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dynamics under drug treatment. In this paper, we provide a global analysis on the two
models, including the positivity and boundedness of solutions and the global stability of
equilibrium solutions. In particular, we show that when the basic reproduction number
Ro < 1 (for which the infection equilibrium does not exist), the infection-free equilibrium
HIV compartmental model is globally a.symp.totlcally .sta.ble; Whlle when Ry > 1 (.for which the infection equilibrium
Global stability exists), the infection equilibrium is globally asymptotically stable.
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1. Introduction

With considerable information obtained from the treatment of HIV-infected individuals using highly active antiretroviral
therapy (HAART) [2,21,15,1,13], a large number of mathematical models have been proposed based on the decay character-
istics of virus in the bodies of infected patients [9,22,8,4,14]. Some of these models were developed from the observations of
Perelson et al. [13] that rapid decay of HIV in the first two weeks is mainly due to the fast elimination of free virus and the
loss of productively infected cells, while the main contribution to the second phase is the loss of long-lived infected cells.
Under the assumptions that combined drug efficacy being € and a fraction o of infection events resulting in chronic infection,
a standard and classic model developed on the basis of this decay characteristic is described by the following differential
equations [2]:

% =2—dx—(1-e€)kux,

dy_ (1 —a)(1 - e)kvx — 3y,

dt (1.1)
dz _ (1 —e)kvx — uz
dt_ # )
dv
E:NTéerNm,uzfcv,

where x,y,z and v denote, respectively, the densities of CD4" cells that are susceptible to infection, productively infected
cells, long lived chronically infected cells and free virus; 4 and k are the generation rates of CD4" cells and the infection rate
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constant, respectively; d,d, 4 and c are the death rates of CD4" cells, productively infected cells, long lived chronically
infected cells and free virus, respectively; Ny and N,, represent the average numbers of virions produced in the lifetime of
productively infected cells and chronically infected cells, respectively.

Although it has been shown that HAART is extremely effective in reducing the viral burden in HIV-infected individuals
below the threshold of detectability, some evidence indicates that viral replication continuous in these individuals after
an HAART treatment [19,23,5]. For example, Callaway and Perelson [2] have shown that most of existing models are extre-
mely sensitive to minor changes in drug efficacy. More precisely, according to [2], there exists a critical drug efficacy at which
the steady-state of virus becomes zero, implying that virus can be cleared in infected patients. Moreover, the virus vs. drug
efficacy curve is concave down near the critical drug efficacy in most of existing models, showing that virus is sensitive to
minor changes near the critical efficacy. That is to say, if these models describe the realistic situation, a lot of patients should
have cleared the virus in their bodies, which has contrary to observations. To explore more realistic mechanisms responsible
for sustained, yet undetectable viral load, two models were developed in [2]. These two models improve the previous exist-
ing ones by including heterogeneities in drug efficacy, with the use of either drug sanctuary sites created by physiological
barrier or differential efficacy in cocirculating target cells.

There have been previous studies on drug sanctuary and differential efficacy in cocirculating target cells. Examination of
changes in drug efficacy after a treatment with antiretroviral drugs has shown that drug efficiencies are reduced in certain
physiologically distinct sites such as the tests [2,18] and the brain [18,6,12]. Researches in vitro [2,16,17,10] have indicated
that drug efficacy may vary in different types of cells. For example, antiretroviral drugs have less effects in monocyte cell
lines [16,17,10]. Based on the above mentioned facts and the observations in [13], Callawy and Perelson established two
models [2], one including two cocirculating target cells with differential efficacy, and the other modeling two physiologically
distinct compartments with one as drug sanctuary created by a physiological barrier.

1.1. Differential efficacy in cocirculating target cells

Making use of drug efficacy varying by target cell types, model (1.1) is generalized to a more sophisticated one under the
following assumptions: (i) there are two types of target cells cocirculating in a single compartment, where in one population
(i=1)drug efficacy is 0 < € < 1, while in the other one (i = 2) drug efficacy fe is reduced by a factor 0 < f < 1; and (ii) there
is a fraction o of infection events which results in chronic infection (0 < o < 1). Then, the generalized model can be written
as

dx

T; =M — d]X] — (1 — G)k] X1,

% =ly — dez — (1 *fﬁ)kz VX,

Y1 _ (1 Z o)1 — ekyoxs — oy,

dt

%: (1 - 0)(1 - fO)ksvXs — 6y, (1.2)

dz

d_tl = o1 — ek vxy — iz,

dﬁ =o(1 —fe)kyvxy — uzs,

dt

dv .

G = N1 +) + Nuttzr +22) — e,
where x;,y;,z (i = 1,2) and vrepresent, respectively, the concentrations of HIV-1 target cells, short-lived infected cells, long
lived chronically infected cells, and free virus. The constants, /;, i = 1,2, denote the generation rates of target cells.
ki, i =1,2, are the infection rate constants. The parameters d; (i = 1,2), §, n and c represent the death rates of target cells,

short-lived infected cells, long lived chronically infected cells and free HIV-1 RNA, respectively. Ny and N;, represent the
average numbers of virions produced in the lifetime of short-lived and chronically infected cells, respectively.

