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Abstract

In this work, a new perturbation approach is developed based on Bogdanov-Takens bifurcation theory,
which enables the Poincaré-Lyapunov method for switching systems with linear type centers to be applied
for studying the center conditions of planar switching polynomial systems associated with a nilpotent equi-
librium point. The new method is then applied to consider a class of quadratic switching nilpotent systems,
and a complete classification is given on the conditions of the nilpotent equilibrium point to be a center.
Moreover, based on one of the center conditions, an example is constructed to show the existence of seven
small-amplitude limit cycles around the nilpotent equilibrium point, which is a new lower bound on the
number of limit cycles in such systems.
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1. Introduction

In the last few years, many real complex phenomena have been modeled more accurately
by dynamical systems whose vector fields are either non-differentiable or discontinuous, for
instance, see [3,5,7,30,31,40]. These systems are the so-called non-smooth or discontinuous sys-
tems. Owing to extensive applications, increasing interest has been attracted to the qualitative
analysis of non-smooth systems, see [1,16,41]. In this paper, we will deal with the following
family of non-smooth systems,

. (ffee,y),gt(x,y), for S(x,y) >0,
X y=1, _ ~ M
(f (.X, y)’g (X,y)), fOI‘ S(.X,y) <0,

where the dot denotes differentiation with respect to time ¢, S: R% — R is a C* function and
(f *(x, ¥), gi(x, y)) are smooth vector fields. In fact, system (1) has two different regions s E =
{(x,y) € RZ: £8(x, y) > 0} separated by the discontinuous curve X = S$~1(0), which is called
the switching manifold. When the functions f*(x,y) and g¥(x, y) are polynomials in x and
y, system (1) is called a switching polynomial system or piecewise polynomial system. For
convenience, we will call the system with the + sign (— sign) the first (second) system in the rest
of the paper.

Center problem has been known as one of the very important problems in the qualitative
theory of planar polynomial systems. We recall that an isolated equilibrium point of a planar
vector field is monodromy if all nearby orbits rotate around the equilibrium point. The center
problem is to finding the conditions under which the monodromic equilibrium point is a center,
and this problem in switching systems is much more difficult and complicated than that in smooth
systems. For example, an equilibrium point of system (1) on the discontinuous curve S(x, y) =0
can be a center even it is not a center of either the first system or the second system of (1).
On the contrary, an equilibrium point on the discontinuous curve may not be a center even it is
a center for both the first and second systems of (1). Some methods have been developed for
studying the center problem of the switching system (1). Gasull and Torregrosa [20] developed
an efficient method for computing the Lyapunov constants of switching polynomial systems
with elementary centers. By elementary center we mean that the linearized system has a pair
of purely imaginary eigenvalues, while a linear type center implies that the elementary center
is a center (i.e., a nonlinear center). By computing the Lyapunov constants, the authors of [8,
45] gave a complete classification on the center conditions of the origin in several classes of
Bautin switching systems. In [24], Guo et al. studied the bi-center conditions for a family of Z,-
equivariant cubic switching systems with two symmetric elementary centers. For more results on
the problem of linear type centers in switching systems, see [11,36].

Another important problem in the qualitative theory of planar polynomial systems is to de-
termining the maximum number of limit cycles bifurcating from an equilibrium point. By the
variety of non-smoothness, non-smooth systems exhibit not only Hopf bifurcation, Poincaré bi-
furcation and homoclinic loop bifurcation [34], but also grazing bifurcation [5], border-collision
bifurcation [15,42] and sliding bifurcation [2,13], which are complicated bifurcation phenomena
and do not exist in smooth systems. There have been extensive studies on the various kinds of
nonstandard bifurcation phenomena in planar switching systems, see [6,17,29] and references
therein. It is well known that linear smooth systems can not produce limit cycles, but switching
linear systems can produce different kinds of limit cycle bifurcations. Up to now, it has been
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shown that there are at most three crossing limit cycles in switching linear systems with two
zones separated by a straight line [18,27,39]. Li and Llibre [35] classified global phase portraits
for a family of switching linear systems separated by one straight line. Recently, Bastos et al. [4]
proved that seven is a lower bound on the number of crossing limit cycles in planar switching
linear systems with two pieces divided by a cubic curve. The best lower bounds obtained so far
on the crossing limit cycles for switching quadratic and cubic systems in two zones separated by
a straight line are 16 [12] and 24 [22], respectively.

It should be noted that studies for switching systems have been mainly focused on the center
problem and bifurcation of limit cycles associated with elementary equilibrium points. Some
works consider the center problem and limit cycle bifurcations in the neighborhood of infinity of
switching systems [9]. However, to the best of our knowledge, there are no results in considering
the center problem and bifurcation of limit cycles in switching systems with nilpotent equilibrium
points. Then a question naturally arises: What results obtained from the switching system with
elementary equilibrium points can be extended to the case of non-elementary equilibrium points?
How can we modify the method developed for the elementary case to study non-elementary
cases?

In this paper, we will study the center conditions and bifurcation of small-amplitude limit
cycles around an isolated nilpotent equilibrium point in switching systems. This is much more
challenging compared to the study for switching systems with elementary equilibrium points. By
an isolated nilpotent equilibrium point in planar polynomial systems, it means that both eigen-
values of the Jacobian matrix of both the first and second systems, evaluated at the equilibrium
point, are zero but the Jacobian matrix is not null. Computationally efficient methods have been
developed to study the center problem and the cyclicity problem for planar smooth systems
with nilpotent equilibrium points, see [37,38,44,47,49]. Note that quadratic smooth polynomial
systems do not have nilpotent centers, i.e., the simplest nilpotent centers must appear in cubic
smooth systems [43]. In [21], a method is presented for studying the center problem in smooth
systems with nilpotent critical points. Garcia [19] developed a technique which can bound the
maximum number of limit cycles for a large family of symmetric smooth polynomial systems
with nilpotent equilibrium points. Recently, Li et al. [32] obtained the center conditions on two
symmetric nilpotent equilibrium points in a class of Z;-equivariant cubic smooth systems, and
proved the existence of 12 limit cycles for such cubic smooth systems.

However, it is known that there are no algorithms for studying the center problem and bifur-
cation of limit cycles in switching nilpotent systems. Hence, in this paper, based on Bogdanov-
Takens bifurcation theory we will develop a new perturbation approach so that the Poincaré-
Lyapunov method for switching systems with linear type centers can be applied to study the
center conditions of planar switching polynomial systems associated with a nilpotent equilib-
rium point, and apply it to investigate a class of quadratic switching systems with a nilpotent
equilibrium point.

Consider the quadratic switching nilpotent system of the following form,

y+ azx’ + apxy + aozy2
) 5 , for x >0,
<,‘C > baox” + biixy + boay @)
Y y + Axx? + Apxy 4+ Apy?
5 5 , for x <O,
Byox” + Biixy + B2y
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where the y-axis is the unique switching manifold, and X = (a2, ..., bo2, A20, ..., Bp2) € R!Z
representing the parameter space. Thus, the origin (0, 0) of system (2) is a nilpotent equilibrium
point. The conditions ensuring the origin of system (2) to be a center are derived under the
conditions byg < 0 and By > 0, i.e., the origin is a cusp of both the first and second systems in
(2). Without loss of generality, we may assume that byo = —1 and By = 1.

The main results of this paper are stated in the following two theorems.

Theorem 1.1. With byo = —1 and By = 1, the origin of system (2) is a center if one of the
following conditions holds:

I axo — Axo = a2 — Aoz = a1 + A11 = boz + Boo = b11 — B11 =0;

I axo = Az =ao2 =b11 = Apx = B11 =0;
II: apy — Ao =aiy +2boy = A1y + 2By = b1 +2a20 = By +2A20 =0;
IV: ax =ap2 = Apx =b11 = A11 +2Bo2 = B11 +2A20 =0, Az #0;

3

V:an=An=an =An =bo = By =b11 —2A20 = B11 — 2a20 =0, Ay # Lazo;
VI: Ay =an = An =ai1 +2by = b11 + 2ax = B11 =0, ax #0.

It should be noted that allowing Ao = O in the condition IV, or azp = 0 in the condition VI
yields two special cases of the condition II, and this is why the condition Ayg # O is imposed in
IV, and asg # 0 in VI. Similarly, letting A¢ = ayg in the condition V yields a special case of the
condition I, and A9 = —apg in V gives a special case of the condition III.

Moreover, we want to find the maximal number of limit cycles around the origin of system
(2). To achieve this, we choose one of the center conditions I-VI and construct a perturbed system
to prove the existence of small-amplitude limit cycles bifurcating from the perturbed nilpotent
equilibrium point. As far as we are concerned with bifurcation of limit cycles, the following
result is a new lower bound on cyclicity problem for such quadratic switching nilpotent systems.

Theorem 1.2. With byo = —1, By = 1, and the center condition 111 in Theorem 1.1, system (2)
has at least seven limit cycles around the origin under small quadratic perturbations.

In the next section, we present the Poincaré-Lyapunov method for computing the Lyapunov
constants of switching systems with elementary centers. In Section 3, we develop a perturbation
approach so that the Poincaré-Lyapunov method for switching systems with elementary centers
can be applied to study system (2). Then this new method is used to prove Theorems 1.1 and 1.2
in Sections 4 and 5, respectively. Finally, conclusion is drawn in Section 6.

2. Preliminary

In this section, the Poincaré-Lyapunov method is present for studying the linear type center
problem in switching systems. This method provides an algorithm which uses only a finite jet
of the system at each step for calculating the Lyapunov constants, for more details see [20]. It
will be generalized in the next section to develop the Poincaré-Lyapunov method for switching
systems with isolated nilpotent equilibrium points.
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Consider the following switching polynomial system,

(8x—ﬂ+y+ZXZ'(x,y), ,3+x+5y+ZYk+(x,y)), for y >0,
.o k=2 k=2
(x,y) = )

((Sx—ﬂ_y—i—ZXk_(x,y), ,3_x+8y+ZYk_(x,y)>, for y <0,

k=2 k=2

where § € R, 1+ > 0, and Xlic (x,y), Yki (x, y) are homogeneous polynomials in the variables x
and y of degree k, k =2,3, ..., n, and the x-axis is the switching manifold. The origin of (4) is
a common elementary center of both the first and second systems when § = 0. Note that in next
section we will transform the y-axis switching manifold of system (2) to the x-axis for our study
on nilpotent switching systems.

