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Abstract: In this paper, logarithmic functions are described based on which the total diversity of a collection can be
partitioned into components specific to factorial effects. The standard statistical modus operandi of testing hypotheses
in a factorial design is applied, only the test criteria changed. The factor identities are chosen according to stated hy-
pothesis, observations are made and sorted, the associated entropy and information quantities are calculated, and prob-
abilistic tests of significance are performed regarding main effects and interaction terms. The basics are presented in the
main text. The partition functions, their Venn diagram mappings, and a complete printout from the application program
DIVPART.EXE are collected in a separate Appendix accessible with this article on the publisher’s website.

Introduction

Logarithm based entropy and information quantities
are the diversity scalars. Entropy is scalar for main effects
and information for interaction effects. When diversity is
analysed based on the main effects/interaction model, the
factors associated with the effects enter the analysis as the
sorting criteria. Thus, the basis of the analysis is a contin-
gency vector (sorting observations by the states of one
factor), a contingency table (sorting by the states of two
factors) or a solid (sorting by the states of three or more
factors). In this communication, I consider the case of
three factors, formulate in all 34 diversity partitions for
main effects, conditional effects, interactions, and condi-
tional interactions, and give Venn diagram mappings to
guide the choice of additive sequences of the partition
functions. I point out the difference between proper as op-
posed to improper sums of partitions, give a worked nu-
merical example, and introduce the application program
DIVPART.EXE, which performs the rather tedious com-
putations automatically. The first part of this communica-
tion introduces the basics functions. This is followed by
presentation of a numerical example in the second part,
and a discussion of salient points in the third. Key refer-
ences that can lead readers to others depending on the de-
tail of interest conclude the main text. An appendix avail-
able through the Internet is attached to the paper. It

contains sections on elementary symbolism and some nu-
merical identities, practice run of DIVPART.EXE, in-
cluding complete set of results printed by the program,
and list of partition functions with their Venn diagram
mappings. DIVPART.EXE and sample data file are
downloadable from the author’s webpage http://ecoqua.
ecologia.ufrgs.br/~lorloci/ at the link of the author’s
downloadable files in the DIVPART folder.

Basic entropy and information functions

We designate as 4, B, C the three factors whose num-
bers of states are a, b, ¢ by which the elementary observa-
tions are sorted. An elementary observation in the exam-
ple given is a three-valued vector that identifies the
climax type (4), functional type (B), and floristic domain
or flora of origin (C) of a given species. A typical case
taken from Orléci and He (1996) is

Abies nephrolepis 111.

This is one of the 646 species in Li’s (1993) list from the
Heilong Jiang flora in China which we coded 111, imply-
ing a climatic climax tree from the Boreal-Subalpine
flora. The 3-dimensional sorting (4xBxC design) shown
in Table 1 is based on this code.
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Rényi’s (1961) generalised entropy of order o serves
as a scalar for the entropy portion of total diversity in the
AxBxC design. This function is written as

a b ¢
——1In :E: :E: :E: F%Jk’ F}Jk ..’

i=1 j=1 k=1

H(A B,C) =

The basic definition of the information portion of diver-
sity is scaled by Rényi’s (1961) information of order o

fij.fi.k f.jk
f, f.j. f

1 4 Fl]k .
I(A,BC)——lanZZ s gy =

a i=1 j=1 k=1 Gk

The partition functions corresponding to cases in between
are listed in the Appendix. The following are the symbolic
data elements:

a,b,c — the number of states of factors 4, B, C based on
which the observations are sorted;

Jijk — a characteristic element in the three-way solid, a
count or frequency. The version of DIVPAR.EXE pre-
sented in the paper takes the data in the f;;; form;

Jijo ik Lo Jio s fob f. — marginal totals. Dots in the
subscripts indicate summation over the specific dimen-

sion whose subscript is replaced by a dot.

