)-elements of X—may be identified with

closed terms 7 of type A for which st € X.
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A"
TRANSLATIONS OF LOCAL LANGUAGES

TRANSLATIONS

A translation K: #— %' of a local language # into a local language #' is
a map which assigns to each type A of Z a type KA of ' and to each

function symbol f: A > B of signature KA — KB in such a way that

Kl1=1, K?2=Q, KA1 X ... X Ap) = KA1 X ... X KA, K(PA) = PKA.

Any translation K: ¥ —» #' may be extended to the terms of # in the
evident recursive way—i.e., by defining K* = K(fl1)) = KfiK1), K(c € 1) =
Ko € Kr, etc.—so that if 1 : A, then Kt : KA. We shall sometimes write
ok for Ko.

If S, S” are local set theories in % %' respectively, a translation
K: %' is a translation of S into S’, and is written K: S — S’if, for any

sequentI' : a of %

() Ftsa = KIts Ka,

where if T = {a1, ..., an}, K[' = {Ka1, ..., Ko, If the reverse implication to
(*) also holds, K is called a conservative translation of S into S”. If S”is an
extension of S and the identity translation of S into S’is conservative, S’
is called a conservative extension of S.

There is a natural correspondence between models of S in a topos

¢ and translations of S into Th(¥): in particular the identity translation

Th(€) — Th(6) corresponds to the natural interpretation of Th(¢) in €.
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Now let &, €' be toposes with specified terminal objects, products,
projection arrows, truth-value objects, power objects and evaluation
arrows: a functor F: € —» ¢’ which preserves all these is called a logical
functor. It is easily seen that the canonical functor <€ — €(Th(<¥)) is
logical.

If Ki S— S’is a translation, then for terms o, t of 4 Fso =1

implies s Ko = Kt , so that K induces a map Ck from the class of S-sets

to the class of S*-sets via
Ck([o]s) = [Ko]s-

Ck is actually a logical functor €(S) — €(S”). Writing “ec for the category
of local set theories and translations, and Tep for the category of toposes
and logical functors, C is a functor <“£ec - TGop. And reciprocally any
logical functor F: € — <¢' induces a translation Th(F): Th(€) - Th(<¥') in
the natural way, so yielding a functor Th: %ec - Top. C and Th are
“almost” inverse, making “%4oc and Top “almost” equivalent.

Given a local set theory S in a language ¥, define a translation

K: > %49 by

KA =Us, Kf=(fA,B) ifffA— B.

An easy induction on the formation of terms shows that, for any term t of

%,

[t us) x = [Kt]us rx

It follows from this that K is a conservative translation of S into

Th(€(S)). For
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'sa =TFygga = KIFy9 Ka = KI Fmgs Ka,

Accordingly any local set theory can be conservatively embedded in one

which is well-endowed.

ADJOINING INDETERMINATES

A constant of type A in a local language Zis a term of the form f{x),
where f: 1 -> A. Write #(c) for the language obtained from # by adding a
new function symbol e: 1 -> A and write ¢ for ¢(*). Given a local set
theory S in % and a formula o of # with exactly one free variable x of

type A, write S(a) for the theory in #c) generated by S together with all

sequents of the form : B(x/c) where a s B. Since clearly Fgq) a(x/0), it
follows that g Ixa.

In S(a), c behaves as an indeterminate, or generic of sort o in the
sense that it can be arbitrarily assigned any value satisfying a. To be

precise, one can prove the

Theorem. Let S’ be a local set theory in a local language %' and let

K: S— S’ Then for any constant c’ of #' of type KA such that Fsax(c’),

there is a unique translation K': S(a) — S extending K such that K'(c) = c”.
The proof, which is omitted here, uses a

Lemma. For any sequent : y of % we have
['(x/0) Fsio) 7(x/0) = o, TFsy.

If Iis an S-set and a the formula x ey I, we write S; or S(J) for S(a)
and call it the theory obtained from S by adjoining an indeterminate (or
generic) element of I It follows from the Lemma above that, for any

formula y of Zin which iis free for x,
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Fspy(x/d = FsViely(x/).

If o is the formula x = x with x : A, then S(a) is written S(A) and
called the theory obtained from S by adjoining an indeterminate of type A.
In particular, let So be the pure local set theory in the local language %o
with no ground types or function symbols. Evidently So is an initial object
in the category “Yec: there is a unique translation of Lo into any given
local set theory S. (Similarly, the topos €¢(So) is an initial object in the
category top.) Now consider the theory So(A), where A is a type symbol of
%: A may be considered a type symbol of any local language % If d is a
constant of type A in % and S a local set theory in %, there is then a
unique translation K: Sg(A) > S mapping ¢ to d. So So(A) may be
considered the universal theory of an indeterminate of type A.

It is not hard to show that:

Fs3xa = S(a) is a conservative extension of S

Fs—-dxa = S(a) is inconsistent.

In set theory it is customary to introduce the function value f{x) or
fx when x is in the domain of a function f. This device can also be
employed legitimately within a local set theory. Let S be a local set theory
in a local language %, and let £ X— Y be an S-map with X : PA and
Y: PB. Let # * be obtained from % by adding a new function symbol
5 A > B and let S* be the theory generated by S together with the

sequent

x € X: <x,frx)> € f.
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In S* f*(x) is the value of f at x. It can be shown that S*is a conservative
extension of S: this means that we can add function values to any local

set theory without materially altering it.
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VI
USES OF THE EQUIVALENCE THEOREM

BASIC APPLICATIONS

Whenever a given property P preserved under equivalence of categories
can be shown to hold in any linguistic topos, it follows from the
Equivalence Theorem that P holds in any topos whatsoever. For many
(but not all) properties P holding in Set this is usually a straightforward
matter. For example, it is easy to see that Ji1 is an initial object in

€(S), so that any topos has an initial object. We write O for J1.

Similarly any linguistic topos has coproducts: if X and Y are S-sets,
the S-set X + Y is a coproduct and the arrows o1 and o2 are the S-maps
x ~ <{x, D> and y ~ <, {y}> respectively.