Introducing the polar coordinates x = r cos6 and y = r sin6 into system (4) we obtain

I e el () Ve
dr | Be + 25 O @)k
A R e o (1

B+ Ykn Op (k1

for 6 € (0, ),
()

for 0 € (o, 27m),

where T,f (#) and @,f(e) are polynomials in cosé and siné of degree k + 1. We denote by

)= i@ and r(p.0)=) v ©)p",

k=1 k>1

the solutions of the first and second systems of (5) with r (0, 0) =r~(p, w) = p. Further, define
respectively the positive and negative half-return maps of system (5) as

3 3
A ) =rt o m) = p £ Y st AT () =r (. 2m) = p Y v ob,
k>2 k>2
Then the return map, as shown in Fig. 1(a), can be constructed as
_ S 4L
Ap) = A (AF(p) = F T p 3w, ©)
k=2
and the displacement function has the following form,
S( -1
d(p) =) = p=[" 717 —1]p+ 3wk, )
k=2

Note that it is extremely difficult to compute the composition of the two maps A™(p) and
A~ (p). However, it may follow Lemma 2.1 in [20] to develop a convenient method for com-
puting the displacement function. By the transformation, (x,y,t) — (x, —y, —t), system (4)
becomes
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y Yy

A(p) A(p) A(p)

N L TN e
- ~ .

\ X8 () \\ &)

(a) (b) (c)

Fig. 1. (a) map A(p): (b) map (A7)~ !(p); and (c) map AT (p).

n n
—8x—,3,y—ZX,:(x,—y), ﬂ,x—i—(Sy—I—Zka(x,—y), for y >0,

o k=2 k=2
(x,y) = . , ®)
_(Sx_lB'i‘y_ZX]j(-xa_y)’ 13+x+8y+ZYk+(xv_y)7 fOr y<0
k=2 k=2

Thus, we have the following displacement function
d(p) =A% (p) — (A )= AT (p) — AT (p), )
where (A7)~ 1(p) is the inverse map of A7 (p), and AT (p) is the positive half-return map of

system (8) (see Figs. 1(b) and 1(c), respectively).
Further, we have

N
@A) =2 ) =T p+ Y uf

k>2
and the displacement function can be rewritten as
T8(g-+5-)
e + AT —1
| - - =" + _ oy ok k
d(p)—[ 5 }p+2(vk ug)p —ZVkP , (10)
e P~ k>2 k=1

where Vj is called the kth-order Lyapunov constant at the origin of the switching system (4).
Hence, we need to compute v,j and u,f in order to get Vi (k > 2). Now, we show how to obtain

v,j, and then an analogous way to get u,:r Letting § =0 and B4 = B_ = B in (5) yields

dr i YOt
W= ﬂ+zz_2®:(0)rk*1’ for 6 € (0, ), (1)
which can be expanded into power series in r,
dr S oty b
% =Y Rf @O, (12)

k=2
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where Ry (6) is a polynomial in cos€ and sin6. We note that
Y (0)rk

i=2 0 =l[2n:T+(9)rkM +Z( Z®+(9) k- 1)}
B+ i 0f Ot gl B

i=1 k=2
= l[ZTZ(G)rk} [1 + Zé,‘j(e)rk},
'3 k=2 k=1

which is combined with the equations (11) and (12) to yield

13)

k—1

R (6) = 3 [Z TH©)6) ,0) + T,j(e)].

Finally, we substitute the solution r(p,8) = > v,j ) ,ok into (12) to get the differential equa-
>

tions:

dvf ©)

0 _R;(Q)Q,jk(e)+R (e)szk1k(9)+---+R;(9)Q;k(9),k>2, (14)

where Q,’:k(é) = (vfr(Q))k and Q+ (0) are polynomials in v, ), 1<I< Jj. Consequently, we

have dv(‘w( ) —0and thus, without loss of generality, obtain v) F(6) = 1. Then,

0
v;(9)=/[R+(0)+R O O+ + RT(0)9,0)]dF, k=2, (15)
0

Similarly, we can compute u; F(0). Then the Lyapunov constants are given by Vi = vy F(r) —

(n)_vk —uk,k 2 when § = 0.

Itis easy to see that the origin of system (4) is a center if and only if all the Lyapunov constants
in the displacement function (10) vanish, i.e., d(p) =0 for 0 < p < 1. Further, the number of
isolated zeros of d(p) = 0 near p = 0 (or the fixed points of A(p)) corresponds to the number of
limit cycles of system (4). If there exists A, € A such that

Vi) =Va(he) = = Vi(he) =0, Vg1 (Ay) #0, (16)

then appropriately perturbing system (4) will yield at most k limit cycles around the origin. More
precisely, based on Lemma 4 in [45], we have the following lemma which gives the sufficient
conditions for the existence of small-amplitude limit cycles around the origin of system (4).

Lemma 2.1 ([45]). Suppose that there exists a critical point Ay = (aic, A2c, - . -, Akc) Such that
ViiQu) = Viy(he) = - = V;, (L) =0, Vi, (M) #0, with 1 =iy <ip <--- <y, and

det[a(vi" Vig, -5 Vi)
a(a107a2c" 1akc)

(?»*)} #0, a7
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then system (4) has exactly k limit cycles bifurcating from the origin of the system by appropriate
small perturbations on A = .

3. The Poincaré-Lyapunov method for switching nilpotent systems

Now, consider the following switching system with a nilpotent critical point at the origin,

+ (e, y), fiFx,y)), for 0,
(),C’ y):{(y f1 X,y fz xy) X > (18)

(y+f17(x3y)v f27(x1 )7)), for X <Oa

where fljE (x,y) and f2ﬂE (x,y) are real polynomials without constant and linear terms, and the
origin is a common equilibrium point of both the first and second systems of (18).

Similar to the result of [8], we have the following result to prove the center conditions for
system (18) at the origin.

Proposition 3.1. Assume that the origin of system (18) is a monodromic equilibrium point. If the
following conditions hold:

(a) there exist the first integrals H™ (x, y) and H™ (x, y) near the origin in the first half-planar
system and the second one of (18) respectively,
(b) HY(0,y) and H=(0, y) are both even functions in y, or HT(0,y) = H~(0, y),

then the origin of system (18) is a center.

In [33], symmetry is defined for switching systems with the unique switching manifold y-axis
to prove an equilibrium point to be a center. Here, noticing that the switching manifold of system
(18) is the x-axis, we thus similarly have the following result to prove the origin of system (18)
to be a center.

Proposition 3.2. Assume that the origin of system (18) is a monodromic equilibrium point. If the
vector fields of (18) satisfy

(fiF G, 5 ) = (—fF G, =), 5 & =),
(fli(xt Y)» fzi(-xv y)) = (_fli(xv _)’)a fzi(-xv —Y)),

19)

or

Ty, f5F G 3)) = (7 (=2, 9), = f5 (=%, ), (20)

i.e., system (18) is symmetric with respect to either the x-axis or the y-axis, then the origin of
(18) is a center.

In order to prove Theorems 1.1 and 1.2, we need to perturb system (18) and then establish the
relation between the perturbed system and the unperturbed system. Our main idea is based on

the Bogdanov-Takens (B-T) bifurcation theory. To explain the idea, we first briefly describe the
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B-T bifurcation theory for smooth systems. Consider the following general nonlinear dynamical
system:

i=y+ filx,y),

21
vy = folx,y), @b

where f] and f; are assumed analytic and their Taylor expansions about (x, y) = (0, 0) contain
terms starting from second order. Thus, the origin is a nilpotent point. With a series of nonlinear
transformations, the normal form of system (21) can be obtained as (for example, see [23,25,28]):

xX=y,
o
22
= (@ + b1y, 22)
k=2

where ay’s and by ’s are called normal form coefficients, which are explicitly expressed in terms
of the original system coefficients. Then the bifurcation associated with system (21) is called B-T
bifurcation. Note that even for a quadratic polynomial system, its normal form (22) can have an
infinite number of terms, and that’s why the focus values or Lyapunov constants can go to infinite
order.

To perform bifurcation analysis for system (21) in the vicinity of the origin, we need to add
perturbation terms to the normal form (22), which are so-called unfolding. For example, if system
(21) has a codimension-2 B-T bifurcation, then the generic normal form with unfolding is given
by [23]:

x=y,

. (23)
y=p1+ P2y +ax?+byxy,

satisfying axby # 0, where the term f; + B,y is called unfolding with small 8; and B,. The
origin of this system is a nilpotent point as 81 — 0, B> — 0. For convenience, we may call the
system (23) with 81 = B> = 0 as the limit of system (23).

The system (23) can have saddle-node bifurcation, Hopf bifurcation and homoclinic loop bi-
furcation in the vicinity of the origin (i.e., for small 81 and $;). In particular, the Hopf bifurcation

occurs from one of the two equilibria (x, y) = (&,/ —%, 0) on the bifurcation curve,

ay 2
pr=—-7583,

b3
in the vicinity of the origin. Note that system (23) has a linear-type monodromic equilibrium
point at each point on the bifurcation curve, namely, this linear-type monodromic equilibrium
point holds as 81 — 0, B> — 0. At 81 = B = 0, this linear-type monodromic equilibrium point
is reduced to the nilpotent point. For codimension-2 B-T bifurcation, there exists one limit cycle
near the Hopf bifurcation curve. A non-generic codimension-2 B-T bifurcation can have the

following normal form [26]:

xX=y,

) (24)
y=pix+Pry+axt+byxy,
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where the unfolding is S1x + B2y. This system does not hold symmetry under general perturba-
tion, and it has a transcritical bifurcation, rather than a saddle-node bifurcation like that occurring
in (22). Moreover, unlike system (22), this system can have a Hopf bifurcation from the equi-
librium point (x, y) = (0, 0) if 8; < 0. When a>b> = 0, higher-order nonlinear terms are needed
to determine the codimension and corresponding unfolding, for which multiple limit cycles may
bifurcate. This clearly indicates that the structure of the perturbed system has changed, depend-
ing upon the added unfolding. However, it should be noted that the local dynamical behaviors
around the origin such as bifurcation of limit cycles are associated with the nilpotent point.

