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A NOTE ON GENERIC ULTRAFILTERS
by J. L. BeLL in London (England)

Let M = (M, €) be a transitive e-model of ZFC (ZERMELO-FRAENKEL set theory
with the axiom of choice) and let B e M be a complete BooLran algebra in the sense
of M. Thus, if X € P®(B) = P(B) n M, then VX and AX, the join and meet of X,
exist and are in M. (Here P(B), P™)(B) are, respectively, the power set of B and the
power set of B computed in I.) An ultrafilter U in B (U need not be in M) is said to
respect the join VX, for X e P™)(R), if

VXeU=>XnU+0

|
(the reverse implication holding trivially). If & < P™)(B), then U is said to be -
complete if U respects the join VX for every X € . A P™)(B)-complete ultrafilter
is said to be IMM-generic. In this note we show that several apparently weak conditions
on an ultrafilter in B are actually sufficient for M-genericity.

We construct the B-extension M® of 9t in the usual way, following JecH [1]. We
write ||o] for the B-value of any sentence ¢ of the language of set theory (which may
contain names for elements of M®). Well-known is the fact that ||o| = 1) whenever o
is a theorem of ZFC. We also recall that there is a natural map z » £ of M into M®,

A subset {b;: i €I} of B is called an M-partition of B if (1) b, + 0 for all i eI,
(2) bi:ieldeM, (3) V b, =1 and (4) b; Ab; = 0 whenever 7,fef and ¢ + j. We

iel

have the following well-known facts (the first of which is a special case of the so-called

»Mixing Lemma, see [1], Lemma 49): :

Lemma 1. Let {b;: i €I} be an M-partition of B and let {2;: 1 € I} € M. Then there is
x € MP) such that b; = ||z = £, for all i € 1.

Lemma 2. Let U be an witrafilter in B. Then U is generic iff whenever {bi:iel}isan
IN-partition of B, there is i € I such that b, e U.

Neéw let U be an ultrafilter in B which we assume fixed once and for al. There is a
natural way of factoring M® by U; for 2,y e M® we put x ~y y <> [z = y| e U.
It is easily verified that ~ is an equivalence relation on M®). We write zU for the
~ y-class of z and define the relation €, on the set M®)/U of all ~ ;-classes by

VeyylU<s|zey|el.
We define the quotient of M® by U to the structure ®|U = (M®)T, ery. We

have the following well-known version of Lo§’ theorem for IR®)/U :
Lemma 3. For any formula g(v,, . . ., v,) and any =,, . . ., x, € M'®,

MBI E ?7[13]’ s x:?] < @@, ..., @) € U.

It follows ithmediately from this lemma that SB)/U is a model of ZFC.

Now let Ord(z) be the formula expressing that x is an ordinal. An element a € M8/
is called an ordinal in MB![U if MB)|U k Ord[a]. Let OR™ be the set of ordinals of I ;
then for each x € OR™, &V is an ordinal in MM |U called a standard ordinal in M(B)|U.

Let &, be the subfamily of P™)(B) consisting of all subsets of B of the form
{lz = &||: x € OR™)} for 2 € M®. It is well-known that, for any x € M®, we have

(1) [Ord(z)] = V |z =4.
_— acoR
1) 1, 0 denote the unit and zero element of B, respectively. o
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We are now ready to state and prove our first result.
Theorem 1. The following conditions are equivalent:

(i)  Each ordinal in MB|U is standard;
(ii) U s & -complete;
(iii) U is M-generic.

Proof. (i) = (ii). Assume (i); thenif V |z = &| €U, we have |Ord(z)| € Uby (1),
acoR™) '
so MMB U k Ord[zV] by Lemma 3. Hence (i) gives aU = &V for some x € OR™),

whence ||z = x| € U, and (ii) follows.
(i) = (iii). Assume (ii), let x € OR™ and let {b,: & < } be an M-partition of B
with « € OR™. By Lemma 1 we can find x € M® such that b, = |2 = £| for all

£ < a. We have . -
V lz=¢lz V |rx=¢5=1eU,
EEOR( ) <o
8o by (ii) there is £ € OR™) such that |z = £ e U. If £ = «, £ e OR™, it is clear
that |« = &|| = 0, so we must have &, < x. Hence b, = llz = &) € U and (iii) now

follows from Lemma 2.
(iii) = (i). Assume (iii); then we have, using (1) and Lemma 3,

B (U k Ord[zU] < |Ord(z)| e U
< V ja=4&|eU
uEOR(m)
< ||z = &|| € U for some x € OR™®

U — gU (20)
and (i) follows. [] < 2V = gU for some &« € OR™),

Corollary. If U is & -complete, then €y ts a well-founded relation.

Proof. If U is &,-complete, then Theorem 1 shows that the map & » &V sends the
well-ordered set OR®™ onto the set of ordinals of I® /U. This map is clearly order-
preserving, and it follows that the ordinals of MM |U are well-ordered under €. The
usual rank argument now yields the well-foundedness of €. [J

It is worth observing that, assuming the existence of a measurable cardinal, the
converse of this corollary fails. This can be seen as follows. Take M = V, the universe
of all sets, let # be a measurable cardinal and let D be a non-principal x-complete ultra-
filter in the complete BooLEean algebra Px. Then by standard results V¥?[D is iso-
morphic to the ultrapower V*/D and is therefore well-founded by Scorr [2]. On the
other hand D cannot be &;-complete, because if it were it would be V-generic by
Theorem 1, and hence principal, contrary to assumption. (This argument is due to
Dawa Scorr.)