In the same sort of way the Equivalence Theorem can be used to
show that any topos € possesses the following properties:

e ‘Shas exponentials.

e ¢ 1is balanced, that is, any arrow which is
simultaneously epic and monic is an isomorphism.

e ¢ has epic-monic factorization, i.e., each arrow f is
the composite of an epic and a monic: this monic is
called the image of f.

e In ¢, pullbacks of epic arrows are epic.

THE STRUCTURE OF {2 AND SUB(A)

Let S be a local set theory. We define the entailment relation on {2 to be

the S-set

> = {<o, 0'>: 0 > o'}
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Given an S-set X, we define the inclusion relation on PX to be the S-set

<x ={<u, v> € PX x PX: uC u}.

It follows from facts concerning —, A, v already established that

Fs<{2, »> is a Heyting algebra with top element T and bottom element L .

Similarly,

Fs<PX, <x> is a Heyting algebra with top element X and bottom element &.

Let 2(S) be the collection of sentences (closed formulas) of %, where

we identify two sentences o, f whenever Fsa <> . Define the relation <
on (2(S) by

a<P =tFsa—p.
Then <f(S), <> is a Heyting algebra, called the (external) algebra of truth
values of S. Its top element is T, and its bottom element is the

characteristic arrow of & > 1.
If Xis an S-set, write Pow(X) for the collection of all S-sets U such

that s U C V and define the relation = on Pouw(X) by U V=FsUC V.

Then (Pow(X), £) is a Heyting algebra, called the (external) algebra of
subsets of X.
Given a topos ¢, we can apply all this to the theory Th(%); invoking

the fact that k) o = F, a then gives
F . <{2, <> and <PA, <a> are Heyting algebras,

where A is any ‘§-object. These facts are sometimes expressed by saying

that (2 and PA are internal Heyting algebras in €.
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What are the “internal” logical operations on (2 in €? That is, which

arrows represent A, v, -, > ? Working in a linguistic topos and then

transferring the result to an arbitrary topos via the Equivalence Theorem

shows that, in €,

A §2 x 2 — (2 1is the characteristic arrow of the monic
<T,T>: 1> 0 x1
v: 2 x {2 — (2 is the characteristic arrow of the image of

Q+0 <Tq,1o>+<1g,To> >Qx O

—: {2 — (2 is the characteristic arrow of 1: 1 — (.
—: {2 x 2> (2 is the characteristic arrow of the equalizer of the

pair of arrows 111, Al 2 X 2 — (2. (Here we recall that the equalizer of a

pair of arrows with a common domain is the largest subobject of the

domain on which they both agree.)

It can then be shown that these “logical arrows” are the natural
interpretations of the logical operations in any topos <, in the sense that,

for any interpretation of a language #in ¢,

[ A Blx = A of <0, B>]x
[ v Blx = v of<0, B>]
[~alx = = ola]x

[[(1 — B]]x = —> 0[[<OL, B>]]x .
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We now turn to the “external” formulation of these ideas. First, for
any topos € and any é-object A, (Sub(4), C) is a Heyting algebra. For
when ¢ is of the form <€¢(S), and A an S-set X, we have a natural
isomorphism (Pow(X), E) = (Sub(X), C) given by

Ur[(x+~ x:U» X]
for U € Pow(X). Since we already know that (Pow(X), &) is a Heyting

algebra, so is (Sub(X), C). Thus the result holds in any linguistic topos,

and hence in any topos.

Since Sub(4) = (1, PA), it follows that §(1, PA) (with the induced

ordering) is a Heyting algebra. And since ($(4, 2), <) = (Sub(4), C), it

follows that the former is a Heyting algebra as well. Taking A = 1, we see
that the ordered set (1, ) of €-elements of (2 is also a Heyting algebra.
Recall that a partially ordered set is complete if every subset has a

supremum (join) and an infimum (meet). We claim that, for any local set

theory S, and any S-set X,

Fs<{2, X,> and <PX, C> are complete.

For we have
uC ks (T € u is the <-join of u,
ucC ks (Voeu. o) is the <-inf of u,
vC Xts Uv is the C-join of v,
vC Xbts ﬂv is the C-meet of v.
To prove, e.g., the first assertion, observe that, first,

uC,oeuots oeurwo=TFsT e u,

SO

uC,oecukrs o>TeYyro=TFso=<(Teuw
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whence
uCfN ks omeu->ox(Teuw,
and thus
ucC 2 ks T e uis an=-upper bound for u.
Also
ucC 2, Voeulo > a), (Te yFsT™—>atsa,
whence
ucC 2, Voeulo -» o), (T € ufsa,
i.e.,

uC 2, ais an<-upper bound foru ts (T € W) < a,
which establishes the first assertion.
As a consequence, for any topos G,

Fo <82, <> and <PA, C> are complete.

That is, 2 and PA are internally complete in €.

MORE ON INDETERMINATES

Let S be a local set theory and I an S-set. We define the category <€(S)! of
I-indexed S-sets as follows. An object of €(S)!is an S-set of the form
M={i M>:iel
with M; a term of power type having at most the free variable i thus M is
an “Iindexed S-set of S-sets.” An arrow f: M —> N between €¢(S)-objects
M={<i, M>: ie Iy and N ={<i, N>: i € I} is an S-set of the form
<i, f>:iel
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such that
Fs Viel fi € Fun(M;, N).

Thus f: M — Nin €(S)!is an Iindexed S-set of maps M; — N;. Composites
and identity arrows in are defined €(S)! in the obvious way.

Recall that S; is the theory obtained from S by adjoining an
indeterminate I-~element c. It is easily shown that there is an isomorphism
of categories

€Sy = €S).
The isomorphism G: €(S) = €(S)! is defined on objects as follows. Given
an Srset X ={x: a(x, z/¢)}, define the €(S)-object GX by
GX={<i, Xp:i€e I,
where
Xi = {x: a(x, z/1)}.

Given an arbitrary category €, and a €-object A, we define the

slice category (or category of objects over A) €/ A to have as objects all €-

f X—» Y
arrows of the form X — A and as arrows f¢ #g all triples (f, h, 9)
A—» A

h

where X —" Y is a €-arrow such that the triangle X * Y commutes.