Now we come back to our switching system (18), and add small perturbations to obtain the
following perturbed system:

(v Ay +egf (o y.e), —elx + £ (e y) +egd (v, v, 2)) for x>0,
(x,y)=
(y + G y) fegl (kv 8), —etx + fy (x,y) +egy (x, Y, 8)) , for x <0,
(25)
where ¢ > 0 is a small perturbation parameter, and g% are real polynomials without constant and
linear terms. These ¢ terms are analogous to the unfolding in system (24). Thus, it is obvious that
system (25) has an isolated linear-type monodromic equilibrium point at the origin. Moreover,
this linear-type monodromic equilibrium point is reduced to the nilpotent point as € — 0, which
implies that system (18) is the limit of system (25). It should be pointed out that the ¢ perturbation
terms in (25) are applied to the whole system, which is not restricted to the local behavior. For
example, it may general global bifurcations such as homoclinic or heteroclinic loop bifurcations.
But when we consider local bifurcations in the vicinity of the origin of system (25), these & terms
indeed play weak nonlinear influence.

Remark 3.3. Note that the perturbation terms used in (25) are in &2 order rather than in ¢ order,
which can avoid /e-order and e K_order terms (k > 0) in later transformed system (see (31)).

Based on the B-T bifurcation theory and the relation established above for the two systems
(18) and (25), we directly obtain the following result.

Lemma 3.4. System (18) is the limit of system (25). Assume that the origin of system (18) is a
monodromic equilibrium point, then the linear-type monodromic equilibrium point of system (25)
is reduced to the nilpotent point of system (18) at the origin as ¢ — 0. Moreover, if the linear-type
monodromic equilibrium point of system (25) becomes a center, then the origin of system (18) is
a nilpotent center.

Having established Lemma 3.4, we can now apply the Poincaré-Lyapunov method and the
Lyapunov constant computation, described in the previous section for switching systems with an
elementary center, to study the switching polynomial system (18) with a nilpotent equilibrium
point, and to prove Theorems 1.1 and 1.2. To achieve this, we compute the Lyapunov constants
for system (25) since it has an isolated linear-type monodromic equilibrium point at the origin.

For proving Theorem 1.1 (to be done in the next section), instead of system (18), we use
the quadratic polynomial system (2) and only add the linear perturbation term —&2x to this
system. Then, the Lyapunov constants for this perturbed system contain ¢ terms. We derive the
conditions under which these ¢ terms vanish, which implies that these conditions are necessary
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for the linear-type monodromic equilibrium point to become a center. By Lemma 3.4, we know
that these conditions are also necessary for the nilpotent point of system (2) being a nilpotent
center. We then directly use system (2) and some methods to prove that these conditions are also
sufficient. By this combined approach, we obtain the six conditions, as listed in Theorem 1.1, for
the origin of system (2) to be a nilpotent center.

Proving Theorem 1.2, which is given in Section 5, is different from that for proving The-
orem 1.1. We actually generalize the approach for analyzing the bifurcation of limit cycles in
B-T bifurcation. For a codimension-2 B-T bifurcation, there is only one limit cycle which can
bifurcate from a Hopf bifurcation point. We want to find bifurcation of limit cycles as many as
possible from a degenerate or generalized Hopf bifurcation by adding more ¢ terms, like those
given in (25), to our quadratic system (2). To get more limit cycles, we use one of the center
conditions in Theorem 1.1 with the linear perturbation term —e2x added to system (2) so that
the perturbed system has an elementary center at the origin. Then, we add quadratic perturba-
tion terms with various ¢ order to this system and compute the Lyapunov constants. Next, using
higher e*-order Lyapunov constants [46,48], we can prove the existence of 7 small-amplitude
limit cycles.

4. The proof of Theorem 1.1

First, we analyze the multiplicity of nilpotent equilibrium point (0, 0) of system (2). For the
general switching polynomial system (18), we assume that

fFay =) it
k=2

are the unique solutions of the implicit function equations y + fljE (x,y) =0 in a neighborhood
of the origin, respectively, and f*(x)|,—o = 0. Denote that

He fEe) =) ek,
k=2

N N -~ (26)
3f 1 8f 2 + _k
3— + 8— = Z ,Bk X .
* Ydafoy o
For smooth polynomial systems, if «p = a3 =--- = ox—1 = 0 and o # 0, then the multiplicity

of the nilpotent equilibrium point is exactly k, for more detail see [38]. It follows from Theorem
3.5 in [14] that the following results can be used to determine the local behavior at a nilpotent
equilibrium point of smooth polynomial systems. When 8, = 0 and «,, # 0, we have

m =2k, cusp,

oy, > 0, saddle, 27
m=2k+1,
o, < 0, center or focus.

When B, #0, o), #0 and p = ,B,% +4(n + 1)y, the following holds:
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k <n, cusp,
m =2k,
k > n, saddle-node,
o, > 0, saddle,
(28)
k <n, ork=nand u <0, center or focus,
m=2k+1,
oy <0, n even, node,
k>n, ork=nand u >0,
n odd, H-E,

where H-E denotes an equilibrium point consisting of one hyperbolic and one elliptic sectors.
It is easy to use the above results to obtain the following conditions for the switching polyno-
mial system (2):

Bl =2ax +bi1, oy =bx, of =—axbi,

_ _ _ (29)
By =2Ax+ Bi1, a, =By, o3 =—ABi.
Proposition 4.1. The multiplicity of the nilpotent equilibrium point (0, 0) of the first system or
the second system of (2) is at most equal to four.

Proof. In fact, taking o) =y =0 in (29) yields
by =0, axbi;=0.

Then, by assuming app = 0 we obtain ocz = 0. So the polynomials y + fl+ (x,y) and f2+ (x,y)
have a common factor y, implying that the origin is not an isolated equilibrium point.

If by = 0, we have af = alybo # 0 (boy # 0). Otherwise, we have f; (x,y) = 0 when
by> = 0, indicating that the origin is not an isolated equilibrium point.

In summary, the multiplicity of the nilpotent equilibrium point (0, 0) of the first system of (2)
is at most four. Similarly, we can show that the multiplicity of the nilpotent equilibrium point
(0, 0) of the second system of (2) is also at most four. O

It is well known that the multiplicity of a nilpotent focus or center in smooth systems is an
odd positive integer and greater than one. However, the multiplicity of a nilpotent focus or center
in the first system or the second system of (2) cannot be three, because otherwise it needs

ay =0, of <0, ut=(B)>+8a;7 <0,

but we actually have u™ = (2azy — b“)2 >0and u= = Q2A0 — 311)2 > 0. So we can only
have the center conditions of the first and second systems of (2) with a 2nd-order critical point
(0, 0). Therefore, assume that byy # 0 and Byp # 0 under which a; # 0 and a, # 0. Then,
the equilibrium point (0, 0) in the first system or the second system of (2) is a cusp. Since the
equilibrium point (0, 0) of (2) cannot be a center or a focus when by > 0 or Byg < 0, we only
need to consider by < 0 and Byp > 0. Without loss of generality, we may set byg = —1 and
Byy=1.

Example 4.2. The phase portraits of system (2), as depicted in Figs. 2(a) and 2(b), show the
origin of (2) to be a cusp or a saddle.
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(a) (b)

Fig. 2. The phase portraits of system (2) for (a) apg = a1 = agy = byg = b1 =bpp = A1 = Agp = Byg = B11 =
By = 1, showing a cusp; and (b) apg = a1 =agr = by =b11 =bgp = A11 =Ag2 = B11 = Bpp =1 and Byg = —1,
showing a saddle.

Now, we study the center problem for the switching system (2). We add one simple perturba-
tion term — £2x with 0 < & < 1 in the y equation. Thus, for simplicity, we consider the following
perturbed system,

* —&2x —x2+b11xy+b02y2
-

Y y + Axox? + Ajxy 4+ Apy?
) 5 ok for x <O.
—&“x +x“+ B11xy + By

y+ azox2 +anxy+ a02y2
, for x >0,

Then, introducing the transformation (x, y, ) — (ezy, &3x, é) into the above system yields

— y + bopex® + byjexy — y*
) ) , | for y >0,
<x> x+a0283x +aj1e°xy 4+ axey
= (3D

y — ¥+ Boe?x? + Biiexy +y°

- ) , for y <0.
X+ Ape’x” + Ar11e°xy + Axey

Then, we can apply the method described in Section 2 to compute the Lyapunov constants

associated with the origin of system (31) with the aid of a computer algebra system. It is easy to
find the 1st Lyapunov constant V(1) = 0 and the 2nd Lyapunov constant, given by

2
Va(d) = 58[2(6120 — A20) +b11 — Bui + (a2 — A02)82]- (32)
We consider two cases: Azg = azp and Az # ayo.
4.1. Case: Axg = a

For this case, we have the following theorem.
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Theorem 4.3. Assume bro = —1, Bro = 1 and Ay = arg. The origin of system (2) is a center if
one of the conditions 1, Il and 11l in (3) holds.

Proof. Under the condition Ayg = ayp, setting V> (1) = 0 we get the necessary center conditions
B11 = b11 and Ay = agp. Further, we consider two sub-cases: ayo = 0 and apg # 0.

(1) azo =0, for which we obtain the 3rd Lyapunov constant,
T
Vi(d) = §83{b11(b02 + Boo) — an[ai1 + A11 +2(box + B) €%}

(la) Letting By + bop = 0 yields V3(1) = —%aoz(au + A1) &, Then we take Ay +aj| =
0, yielding V3(1) = 0, which is included in the condition I. Otherwise if A1} +aj; # 0,
then agp = 0 under which we have

2
Va(h) = —583 (a11 + A1) bi1 2 + bpae?).

Setting V4(A) = 0 gives b1} = 0, which is included in the condition II.
(Ib) Now we consider b1; = 0, and obtain V3(X) = —%aoz(an + A1 4 2bgy + 2Bg) €.
Letting ag, = 0 yields the condition II. Otherwise, A1; = —a11 — 2bgy — 2B un-
der which V4(A) = —%aoz(all + 2b0) (bo2 + Boz) €. Setting V4(1) = 0 yields aj1 +
2bgr = 0, which is included in the condition III.
(2) For ayp # 0, we have

T
V3(2) =§83[b11(1702 + Boa) — axolary + A1) — aoa(an + Ary + 2oz + 2Boo)e?].

Letting Ay = —21920801G0+80) by ) by + Bon) — azo(ar + A1) = 0, we have V3(1) =

ao
—ga=aoa(bo2 + Bo2) (2az0 + bin)e”.
(2a) If bgy + Bgr =0, we obtain Aj; = —aj| and V3(A) = 0, which is already included in
the condition I.
(2b) If agp =0, we have V3(A) =0 and

Va(h) = — 45a2083(b02 + Bo2){2(2ax + b11)* + [2a3(2a11 + 3boz — 3Bo2)
— (Tayy + Thoy — 3Bo2)axobi1 + (4boa + 3B2)bi, Je?).
If b1 = —2app, we obtain A = —aniantbu bptBe) _ —ay1] — 2bgy — 2B and have

alo
Va(h) = —%azo (ar1 +2bg2) (byy + 302)85. The condition a1 4 2bg> = 0 is included in
the condition III.