Suppdse now that €y is a well-founded relation. Then B /U can be collapsed
uniquely to a transitive e-structure MM[U] = {M[U], €) via the map h defined re-
cursively on €y by

h(zV) = {h(yY): yV e 2V} = {h(yY): |y e x| € U}.
Thus A: MB U - M[U] is a bijection satisfying aU ey yU <> h(xV) € h(yY). Under
these conditions we can define a surjection i: M® — IR[U] by putting i(z) = h(zV)
for 2 € M®, Clearly we have, for x € M®,

- (2) ixy = {i(y): |y e x| e U}.
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Our next lemma follows immediately from Lemma 3 and the fact that % is an iso-
morphism of M [T onto M{U].
- Lemma 4. For any formula ¢(v,, . . ., v,) and any %y, . . ., x, € M5B,

MUk @li(x,), - . ., 1(@)] < @y, . . ., z)]| €U

Now define j: M — M[U] by putting j(z) = i(£) for x € M. Then j is an e-mono-
morphism. Also, let &, be the subfamily of P®™(B) consisting of all subsets of B of the
form {||z = 4| : z e y} for x € M®), y € M. We note the following well known fact
(3) leedil= V |z =Z|.

zey

Theorem 2. The following conditions are equivalent:
() U is &y-complete;
(i) ey #s well-founded and j is the identity on IR;
(ili) €y ts well-founded and j[IM] is transitive;
(iv) U is M-generic. .

Proof. (i) = (iv) Assume (i), and let {b;:4 € I} = y be an IM-partition of B. Then
by Lemma 1 we can find x € M®) such that b; = ||z = b;|| for all ¢ € I. Hence

V e =] = ,v1||m=5iu =1eU,
1€

z€Y
80 by (i) there is z € y such that | = £| € U. Since z = b, for some i € I, it follows that
b; = ||z = 35" € U, and (iv) now follows from Lemma 2.

(iv) = (iii). Assume (iv). Then g, is well-founded by the Corollary to Theorem 1.
Also, if ¥ € M and z € j(y) then, since IM[U] is transitive, there is 2" € M® such that
& = i(z’). Thus i(z') € j(y) = i(#), so that, by (2), |#’ € | € U. It follows from (iv) and
(3) that there is z €y, hence z € M such that ||2' = £|| € U, whence z = §(z)  j[IM].

This proves (iii).
iii) = (i). Assume (iii). If x € ,y €M, then
(iii) = (i). A (iil). iz € M®,y € M, th

Vie==2leU=|zegleU (by(3))
. zey = 2Uey gV
= h(xV) € h(gY)
= i(z) € i(F) = j(y)
= i(z) = j(z) forsomeze M (by (iii))
=zEY.

Hence i(z) = §(2) = i(£), so, by Lemma 4, || = £| e U. (i) follows. ‘

Finally, the equivalence of (ii) and (iii) follows immediately from the transitivity
of M and the fact that 7 is an e-isomorphism of M onto JM]. O

Remark. The equivalence of (i) and (iv) was suggested to me by B. Baroar.

Now define U, e M‘® by domain(U,) = {#:z € B} and U (#) = x forz e B. U, is
called the canonical genmeric ultrafilter in B, since, as is well-known, we have
| Uy is a P(B)*.complete ultrafilter in B| = 1. We observe that, for z € M(B),

4) lee Ul =V yalz=4|.
yeB

Let & be the subfamily of P™)(B) consisting of all subsets of B of the form
{yAlz=4g|:yeB}forzeMPB,
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* Our final result in this note is the Yollowing

Theorem 3. The following conditions are equivalent :
(i) U is Fy-complete;
(i) ey is well-founded, § is the identity on U, and +(U,) = U;
(iii) U is M-generic.

Proof. (i) = (iii). Assume (i). Let {5;: i € I} be an fM-partition of B; then by Lemma
1 we can find x € M®) such that b; = |z = b;|| for i e I. We have

Vynrlz=giz Voinle=bl=Vb =1
Ie

yeB i iel

’ Hence, by (i), there is y € B such that y A iz =4l eU.If y ¢ {b;:i e I}, then
le=dl =le=glal=je=glaV |z=b) <V |§=b] =0,
iel iel

80 that ||z = g|| ¢ U. It follows that y = b, for some i e I, whence bin |z = ii,-ll eU,
and so b; e U. (iii) now follows from Lemma 2.

(iii) = (ii). Assume (iii). Then e, is well-founded and j is the identity on U by
Theorem 2. We also claim that for z e M8, {i@): lxe U, eU} = {ilg):ye U}.
In fact this follows from the chain of equivalences: .

leeUkeU< Vyallz=glelU (by 4))

yeB
<JyeBlyrlz=4g|eU] (by (ii))
< JyeUl|z =gl e V).
<> 3y € Ufi(x) = i(9)].
Now we have i(U,) = {i(2): |z € U,| € U} = {i@:yel}={jy)yel}=U
and so (ii) follows,
(ii) = (i). Assuming (ii}, we have .
(5) U = i(U,) = {i(z): |w e Uy € U}. \
Hence
VB?/A l*=9leU=|zxeUs el (by4)
ye
=ix)eU (by (5)) k
= t(x) = y = j(y) for some y € U (since j is the identity on U)
= i(x) = i(§)
> lz=gleU
=yAlz=4gleU,
and (i) follows. []
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