S /g
A

It can be shown that there is an equivalence of categories

US)/T = €S,
The equivalence F: €(S)/I — €(S)!is defined as follows:

AX—t—1I) = {<i fl(§>: ie I,
where f1() = {x: <x, ©> € f}. Given

h:(X—L—I (Y —Z—1)

in €(S)/1,
Fh={<i h>: i€ I,
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with

hi={<x, y>: x € f1() A <x, y> € h}.

We conclude that €¢(S)/I and €¢(S)! are equivalent categories, so
that €¢(S)/Iis a topos. The Equivalence Theorem now implies what was at
one time regarded as the fundamental theorem of topos theory, namely:

if € is a topos, then so is €/ A for any ‘6-object A.
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VII
NUMBER SYSTEMS IN LOCAL SET THEORIES

NATURAL NUMBERS

Let S be a local set theory in a language % A natural number system in S
is a triple (N, s. 0), consisting of a type symbol N, a function symbol

s: N > N and a closed term O :N, satisfying the following Peano axioms.

(Pl) Fssn=0
(P2) sm=sn kFsm=n

P3) Oeu Vnlneu—->sneuwhrsvVn.neu

Here m, n are variables of type N, u is a variable of type PN, and we have
written sn for s(n). (P3) is the axiom of induction.

A local set theory with a natural number system will be called
naturalized.

In any naturalized local set theory S, O is called the zeroth numeral.
For each natural number n > 1, the nth numeral n in S is defined
recursively by putting n = s{(n — 1). Numerals are closed terms of type N
which may be regarded as formal representatives in S of the natural
numbers.

It is readily shown that (P3) is equivalent to the following induction

schemel?:

For any formula a with exactly one free variable of type N, if s a(0)

and a(n) Fs a(sn), then s Vno(n).

12 While the induction principle holds for N, the least number principle can be shown to
hold in N (with the usual linear ordering) if and only if Sis classical, i.e. the law of
excuded middle holds.
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It can also be shown that functions may be defined on N by the
usual process of simple recursion. In fact we have, for any naturalized

local set theory S, the following simple recursion principle SRP:

For any S-set X: PA, any closed term a : A, and any S-map
g: X —> X, there is a unique S-map f: N — X such that

Fs flO) = a A Yn[fisn = g(f(n)].

It follows from this that a natural number system on a local set
theory is determined uniquely up to isomorphism in the evident sense.

Conversely, it can be shown that SRP yields the Peano axioms, so
that they are equivalent ways of characterizing a natural number system.

Given a naturalized local set theory S, if we denote the map
nt s(n): N— Nby s and the map » = 0: 1 - N by o, it is easy to see,

using P! and P2, that the map s + o: N+ 1 » N is an isomorphism in
€(S). Conversely, it can be shown that the presence of an S-set X with an
isomorphism f: X + 1 = X yields a natural number system. For if we
define

U= ﬂ{ng:f* € un Vxeu.fly € u,

it is straightforward to show that the triple (U, f, f*) is a natural number
system.
An important feature of a natural number system (N, s, 0) is that

the equality relation on N is decidable, or N is discrete, that is,

Fsm=nv m#n.

Frege’s construction of the natural numbers can also be carried
out in a local set theory and the result shown to be equivalent to the

satisfaction of the Peano axioms. Thus suppose given a local set theory S.
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We shall work entirely within S, so that all the assertions we make will be
understood as being demonstrable in S. In particular, by “set”, “family”,
etc. we shall mean “S-set”, “S-family”, etc.

A family  of subsets of a set E is inductive if & € 4 and 7 is
closed under unions with disjoint unit sets, that is, if

VXe FVxe E- X (XU {xg € F)13.
A Frege structure is a pair (E, v) with v a map to E whose domain is an
inductive family of subsets of E such that, for all X, Y € dom(v),
viX) =v(=X~Y,

where we have written X ~ Y for there is a bijection between X and Y.

It can be shown that, for any Frege structure (E, v), there is a
subset N of E which is the domain of a natural number system. In fact,

for X € dom(v) write X* for X U { v(X)} and call a subfamily & of dom(v)

weakly inductive if & € & and X+ € &whenever X € ¢ and v(X) ¢ X. Let N/

be the intersection of the collection of all weakly inductive families, and
define 0 = v(&), N={v(X): Xe M, and s: N - N by s(v(X)) = v(X*) for
X € N. Then (N, s, 0) is a natural number system.

Conversely, each natural number system (IV, s, 0) yields a Frege

structure. For one can define the map g: N — PN recursively by
g0 = g(sn) = g(n) v i,
and the map v by
v={(X, nje PN x N: X = g(n)}.
The domain of v is the family of finite subsets of N and v assigns to each

such subset the number of its elements. (N, v) is a Frege structure.

13 The members of the least inductive family of subsets of X are precisely the finite
discrete subsets of X (where discreteness is defined on p. ). These are the subsets of X
which are bijective with an initial segment of the natural numbers. Calling a family of
subsets of X strongly inductive if contains & and is closed under unions with arbitrary,
i.e. not necessarily disjoint, unit sets, the members of the least such family coincides
with the Kuratowski finite subsets of X. While every finite discrete subset is Kuratowski
finite, the converse does not necessarily hold.
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We next describe the interpretation of the concept of natural
number system in a topos €. Let (N, s, o) be a triple consisting of an -
object N and $-arrows s: N—> N, o: 1 » N. Let s, o be the function
symbols in %, corresponding to s, o respectively and let O be the closed
term o(x). The clearly (N, s, 0) satisfies the simple recursion principle in
Th(€) iff the following condition, known as the Peano-Lawvere axiom,

holds:

a g S
For any diagram 1 — X— X in €, there exists a unique N - X

o S
such that the diagram 1= N—®N commutes.

LY

A triple (N, s, o) satisfying this condition is called a natural number
system, and N a natural number object, in €. From previous observations

it follows that a topos has a natural number object if and only if it
contains an infinite object, that is, an object A which is isomorphic to

A + 1.