Inspection of the Venn diagrams in Figure la,b re-
veals that H(A4, B, C) represents the total diversity (entropy
in the design) attributable to the three-factor effects, and
that /(ABC) represents the most specific term in the three-
factor interaction partitions called shared or mutual infor-
mation. The letters 4, B, C in the Venn diagrams identify
the area segments proportional to the factor effects. Per-
fect proportionality is implied that requires o in all cases

Total entropy

3-way interaction

Figure 1. A Venn diagram representation of total entropy
H(A,B,C) (a) and the 3-way interaction information /(4ABC)
(b). 4, B and C are factor identities from which the diversity
effect is assumed to derive, depending in magnitude on the
distribution of frequencies over the factors’ states a, b, ¢ by
which the observations are sorted. The diversity partition
functions and numerical examples are given in the main text
and in the Appendix.
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to approach the limit 1. In practice, this requirement can
be approximated rather closely by setting o equal to al-
most 1, say 0.99999. The “elegant” solution involves re-
writing the equations for the case of o approaching 1 (Or-
16ci 1991), but this solution would leave the algorithm
applicable only to order one of c.

Example

The source data set is Li’s (1993). The species of the
original data set were sorted according to 3 climax types
(4), 5 functional types (B) and 3 flora types (C). Table 1
contains the joint frequencies. The numerical values of se-
lected partitions are given in Table 2 and for all 34 parti-
tions in Table 3. The computations were performed by ap-
plication program DIVPART.EXE. The Appendix
contains a training run of DIVPART.EXE including the
complete printout. The source code of DIVPART.EXE is
in Kemény and Kurtz’s Tru Basic.

What we can see in the numbers of Table 2 is the ex-
treme influence of inheritance as a contributor to diver-
sity, outweighing by far the effect of the other sorting fac-
tors on the regional scale. But when taking the sorting
factors other than inheritance, flora element dominates.
To be noted is that the sum on line 2 of Table 2, which is
an imperfect sum because the terms repeat portions of the
interaction information to the tune of 0.304742 bits in the
manner of Figure 2 of the elementary partitions. The sum
on line 6 is a perfect sum in the sense of

Joint = Conditional + Interaction + Mutual =
=3.807155 +0.304742 + 0.055280 =

= Principal marginal — Interaction — Mutual =
=4.471926 —0.304742 = 4.1672

Table 3 shows results for the 34 partition functions
over six orders of o.. Order one is the basis of perfect sums

Information

Entropy

Figure 2. Venn diagram mappings of elementary partitions by
type from which all partitions can be constructed. The partition
functions are listed in the Appendix with function number la-
bels used in this graph. Numerical results are given in the main
text. The Appendix contains the complete list of partition func-
tions and Venn diagram mappings.
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Table 1. Three-way sorting of 646 species recorded in Heilongjiang flora of China. The source list is Li’s (1993). The sort-
ing is ours (Orloci and He 1996, Orléci et al. 2002). The numerical results are summarised in Table 2 and Table 3. The Ap-
pendix contains the partition functions, Venn diagram mappings, and the sample run of the application program
DIVPART.EXE.

Flora (C)
Chmax type (A) Functional type (B) k
t ] Boreal - Subalpine Montane Forest steppe

1. Climatic 1. Trees 4 5 8
2. Shrubs 10 58 18
3. Geophytes 9 79 2
4. Other herbs 11 131 11
5. Chamaephytes 7 10 2

2. Edaphic 1. Trees 1 1 0
2. Shrubs 1 17 8
3. Geophytes 1 58 2
4. Other herbs 1 22 3
5. Chamaephytes 3 0 0

3. Serial 1. Trees 0 0 1
2. Shrubs 3 5 7
3. Geophytes 0 16 13
4. Other herbs 2 46 39
5. Chamaephytes 7 18 5

Table 2. Selected diversity partitions for the sorting model adapted in Table 1. Partitions functions are given in the Appendix.
Numerical results are listed for 34 partitions in Table 3. The percentages in the table are relative to total diversity. All values
are in bits. See the main text for further details regarding rounding errors and additivity.