1.2. Drug sanctuary created by a physiological barrier

Further, suppose in model (1.1) the HIV infection process occurs in two distinct compartments. The first compartment is
the main compartment with larger volume and higher drug concentration, while the second one is the drug sanctuary with
smaller volume and lower drug concentration. It is assumed that virus transporting between the two compartments is
allowed, and moreover that the transport of virus between the main compartment and the sanctuary is governed by the rate
constants, D; and D,, and the difference in virus concentration between the two compartments. With the above additional
assumptions, model (1.1) can be expanded to the new model,
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d

;; =A—dx; — (1 -e€kvix,

% =A—dxy — (1 —fe)kvyx,

‘3’; (1 - o)(1 - ekvrxy — oy,

4, = (1 - o)(1 - fe)kvaxa — 5y,,

dt (13)
dzy _ (1 — e)kvixy —

dtr — 1X1 — Uz,

% = o1 —fe)kvaxy — uzy,

dv

d—tl = Nrdy, 4+ Nnpizy — cvy + Dy (v3 — v7),
dv

d—z = N1dy, + Nnpizz — cvy + Dy(vy — 03),

where all the state variables and parameters are defined as the same as those in model (1.2). All the parameters in models
(1.2) and (1.3) are positive constants.

In models (1.2) and (1.3), the steady state viral load vs. drug efficacy curve in main compartment is concave up near the
point of critical efficacy, which means that the steady state viral load is not sensitive to small changes in drug efficacy [2].
This may explain why HIV-infected individuals carry sustained and low viral load. However, in [2], authors merely analyzed
the equilibrium solutions and performed some numerical simulations for these two models. To explore the detailed
dynamical behavior of the two models, we will study the global property of the models in Sections 2 and 3, including the
positivity and boundedness of solutions, and the global stability of equilibrium solutions. The basic methodology used in this
paper is a combination of fluctuation lemma, Lyapunov function and LaSalle’s invariance principle. We will show that for
models (1.2) and (1.3), if the basic reproduction number, Ry < 1, for which the infection equilibrium does not exist, the infec-
tion-free equilibrium is globally asymptotically stable; if Ry > 1, for which the infection equilibrium exists, the infection
equilibrium is globally asymptotically stable. Simulations are presented in Section 4 to illustrate the theoretical results
obtained in Sections 2 and 3. Finally, conclusion is drawn in Section 5.

2. Global analysis of model (1.2)

In this section, we give a detailed analysis on model (1.2), including well-posedness of solutions, equilibrium solutions
and their stability.

2.1. Well-posedness, equilibria and basic reproduction number

In order for model (1.2) to be biologically meaningful, we will show that all solutions of this model are non-negative for
any given non-negative initial conditions. Moreover, we will show that all solutions of this model are bounded.

Theorem 2.1. Any solution of model (1.2), (x1(t),x2(t),y;(t),¥2(t),z1(t),z2(t), v(t)), is non-negative for all t > 0 provided that the
initial conditions are non-negative, and is bounded.

Proof. Using the first two equations of model (1.2), we can write the solutions of x; (t) and x;(t) as
X (t) _ xl( .]0 [dy+(1—€)kq v(s)]ds + }. /te— .[:[dﬁ(]—s)kl v(i)]dids
0
and
Xa2(t) = x2(0)e

Jo
This clearly indicates that x;(t) > 0 and x,(t) > 0 for all t > 0 if x;(0) > 0 and x,(0) > 0. Next, we consider the last five
equations of model (1.2) as an autonomous system for y,,¥,,z1,2, and v:

t
- [ s+ 1~y w(s)ds +ﬂ.z/ o Jdrfok vl g

%: (1 —a)(1 — €)kivx1 — dy;,

dy,
dt
dz
dt
2y _
de
dv .

i Nro(y, +¥2) + Nmpt(z1 +22) — cv.

=(1-0)(1 - fe)kvx, — 3y,
=o(1 —e)kivxs — uz, (2.1)

o(1 — fe)kyvxy — Uz,



118 X. Chen et al./Commun Nonlinear Sci Numer Simulat 23 (2015) 115-128

By Theorem 2.1 in [20], we know that any solution of system (2.1) with y,(0) > 0, y,(0) > 0,z;(0) > 0, z,(0) > 0 and
v(0) > 0 is non-negative for all t > 0 in its maximal interval of existence.

It remains to prove that all non-negative solutions are bounded. Let (x1,X2,¥1,Y>,21,22, ¥) be a non-negative solution of
model (1.2) and N = max{Nr + 1, N, + 1}. Consider

g =NX1 +X+Y1+Y+21+22) + 0.