REMARK ON THE REAL NUMBERS

The familiar set-theoretic constructions of the ring of integers and thence the fields of
rational numbers and real numbers can be carried out in any local set theory with a
natural number system (or any topos with a natural number object). For the integers and
rational numbers, the results are independent of the method of construction and yield
essentially the same structures as in the classical case. But while in the classical situation
all the various constructions of the real numbers (e.g. via Dedekind cuts or Cauchy
sequences) yield isomorphic results, this is no longer true in the non-classical logic of a

local set theory or a topos. Even certain basic properties of the real numbers which hold
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classically, for example order-completeness, the property that a bounded set of reals has a
supremum and an infimum, can fail. In fact, it can be shown that the system of Dedekind

real numbers constructed in a local set theory S is order complete if and only if the

intuitionistically invalid instance of DeMorgan’s law —(a. A B) =& —a v = holds in S.

And while in general the Cauchy reals can be considered a subset of the Dedekind reals,
they rarely coincide. A sufficient condition for them to do so is the validity of the
countable axiom of choice.

THE FREE TOPOS

Let % be the language with just one ground type symbol N, one function
symbol s: N > N and one function symbol 0: 1 — N. Write O for O(x). Let
Pbe the local set theory in % generated by the sequents

csn#0
sm=sn:m=n

Oceu Vnlneu—->sneuw:vVnneu

where m, n are variables of type N and u is a variable of type PN. The
triple (N, s, O) is then a natural number system in P, so that P is a
naturalized local set theory: it is called the free naturalized local set
theory.

P is particularly important because it is an initial object in the
category of naturalized local set theories. Given two such theories S, S’, a
natural translation of S into S’is a translation K: S — S’which preserves
N, s and 0. Write atlac for the category of naturalized local set theories
and natural translations. It should be clear that P is an initial object in
Natloc. The associated topos €(P) is called the free topos.

P has some features which make it attractive from a constructive
standpoint: for instance it is witnessed in the sense of the next chapter

and has the disjunction property, namely, for sentences a, f3,
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FpPavp = Fpa or Fp .

These facts have led some to suggest that P is the ideal theory and its
model the free topos the ideal universe, for the constructively minded
mathematician.

If to the axioms of Pwe add the law of excluded middle

Vo(o v ~o),

we get the theory Pe—the free classical naturalized local set theory—which
is the classical counterpart of P. The associated topos €(P¥) is called the
free Boolean topos. It would seem natural to regard this topos as the ideal
universe for the classically minded mathematician; however, the
incompleteness of first-order set theory implies that Pc is not complete,
so that there are more than two “truth values” in €¢(P9), an evident

drawback from the classical standpoint.
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VII

SYNTACTIC PROPERTIES OF LOCAL SET THEORIES AND
THEIR TOPOS COUNTERPARTS

SYNTACTIC PROPERTIES OF LOCAL SET THEORIES

Let S be a local set theory in a language #. We make the following definitions.

Sis classical if Fs Vo(o v —w). This is the full law of excluded middle for S.

S is sententially classical if s o v —c for any sentence . This is a weakened
form of the law of excluded middle.

S is complete if s ¢ or s —o for any sentence o.

For each S-set A : PB let A(A) be the set of closed terms t such that -5 T € A.

A is standard if for any formula o with at most the variable x : B free the

following is valid:

Fs ax/t) forall Tin A(A)

Fs VXeA a

S is standard if every S-set is so.

If A'is an S-set of type PB, an A-singleton is a closed term U of type PB such

that Hs U C A and s VxeUVyeU. x =y. X is said to be near-standard if for

any formula o with at most the variable x : B free the following is valid

Fs VxeUa(x) for all A-singletons U

Fs VXeA a

S is near-standard if every S- set is so.
S is witnessed if for any type symbol B of #and any formula o with at most

the variable x : B free the following rule is valid:



66

l_S IX o

Fs a(x/t) for some closed term t : B.

e Sis choice if, for any S-sets X, Y and any formula o with at most the variables

X, y free the following rule (the choice rule) is valid:

FsVx eX3dy € Y a(x,Y)

Fs VX € X a(x, fx) for somef: X ->Y

e Sis internally choice if under the conditions of the previous definition

Vx eX 3y €Y a(x, y) Fs If eFun(X)Y) ¥x eX 3y €Y [a (X, ¥) A <X, y>€ f].

e An S-set X is discrete if

FsVXeXVye X.X=yvVvX#Y.

e A complement for an S-set X : PA is an S-set Y : PA such that
FsX UY=A A XNY =. An S-set that has a complement is said to be

complemented.

e S s full if for each set | there is a type symbol I of the language % of S
together with a collection {i : i « I} of closed terms each of type 1 satisfying the
following:

(i) Fsi=j = i=]

(if) For any I - indexed family {ti: i € | } of closed terms of common type A,

A

there isaterm ©(x) : A, x : 1 such that st = (i) foralli e I,

A

and, for any term o(x) : A, x .1, if Fs 1, =o(i) foralli e I, then Fs t=o.

I may be thought of as the representative in S of the set I.

We prove the Generalization Principle for hatted type symbols:

Suppose S is full. Then the following rule is valid for any formula a(x) with x : 1
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Fs a@f) foralliel

Fs VX o

and similarly for more free variables. In particular, I is standard.
Proof. Assume the premises. Then for any i € | we have s «(i) = T and it follows
from the uniqueness condition that s a(x)= T, whence have s VXo.. B

We next establish some facts concerning these notions. In formulating our
arguments we shall assume that our background metatheory is constructive, in that no

use of the metalogical law of excluded middle will be made.

Proposition 1. Any of the following conditions is equivalent to the classicality of

S:
(i) FsQ={r,1}
(i) Fs——0 = ®
(iii) s Q2 is a Boolean algebra
(iv) any S-set is complemented,
(v) any S-set is discrete,
(vi) Q is discrete,
(vii) s 2 = {0, 1} is well-ordered under the usual ordering,.