Sources of diversity Entropy or
information of order one
# bits %o
1. Inheritance (log , 646)%* 9.333155 2239714
2. Principal marginal 4471926 107.3145
2.1 Functional type H{ A) 1.413781 33.92705
2.2 Flora element H(B) 1.950734 46.81252
2.3 Climax type H(C) 1.107411 26.57497
3. Conditional {equivocation) 3.807155 91.36178
3.1 Functional type H{AB,C) 1.182195 28.36959
3.2 Flora element H(B|A,C) 1.71701 41.20376
3.3 Climax type H{C|B,A) 0.90795 21.78843
4. Interaction I{ A;B;C) 0.304742 7.313012
5. Mutual I{ ABC) 0.05528 1.326576
6. Joint HHAB,C) 4.16712 100

* Percent of H(A4,B,C), ** 646 is the number of species in the Li (1993) records.

when the logic of the Venn diagrams in Figure 2 is fol- from the logic of the algebra rather than the numerical val-
lowed. Higher order partitions are noted for increased sta- ~ ues. The numerical values are not completely reliable
bility in the sense discussed by Orldci et al. (2002). The since they are affected by rounding errors that can be quite
proof of a sum being perfect or imperfect should come substantial.



256

Orloci

Table 3. Numerical values of entropy and information partitions, corresponding to the partition functions listed in the Appen-
dix. All values are in bits. This table shows results over six orders of o. Zero order results register the state richness of the
sorting factors individually and jointly. Order one is the basis of perfect sums when the logic of the Venn diagrams in Figure
2 is followed. Higher order partitions are noted for increased stability (Orldci et al. 2002). See the main text for further details

regarding rounding errors and additivity.

Srecific name a=0 0.99999 2 3 4 5

L H(A): 1.584962 1413781 1.262624 1.149569 1.071864 1.019344
2H(B): 2.321928 1950734 1765196 1.660521 1.591493 1.541643
3H(C): 1.584962  1.107411 .824519 .690027 62312 585807
4 H(AB): 1.584962  1.308497 1.147351 1.056232  1.000059 .962254
SH{A|IC): 1.584962  1.342761 1.153771 1.03064 954617 90653

6 H(B|A): 2.321928  1.84545 1624049 1.497602 1416013 1.359581
7 H(B|C): 2.321928  L.877575 1.693656  1.597911 1.538983 1.498668
8 H(C|A): 1.584962  1.03639 770032 665525 618101 591985
9I(CBY: 1.584962  1.034252 785253 678228 62341 591084
10H(AB,C)x: 5491853 4.167182 3.508687 3.166289 2964988 2.833216
11 H{A B 3.90689 3.259231  2.940017 2749465 2.621845 2.529873
12 H{A,Cx: 3.169925 2450172 1988109 1.722564  1.57223  1.482679
13 H(B,C): 3.90689 2.984987 2.464933  2.229622 2.106492 2.031434
14 H(A B|C): 3.90689 3.059771  2.698942 2483801 2.34555 2.251362
15 H(A,C|B): 3.169925 2216447 1798411 1.587019 1470824 1.400582
16 H(B,C|A): 3.90689 2753401 2.229741  1.998355 1.874227 1.796814
17 IXAB,C): 1.584962  1.182195 9874 886004 829188 794158
18 H(B|A,C): 2.321928 1.71701 1.501884 1.381794  1.305588 1.253971
19 II(C|A,B): 1.584962 90795 702319 627353 590691 569059
20 EA;B:C): 0 304742 541518 77559 1.00347 1.204176
21 I{AB): 0 105283 201785 293636 38164 464268
22 EAC): 0 07102 150061 238508 334022 429946
23 I(BC): 0 073158 163339 290869 463964 656811
24 I(AB|C: 0 1o0564 288991 4266 577656 728372
25 I(ACB 4 0 1263 254512 412805 576412 714844
26 (BC|A Ly 0 128438 30672 608171 911874 1.162744
27 I(AIB,Cl: O 231584 413281 582499 733577 859737
286LB{ACl: O 233722 476526 .80355 1.168917  1.480231
29 (C;AB) 0 199459 387444 672283 1.103985  1.54906
30 LABC): 0 05528 110475 196733 341513 553902
31 IEA): 0 171181 322337 435392 513097 565618
321(B): 0 371193 556731 661406 730434 780284
33C): 0 ATT551 760443 .894935 961842 2999155
34 EAB,C): 0 1.32467 1.983165 2.325563 2.526864 2.658636