Then, we have

dg

@ = N()q +2) — N(dﬂ(] +dyx;) — (N = Nr)o(y, +¥,) - (N = Nm)li(z1 +22) — cv,

12)

which implies that

dg
dt

{ <0 for N(dix; +dy%s) + (N = Np)(y; +¥,) + (N = N (21 +25) + cv > N(24 + 42),
a2 | >0 for N(dix; +dax) + (N = Np)6(yy +¥2) + (N = Nm) (21 + 22) + cv < N(iq + 22).
Thus, every component of (x1,X2,¥,Y,,21, 22, v) must be bounded. By extension theory of ODE, the boundedness of the solu-

tion is proved.
The proof is complete. O

Let Ry = R + R%, where
2ki(1=¢€) Jaky (1 - fe)
Cd1 CdZ '

If we just consider one compartment i in model (1.2), then Rf) is the basic reproduction number of subsystem i (i =1,2).
It is easy to obtain the equilibrium solutions of model (1.2) in the form of

R} = [Nr(1 — &) 4+ N and R2 = [Nr(1 — o) 4+ Npof

X1(V) =g om o %(?) = g gane
yi(v) = (1*“)(;*5)’<1 vx1, ¥,(v) = (1*1)(}545)’% VXo,
zi(v) =4, z(v) =K,

where v is either zero or a non-zero solution which is determined by the following equation:
A]k](] — 6) ;szz(l —f€)

INt(1 =)+ Nud) | o= ol T B+ (1 —foken) €~ 2 (2:2)
Obviously, (2.2) is equivalent to the equation,
ckiky(1 —€)(1 = fe)v? —bv 4 cdidy(1 — Ry) = 0, (2.3)

where
b= [Nr(1 — o) + Npokika(1 — €)(1 —f€)(41 + 42) — c[d1 (1 — fe)ka + da(1 — €)k1].
Let »; and v, be the two roots of (2.3) with z; < v,. Then,
did2(1 — Ry)

0 k(1= (1~ ) 24

which, combined with (2.2), yields the following results:

(A) vy < v <0ifRy < 1;
(b) vy < v, =0if Ry =1;
(c)v1 <0< vy if Ry > 1.

Based on the above results, we find conditions for the existence of equilibrium solutions of model (1.2) as follows:

(1) model (1.2) has a unique equilibrium Ey = (Z%,%, 0,0,0,0,0),if Rg < 1; or
(2) model (1.2) has two equilibria Eq and Ey = (x1(2),X2(2),y1(9),¥,(?),z1(?), z2(¥), ¥) where ¥ > 0 is the root of (2.3) for

R0>1.
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2.2. Stability of the infection-free equilibrium E,
In this subsection, we study the stability of the infection-free equilibrium E,. To analyze the local stability of E,, we use

the Jacobian matrix of model (1.2) evaluated at Eq and consider its characteristic equation. By a simple calculation, we get the
Jacobian matrix of model (1.2) evaluated at E, in the form of

[—d; 0 0 0 0 0 —(1-¢€)k ;—1
0 —-d O 0 0 0 -1 —fe)kzg—z
0 0 -5 0 0 0 (1-0)(1-ekg
JE)=]10 0 0 -5 0 0 (1-w)(1-fek | (2.5)
0 0 0 0 -u O (1 =€)k 4+
0 0 0 0 0 -—pu 21 —fe)ka
L O 0 Nré Nrd Npp Npu —C i
which, with help of Maple for a symbolic computation, gives the characteristic equation:
det(A —J(Eo)) = (A+d)(A+da)(A+ A+ ) (2 +a1/® + @/ +az) =0, (2.6)

where
. =p+o+c,
Gy = po+c(i+0)— [%Jr%} [Nr(1 — ) + Nimorp],
az  =cué(1 —Ry).

We have the following result.

Theorem 2.2. The infection-free equilibrium Ey of model (1.2) is globally asymptotically stable for Ry < 1.

Proof. First, we show that E, is locally asymptotically stable. E, is asymptotically stable if and only if all roots of the
characteristic polynomial (2.6) have negative real parts. By the Hurwitz criterion, all roots of (2.6) have negative real parts
if and only if the following conditions hold:

Ay =a; >0,

Ay =det{al 1}:a1a27a3>0,
as d;
aq 1 O

As =det|as a, a;| =aA; >0.
0 0 a3

Now we show that A; > 0,i=1,2,3 for Ry < 1. Obviously, A; > 0 and as > 0 for Ry < 1. Recall that

ﬂ.]k] (l — E) j.zkz(l —fE)
Cd] + Cd2 '

Ro =Ry + R = [Nr(1 — ) +Nmoc]{

Thus, Ry < 1 results in

c> [Nr(l B OC) +Nmoc] |:;L]I<](1 — E) +}v2k2(1 —fE):|’

d d;
which in turn yields that

C(f+8) > [Nr(1 = ) + Nuwt] (1t + ) F’lkl(l 9, #k(l *m]

d d,
(2.7)
> [Nr(1 = o) + Nporpd] Flkl(dl] —9, ;“Zkz(éz_fs)} .
With (2.7), it is easy to show that
k(1 — k(1 —
A= {c(u+ 8) — [Np(1 — 20)8 + Nporgd] {M 1511 ) + /2 Z(dz f@} } + US(1L + 8) + CldRy > 0.