(2c) If 2a20 + b11 = 0, we have A1 = —aj1 — 2bpy — 2By and Vi(A) = —%85(6111 +
2b02) (boa + Boo)(6ax + Sagre?). Since aso # 0 we obtain bgy + Bpp =0 or aj; +
2bgy = 0 by solving V4(A) = 0. These two conditions are already included in the con-
ditions I and III, respectively.
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Summarizing the above results for A9 = apg, we have obtained the condition I from the
cases (la) and (2a), no matter whether ayg is zero or not; the condition II from the case (1a);
and the condition III from the cases (1b) and (2b). These conditions yield the first few Lyapunov
constants to vanish and so are necessary conditions for the origin of system (30) to be a center.
Since the nilpotent center of system (2) is the limit of the center of (25) with gfz(x, v, e) =0, the
above conditions are necessary for the origin of unperturbed system (2) to be a nilpotent center.

Next, we prove that the conditions I, IT and III are also sufficient for the origin of system (2)
to be a center. First, consider the condition I in (3), under which system (2) becomes

y+ ax’ + apxy + 1102)’2
5 5 , for x>0,
(,g ) —x"+b1ixy + bozy (33)
Y y+a20x2 —a11xy+aozy2
5 ) , for x <O.
X~ +br1xy — bozy

Obviously, system (33) is symmetric with respect to the y-axis, and so the origin of system (33)
is a center by Proposition 3.2.
When the condition II in (3) holds, system (2) can be simplified as

y+anxy
, for x>0,

% —x2+b02y2
( .>= (34)
y y+Anxy
) E for x <O.
x4+ Bpay

Since system (34) is symmetric with respect to the x-axis, and so the origin of system (34) is a
center by Proposition 3.2.
When the condition III in (3) holds, system (2) can be rewritten as

y +azx? — 2bpxy + agy?
5 ) , for x >0,
(x ) —x“ —=2axxy + by 35)
(y + azox? — 2Byxy + agy?

) ) , for x <O.
x“ —2axxy + Bozy

It can be shown that the first and second systems of (35) are Hamiltonian systems, with respec-
tively the following two Hamiltonian quantities,

1 x3 ap
HY (x,y)= §y2 + EY + TY‘% + axx?y — booxy?,
(36)
_ 1 X3 ap
H™ (x,y)= 5)’2 -3 + ?y3 + axx®y — Bopxy?.

It is easy to see that H 0, y) = H (0, y), satisfying the condition in Proposition 3.1, which
implies that the origin of system (35) is a center. O
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(a) (b) (c)

Fig. 3. The phase portraits for (a) the system (33) with arg = a1 = agp = bgp = b11 =1 and bgp = —1; (b) the system
(34) with a1; = bgp = A11 = Bpp = 1; and (c) the system (35) with apg = agy = bgo = By = 1.

Example 4.4. The illustrated phase portraits for systems (33), (34), and (35) are shown in
Figs. 3(a), 3(b) and 3(c), respectively.

4.2. Case Ay # a
For this condition, we have the following result.

Theorem 4.5. Assume byg = —1, Byo = 1 and Ay # ayo. The origin of system (2) is a center if
one of the conditions 111, IV, V and VI in (3) holds.

Proof. Itis seen from (32) that setting V2 (A) = 0 yields By = b1 +2ax0 —2A20 and Agx = ago.
Further, we obtain the 3rd Lyapunov constant,

i
Vi(A) =— §83[011a20 + A11A20 — 2a20Boz + 2A20 B2 — bozbi1 — Babii
+aga(ain + Arr +2box + 2B)e?].
Consider two sub-cases: agp =0 and A = —aj; — 2byy — 2Bq;.
(1) agp =0, for which V3()) becomes
T
V3(d) = —g(anazo + A11A20 — 2a20Boa + 2A20Boa — boob11 — Boobi1)e’.

(1a) If app =0 (and so Ayg # 0), then we have

A= —2A20Bo2 + bo2b11 + Boobii
Az

by setting V3(A) = 0. Then, we obtain

Va(h) = — b1183[2a11A20 + 12A%O +4A20bg — 6A%Ob11 + 2boob11 + 2Boobiq

45A»
+ (a11 A20boa — TA20b%, — 18 Azoboa Boz — 9A20 B, + 4b%,b11 + Thoa Boab1i
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+ 3B§2b11)82].

In order to have V4()) = 0, we either set b1; = 0, leading to the condition IV, or obtain
the following conditions if b1; # 0:

—6A3, — 2A0b0 + 3A5)b11 — boabi1 — Boobii
A

ayl =
and

2A30b02 + 3A20(boz + Bo2)? — (A3pboa + (b2 + Bo2)?)bi1 = 0.
Let M| = A%Oboz + (boo + Byo)? and M, = ZASOboz +3A00(bo2 + Bgo)?.

(la.1) If M; =0, we have M» =0 by My — M1b11 = 0. Then computing the resultant
of M1 and M, with respect to Asq yields

Resultant[ My, Ma, Ax] = b, (bos + Boo)*

which shows that the two polynomials M| and M; have common roots if and
only if bgp = By = 0, under which we have

T
Vs(A) = —— A3ob11(b11 — 2A20)%e°.

64

Hence, setting V5(1) = 0 yields b1 = 2A50, which is included in the condition
V.

(1a.2) If My # 0, we have by = % # 0 by linearly solving V4(}) = 0, and further
obtain
Vs(d) = ot 3 AooMa[3M5 + boa(boa + Boo)* Mag?],
Ve(A) =——————&° AgoMy[ — 12288 M M3 4 36757 AygMa M3e + 1536 Mss?
6(1) 100800M3 20Ma| 2 M3 20M> M3 5

+ 12257 Asoboz (boz + Bo2)> Mo Mae® + 256bgx (boa + Bo2)*Mee*],

where

My = 2A‘2‘0b02 8A Ob02 + 3b02 + 4A20b02 Boz + 6A20b02 Boz + 34A20b02802
-+ 60b3, B, — A3 By, + 16A50boy Bg, + 45b5, Bg, + 245, By,
+ 18b02 B, + 3BS,,
oAb g2 2,3 4 4 242 3
+3A%,BS, — 8430b02 B, + 90b%, B3, — 1443, B3, + 60bos B, + 15Bg,,
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Ms = 12A%,b}, + +5A3,bS, — 11bg, + 324558, Boz -+ 80ASb3, Boz
+ 124 A%,b5, Boa + 58 A34b3, Bz — 9965, Boy — 20A5,b3, BS,
6 14 p2 4 15 p2 2 16 p2 7 p2
+ 117AS,b3, B, + 345A%,b5, B, + 246A30bS, BE, — 396b], BS,
446 13 p3 4 34 p3 245 p3 6 13
4A20bon Biyy + 377 Aj0bog By, + 538 Ajbigy By — 924b, By
— 38A5,b%, By, + 118A3)b3, By, + 680A30bg, By, — 1386b3, By,
+4AS,b0> By, — 66A30b5, By, + S10A3b, B, — 1386bg, By, + AS Bp
— 43A3boa B, + 218A30b%, BS, — 924b3, BS, — 3A3, B, + 46A3,b02 B,
— 396b3, B, + 343, BS, — 99b02 BY, — 11By),,
_ 6 14 445 2 16 7 6 1.3
Mg = 96ASb3, + 468 A5,bg, + 728 A%,bS, + 360b), — 2524863, Boa
+ 147 A3bg, Boa + 2280A3,b3, Boa + 209155, Box + 175A5,b3, B,
— 862A50b3, B, + 1867 A3b, B, + 4986b3, B, — 12A5,b02 By,
4 12 n3 2 13 p3 4 p3 6 p4
+284A%,bo2 B, — 1638A3,b3, By, + 402063, By, 4+ 18A%, B3,
— 524A30boa By, + 112563, B, + 27 A3 B, — 54bo2 BS, — 69B,.
If bop = 0, we have M3 = — (A3, — 3Bo2) By, (A3, + Boa) and Ms = BS, (AS, —
3Ag0 By + 3A§0 B(%z — 11332). It is easy to see that it requires that By = 0 for
M3 = Ms = 0, which contradicts with that M1 # 0. If Bop = —bga # 0, we have

Mz = —4Agob82 # 0. Otherwise, to have common roots of M3, M4 and Ms, we
compute the following resultants to obtain

Resultant[ M3, My, Boo] = 9216 A39b0, (643, + boa) (54A3 + 49bg2)
=9216A30b), F1,
Resultant[ M3, Ms, Boa] = 256 A33b43 (9216 A15 — 868032A3b02
+ 12423360A32b%, — 65473808 A 30D,
+ 131842471 A8b¢, — 132575168 A5,b3,
+283790520A%,b5, + 487738800430b],
+3033720065,)
=256A35b45 Fo.