Discussion partitions makes it impractical to derive all of them. But

This communication is a follow up on two of our ear-
lier papers on biodiversity (Orloci and He 1996, Orldci et
al. 2002) with novel contents. We refer readers to the
original publications for a broader list of relevant refer-
ences, discussions, and typical examples. The novel ma-
terials are presented in both main text and Appendix, in-
cluding partition functions and their Venn diagram
mappings. While the paper limits itself to the case of 3
factors, the idea of diversity partitions is general and ap-
plicable to any number of factors. But since the number
of partitions grows as a product with the number of factors
considered, beyond a point the large number of possible

to define them all is really unnecessary, considering that
well planned research is focused on a limited number of
hypotheses about a limited number of factor interactions.
So the practical thing to do is to derive diversity partitions
that correspond to the specific hypotheses to be tested.

The derivation of the partitions that fit a priori stated
hypotheses is the first step. The next step is the derivation
of probability distributions for the partitions to facilitate
the test of the hypotheses. I do not discuss this aspect since
I have nothing novel to present in that regard. Kullback
(1959) is a fundamental source for arguments that proof
that when the regularity conditions that he specifies exist,
twice the information of order 1 will have an asymptoti-
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cally chi-squared distribution with given degrees of free-
dom that I give in the Appendix. My preference is, how-
ever, for empirical distributions derived in the spirit of
some Monte Carlo procedure. In this regard reference is
made to Pillar (1996, 1999) for ecological context and to
Edgington (1987) for theory.

The introduction of the application program
DIVPART.EXE is among our objectives. The version
available free of charge for downloading (source address
http://ecoqua.ecologia.ufrgs.br/~lorloci/) takes data from
a three-dimensional contingency table like in Table 1. The
number of states is not limited. The program can be used
for the analysis of two dimensional contingency tables,
but with dummy numbers for third dimension. If we were
to use it for such a case, with factors limited to 4 and B in
Table 1, we would interpret only the terms in Tables 2 and
3 that have the 4 and B labels.
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UFRGS of Brasil, NSERC and UWO of Canada, and UH at Ma-
noa of the United States during tenure of the general project.
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Appendix

Please read the main text for details and important facts about the materials resented in this

appendix.

1. Elementary symbols and some numerical identities.

S fi2zr f131 e Sisi| [410 9 11 7
Fapr=|/211 f221 f231 Joar fosy|=|1 1 1 13
f311 S f331 f3a fsi) L0300 207

f121 f122 f123| [10 58 18
Foc=|ln1 fa2 fo3|=| 1 17 8
| f321 f32 f33) L3 37

fan fa12 23| [
faor f220 f223| |1
Fopc=|/231 [232 f233|=|1 S8
fos1 foar fosz| |1
| fas1 Sas2 fasz] LB .

S W N o O

f11. f12. f13 f1a. f15.] [17 86 90 153 19
Fgp.=| /o1, S22, f23. Sfoa. fas |=|2 26 61 26 3
|31, 32, f33. f34 fs1) L1 15 29 87 30

‘A1 fia As | 41 238 41
Foo=|/21 ha NH3|=|7 98 13
|31 B2 33 1285 65]

Principle marginal totals:

Fy =[A. 5. f5.]=[365 118 162]

Fg=[r1. o f3 fa fs5]=[20 127 180 266 52]

Fo=[f1f2f3]=[60 466 119]

Characteristic elementary vectors:

Fyp3 =[/213 1223 /233 a3 os3) =[0 8 2 3 0]

P30 = [A31/432 fa33] =[0 16 13]

2. Practice run of DIVPART.EXE



The version of DIVPAR.EXE described takes the data in sorted (fijr) form as a string with each

element separated by a return (paragraph) character through subscripts k, j and i. In the example:

fiu
fi12

f343

The application program DIVPART.EXE is available free of charge for downloading on the website
http://ecoqua.ecologia.ufrgs.br/~lorloci in folder Diversity partition program and data. The following
is printed by the program:

Program: biodiversity analysis of a 3-dimensional contingency table.

Revised 2000.02.09 2001.01.22 2006.03.08 2006.10.27

Renyi's generalised entropy and information are partitioned into components.
The components contain additive terms when the order variable Alpha is approaching 1.
Maximum sorting dimension: 3 (A,B,C).

Input data: a x b x ¢ frequencies presented in a column string.

Alpha starts with 0. An upper limit requested. Your response was 5 .

Number of partitions: 34

Data file name:

C:\Documents and Settings\Laszlo Orloci\Desktop\Compile diversity prog\DATAHEILO
NGJIANG 3X5X3.TRU

Date and time:20061029 21:16:06

Printda file name: printda.tru

Number of sorting criteria: 3

Number of factor states: a=3 b=5 c¢=3

Number of iterations: 1

Data and marginal totals:

Layers of the a x b x ¢ contingency solid:

458

10 58 18

9179 2

11 131 11

710 2

10
17 8
58 2
22 3
00

W = = =

01

57

16 13

46 39

18 5

axb principal marginal totals:
17 86 90 153 19

226 61 26 3

115 29 87 30

O WO



axc principal marginal totals:
41 283 41

798 13

12 85 65

bxc principal marginal totals:
5609

14 80 33

10 153 17

14 199 53

17 28 7

a principal marginal totals:
365 118 162

b principal marginal totals:
20 127 180 266 52

¢ principal marginal totals:

60 466 119

NOTE -
I( ) Renyi's information of order alpha
H( ) Renyi's entropy of order alpha
Richness: 6.4692503 nats 9.3331554 bits
Alpha runs from 0 to upper limit chosen.
All logs in nats. Divide nats by In 2 to convert into bits.
Values in rows in order of Alpha from zero to upper limit:

4% 1,584962 ** 1.034252 ** .785253 ** 678228 ** .62341 ** .591084
(A,B,C):** 5.491853 ** 4.167182 ** 3.508687 ** 3.166289 ** 2.964988 ** 2.833216
(A,B):** 3.90689 ** 3.259231 ** 2.940917 ** 2.749465 ** 2.621845 ** 2.529873
(A,C):** 3.169925 ** 2.450172 ** 1.988109 ** 1.722564 ** 1.57223 ** 1.482679
13 H(B,C):** 3.90689 ** 2.984987 ** 2.464933 ** 2,229622 ** 2,106492 ** 2.031434
14 H(A,B| C):** 3.90689 ** 3.059771 ** 2.698942 ** 2.483801 ** 2.34555 ** 2.251362
15 H(A,C|B):** 3.169925 ** 2.216447 ** 1.798411 ** 1.587019 ** 1.470824 ** 1.400582
16 H(B,C| A):** 3.90689 ** 2753401 ** 2.229741 ** 1.998355 ** 1.874227 ** 1.796814
17 H(A | B,C):** 1.584962 ** 1.182195 ** .9874 ** 886004 ** .829188 ** 794158
18 H(B| A,C):** 2.321928 ** 1.71701 ** 1.501884 ** 1.381794 ** 1.305588 ** 1.253971
19 H(C| A,B):** 1.584962 ** 90795 ** 702319 ** 627353 ** 590691 ** .569059
20 I(A;B;C):** 0 ** 304742 ** 541518 ** .777559 ** 1.00347 ** 1.204176
21 [(AB):** 0 ** 105283 ** 201785 ** .293636 ** .38164 ** 464268
22 [(AC):** 0 ** 07102 ** 150061 ** 238508 ** 334022 ** 429946
23 [(BC):** 0 ** 073158 ** .163339 ** 200869 ** 463964 ** .656811
24 I(AB| C):** 0 ** .160564 ** .288991 ** 4266 ** .577656 ** .728372
25 [(AC|B}):** 0 ** 1263 ** 254512 ** 412805 ** .576412 ** 714844