Therefore, E, is locally asymptotically stable for Ry < 1.
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Next, we apply the fluctuation lemma [7] to prove that Ey is globally attractive for Ry < 1. To achieve this, we first define,
for a continuous and bounded function g : [0, 0] — R,

g.= }iminfg(t) and g> = !im supg(t).
Then, by the fluctuation lemma, there exists a sequence t, with t, — oo as n — oo such that

gimxl (tn) = x5, llmd (tn) =0,

fime(t) < Jim G
Hence, the first two equations in (1.2) indicate that

dx

dtl (tn) + dix1 (t) + (1 — €)k1 v(ta)x1 (En) = 1
and

(thZ (tn) -+ dez (tn) (1 *ff)kz U(tn)XZ(tn) = /127

which result in, as n — oo,

dix® < [dq + (1 — €)k1 v )X < 44, implying that x{° < 2—17 (2.8)
1
and
dyx3® < [dy + (1 = fe)kavs0]x3° < 4, implying that x5 < ()T (2.9)
2

Applying a similar procedure to the remaining equations in (1.2), we have
oy < (1 —a)(1 — e)kyv>xy,
0yy < (1 —a)(1 — fe)kyv™xy,

/

nzyE <ol — e)kq v>xy, (2.10)
1z < o1 —fe)kyv>x3y,
v < Npo(yy® +y5°) + N (25 + 23°).

Combining (2.8), (2.9) and (2.10) yields
cv™ < cRyv™ ie. c(1—Ry)v™ <0,
which implies that > =0 due to Ry < 1 and the positivity of ». This, together with (2.10), results in y* =0 and z* =0
(i=1,2). Thus, as t — oo,
yi(t) =0, z(t)—0 and v(t)—0 (i=1,2).
Then, with lim,_. z(t) — 0, we obtain the asymptotic differential equations from the first two equations of model (1.2) as

dx; | dx,

d_t] =AM — d]X] and d_tz = Ay — dezA

By the theory for asymptotically autonomous systems [3], we obtain
. M . 22
1 = 1 =—_.
limx, (t) q, and [LIIICXZ(I) 4

Finally, combining the local stability and global attractiveness of E,, we conclude that E, is globally asymptotically stable.

The proof of Theorem 2.2 is finished. O

2.3. Stability of the infection equilibrium E;
In this subsection, we assume R, > 1 and study the stability of the infection equilibrium E;.

Theorem 2.3. The infection equilibrium E, is globally asymptotically stable for Ry > 1.

Proof. Consider the Lyapunov function,
2

2 2
_ _ s anX o o ndi 5 514 ——#»InY
V = [Nr(1-a) +Nmoc}z<xl R — X; lnfq—) +NT;<y1 Vi — Vi lnj/,—> +Nm;(z, 7 — 7 ln2i> + (v 7—2ln v>

i=1
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Differentiating V with respect to time t and evaluating it along the trajectory of system (1.2) gives

av
dt

= [Nr(1 —a) + Nma]i {/1,- —dixi — (1 = fie)kjvx; — )— +dix; + (1 —fie)k,-vk,}

(12) i=1

i=1

+NTZ{ (1 — o) (1 —f€)kivx; — dy; — (1 — o)(1 — f,€)k; vx,y +5y,}

+NmZ{ —fie)kivxi — pzi — o1 - fie)kivxi Hilz} +Nro(yr +¥2) + Nmpl(z1 + 22) — cv

_ Nro(ys +,) :Nmu(zl +2) 50

where f; =1 and f, = f. Using the solution of E;, we obtain the following equations:

2
[Nr(1 = o) + Nno] Y (1 = fi€)kivki — cv =0,
i=1

[N76Y; + Nmuzi] = [Nr(1 — a) +Nmoc]i(l — fi€)kivxi,

i=1

M~

Il
—_

i
2

cv = [Nr(1—o) +Nmocz (1 = f€)kiv&;,
i=1

which are used to simplify 4 |(12), yielding

dv 2 -
G|, = 9 = N iAo 200~ fan
2 ~ ~
B Z; Nréy,-v Nnuziv
;{er o)(1 —fi€ )k,vx,y + Npo(1 —fie )klvxlz | (2.11)
Noticing that
/“lxl )1X1 ~
A — dix; — +dxl +2(1 = fie)kivx; = 4 — dix; — +dx1 — (1 =fie)kivk; + (1 - fi€)kiv. +3(1 — fi)ki v&;

-1 —fﬁ)k,-i)f(,- X (1 - —) [ — (A = fie)kivx; — dix;] + 3(1 — fi€)kivx;

~(1-fie)k yx;ﬁ - —%(x,— — %) 4301 - fiekiiki — (1 - fie)k ux;ﬁ (2.12)
i i i
we then obtain