Further, calculating the resultant of the polynomials F; and F, with respect to
bgyr we obtain

Resultant[Fy, F», bop] = —295819464411678182986326279592800000A32
#0,
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which indicates that the three polynomials M3, M4 and M5 have no common
roots.
(1b) If apg # 0, for which we have

a1y = —A11A20 +2a0Bo2 — 2A20Bo2 + boabi1 + Bozbii

as0

by setting V3(A) = 0. Then we obtain

Vo) = 83[ —2Qaz + b11)Me + M782],

45a

where

Mg = Ar1ax — A11A20 — 6a3yAdo + 6a2n A3 + 2azoboy -+ 4az Boa — 2A20 Bz
+3a3yb11 — 3azAzbii + boxbii + Bobi,
M7 = —4A3% axAn + 4A%, A%y + 4A11a20A20boy — 6a2ybe, + 2A 1103, Boa
— 14A11a20A20Boa + 16A11 A%y Boa — 8a30bo2 Boa + 8axoA2oboa B
+2a3) B3, — 12a20A20 B3, + 1643, B5, — TA11 Asoboab11 + 3azbdybi
+ Aj1a20Boab11 — 8A11A20Boabi1 + 10a20b02 Boab11 — 14A20b02 Bo2bi1
+9a20 Bb11 — 16A20Bib11 + 3b%,b3, + Tboa Boab?, + 4BE,b71,.
(1b.1) If b1y = —2az0, we obtain My = —2Ax0(A11 + 2Bo2)(2A11a20 — 2411 Azg —
9az0bpa — SaxgBoz —4A20Bo2). Taking Azg = 0 yields M7 =0 (and so V4(A) =
0), and aj; = —2bqa, giving the condition VI; or setting Aj; = —2 B, again

yields M7 =0 and ay; = —2bg;, which is included in the condition III. Other-
wise, we linearly solve M7 = 0 for A to obtain

9azoboz + S5a20Boz +4A20 Bz

A=
2(az0 — A20)

Moreover, we have Aj| + 2By = % # 0, under which the 5th Lya-
punov constant becomes

9 aroAz0(boz + Boz) &

Vs(L) = — 4043, +40A3, + 30bg + 30B
5(A) 512(A2 — 20) [ — 40a3, + 40A3, 4 30bo2 + 30Bg2
+3(BE, — bye?].
. . 2a2,—2A3 .
Setting V5(A) = 0 yields Boz = bop = —2%5—22 # 0. Then we obtain
128az9Azp(azg — A
Ve(A) = 20420(420 20) & (azo + A20)2[108(2a§0 + 3ap Az + ZA%O)

4725
+ (a20 + A20)*(29a3y + 50az0 Azg + 29A3)e?].
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It should be noted that 2a3, + 3ax A2 + 243, = 0 (and similarly 2943, +
50a0A20 + 29A%0 = 0) if and only if Ay9 = azo = 0, which contradicts with
that axg # Azp. Hence, Vg(1) # 0. Note that ayp + Az9 = 0 does not yield
2a3, + 3az Az + 2A5, = 0 or 29a3, + 50ax Az + 2943, = 0.

(1b.2) Now assume that b1 % —2ayo. Then, we have

by = ———{A11 (a0 — Aao) + 4axB
L VI {A11(a20 — Az) 20B02
+ (b11 — 2A20)[ Boa + 3a0(az — A)]}

by linearly solving Mg(A) = 0 in V4 for bg;.

(1b.2.1) If b11 = 2A, we obtain b1 + 2az0 = 2(az + Azo) # 0 and M7 =
(ar0+ A20)(A11 +2Bg2)?. So setting M7 = 0 (and so V(1) = 0) yields
A1l = —2Bp. Then we obtain V5(h) = —% Bo2(a20 — A2o)(a20 +
Ax)? . Setting V5(1) = 0 we obtain By = 0, which leads to the

condition included in condition V. _
(1b.2.i1) If b1y # 2A50, then M7 is given as —mazo (aro — Apo) M7, where

M7= A3 az0 4+ 3A%, Ago — 12A11a30A20 + 4A11a20A3,
+36a3y A3 — 36a3,A3, +4A11a20Bop + 12A11A20Bon
— 32a3,A20Bo2 + 8a20A3 Boa + 4ax B3, + 12A20 B3,
— A},b11 +6A11a30b11 + 10A11a20A20b11 — 3603, Axob11
+2A11A%yb11 4 36a20A3b11 — 4A11 Boabi1 + 16a3,Boabi
+ 12a20A20Boab11 + 4A35 Boab11 — 4B,b11 — 6A11ax0b?7,
+9a3,b3; — A11Agob?| +27ad,Axob?, — 36axA3,b3,
— 8az Bopb?, — 4A0Bob3, — 9a3b3 | + 9az Axob},
+ Boob3, .

Moreover, we obtain the 5th and 6th Lyapunov constants given as fol-
lows:

Vs(A) = &7 (a20 — A20)[5(2az0 + b11)m Mg

1
960(2azg + b11)?
— 256(2ax0 + b11)> Mg + 51 Moe?],

and

1
302400(2an + b11)3

x [ = 12288(2az0 + b11)* Mo
— 735Qayy + b11)3nM118 + 256(2ay + b11)M1282

Ve(A) = & (azo — A2p)
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—735Q2az0 + b11)*w Myze” + 384 M4e?],
where

Mg = 4A%,a20 — 24A11a3) + 30A%, Ay + 144a3, Aro + 4A11a20A%,
+96a3,A3, — 96a30A30 + 16A11a20Boz — 96a3,Boz
+ 120411 A Boa — 248a3y A0 Boa + 8az0 A3, Boz
+ 16a20B, + 120A20 B3, — 13A% b1y +36A11a30b11
— T2a3yb11 + 20241 1a20 Az0b11 — 216a3yAsob11 +2A11 A3pb1i
— 420a3,A30b11 + 516a20A30b11 — 52A11 Boobi
+ 124a3)Boab11 + 156a20A20 Boab11 + 4430 Boab11 — 52B,b11
— T8A11a20b7, + 84a30b}; + 11411 Axb?, + 444a3y Axob?,
— 528ax0A3yb7; + 12430b3, — 68a20Boab}, — 40A20 Boab?,
— 6A11b7, — 105a3)b3, + 165a20A0b;, — 12A3,b3,
+ 13Byab3, — 15a20by, + 3A0b1;,
My = 1243,a3, — 44A3 a2 A0 — 216A%,a3,A20 — 30A3, A3,
+464A7,a3,A5, + 1296A11a5A3, — 84AT a0 A3,
— 26884 11a50A3) — 2592a50A3, + 13924 11a3)A% + - ,
Mig= A2 ax +24A 1103, — 1542 Ay — 60A11a3, A2
— 14da3yAn + 16A11a20 A3, + 84a3, A3, — 84a3y A3,
+4A1a20Bn + 96a§0302 + e
My = 44A3 a0 — 120A11a3 + 22243, Ay — 2884 11a3)A2
+720a3,A20 + 116A11a20A3, + 1344a3,A3,
— 1344a3, A3 + 176 A11a20Boz — 480a3,Box + - - -
My = 33043 a3, + 280047, a3, — 846 A3 ax A
+5916A%,a30A20 — 33600411 a5 A2
— 900A3, A3 + 8448 A%, a3, A%, + 34744 A1 1a3, A%,
+ 100800a5y A3 + 324 A% ax0 A3y + - -,
M3 = 6043, a3, — 244 A3z Asg — 1080A3 a3, An
— 22243, A3 + 260843 a3) A3, + 6480A11a5,A%,
— 516A%,ax0A3, — 14304A11a3,A3, — 12960a5,A3,
+ 7824 A 1030 A% + -+,
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Mg = 195A1 a3, — 645A1,a3,A20 — 468043, a3, Az
+901A%,a20A43%, + 18064 A3, a3, A3, + 4212042, a5, A3,
+ 52541, A3 — 18552A7,a3, 43, — 150504A% a3, A3,
— 168480A11a5,A3, + - - .
Assume By, = 0. For solving 1\77 =Mg=Mg=---=Mj4 =0, we
compute the following resultants:
Resultant[M7, Mg, A11] = 9(2A2 — b11)>(az + b11)° G1,
Resultant[ M7, Mo, A11] = 27ax (a0 — A20)> Ady(az0 — b11)
x (2A20 — b11)®Qaz + b11)* G2,
Resultant[ My, M1, A11]= 9(2A20 — b11)*(2ax + b11)* G,
Resultant[M7, M1, A11] = 225QA2 — b11)*(2azo + b11) Gy,
Resultant[ M7, M2, A11] = 324(az0 — A20)(2A20 — b1p)*
x (2az0 4 b11)* G3,
Resultant[ M7, M3, A11] = 675a20(a20 — A20)> A3y (a0 — bi1)
X (2420 — b11)®Qaz + b11)? G2,
Resultant[ M7, M4, A11] = 864az (a0 — Az)> Ay (a0 — bi1)
X (2420 — b11)* 2ax + b11)* Ga,

where

G1 = 192a8,A20 + 808a3,A3, + 320a3,A3, + 1792a3,A%,
— 3280a3, A3, + 2088a20 A5, — 696a3,A20b11
— 2212a5,A3b11 — 2704a3,A3yb11 + 3740a3,A50b11
— 4504ax0A30b11 + T2AS,b11 + 2a3,b7; + 1048a5)Axbi,
+2528a3,A3,b3, — 356a3,A3,b7; + 3986a20A3,b7,
— 136A3yb7, — 3a5b3; — T24a3,Axb;, — 815a3,A%b7,
— 1840a20A3b3| + 94A5)b3 | + 224a3)Axb],
+ 444az0A3b, — 28A30bT, + adgh3; — 44azAxb3,
+3A%b7,
G = 202845, + 3820a3, Az — 5396a3,A3, — 12a3,A3,
— 2028a5,b11 + 2468a3,Axb11 + 5062a3,A30b11
— 1662a20A3yb11 — 1521a3yb7, — 4105a3,A20b3,
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+3094a20A%,b3, — 1843b3, + 1014adyb3,
— 2186a20A20b3| + 1243,b3, 4 507axb}, + 3A20b],,
G3 = 123904a30 A%, + 58368a3,A3, + 109241645, 45,
+ 176128a)y A3, 4 1129856a$, A4S, — 373760a3,A1,
— 17939243, A3, + 2816433 Asob11 — 160704a5,A3,b1
— 720960a5,A3b11 + -,
G4 = 2539245, + 455952a),Azg + 71972845, A3,
— 1490448a5, A3, + 31074843, A5, — 10092a3,43,
— 38088alb11 — 74464845, A20b11 — 200224a5,A3,b11
+2072980a5,A30b11 + - - - .

Since ayg(axg — Az0)(2A20 — b11)(2az + b11) # 0 we discuss the fol-
lowing three subcases. First, considering the last two resultants to be
zero we have two subcases.

(1) If A20 = 0, under which M7 = (a20 - b11)(A11 + 361201711)2. Tak-
ing b1l = ayo yields A7I7 =0, and then we obtain Mg = —9ayo (A1 +
2a20)(A11 + 6a20) If taking Ay = 2a20, we have Mg = My =
Mio= M1 =0but M = —36a20 # 0. Slmllarly, we have M1y #0
when Aj; = —6a20 If takmg another factor in M7 and setting A1 =
—3arob11, we obtain M7 0, but Mg = 3a2()b (2azo + b11)2 #0.

Q) If bU = apo, which yields the last two resultants to be zero, we
obtain M7 = 3A11A20(A11 - azo + 2a20A20) Taklng A11 = a%o
2ay0Ap9 we have M7 =0, and Mg = —9a20(a20 — 2A20)(21a20
65ax0A20 + 30A%O). First, consider azg = 2A70, under which we have
Mg = Mg =--- = M4 =0, leading to bgp = A11 = 0. These condi-
tions belong to the condition V. Next, consider Zla%() — 65a20A20 +
30A3, = 0, under which we have My = —3a3,(77az — 47A20)(az0 —
2A20)> Aag # 0.