Proof. (iv) If S is classical, clearly {x: x ¢ X} is a complement for X. Conversely,
if {1} has a complement U, then
FsoeU= —(o=T)=-o0=>0=1
Hence FsU = {1}, whences Q={t}u U ={71, L}.
(vi) If Qisdiscrete,thenFso=Tv —(0=T),50F s ® v —0®.

(vii) If S'is classical, then 2 is trivially well-ordered under the usual well-ordering.

Conversely, if 2 is well-ordered, take any formula o, and define X ={x € 2: x =1 v a}.



68

Then X has a least element, a, say. Clearly Fsa=0< a, so, since Fsa=0va=1,we

getks a=1< —a,and hence Fsav—o. H

Proposition 2. For well-termed S, S choice = S internally choice and witnessed.

Proof. Suppose S is choice. If Fs 3xa, let u : 1 and define B(u, X) = a(x). Then
Fs Yuel3dxeXp(u,x). Now choice yields an S-map f: 1 — X such thatts Yuel1p(u,f(u))
i.e., ks B(x,fx)or ks a(fx). By well-termedness, f* may be taken to be a closed term

7, and we then have s a/(t). So S is witnessed.

To derive internal choice from choice, we argue as follows: let
X*={x e X:3IyeYa(x, )}
Then ks VxeX*3yeYa(x,y). Accordingly choice yields a map f: X* — Y such that

Fs VxeX*a(x, fx), i.e. Fs VxeX*3AyeY[<x, y> e f A a(X, y)]. Now

vxeX3ayeY a(x, y) Fs X =X* Fsf e Fun(X,Y)

SO

vxeX3dyeY a(x, y) Fs VxeXayeY[<x, y> e f A a(x, y)].

Hence

Vx eX 3y €Y a(x, y) Fs 3f eFun(X)Y) ¥x eX 3y €Y [a (X, ¥) A <x, y>€ f],

as required. The converse is easy. B

Proposition 3. If S is well-endowed, then S is choice = S(X) is witnessed for every S-set
X.

Proof. Suppose S is choice and Fsx) 3ya(y). We may assume that X is of the form
Ua, in which case a is of the form B(x/c, y) with x : A. From Fgx) 3yB(x/c, y) we infer

s Vx3yB(x/c, y). So using choice in S and the well-termedness of S we obtain a term
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7(X) such that s VxB(x, t(x)). Hence Fsx) B(c, t(C)), i.e., Fsx a(t(c)). Therefore Sx is

witnessed.

Conversely, suppose Sx is witnessed for every S-set X, and that

Fs VxeX3dyeY a(x, y)]. Then kg dyeY a(c, y)], so there is a closed %-term t such that
Fsx) T €Y A ofc, T). But tis t'(x/c) for some #term t'(x). Thus Fgx) t'(c)eY A
a(c,7’(c)), whence Fs VxeX [t'(X) €Y A a(X, t')]. Defining f= (x — t'): X—> Y then
gives s Vx eX a(x, fx)] as required. ®

Proposition 4 (Diaconescu’s Theorem). S choice = S classical.

Proof. Step 1. S choice = S, choice for any S-set I.

Proof of step 1. Suppose that S is choice, and

Fsay Vx eX(c) 3y €Y(c) a (X, Y, C).

Then
Fs Vx eX(i) 3y eY(i) o (X, Y, 1).

Define
X*={<x, i>:xeX(i)aiel}, Y*=|Jr(),

Bu, 1) = IxeX(@)Ii elflu=<x,i>Aaxy, i)Ay e Y()]
Then Fs VYu eX* 3y eY* B(u, y). So choice yields f*: X* — Y* such that

Fs Yu eX* B(u, f*u), i.e.
Fs Vi el ¥x eX(i) a(x, F*(<x ,i>, 1) A f*(<x ,i>)e Y(i)],

whence

Fs Vx eX(c) a(x, f*(<x c>, ¢) A f*(<x ,c>)e Y(c)],
Now define f = (x — f*(<x, ¢>)). Then f: X(c) — Y(c) in S, and
Fsay Vx eX(c) aUx, fX, c).

This completes the proof of step 1.



70

Step 2. S choice = S sententially classical.

Proof of step 2. Define 2 ={0,1} and let X={uc2:3y.y € u}. Then

Fs VueX3dye2.yeu.

So by choice there is f: X — 2 such that
Fs Yu eX.fu e u.

Now let o be any sentence; define
U={xe2:x=0vo}V={xe2:x=1vo},
Then s Ue XA Ve X, so, writing a = fU, b = fV, we have

Fs [a=0vo]lAa[b=1voa],

whence

Fs [a=0Ab=1]vo,
so that
*) Fs azbvo.

But cFsU=VFsa=Dhb,sothat a=bts—o. It follows from this and (*) that

Fs o v —0o,

as claimed. This establishes step 2.

Moral of step 2: if pair sets have choice functions, then logic is classical.

Step 3. S classical = S(Q2) sententially classical. This follows from the fact that, if @ is

the generic element of Q introduced in S(€2), then s Vo(o v —0) = Fso@ v —@.

To complete the proof of Diaconescu’s theorem, we now have only to observe
that S choice = Sy choice = S, sententially classical = S classical. B

It follows immediately from Diaconescu’s theorem that, since not every local set
theory is classical, AC is independent of pure local set theory.

Proposition 5. If S is well-termed, then S choice = S near-standard.

Proof. Assume that S is choice. To show that S is near-standard, we first

obtain, for any S-set A of type PB and any formula a(x) with x : B, an A-singleton
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V for which (1) F+s VXxeV-a and (2) Fs 3IxeA—a = 3Ix. X € V. Let
X ={u: I3xeA —a} withu:1and Y = {xe A: a}. Then s YueX3IxeY-a, So by choice

there isamap f: X - Y such that Fs YueX—a(x/fu). If we define V = {x: <%, x> e f}, it

is easily checked that V is an A-singleton satisfying conditions (1) and (2).