Nr(1 =)+ Nl [3(1 ~ el — (1 = Felk | - Nn(1 = o(1 ~frepkion 2

— Npa(1 — fi)kivx ﬁfNLvy"CngZ' 3NT(170()(1ff,-e)k,»i/ﬁ,»fNT(lfa)(lff,»e)lcibki%
1
“Nr(1—a)(1 - fee )k,yx,j}ﬁ—NT(;y’ 4 3Npar(1 — fi€)kivR; — Nper(1 — fi€)ki D%,

i Xi

511 Nm/lZii/ AA|: )Aci vxij/i 5}/, :|
— Npo(1 = fi€)kivx;= — —"—"—"— = —N7(1 — a)(1 — f.€)k; UX; ~ -
mo = fiekionsy === (-l =fie) xRy T T -0 - fokxo

el & Ux,-z]- HZ;
— Npo(1 —f,-e)klvxl{ 3 +Xi +—17f<i2i +7a(1 —fl-E)kif(il/}

J3Np(1— (1 —fie)kii/fc,-{ {(1 - oc)(lé}iif-e)ki&,-@r _ 1} 3Nl —f,-e)kii/)%,-{ {m} - 1} _o

v
Hence, % ,, < 0. Let
=0;.
(1.2)

50—{(X17X27J’17J’27217227) e (R’ ar
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Note in (2.13) that the equality holds if and only if

X _vxiyi Y Xi _ UXiZi _ pzi

x "oy, (a1 fokio x ika ai_fokio 2 219

which, combined with (2.12), yields
A - 1,2}.
Yi i

Next, we want to find the invariant set of So. Let X(t) = (x1(t),X2(t),y,(£),¥,(t),z1(t),z2(t), v(t)) be an arbitrary solution of
model (1.2) with its initial condition belonging to So. Then, X(t) € So for all t > 0 if and only if

Xi(t)E)A(i, t>0 i=1,2,

7 .~ U v
50:{(X17X27y17y27217227v)E(R+) |Xf:xiaz:§
1 1

which indicates that (t) = » for all t > 0. Correspondingly, y;(t) = y; and z;(t) = z; for all t > 0 (i = 1, 2). Thus, X(t) = Ey, i.e,,
{E;} is the maximal invariant set of Sp. Therefore, E; is globally asymptotically stable by the LaSalle’s invariance principle
[11].

The proof is complete. O

3. Global analysis of model (1.3)

Now we turn to consider model (1.3) and mainly focus on the global stability of equilibrium solutions.

3.1. Well-posedness and equilibria of model (1.3)

For convenience in the following analysis, we first introduce the following rescalings into (1.3):
N 2 2
A

1, .
Xi— g% Yi— NV zi"mzh vi—dy, t——t (i=1,2).

d

Then, model (1.3) is transformed to

%:]_xl — ki 014,
d;tz =1-x —kyvxy,
%:Mlklﬁvl)ﬁ —0yy,
%:Mlkzéﬂzxz — &Yy,

3.1)
dz
=1 = Mzkl,uz/]x1 — Uzq,

dt

dz.

dt2 = Mako pUvox, — Uzy,

dv

d—;:yl +21 —cv1 +Di(v2 — 1),

d

%zy +2y — cvy + Dy(v1 — v3),

t
where

ki=(1-ek ko=(1-fek M, = W’ M, = Ngf”“

and in model (3.1), the new parameters,

o p ¢ b D
d> d d d’ d
are re-named as 6, i, ¢, Dy, D,, respectively, for simplicity.
Let

. k] (M] —+ Mz)

Rl _ kz(M] +M2)
0 D1 +C '

and R} = R

It is easy to see that R{) is the basic reproduction number for each sub-population i (i = 1,2).
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The equilibrium solutions of model (3.1) are obtained in the form of

Xl(”l):ﬁy Xz(?/z):m,
Y1(v1) = Mikixivr, Yo(v2) = MikaXa v,
Z](U]) = M;k1x U1, 22(1/2) = Mkyx; Uy,

where »; and v, satisfy the following two equations:

Divy = (D +¢)(1 —Ryxy)vy and Dyv; = (Dy 4 ¢)(1 — Raxy) v, (3.2)
which yield solutions: 1 = v, =0 or v; # 0, v, # 0.
Lemma 3.1. Any solution of model (3.1), (x1(t),x2(t),y1(t),¥2(t),z1(t),z2(t), v1(t), v2(t)), is non-negative for all t > 0 provided
that the initial conditions are non-negative, and is bounded.

The proof of Lemma 3.1 is similar to that for Theorem 2.1, and thus omitted here for brevity.
Let

D; = (Rg,Rg)eR+xR+|0<Rg<1—L, 0<R<1- DD, .
(D1 +¢)(D2 +¢) (D1 +¢)(D2 +¢)(1 - Ry)

and D, = R* x R" \ D, where R* represents all positive real numbers.

Lemma 3.2. If (R}, R%) € Dy, model (3.1) has a unique equilibrium Ey = (1,1,0,0,0,0,0,0). If (R%,RY) € D,, model (3.1) has two
equilibria Eg and E1 = (x1(v1),X2(v2),Y1(01),¥2(v2),21(v1),22(v2), v1, v2) with v; > 0 and v, > 0.