(BC|A}):** 0 ** 128438 ** 30672 ** 608171 ** 911874 ** 1.162744
(A{B,C}):** 0 ** 231584 ** 413281 ** 582499 ** 733577 ** 859737

26 1
271



28 I(B{A,C}):** 0 ** .233722 ** 476526 ** .80355 ** 1.168917 ** 1.480231
29 I(C;A,B)** 0 ** .199459 ** .387444 ** .672283 ** 1.103985 ** 1.54906

30 I(ABC):** 0 ** .05528 ** .110475 ** .196733 ** .341513 ** .553902

31 I(A):** 0 ** 171181 ** .322337 ** 435392 ** .513097 ** .565618

32 I(B):** 0 ** .371193 ** .556731 ** .661406 ** .730434 ** .780284

33 I(C):** 0 ** 477551 ** .760443 ** .894935 ** 961842 ** 999155

34 I(A,B,C):** 0 ** 1.32467 ** 1.983165 ** 2.325563 ** 2.526864 ** 2.658636

20061029 21:16:06

3. Complete set of partition functions

A. Entropy of order o
# 1: Principal marginal H(A)

H(A) =
l—a ;-
b !
HB)=—In ¥ p%ip;j=—"
e j= 1.
c Ik
H(C)= In Y pz‘; Pp=—""
- p=1 I
1 b a fii
HA|B)=———— X [ ;In X pf i p; ="
(-a)f j=1 = i=1 /.



#5: Equivocation H(A | C) = #12 - #3

c g Tik
H(A4|C)= 2 f_.kanp”k; pi|k=_
(1=a)f k=1 i=1 k
#6: Equivocation H(B|A) = #11 - #1
a b fi'
H(B| )= S fin S p% s py e
(I=a)f =1 j= J;
H(B|C)= e
(1=a)f k=1 j=1 Sk
#8: Equivocation H(C|A) = #12 - #1
¢ _ < - a ik
H(C|A4)= Zfi_.ln )y Pk|l-; pk|i=_
(I=a)f iz1 k=1 Tz
#9: Equivocation H(C|B) = #13- #2
b C f ik
H(C|B)= IR R
(=a)f j=1 " k=1 /)
#10: 3-way joint H(A,B,C) = #1 + #2 + #3 - #20
SN 1 a b ¢ fiik
H(A4BC)=—Mh ¥ ¥ % pg?k,-p,.jfi

-«

i=1 j=1 k=1



#12: 2-way joint H(A,C) = #1 + #3 - #22

1 a ¢ f:
HAC)=—I T T pf; py=—t4
I—a -1 k=1 I
#13: 2-way joint H(B,C) = #2 + #3 - #23
TN 1 b ¢ I ik
- H(B,CO)=— ¥ X p%; p,=—L
l-a oy
j=1k=1
#14: Conditional joint H(A,B|C) = #10 - #3
T 1 c a b T ijk
HAB|C)=————MIn ¥ f 43 X plyip; =
(-a)y, = TE Lk
#15: Conditional joint H(A,C|B) = #10 - #2
T 1 b a c Sk
H(AC|B)=———In X [ ;¥ X pf.ipy ;=
(l—a)f j=l =l k=1

J.