(3) Besides the above two special cases, in general we calculate the
resultants of the polynomials G, G> and G3 with respect to Ay to
obtain

Resultant[G1, G2, Axo] = 12288a3,(az0 — b11)* (2a20 + b11)* G1a,

Resultant[G 1, G3, Al = 4194304al) (a0 — b11)%h73,

x (2az0 + b11)° G13,
where G2 and G13 are respectively 25th- and 35th-degree polyno-
mials in apg and b;;. Further, we obtain Resultant[G 2, G13, b11] =

Claég75 # 0, where C7 is a nonzero constant. This implies that the
polynomials M7, Mg, --- , M2 have no common roots when Bgy = 0.
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For By, # 0, we similarly only need to consider the following resultants:

Resultant[]l}% Ms, A1l = 9Qax + b11)’ C~}1,
Resultant[M7, Mo, A11] = (2A20 — b11)>(2az0 + b11)? G2,
Resultant[]%, M2, A1l = 324Qaz + b11)? (~;3,
Resultant[ M}, My4, A11] = 4(2A20 — b11)>2azo + b11)* G,

where
G1 = 768a3)A3 + 3232a3, A%, + 1280a3, A5, + 7168a3,AS, — 13120a3,A],
+ 8352a20 A5, — 64aS,A20Boz — 896a5,A3, Bz — 6112a5,A43Boa
— 12192a5,A50Bo2 + - - -
G = 876096a3,A5, — 10195248 A1, — 47554564, A3 + 6307200a5,45,
— 2320704a5,A%) — 5184a35, AL — 4492845, A%, Boa — 2865600a5,A3, Boa
+2813184a3, A5 Boz + 6021792a3) A%, Box + - - - ,
G = 1982464} AS) — 104857610 AL, + 1654476845, A5, — 14660608a5,45,
+ 1525964843, A3) — 2405785645, AL} + 310988843, 412 4 287027243, A13
— 450560a1) A3 Boz — 8114176419 A5 Boy + - - -,
G4 = 351019008a13 AS) + 5250023424413 A5, — 7906664448a3) AL
— 3189429043240 AM] + 8965311897645, 413 — 84788232192a5,A%)
+33909829632a), A3 — 47143157765, A33 + 139511808450 A%

— 5087232a33 ASyBoa + - - - .

Since B, # 0, without loss of generality, we set By, = 1. Then we compute the resul-
tants of G| with G2, G3 and G4, respectively, with respect to A>q to obtain

Resultant[G 1, G2, Ax] = 5699868278390784(2az0 + b11)"” G121 G122 G123,
Resultant[G1, G3, Axo] = — 288230376151711744(2ax + b11)> G131 G132,
Resultant[G 1, G4, Ax] = — 1494186269970473680896(2a20 + b11)>> G141 G 142,

where
G121 = — 121a3) + 60a3, 4+ 110ax0b1, — 141a3,b11 — 25b%, + 123a3,b?,

— Slaxb, 4 9b},,
G122 = 289616698050947334144al — 10736497709321541903360a.5

+54931253888943027376128a)5 + 870907783572523597824a3b1
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— 6245225035669890385920a13b11 + - - - ,

G2z = — 154971533932943410202093599850496437

/ —_—
131 —

4 245127937119104848551474851261448192a3]

— 93323935178697676228730845562255966208a35

— 394317896129540776446529911128064a30b11

+ 514963260106823723915161085178544128a33b11 + - - -,
264409883814081941176320000a,5 + 2775459686442265516223692800a3)
— 11226851499315174763858624512a33
+ 504298937884882968576000000a3]b1 1
+3709268522401291247016345600a0b11 + - - -,

= — 150662772779 102167346332468844955697152a%§

+ 9568841730139980409906919125235238 174720041%8

— 1384139101338383667019118 194923025096664678461%3

— 565929774858769568739347763 1042419425280%8[?11
+22361656125805071991 19337505498246781337600%81?]1 4+

= —5176594054662117051392522188339087 1715840000a%

+ 335655 190209575560437824304989225520571023360061%8

— 27585641954434893875291156704961 121818665353216a§8

— 187278527381680408652939572919325680394240000a%8b11

+ 482208157026060233181622033206213166794670080061%[711 +ee
3626954362958021481562517270342986401914359891 623936a§3
—947902285018868651010111552774753 146812782136266365337661%

+ 5767470261086132396002745 105013056456498230037788896264192a38
+ 12133900777786929030218599780545225233505741538590720@%31)11
—39506299399581930990565307915611991351567572731120648 192a%8b11
4.

Further, we compute the resultants G 121 With 513 1 and 514 1, respectively, with respect
to by to obtain

Resultant[G 121, G131, b11] = —57191981137402500a55 (361 — 24643,
+252a3) G213,
Resultant[élzl , 5141 ,bi1]l= C2a38(361 — 24661%0 + 2526130) 51214,
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where Cj is a nonzero integer, 51213 and 51214 are respectively 132th- and 166th-
degree polynomials in ajq. Since a0 # 0and 361 — 246(120 +252a20 # 0, and moreover
1t can be shown that Resultant[G1213, G1214, ayo] # 0, implying that the polynomials
Gm G13 1 and G 141 have no common roots. Similarly, we can show that the polyno-
mials Glz,, Gl3j and Gl4k i=1,2,3,j=1,2,k=1,2) do not have common roots.
Hence, we conclude that the polynomial equations M7 Mg=Myg=Mip=M;4=0
have no common zeros when ayg # 0 and Bgy # 0.

(2) Now we consider the second case: A1 = —a11 — 2bga — 2Bgp. Solving V3(1) = 0 for ajg

we have

2A20bo2 + 2a20 Bz + boabi1 + Boabii
axy) — Aap '

al =

Then we obtain the 4th Lyapunov constant,

2
Va)=— ———— £3Qazy + b1)[ — 2(a20 — A20)2(2A20 — b
) 15(az0 — Azo) (2ax + b1)[ — 2(az0 — A20)* (2420 — b11)

+ 1\7382 + Sap (bo2 + 302)284],
where
Mg = — 2agazy + 4anax Az — 2an A3 + axb, + 3 Ax0b3, + 2a20bo2 Bo
+ 6A20b02 Boz + a20 B3, + 3A20B3, — bi,yb11 — 2boa Boabi1 — Biybiy.
To have V4(1) =0, we take b1 = —2ayp which yields aj; = —2bq,, leading to the condition

III. Otherwise, if Ay = b%, then the &3-order term in V4()) is zero. So we obtain axy —
Ay = % #0, and thus

2(2axoBoz + 2bo2b11 + Boobi1)

ai =
2a0 — b1

For the ¢”-order term in V4(}), let Bop = —bgz. Then we have 1\78 = —%aoz(Zazo — b))
The solution for Mg = 0 is agp = 0, under which the 5th Lyapunov constant becomes

Vs(A) = —boz(Zazo—bn)(2azo+b11) &’

Setting V5(A) = 0 yields bgy = 0, leading to the condition V. Note that letting Az + a20 =0
in the condition V yields a special case of III.

Therefore, the conditions obtained above, belonging to the cases III, IV, V and VI, are the neces-
sary conditions for the origin of the unperturbed system (30) to be a center.

Next, we prove that these conditions are also sufficient. When the condition III in (3) holds,
system (2) becomes
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y + axx* — 2bpxy + amny?
) 5 , for x>0,
(5( ) —x% = 2ax0xy + b2y 37
Y y + Axox* — 2Booxy + apy?
) 5 , for x <O.
x° —2A2xy + By

It can be shown that the first and second systems in (35) are Hamiltonian systems, with respec-
tively the Hamiltonian quantities,

1 x3 ap
H(x,y)= Eyz + EY + Ty3 + azx?y — bpxy?,

_ 1 x* ap
H™ (x,y)= 5)’2 -3 + Ty3 + Azox?y — Boaxy?.

(38)

Further, noticing that the condition H T(0,y) = H™(0, y) in Proposition 3.1 holds, which implies
that the origin of system (37) is a center.
When the condition IV in (3) is satisfied, system (2) is reduced to

y+anxy
5 2 for x >0,
X —x“+ by
( . ) = (39)

Y y + Azx? —2Bgoxy
) K for x <O0.
X~ —2Axy + Bory

The first system in (39) has the following first integrals,

1 _ 2bop
Ht(x,y)= (I +apx)” @ (14 2bgax — ay1bpax?
box (a1 — bo2)(a11 — 2b2)
+2b3,x% — a2, b y? + 3ai1bd,y? — 2b3,y%),  if ari(arr — bo2)(ann — 2bg) #0,
1 3
HY(x,y) = ~y> + =, if ayy = boy =0,
2 3
—2bgox
HY(x,y) = (=1 = 2bx — 2b3,x% + 2b3,y?), ifa;; =0, by #0,

2b3,
HY(x,y)= 2—3(—2a11x + a2 x? + a3, y* +In(l +anx), ifaig #0, bop =0,
an
1

HY(x,y) = ——————[3 4+ 4boox + b3, y> +2In(1 + bpox)
b1+ peert| ”
+4boox In(1 + box) + 2b3,x* In(1 + boax)],  ifai = by #0,
1
Ht(x,y) = ———————[ — 1 4+ 2bopx + 4b%,x% + 4b},y?
(x,y) 4b82(1 n b()zx)z[ 02 02 02Y
—21In(1 4+ 2bgrx) — 4bgox In(1 + 2b02x)], if aj; =2bgy #0.

(40)
The second system in (39) has the first integral,
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- 23 2 2 2
H (x,y)= —gx +2A20x"y + 3y —3Bpaxy~.
It is easy to verify that H*(0, y) and H (0, y) are even functions in y, which implies that the

origin of system (39) is a center by Proposition 3.1.
If the condition V in (3) holds, system (2) has the form,

Yy +axx
5 , for x>0,
<fc > —x“+2Axy

y + Agox?
, for x <O.