Proof. Substituting the expressions of x; () and x,(7,) into (3.2), we obtain two curves on the v;-v, plane, described by

' _Dy+c Ry
Ci: v,= D, <1l+k1v] vy, v1=0 (3.3)
and
. _Dy+c R}
C: v = D, (1 1 +k2y2> vy, v =0. (3.4)

It follows from (3.3) that

1 2 1
@:D1+C 1_ RO . and d 1122:D1+C 2’(1R0 . (35)
dv, D, (1 + ko) dv? D1 (1+kuwv)
Thus,
dv, Dy +c 1
k] 1-R)).
dv] =0 D‘l ( 0)

Since (3.4) has the same form as that of (3.3) if z; and v, are exchanged, we similarly have the following result for C5,

doy Dy
dilzi D2

(3.6)

2 2 2
RO . and d 1/21 :D2+C 2k2R0 -
(1 +k2112) dUz D, (1 +k27/2)

and so we obtain

d,
de

=0
The above formulas indicate that, for Rj < 1 (R3 < 1), the function defining the curve C; (C,) is monotonically increasing and

the whole curve C; (C;) is above (below) the line L, : v, =Lv, v =0 (Ly: v5 = Lvy, v; = 0), where [ :%—)

1
_ D
(lz - <Dz+c><21—R§>)'
For (RE,.,R%) € D1,0 < I, < I;, which implies that the two curves C; and C, have no interior intersection point. Hence,
model (3.1) has a unique equilibrium E; = (1,1,0,0,0,0,0,0).
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Let
D21 = {(R),RE) € D2]0 <Ry < 1,0 <Rj < 1},
D2 = {(Ry.Rg) € D20 < Ry < 1,R§ > 1},
Dy = {(R),R%) € DRy > 1,0 < RS < 1},
Do = {(R),R%) € Dy|Ry > 1,R% > 1}.

Further, we will prove that for (R}, R2) € Dy (j = 1,2,3,4), the two curves C; and C, have a unique interior intersection
point in the first quadrant of the »;-v, plane. To achieve this, we first show that there exists a line L3 : v, = kv, v; > 0, such
that the line L3 and the curve C; (i = 1,2) have a unique interior intersection point, where

(1 ke (1,%) N (2. k) for (Ry,RE) € Doy
() ke (ll,Dgc) n (%,WJ) for (R}, R2) € Dyy;

3 ke (07'351”) N (%,12) for (R}, R2) € Dys;
(4) k € (g2, %57) for (R§,R) € Daa.

That is to say, there exist v; > 0 (i,j = 1,2) such that
L3()Ci={(0,0), (v;, v2)}, i=1,2,

ie.,
R} R?
1+kivy = Ole and 1+ kyvy = — °D2
" Di+c k(Dy+c)
Obviously, 711 and v,; are well-defined if and only if
Ry R
5 > 1 and — 5> 1. (3.7)
Di+c k(Dy+c)

A simple calculation shows that (3.7) holds for (REJ,R(Z)) € Dy, if and only if

D;+c¢ D,
e (L2590 (o2 1)

By noticing that 0 < I; < I for (R}, R2) € Dy, we have

Dy +c¢ D,
2N

Similarly, for (R}, R2) € Dy (i = 2,3,4), we can show that (by a similar argument as that used for D,;)

k e(ll,Dlg—l*‘>ﬂ(D—2 +o0) for (Ry,RS) € Dz,

Dy+c?
k 6(07";,1*5)(]([)?15,’2) for (R),R2) € Dys,
ke (i Dl“) for (R},R2) € Dy

Dy+c? Dy

The uniqueness of interior intersection points between the line L; and the curve C; (i = 1,2) is obvious. The above results,
together with (3.5) and (3.6), imply that the curve C; (C;) is below (above) the line L3 for 0 < v; < v1; (0 < v7 < vq3) and
the curve C; (C;) is above (below) the line L; for »; > vy; (¢4 > v12). Moreover, on the curve C;, v; — +oco as
v; — +o00,i,j = 1,2, i # j. Hence, we conclude that the two curves C; and C, have a unique interior intersection point with
the first component v; € [min{z1, 12}, max{ v, v12}].

Summarizing the above results gives that for (R}),R(ZJ) € Dy, model (3.1) has two equilibria Ey and E; = (x1(71),
X2(2),¥1(11),Y2(12),21(v1),22(v2), v1, ¥2) with »; > 0 and 2, > 0.

The proof of Lemma 3.2 is complete. O

3.2. Global stability of equilibria Ey and E;

In this subsection, we will study the global stability of the equilibrium solutions E, and E;. First, we consider E, and have
the following result.