Now to show that S is near-standard, suppose that s VxeU a for any A-
singleton U. Then in particular s ¥xeV o, which with (1) gives s —3x. x € V. We then
deduce, using (2), that s —3xeA—a. Since S, being choice, is also classical (Prop. 4), it

follows that s VxeA a. Hence S is near-standard.

Proposition 6. If S is well-termed, then S choice and complete = S standard.

Proof. Assume the premises. Then by Prop. 5, S is near-standard. We use

completeness to show that S is standard. Suppose then that Fs o(x/t) for all T € A(A). If U

is an A-singleton, then, assuming S is complete, either Fs3x.x e U or Fs—=3x.x e U

In the former case, the well-termedness of S yields a closed term t such that U = {1} and

from ks a(x/t) it then follows that -5 VxeU o. If, on the other hand, s —3x. x € U, then
clearly s vxeU a. So Fs VxeU a for any A-singleton U, and the near-standardness of S

yields s VxeA a, showing that S is standard. B

THE FOREGOING PRINCIPLES INTERPRETED IN TOPOSES

When S is the theory Th(%¥) of a topos ¢, the conditions on S formulated
in the previous section are correlated with certain properties of ¢, which
we now proceed to determine.

€ is said to be extensional provided that, for any objects A, B of €

and any pair of arrows A—L B, A—9 5B, if fh = gh for every arrow

1—" > A, then f = g. We recall that this says that each object of €&
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satisfies the axiom of extensionality in the sense that its identity as a
domain is entirely determined by its “elements”.

A weaker version of extensionality is obtained by replacing 1 with
subobjects of 1, that is, objects U for which the unique arrow U — 1 is

monic. Thus € is said to be subextensional provided that for any objects

A, Bof € and any pair of arrows A—L—>B,A—9 B, if fh = gh for every
U—L— A withU » 1, thenf=g.

We say that a category is said to satisfy the Axiom of Choice (AC) if , for any
epic f: A » B, there is a (necessarily monic) g: B — A such that fg = 1, or equivalently,
if each of its objects is projective.

€ is Boolean if the arrow 1+1———>Q is an isomorphism, and
bivalent if T and L are the only arrows1l — Q, or equivalently, 1 has only

the two subobjects O and 1.

Let A be an object of 6, and let m: B >> A be a subobject of A. A

complement for B is a subobject n: C >> A such that the arrovm +n: B+ C — Alisan

isomorphism. Then it is easy to show that € is Boolean if and only if every object
in € has a complement.

Notice that, even if we only assume intuitionistic logic in our
metatheory, Set is extensional. If full classical logic is assumed, Ses is both
Boolean and bivalent.

If Sis a well-endowed local set theory, and € is a topos, we have
the following concordance between properties of S (respectively Th(€)) and

properties of €(.S) (respectively &):

S, Th(é) €(S), €
CLASSICAL BOOLEAN
COMPLETE BIVALENT
STANDARD EXTENSIONAL
NEAR-STANDARD SUBEXTENSIONAL
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WITNESSED 1 IS PROJECTIVE
CHOICE SATISFIES AC
FULL ALL SET-INDEXED COPOWERS OF 1
EXIST

We prove a couple of these equivalences.

If S is well-endowed, then S standard = €(S) extensional. If S is well-
endowed, then <¢(S) is equivalent to the category T(S) of S-types and
terms, so to establish the extensionality of €(S) it is enough to establish
that of T(S). Accordingly let A, B be type symbols and suppose that f, g:

A — B are %(S)-arrows such that, for any %(S)-arrowl—"— A, we have

fh = gh. Now fis (x — &) and g is (X — n) for some terms &, n, and the

condition just stated becomes: for any closed term t of type A, we have

Fs &(t) = n(t). Supposing that S is standard, it follows that s Vx(§(x) =

n(x)), whence f=g.So %(S), and hence also €(S), is extensional.
Conversely, suppose €(S) is extensional. Let A be a type symbol
and a(x) a formula with a free variable of type A. Let f be the S-map

(X— a): A—> 2. If s a(r) for all closed terms t of type A, it follows that the

diagram

commutes for all such 1. Since €(S) is extensional (and well-termed), we

deduce that f = Ta, in other words that s Vx{a(x) = T), i.e. Fs Vxa(x). So S

is standard.
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S is choice = €(S) satisfies AC. Given g: Y X in €(S), let a be the formula
<y, x> € g. Then s VxeXdye Yo(x,y). If Sis choice there is f: X - Y such

that Fs VxeXa(x,fx), from which it follows easily that gf = 1x. So €(S)

satisfies AC.

Conversely, suppose €(S) satisfies AC and Fs Vxe Xdye Yo(x,y) for a
given formula a. Define Z ={<x,y> € X x Y: o} and g = (<x,y>— X): Z > X, K
= (<x,y>r—Y): Z— Y. Then g is epic, and so by AC there is h: X — Z such that gh = 1x.

If we now define f = kh: X = Y, it is easy to see that s Vxe Xo(x,fx). So Sis choice.

It follows from this that any topos satisfying AC is Boolean, so that

subobjects always possess complements.

Remark. The original proof that any topos satisfying AC is Boolean is based on
the idea of constructing a complement for any subobject. Here is a highly informal
version of the argument.

Suppose that the topos satisfies AC, and let X be a subobject of an object A. Form
the coproduct A + A, and think of it as the union of two disjoint copies of A. Regard the
elements of the first copy as being coloured black and those of the second as being
coloured white. Thus each element of A has been ‘split’ into a ‘black’ copy and a ‘white’
copy. Next, identify each copy of an element of X in the first (black) copy with its mate
in the second (white) copy; the elements thus arising we agree to colour grey, say. In this
way we obtain a set Y consisting of black, white and grey elements'*, together with an
epic map A+ A~ Y. Now we use AC to assign each elementy € Y an element y’e A +
A in such a way that y“is sent to y by the map A+ A- Y above. The whole process—
call it P, say—accordingly transforms each element of A + A into an element (possibly
the same) of A + A. Now, forn =0, 1, 2, define

14 One should not be misled into thinking that at this stage the ‘grey’ elements of Y can be clearly
distinguished from the ‘black’ and ‘white’ ones: since the former are correlated with the elements
of X, such distinguishability would be tantamount to assuming that X already possesses a
complement!