X2+ 2a0xy

(41)

This case is hard to prove because the approaches used above are not applicable for this
case. It is noted that system (41) is invariant under the transformation (x,?,azo, A20) —
(—x, —t, A2, azo), but we cannot apply the time-invertible system theory here to prove that the
origin of the system is a center since App and apo have been exchanged. Hence, we inspect the
property in the Lyapunov constants, and by using systems (30) and (31), we obtain the perturbed
system of (41) under the transformation (x, y,t) — (£2y, e x, é) as

— y 4 240¢exy — y?
( , for y>0,

X X+ azo€y2
< . ) = 5 42)
y —y 4 2axexy+y
, for y<O.
X + A208y2

It is easy to see that the perturbed system (42) is also invariant under the transforma-
tion (y,1t, ax, A20) — (—y, —t, A2o, azp). For convenience and clear, let the Lyapunov con-
stants for the first and second systems be v,j (a0, Apg) and u,j'(azo, Ajp), respectively. Then,
ul—: (Ano, ax) = v,j'(azo, Ajp), and so uz' (azo, Ay) = U;—(Azo, azp). Moreover, we have found
that v,j'(ago, Ajp) is invariant if exchanging apg and A, i.e., v,j (axg, Ang) = v,‘("(Azo, app) at
least up to k = 10. This implies that

+ + +
uy (a0, A20) = vy (A20, a20) = vy (a0, A20),

and so Vi(A) = v:(ago, Ap) — u,j(azo, App) = 0 at least for k =2,3,...,10. If we can show
that this is true for any k > 2, then we can conclude that the origin of the switching system (41) is
a center since the origin of both the first and second systems is a cusp. However, this is still very
hard to prove. Thus, we use simulations for the right-half plane system (x > 0) of (41) to demon-
strate that this is true. In Fig. 4(a), we show two simulated trajectories starting from the same
initial point (x, y) = (0.0.0025) (on the positive y-axis), one is for (azg, Az) = (1, 5), which
converges to the stable equilibrium point (x, y) = (—0.1, —0.01) (see the red curve), and the
other is for exchanging a»o and Ayg with (a0, A20) = (5, 1), which converges to the stable equi-
librium point (x, y) = (—0.1, —0.05) (see the blue curve). Note that these two curves intersect at
the same point on the negative y-axis, implying that our above conjecture is true, i.e., v,': is in-
variant under the exchange of apg and A;g. Then, we reverse the blue trajectory in Fig. 4(a) about
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the y-axis (which thus becomes a solution of the left-half plane system of (41)) to form a closed
orbit with the red trajectory, as shown in Fig. 4(b). In order to further numerically confirm that
the origin of system (41) is a center, we use an iterative integral scheme to simulate the switching
system (41) with time step 0.0001 and 3 x 10! jterations. The results for (a9, A2g) = (1, 5) are
depicted in Fig. 4(c), where the red orbit is obtained after 5 x 109 iterations while the blue orbit
is obtained after 3 x 10'! iterations. It is clear that these two closed orbits are coincide, indicating
that the origin of the system is a center. Similarly, the results for (azg, A29) = (1, —5) are shown
in Fig. 4(d), again indicating that the origin of the system is a center.

The simulated phase portraits of system (41) for (a9, A29) = (1,5) and (1, —5) are shown in
Figs. 5(a) and 5(b), respectively. The above simulation results indicate that the origin of system
(41) is a center, which is though not a rigorous mathematical proof.

When the condition VI in (3) holds, system (2) becomes

2
y +agox” — 2bpxy
( ) , for x>0,

2 2
; —x° = 2ax0xy + b2y
<x> = (43)
Y y+ Anixy
2 2 for x <O.
x“+ Bpoy

Similarly, we can find the first integral for the first system in (35), given by

2
HY(x,y)= §x3 + 2a20x%y + 3y% — 3bgoxy?, (44)

and the first integrals for the second system in (43) as given below:

1 _2Bp

H (x,y)= 1+A At (1 + 2Bopx — Aq1 Boax?2

(.7) Boz(An—Boz)(All—ZBoz)( +Aux) (1 +2B0x 11502
+2B2,x% + A3 Boay? — 3A11 B, y? + 2B, %),

if Aj1Bo2(A11 — Boo)(arr —2Bp) #0,

_ 1 2 )C3 .
H (x,y)= Ey —?, if Aj1 =Bgp =0,
—2Bgox
H™(x.3) = —= (1+2Boax +2Bjx* +2B3,y?), if Aj1 =0, By #0,
02
1
H™(x,y)= m(ZAux—A%lxvaA?]yz—ln(l+A11x), if A1) #0, B =0,
11
1
H (x,y)= ————[ -3 —4Bypx + B3,y* —2In(1 + Bypx
(x,y) 382(1-1-302)6)2[ 02 Y ( 02X)
—4Box In(1 + Bypx) — 2B, x* In(1 4 Boox) ], if Aj; = By #0,
1
H (x,y)= ————[ —1—2Bpx —4B2 x>+ 4B3,y?
4B3,(1 + Bpx)? [ 02 02
—21In(1 4+ 2Bgrx) + 4Byx In(1 + 2302)6)], if Aj1 =2Bp2 #0.

(45)
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Fig. 4. Simulations of system (41) demonstrating that the origin of system (41) is a center: (a) two trajectories from
simulating the right-half plane system of (41), with the red one for (apq, A2g) = (1, 5) converging to the equilibrium
point (x,y) = (—0.1, —0.01), and the blue one for (apg, A2g9) = (5, 1) converging to the equilibrium point (x,y) =
(—0.1, —0.05), which start from a same initial point on the positive y-axis and end at a same point on the negative
y-axis; (b) the blue trajectory in part (a) is reversed about the y-axis to form a closed orbit with the red trajectory;
(c) two simulated closed orbits of system (41) for (apg, A2g) = (1,5), using time step 0.0001 and 3 x 10! jterations,
coincide with the red one obtained after 5 x 10° iterations and the blue one obtained after 3 x 10!! iterations; and (d) two
simulated closed orbits of system (41) for (asp, A2g) = (1, —5), using time step 0.0001 and 3 x 10! iterations, coincide
with the red one obtained after 5 x 10° iterations and the blue one obtained after 3 x 10!! iterations. (For interpretation
of the colors in the figure(s), the reader is referred to the web version of this article.)

(a)

Fig. 5. The phase portraits of system (41): (a) for (apg, Ag) = (1, 5); and (b) for (azg, Ayg) = (1, —5).

Itis seen that H*(0, y) and H~ (0, y) are even functions in y, satisfying the conditions in Propo-
sition 3.1, and so the origin of system (43) is a center. O
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(a) (b) (c)

Fig. 6. The phase portraits for (a) the system (37) with ayg = agy = bgp = Bgo = 1 and Apg = 1.5; (b) the system (39)
with aj1 = bgy = Apg =1 and By = —1; and (c) the system (43) with apg = bgp = A11 =1 and By =0.

Example 4.6. For illustration, the phase portraits for systems (37), (39) and (43) are shown in
Figs. 6(a), (b) and (c), respectively.

5. The proof of Theorem 1.2

In this section, we will perturb system (2) with the center condition III in (3) to prove the exis-
tence of small-amplitude limit cycles around the origin (0, 0). It will be shown that the existence
of 7 limit cycles needs perturbations up to &'? order.

Proof. We add quadratic perturbations to system (37) to obtain the following perturbed system
(noticing that byg = —1, Byg=1):

y + axx® — 2bpaxy + apy’
12
+ Y e edix + panx® + prixxy + pouy?).
k=1

2

for x >0,
—&?x —x? - 2ax0xy + b02y2

12
+ Z X (e 8y + qaokx® + qrikxy + qoaky?),

k=1
(’f ) = (46)
Y y + Asox? — 2Booxy + agy?

12
+ Z £(e 8xx + Pooex® + Priexy + Poky®).

k=1
for x <0,

— &2x 4+ x2 — 2An0xy + By y?
12

+ Y et e sy + Oaox® + Qrinxy + Qo y).
k=1
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where 0 < ¢ < 1, and 6k, pijk, gijk» Pijk and Q;jx (i + j = 2) are real perturbation parameters.
It will be seen in the following coefficients reduction procedure that the perturbing coefficients
q20k> q911k> o2k and Qzok, O11k, Qo2k can be set zero. Note that when we compute the Lya-
punov constants of the above system we set the linear perturbation terms zero, i.e. 6 = 0. The
Lyapunov constants are calculated according to the eX-order, starting from k = 1. We use the &-
order Lyapunov constants to determine the number of limit cycles, and in addition perturbing the
linear coefficient 61 to get one more small-amplitude limit cycle. However, if we think we may
obtain more limit cycles from £2-order terms, then we need to find the conditions on parameters
such that all the e-order Lyapunov constants vanish, in other words, the origin of the system is a
center up to g-order, and the conditions are called the center conditions for that e-order [46]. This
process can go further until we reach a value of k such that no center conditions can be found
and so maximal number of limit cycles may be obtained.

First, system (46) contains many perturbation parameters, which yields difficulty in calculat-
ing the Lyapunov constants and solving the polynomial equations resulted from the Lyapunov
constants. In order to reduce the number of parameters, we follow the approach described in [46]
to make the following near-identity transformations:

x —>x+di(e)x +dye)y,
y—>y+ds(e)x +dse)y, 47
t —>t+ds(e,

for the upper system, where
di(e) =die +dine® + - +dipe", i=12,....5. 48)

A similar transformation can be formed for the lower system. Note that (47)|.—g is an identity
map, and thus keeps the unperturbed system of (46) unchanged. Moreover, the new system under
the transformation (47) can be still written in the same form of (46). Therefore, we may find
proper d; (¢)’s to simplify the perturbations without loss of generality. To illustrate the procedure,
we show how to simplify the e-order terms, that is, consider n = 1. We only consider the upper
system, and the same process can be applied to the lower system. Using (47) and substituting it
into system (46) and taking the e-order terms, we obtain

X =d31 x + (=di1 +da1 +ds1) y + [dar + azo(di1 + ds1) — 2boadar + poor ] x*
+ [2ax0d21 + andsi — box(dat +ds1) + 3 pinn]x y
+ [ao2(—di1 +2da1 + ds1) — 3boadar + poz1)] ¥,
y=—ds1y — (2di1 + 3azds — day +ds1 — q201) X
+ [a2o(di1 — ds1) + doy — 2boad31 — 3qi11]x y
— [2a20d21 + aoads1 — boz(dar + ds1) — qo21 ] v*

(49)

Now, simplify setting

. 615061201 —aoq111 + qo21
(a§O + bo2)

di =
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_ a20b02g201 — bo2g111 — a209021

1 = 2(a2, + boa) ’

d31 =0,

dy = — (4a3y + bo2)g201 — 3a20q111 + 3q021 ’
2(a3y + bo2)

ds) = (2a3, + bo2)q201 — a20q111 + go21 ’

2(a3y + boo)

eliminates the term d3jx in the X equation and all the terms in the y equation. Thus, we
may assume that the perturbations are only needed for the first equations of both upper and
lower s is impli i 12 gk 2 2
ystems. This implies that the perturbing terms > ;= | €(g20kx~ + q11xXy + qo2xy~) and

Z,?:I ek(onkx2 + Orikxy + Qozky2) in (46) are redundant, and can be removed. So in the
following we assume q20x = q11k = qo2k = Q206 = Q 11k = Qo2k = 0.