Theorem 3.1. The infection-free equilibrium Ey is globally asymptotically stable for (R}),Rg) € D;.
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Proof. For (R},R%) € Dy, we have R} <1 and R2 < 1 — m < 1, which implies that

D; >k1(M1+M2)—C, D, >k2(M1 +M2)—C (38)
and

D; [C — kz(M] -‘er)] -‘rDz[C — k] (M] +M2)] + [C — k] (M] +M2)][C — kz(M] -‘y—Mz)] > 0. (39)

Recall that k, > kq. Then by a simple calculation, we can show that the valid region of (D;,D-) is nonempty and lies in the
first quadrant if and only if one of the following conditions holds:

(i) k1(Mq +M3) —c < 0,k (M7 +M,) —c < 0;
(ll) k](M1 +M2) —c< O,kz(M1 +M2) —c=0.

Now we study the stability of Eq for the two cases (i) and (ii). Consider the Lyapunov function

Zm,{M1+M2)( xi—1—Inx)+ Y424 ),
i=1 0 'u

where m;,i = 1,2 are positive constants to be determined. Differentiating V; with respect to time along the trajectory of
model (3.1) gives

)
dt

2
1
E m,{ M] -‘er)(] —Xi —I(,‘I),‘X,' —}?-I-‘l +k,‘7/,‘) + [(M1 +M2)kjl/,*X,‘—yi —Zd + [y,»+zi— (C+Di)1/i+Di?/j]}
3. ij=1,i%j t

2 2 2
ZM]JFM2 C ST (M, + My — (c 4+ Djmy + mDj .

i i ij=1ij

For Case (i), taking m; = D, and m, = D;, we have

v,

avy o Dz(l —X1)2 +D](‘l —X2)2
dt |55,

X P 7D2[C*k](M1+M2)]7J1 7D][C*k2(M1+M2)]Uz <0 (310)
1 2

—(My + Ma)

For Case (ii), we choose m; and m, as the roots of the following equations:

{m1 [k](M] +M2) — (C+D1)] +D2m2 = [I(](M1 +M2) — C][kz(M] +M2) — C],
m1D1 =+ [kz(M] +M2) — (C+D2)}m2 = [k] (M1 +M2) — C][kz(M] +M2) — C]7

(k1 (My + My) — c]lky (M1 + M) — c][k;j(M;y + M) — ¢ — 2Dj]

m; = >0, i,j=1,2, i#],
{= ki (My + My) — ¢ - DiJ[ka(My + My) —c —D;] — DD, b J
which implies
dv 2 1-x)?
d[’l Z(M] +M2) u—[(}—lﬁ(l\/ﬁ +M2)”k2(M1 +M2)—C](U1+U2) <0. (31])
i=1 1

Set
dV1

0}.

Si = {(X],Xz.,yl,yz,Z],Zz7 V1, 1/2) S (R+)8|X1 =X, =1, Dz[C - k] (M1 +M2)]1/1 + Dy [C - kz(M] +M2)}?)2 = O}

Sl = {(X],X27y1,y2721,227U],Uz) (R+)

According to (3.10), we have for Case (i),

We now want to verify that the invariant set of Sy is {Eo}. Let X(£) = (X1 (£),X2(£), ¥, (£), ¥, (t), z1(t), Z2(£), v1 (t), v2(¢)) be an arbi-
trary solution of model (3.1) initiating from S;. Then, we have X(t) € S; for all t > 0 if and only if

=1, i=12,

which indicates that »;(t) =0 forall t > 0 (i = 1,2). According to (3.1), we have y;(t) = z;(t) =0 forall t > 0 (i = 1,2). Thus,
the maximal invariant set of S; is {Eo} for Case (i). Similarly, we can show that the maximal invariant set of S; is {Eo} for Case
(ii). Hence, the global asymptotic stability of E, follows from the LaSalle’s invariance principle [11].

The proof is complete. O
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Theorem 3.2. If the infection equilibrium E; of model (3.1) exists, then it is globally asymptotically stable.

Proof. Consider the Lyapunov function,

1 A Y 1 LA Z N %1
m; | (My + M) (% — & — X; In% >+—< i—¥i— iln%)+—<zi—zi—ziln7’>+<vi—vi—viln%> ,
; { ! 2)< 5 Vi yim v, U Zi Vi

where m; = D, ; and m, = D; 7. Then, the time derivative of V, along the trajectory of model (3.1) is given by

av,
dt

2 X
-3 m [(M1 +M2)(1 —xi—§+2g+kiui)2i) -
1

Mikivxy: . Mskivixiz: (Vs -2 . Divi
VO g TRNVXZ 7(C+Di)1/g+Dg1/,'77yl(y’+zl)+(C+D;)7/i7710]01}.
(B1)  ij=1,i#j

Yi Zi Ui 4]

Recall that
Z(yl +21 = (M1 + M2)(k1 01Xy + ka U2%2),

1 Mykiviki — (c+ D)oy = 208 j=1,2, i#],
M; + My)k D e 1,2
(c+Di)vi = (M1 + Ma)kivixi + Divy, 1,j=1,2, i#].

Hence,

dv, 2 X .. Mikivixy; Makivixizi  0(y; +zi)

= =Y mi|(My + M) (1 — % — =4 % + 2k Di%;) — A V1,V

dt Z 1|:( 1+ 2)( i xi+ 1+ i 11) y Z; i +g( 1 2);