75

A, = {a € A: P effects a change in colour in exactly n copies of a}.

Then clearly A = Ag U A; U Ay, A; = Xand A; = @. It follows that A is a complement for
X.

Some examples™.

(i) Set is extensional, satisfies ACs, and is both Booleans and
bivalents .
(ii) For any partially ordered set P, SeF is subextensional . It

satisfies AC ifs, and only if, P is trivially ordered, that is, if the
partial ordering in P coincides with the identity relation. To

show that Se® is subextensional, given o, B: F —»> G in Sef,
po € Pand a € F(po), define U € Set? by U(p) = {x: x =0 A po < p}

with the Up; the obvious maps. Then U is a subobject of 1 in
SetP. Define ¢: U > F by ¢p = Ulp) x {a. If ap = Po, then
a, o9, (0)=B, ¢, (0), whence a, (@)=, (a). Since po and a
were arbitrary, o = . So SeP is subextensional.
To show that AC holds in Se/® only if P is trivially ordered,

suppose that p, < qo in P and define A, Bin Sef by A(p) =

{0, 1} for all p € P, and each Apq the identity map; B(p) = {0} if
po < p, B(p) = {0,1} if po « p, each Bpqeither the identity map on
{0,1} or the map {0,1} — {0} as appropriate. Then it is easy to
show that the map f: A > Bin Sef —with each f, either the

identity map on {0,1} or the map {0,1} —» {0} as appropriate—

has no section.

15 In presenting these examples we indicate by appending the symbol § when we need to assume
that Setsatisfies AC, or at least that its internal logic is classical and bivalent.
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(ili)  For any complete Heyting algebra H, Sety is subextensional. It
satisfies AC if®, and only if, H is a Boolean algebra®®. To show that Set is
subextensional, suppose given f, g: (I, ) — (J, €) in Sety . For

beljoeJletni= g, 6, and a= Vn,. Then ({0}, ) with
0 iel

Moo = a is a subobject of 1 in Sety and the n; define an arrow
n: ({0}, A) > (L, 8). If fm = gn, then a calculation shows that
Jiiy = 9y, - Since o and jo were arbitrary, f= g.

As for the second contention, if Sety satisfies AC, it is
Boolean, and so H must be a Boolean algebra. Conversely, If
His a Boolean algebra, then Sety is Boolean, so Th(Sew) is
classical. It is not hard to show that Sety has all set-indexed
copowers of 1, so that Th(Seu) is full. We also know that Ses is
subextensional, so that Th(Ses) is near-standard. It follows from the

Corollary to Prop. 8. that Th(Set) is choice, so that Se«y satisfies AC.

(iv)*  For a monoid M, the topos Set™ of M-sets is bivalent. For the terminal
object in Set™ is the one-point set 1 with trivial M-action and evidently this has
only the two subobjects 0, 1.

(v) For a monoid M, if the topos Sec™ is Boolean, then M is a group’, and
conversely’. For suppose that Se™ is Boolean. Regard M as an M-set with the
natural multiplication on the left by elements of M. Fora e M, U = {xa: x € M} is a
sub-M-set of M, and so has a complement V in Se:™ which must itself be an sub-M-
set of M. Now 1 ¢ V, since otherwise V = M which would make U empty. It follows
that 1 € U and so a has a left inverse. Since any monoid with left inverses is a group,
M is a group. Conversely, if M is a group (and Set is Boolean), then the set-

theoretical complement of any sub-M-set Y of an M- set X is itself a sub-M-set and
therefore the complement in Ses™ of Y.

16 If Bis a complete Boolean algebra, Zuzpis equivalent to Sets, so AC also holds in Fuzb.
17 It follows that if M is not a group, then SeM is bivalents but not Boolean.
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(vi) If G is a nontrivial group, then 1 is not projective in Set° . For
G — 1in S is epic, but an arrow 1 — G in Se:® corresponds to an element e € G
such that ge = e for all g € G, which cannot exist unless G has just one element.

(vii). For a monoid M, Se™ satisfies AC if%, and only if, M is trivial. If Ses™
satisfies AC, then Se¢™ is Boolean and so by (v) M is a group. But by (vi) if M is

nontrivial, 1 is not projective in S, and so Se+V does not satisfy AC. It follows that

M is trivial.
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IX
CHARACTERIZATION OF Set

We remind the reader that we are assuming that our background metatheory is
constructive. For definiteness we will take that metatheory to be intuitionistic set theory
IST. Now consider the category Se¢ of sets in IST. Its objects are all sets and its arrows
all maps between sets. Set is a topos in with truth-value object P1. We seek a
characterization of Sev in terms of its associated local set theory, that is, a

characterization of the category of sets in type-theoretic terms. We shall carry this out in

a constructive manner.

Theorem. The following conditions on a well-endowed consistent local set theory
S are equivalent:
(i) Sis full and standard,

(ii) €(S) = Set.

Proof. For (ii) = (i), follows from the fact that Se«. is extensional and clearly

has all set-indexed copowers of 1. Now assume that S is full. Since S is well-termed, for

any S-map f: X — Y we can write f(t) for each closed term t such that Fst € X.

We define functors A: €(S) — Set, ™ Sev — €(S), which, under the specified

conditions, we show to define an equivalence.

First, A(X) is the set of closed terms t such that s t € X, where we identify o, t
if that s o = 1. Given f: X — Y, we define A(f) to be the map (t —f(t)): A(X) > A(Y).

Next, given | in Set, we define Ito be the S-set U,. Given f: 1 -], there is a
term f(x) : J with x : T such that that s f(@)= £() for all i € I. We define f:7—>Jto

be the S-map x— f(x).
For any set | and any S-set X, we have natural maps n;: | — A(]) and

€. A(X)— X defined as follows:
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m@)=iforiel; Fse(x)=1forallte AX).

Clearly n is monic. The same is true of ¢ since for o, t € A(X),

Fse(o)=¢(1) >0 =r1,

whence
Fs VXVY[e(X) = e(y) = x =Y]

by generalization for hatted type symbols.