#16: Conditional joint H(B,C|A) = #10 - #1

1 a
HB,ClA)=——In3Y f; > 3 p%.ip.g .=——
(l-a)y =t =1 k=1t KT Dkl

1 b ¢ a , Siik
HAIBO= I X f i T vy =
(1-a)s  j=tk=t i ik
#18: Equivocation H(B | A,C) = #10 - #12
1 a c¢ b Siik
HBIAC)= X ¥ [ ¥ pfuip ;=
(1—a)f i=lk=1" " j=1 -
#19: Equivocation H(C| A,B) = #10 - #11
1 a b C flk
H(C|AB)=———Y ¥ fg,kglpﬁ,.j;pkm:—’

(1-a)f = A .

B. Information of order o

#20: 3-way interaction I(A;B;C) = #10 - #17- #18 - #19 - #30
a

a b c pig ik
I(4B;O)=——mY ¥ ¥ -y p =00
a1 i=1j=1k=l g 4

Tit Sk
k=3

I..
DF =abc—a-b-c+2



#21: Marginal interaction I(AB) = #24 - #30

el ry i Ty it
a-1 i=lj=lq; S I

#22: Marginal interaction I(AC) = #25 - #30

I(AB) =

1 /i it
' “‘1 i=lk= lqzk ! I.
' DF=ac—-a—-c+l
#23: Marginal interaction I(BC) = #26 - #30
1 c Pl S jk Ik
‘ I(BC)=—1In Z y i p 7]"]1{:]7
1 j=lk=1q a1 Pjk~ J 2
' a- J= 9 jk f... /.
‘ DF=bc-b-c+1
#24: Conditional interaction I(AB | C) = #21 + #30
a
c a b pig Siik
[(4B|C) = DEFAEUID D Z'_l;piﬂk— ULy
_l)f...kzl i=1j=1q; Sk
Tikt jk
ql.jlkziz ; DF = c(ab — a - b + 1)
Ik
#25: Conditional interaction I(AC|B) = #22 + #30
05
1 b a ¢ Pik|j ik
-1/ j=1 z—lk—lqlk“ !
fof
G| = ”'2'Jk; DF = b(ac—a —c + 1)
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S#26: Conditional interactions I(BC|A) = #23 + #30

1 a b ¢ p% f
! ”
I(BC|A)=——— Y f;In Y X é",- pjkll,zi,
a-l)s =t Jj=lk=lqj; i,
TS ik
ij.7 . _
9k |i= 7 ; DF=abc-b-c +1)

i.

a
I L
a=1 i=1j=1 k=1qp f

fif
TET IR b = abe—b—e+ 1

I(A{B,C}) =

qi]'kz

1 a b ¢ ph !
4 "
[(B{4,C})=—I ¥ ¥ ¥ L_l; P =
a-1 j=1 j=1 kzlqz?k
f.f
q.:: YRS l'k; DF =abc—a—-c+1
ijk fz

1 a b ¢ Py f

: "

ICAB)=— Y T ¥ T py=—"
a=l i=1j=1 k=1qp f

. I ki,
e
T

; DF=abc—-b-c+1

#30: Mutual information I(ABC) = #24 - #21

o
1 a b ¢ Py S
1480 =—m ¥ 3 3 M, 2SI
a-1 1=l j=1 kzlqijk f
TiiLint jk
‘I,‘jk—
it S k

DF=(c-1)(ab—a-b+1)=(b-1)(ac—a—c+1) =(a—1)(bc—=b—-c+1)



#31: Marglnal effect I(A)

1 fi 1
I(A)——an o 1, p; =t g =
a-1 i=1qi f a
DF =a-1
a
1 b rj I 1
1B =—mnx Lo p =T o
a-1 j= lq] f b
DF =b-1
1 c p f 1
1C)=—n 3 ko Tk g oo
a-1 k=lq; f c
DF =c-1
#34: Joint effect I(A,B,C) = #20 + #31 + #32 + #33
A a b ¢ Py fiik 1
[(4,8,0)=— T T ¥ = Py = =
a=1 ;_yj=tk=lq /. abe
DF = abe-1

3. Elementary partitions
The graphs below identify partitions by type of function for quick reference to assist the construction of additive sequences
of the order one H and I quantities.

Entropy

Information
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