(3.1 i=1 i
where
2 ~ ~ ~
N Vi Vi~ PN nv, X%
V1, 1;) = mD;| v; + v ——v; ——0; | =D1D01 v |2 ——= — ——|.
gl v2) u;%j l 1< 5+ v b j) e 2{ V102 7/27/1}

Then, by a similar procedure used in proving Theorem 3.1, we obtain

dv, 2 xi)? Xi | viXii Yi
W( M]+M2 ; X 'z]:Mlmk,v,x,( 3+X_i+y,'i/i5(i+m>

2 mi(x; — %)°
>+g(z/1,z/2) M1+Mzz 1 0

i=1 Xi

- vx21 Z
= Momik;vi%; 3+ Fy 2%
; Rt X zok Mok

2
o 3yi . 3%
_ ;M1mikivixi<* Mik; T/IX1> - ;Mzmiki ViXi (*3 + Mok D% l) +8(v1, v2). (3.12)
Obviously, g(v1, v2) < 0. Thus, we conclude that
dv 2 -
Ty, < MM 27) <0,
( i=1 X

Further, set

dv
52:{(X17X2~,J’1«,J’2721,22~,Ul,Uz) GoN dt2|3A1):0}~

According to (3.12), 42|, ;) = 0 if and only if

N Xi ViXiVi ; X; ViXiZi Zi .
X = R, A lAl_}A)l: ylA : A 1A1A1: IA 7 12172,
X YiviXi Mikixivi© X ziviXi  MakiXv;

and 2% — 2% Thijs implies that the maximal invariant set of S, is {E; }. Therefore, E; is globally asymptotically stable by the

2% V11
LaSalle’s invariance principle [11].
The proof is finished. O

4. Numerical simulations

To illustrate the theoretical results obtained in Sections 2 and 3, we present simulations with the parameter values used
in [2]. More precisely, for model (1.2), 2; = 10* cells/ml/day, i, = 31.98 cells/ml/day, d, = d, = 0.01/day, k; =8 x 10" ml/
copy, k, =107 ml/copy, & =0.7/day, u=0.07/day, N;=100,N,, =4.11,00=0.195,c = 13/day; and for model (1.3),
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Fig. 1. Simulated trajectories of v for model (1.2): (a) e =0.9 and f = 0.85; and (b) e = 0.9 and f = 0.34.
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Fig. 2. Simulated trajectories of virus for model (1.3) with € = 0.9 and f = 0.85: (a) the virus »;; and (b) the virus v,.
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Fig. 3. Simulated trajectories of virus for model (1.3) with € = 0.9 and f = 0.34: (a) the virus »;; and (b) the virus v,.

4 = 10* cells/ml/day, d = 0.01/day, k = 8 x 107 ml/copy, 5 = 0.7/day, u = 0.07/day, N; = 100, N, = 4.11,0 = 0.195,c = 13/
day, D; = 0.1048/day, D, = 19.66/day. We use these parameter values to perform simulations with f and € chosen as
perturbation parameters.

For model (1.2), taking € =0.9 and f =0.85 gives Ry = 0.97 < 1. Hence, the infection-free equilibrium is globally
asymptotically stable by Theorem 2.2, as shown in Fig. 1(a). Fig. 1(b) shows that the virus persists for € = 0.9 and
f = 0.34 (for which Ry = 1.888), which agrees with the theoretical result given in Theorem 2.3 that the infection equilibrium
is globally asymptotically stable for Ry > 1.

For model (3.1), choosing € = 0.9 and f = 0.85 yields R} = 0.496 and R3 = 0.468. Thus, (R}, R3) € D; which implies that the
infection-free equilibrium is globally asymptotically stable by Theorem 3.1, see Fig. 2(a) and (b). If we choose € = 0.9 and
f =034, then Ry = 0.496 and R3 = 1.382 > 1 and so (Ry,R%) € D,, which means that the infection equilibrium is globally
asymptotically stable by Theorem 3.2, as depicted in Fig. 3(a) and (b). Fig. 3 indicates that the concentration of virus in
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the main compartment is lower than that in the drug sanctuary due to the less efficacy in the latter. This may explain why
there is less effect of treatment on some physiological sites such as the brain [6,12].

5. Conclusion

In this paper, we have reinvestigated two HIV compartmental models that make use of heterogeneities in drug efficacy
[2]. In particular, we have studied the qualitative behavior of the two models to show that any solution of these models is
non-negative for non-negative initial conditions, and bounded. Moreover, it has been shown that the dynamics of these
models are simple, i.e., the infection-free equilibrium is globally asymptotically stable when the basic reproduction number
Ro < 1; and the infection equilibrium exists and is globally asymptotically stable when Ry > 1. It has indicated that it is
necessary to measure the drugs and virus levels in multiple compartments and to identify subcompartments where drugs
are ineffective. Future study is therefore needed to develop multiple compartments HIV models and investigate dynamical
behaviors which maybe more complex.
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