Now suppose that S is standard. We claim that then ¢ is epic and hence an
isomorphism. For we have, for all t € A(X), s &(t) =1, whence s Jye(y) = 1. Since X
is standard, we infer that

Fs VxeX3y g(y) = X,

so that € is onto, hence epic.
Using the fact that ¢ is an isomorphism we can now show that n is epic, and hence

also an isomorphism. To do this we require the readily established fact that, for

1>, f:}—>J isamap in S, and if f isepic, thensoisf.

Now consider n: I — AI. We note that

*) e€on=14;.

Forifi e I, then
s eM(i) = emi)=mi=1

It follows by generalization that
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Fs ‘v’xefs(nx)zx,

whence (*).
Since ¢ is an isomorphism, it follows easily from (*) that n is an isomorphism,

hence also epic. Accordingly n is itself epic, and hence also an isomorphism.

We conclude that (A, *) define an equivalence between <€(S) — Set, as required.

Remark. It is also possible to formulate similar characterizations of other toposes,
for example categories of presheaves over partially ordered sets, sheaves over
topological spaces, and H-sets. For example, C(S) = Sety for some complete

Heyting algebra H if and only if S is full and near-stansard.
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X
TARSKI’S AND GODEL’S THEOREMS IN LOCAL SET
THEORIES

Let Zbe a local language containing a type symbol C, which we will call
the type of codes of formulas: letters u, v will be used as variables of type
C and the letter u will denote a closed term of type C. We shall also
suppose that Z contains terms o(u, v): C, d(u): C, t(w): Q, and for each
formula a(u), containing at most the free variable u, a closed term [a]: C
called the code of a.

Let S be a local set theory in % We say that

e o is a substitution operator in S if

Fs o (al,u) = [au)] for any formula o(u) and any

closed term u: C.

e 1 is a truth definition for Sif

Fs t(lal) © a for any sentence a!8.

We can now prove

Tarski’s Theorem. Let S be a local set theory in # with a
substitution operator. Then if S has a truth definition, it is inconsistent.
Proof. Let o be a substitution operator in S and t a truth definition
for S. Define B(u) to be the formula —t(c(u, u)); write u for [pl. Then
[Bw)] is [—t(c(u, u))], so that
(B is o —r(o(u, w), (*)

18 A truth definition for S thus amounts to a (sentence-by-sentence-provably in S) left
inverse to the assignment of codes.
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Since o is a substitution operator, we have
Fs [B)] = o(Bl, u) = o(u, u),
whence
Fs W B)]) < t(o(u, u),
i.e. by (%),

Fs t(—t(c(m, w)) © t(o(u, w). (**)
But since 1 is a truth definition we have
Fs 1l —t(o(a, w) ) < —t(c(u, u)).
This and (**) give
Fs —t(o(u, w) < t(o(u, u)),

which would make S inconsistent. &

We say that

e 1 is a demonstration predicate for S if

Fs o = Fst(lal) for any sentence a.

Then we have

Godel’s First Incompleteness Theorem. Let S be a consistent
local set theory with a substitution operator and a demonstration
predicate. Then Sis incomplete.

Proof. The proof is similar to that of Tarski’s theorem. If we define

the formula B(w) and the term u as before, we find that

Fs —tlo(w, w) = s t(o(u, u)),

so that, if Sis consistent, t(c(u, u)) is neither provable nor refutable in S,

and accordingly Sis incomplete. ®

We say that
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e Jis a diagonal operatorin S if
Fs 8(al) =lalal)l for any formula a(u).
Note that, if o is a substitution operator, o(u, u) is a diagonal operator.
We next prove the
Fixed Point Lemma. Suppose that S has a diagonal operator.
Then any formula o(u) has a fixed point, in the sense that there is a

sentence B for which
Fs B < alB).

Proof. Let o be a diagonal operator in S; given o(u) write u =
[o(8(w)) | and define B to be the sentence a(5(u)), i.e. a(8( a(d(u))]). The fact

that § is a diagonal operator gives
Fs 3 a(d(w) ) = a(d(a(d(w)h) =TpT.
It follows that
Fs B < a3l ad(w) ) © ol B,

as required. W

We say that

e 1 is a proof predicate for S if it satisfies, for any sentences a, 3,

@ Fsa = Fst(lal),
(b) tla—B) ks tlal) > (B,
(€ t(lalFs t(t(al)]).

Let us write Oo for t( al); then (a), (b), (c) above become the “modal”
conditions:

1) Fsa = FsUa

O2) O — B) Fs Oo -0,
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Os) o ks O0o

[] is called the modality associated with the proof predicate t. We note

that it follows easily from the first two of these conditions that

(*) ats B = Oats OB.

We next prove
Lob’s Theorem. Suppose that S has both a diagonal operator and

a proof predicate t with associated modality 0. Then, for any sentence a,

(i) O0o > o) Fs Ua,

(i) Fs o> a = Fso.

Proof. (i) Applying the Fixed Point Lemma to the formula t(u) - o yields

a sentence B for which
(1) Fs B« OB — a),
whence
Fs B— OB —» o),
so that
BFs LB — a.

Using (*) and ([2), it follows that
B Fs OO — o)
Fs OOB — O,

from which, using (L), we deduce

(2) OB s Oa.

It follows that

o —> abks OB — a,

whence, using (*), (1) and (2) successively,
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O0o — o) s OB — «)
Fs LB
Fs Oo.

This gives (i).
(ii) Suppose s Oa — a. Then, by (1), Fs Oa —» o), whence, by

(i), s Oa, so that, by the original supposition, Fsa. B

This yields finally

Godel’s Second Incompleteness Theorem. Suppose that S has a
diagonal operator and a proof predicate t. Then if S is consistent, the

sentence —t( L]) expressing the consistency of Sis not provable in S.

Proof. Suppose that Fs—t(L]). Then s t( L)) - L. It follows then

from (ii) of L6b’s theorem that Fs 1, i.e., Sis inconsistent. &