Further, similarly introducing the scaling (x, y, ) — (szy, &3x, é) into system (46), we fi-
nally obtain the following system up to &'2-order terms,

12
—y— y2 —2eaxyxy+ 82b02x2 + Zskékx,
k=1
2, .2 2 3 2 2
X + eaxy” + &7 (=2boaxy + pr01y”) + & (anx” + pr11xy + p202y) |
12 12
+) e sy + Y (poaw—3 x> + prig—2) xy + prg-1) ¥,
k=1 k=4
i\ fory > 0, 50)
vy ] 12
—-y+ y2 —2eAxxy+ 82302)62 + ZekSkx,
k=1
2, .2 2 3 2 2
X +eA20y° +e7(=2Bpxy + P1y”) + &7 (apx” + Pr11xy + Pa2y”) | »
12 12
+ Z oy + Z " (Poak—3) x* + Prigk—2) Xy + p2o—1) ¥
k=1 k=4
fory <O.

To prove the existence of small-amplitude limit cycles around the origin, we compute the Lya-
punov constants Vi for j =1,2,...,8andk=1,2, ..., 12, where k indicates that the Lyapunov
constants correspond to the £¥ terms. Then, based on Vjk we solve the polynomial equations to
determine the number of limit cycles. We start from k = 1. For a fixed k, we choose appropriate
parameter values such that as many as Lyapunov constants vanish. As a matter of fact, this solu-
tion procedure is similar to that in the Hopf bifurcation analysis near a Bogdanov-Takens critical
point, but here we deal with a more degenerate (or generalized) Hopf bifurcation.

First, for k = 0, it is easy to use Proposition 3.2 (but note that it needs to exchange the variables
x and y since now the switch line of system (50) is the y-axis) to show that the origin of system
(50) is a center when ¢ = 0. Also note that Vi = 0 when §; = 0 for any k.
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Next, consider k = 1. We obtain that all Lyapunov constants vanish when §; =0, i.e., V;1 =0,
j=1,2,.... Moreover, through the computation of the Lyapunov constants up to ¢'2 order, we
observe that the following parameters are not used and can be set zero. (Of course, if we continue
to go to higher-order computations, these parameters should not be set zero.)

pok =0, k=3,4,...,11, poxx =0, k=5,6,...,9,

51
pik =0, k=38,9, 10, P19 = P1110=0. b

Now, for k =2, Vi =0 with §, = 0. Then, V) = %(pz()l — Pyo1). Setting

Po1 = p2o1
yields V> =0 for all j. So, for k =2, we can obtain 1 small-amplitude limit by perturbing 8,

with Vo #£ 0.
For k = 3, again we obtain

Py = pao2
by solving V>3 =0, leading to V;3 =0 for all j, which implies that for k = 3, again 1 small-

amplitude limit can be obtained by perturbing §3 with Va3 # 0.
For k =4, solving V»4 = 0 we have

1
Pz = 3 (Po21 — Po21),
and letting V34 = 0 yields

P21 = po21 + 2(Boz + bo2) p201 — (A20P111 + azopi11)-

Then, we obtain

Vag = — 15 P01 (A3 — ayp).

Setting Va4 = 0 has three choices. Choosing pzo; = 0 will result in less number of limit cycles.
Hence, we choose

Azo = ano,
under which V;4 = 0 for all j, which indicates that for K = 4 we can obtain 3 small-amplitude

limit cycles if we choose Va4 # 0 and perturb Pgy1, Pao3 and 84.
For k = 5, we similarly obtain

1
Py = 3 (po22 — Po22)
by solving Vo5 =0, and
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Py = po22 — (P111 + p111) p2o1 + 2(Bo2 + bo2) p2o2 — a20(P112 + pi12)

by solving V35 = 0. Then V45 becomes V5 = —% P201(P111 + p111). For the same reason that
setting pao1 = 0 gives less number of limit cycles, we choose

Pii1=—p111,

under which V;5 =0 for all j. This implies that 3 small-amplitude limit cycles can be obtained
for k = 4 if choosing V4 # 0 and perturbing Py, Pro4 and 8.
For k = 6, similarly by solving V>¢ = V3¢ = 0 we obtain
1
Ps = 3 (po23 — Po23),
Po23 = poz3 — [2Bo2(Boz + boz) + (P12 + p112) | p2o1 — a20(P1z + pu13).
Then, we solve V46 = 0 for p;11 to obtain

P201

Hm=———-—
P 9az(Boz + bo2)

{2(P112 + p112) + 3(Boz + bo2)[3(Boz — boz) — 4azy |}
under the assumption (combined with the above assumption pyg1 # 0):

az(Bi, — bgy) pao1 #0, (52)
in which the condition Bgy — b # 0 will be needed later. Then we have

57201
Vsg =
56 56

[Pri2+ pi12 + 12(Bo + boz)asy .
which yields

Py =—pii2— 1261%0(302 + bp2)

by setting V56 = 0. With the above solutions, V¢ = 0 for all j. Therefore, for k = 6, we can
obtain 4 small-amplitude limit cycles for choosing Vs¢ # 0 and perturbing p111, Po23, Po2s and
6.

For k =7, under the condition in (52), we solve V,7 = 0 for Pyg, V37 = 0 for Ppra, Va7 =0
for p112, and V57 =0 for Pj13 to obtain

1
Pyoe = 3 (po2a — Poa),
P24 = po24 — p201(P113 + p113) — a2 (P114 + p114)
+2(Boz + boo) [ (6a3y — Boz) p202 + 2a20 p3g; + 6a3y(ao2 — axBo2) |

| T S
— —(Bgp, — bip) Poo1 »
ax

1
P12 =— ?[3020(302 — bop — 4a3y) pa02 — 2(Boa — boa — 2a3y) Pao;
20
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+ 12a3,(3 Boaazy — 2a3y — ag)| — ———————(P113 + p113) p201,
20 20 ] 9az0(Boz + bo2)

3
Pi13=—p113 — %(Boz + bo2) (Boz — boz + 10a3,) paot,

under which V;7 = 0 for all j. This indicates that for kK = 7, we can also get 4 small-amplitude
limit cycles for choosing V57 # 0 and perturbing p112, Po24, Poog and 7.

For k = 8, with the condition in (52), we similarly solve Vg = 0 for P»g7, V3g = 0 for Pyps,
Vag = 0 for p113, and Vsg =0 for Pj14 to obtain

1

Pag7 = —= Poos,
207 ) 025

1
Pyzs = —p2o1(P114 + p114) — az20(Pr15 + p11s) + ?(302 + bo2) {4(Boz2 — boz)Pgm
20

+ ax0[ 10a3,(16a3, + 9bo2) + Bozazo(7Boz + 3bo — 120a3))

+ o2 (50a3y + 3(Boz — bo2)) ] pao1 + 60a3 poz1 + Taze(10a3y — Boz + bo2) paoi p202 )

2

p113 = ———————(P114 + p114) P201
9az0(Bo2 + bo2)

1
+ 900 {360a30poz1 + 12a20[11(Boz — boz) — 10a3, | p201 p202 — 48(Boz — bo2) pag,
20

+ a[360a5, — 12(32Boy — 17bo2)as, + 18 Boaax(2Boa + 3b02)
— 300ag2az, + 93(Box — box)aoa | p201},

3
Priga=—pra+ W(Boz + bo2)[10a30(38a3, + 2a02 — 5p202)
20

+25(Bg, — 4Boaboa + biy)azy — (Boa — bo2) (2503, + 25a02a20 + Sazo paoa — 403y )]
Then, solving Vgg = 0 yields

ano
apy = ————— [(Boz — bo2)* — 2(Boz — boz) (a3 + boz) — 263, ],
By — b2

under which V;g =0 for all j. Thus, for k = 8, we can obtain 5 small-amplitude limit cycles for
choosing Vsg # 0 and perturbing P14, p113, Po2s, Po27 and 6g.
For k =9, we can similarly obtain 5 small-amplitude limit cycles by solving V29 = 0 (with

P>og), V39 =0 (with Pyg), Vag =0 (with p114), and V59 = 0 (with Py;5), yielding the following
solutions (with 9 = 0):

Paos = —= Poss
208 ) 026

2(Bo2 + bo2)

Py = —p201(P115 + p115) — a20( P16 + p11s) +
Sapo

(25a3y — Boz + bo2) Pagn

48(B§2 — b(%Z) 2

3 P01 7202 + 12(Boa + boo) a3y poxz
25az,
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(Boz2 + bo2)
+ ———=[3(Bo2 — bo2) + 5043y po21 p201
Sazo
Boz + bz 3 2 im0
——————[10(Bo2 — bp2)” + (Boz — bo2)~(32a5 + 11bgy)
5(Boz2 — bo2) [ 20
16(Bj, —bip) 4

= 2(Boz = bon) (72a3y + 53a3boz — 2b() = 7630ty | paoz = —— s P
20

(Bo2 + bo2)
T5a20(Boz — b2)

+ 4(Boa — bo2) (71053 + 10a3,box — 2b,) + 580a30bd, | p3or

[235(Boz — bo2)* — (Boa — boo)*(1118a3, — 253b)

12a3,(Boz + bo2)
5(Bo2 — boz)
+ 67a3gbo + 13b%,) + 2b%, (5a3, + 6b) |
48
" 5(Box — bp)?
piia = 4ax pox2 + 4(19052617;)[902) Paos + @[31(302 — bo2) — 100a30 | p201 pozi

_ 128(Bo2 — bo2) - ——
—7561%0 201

[2(Bo, — bo2)*(a3g — 4bo2) + (Boa — bo) (3443,

a30(Boz + bo2) B3, boa,

— [43(Bg — bm)’
306120(302—1902)[ (Boz = boo)

— 2(Boz — boa)*(73a3y + 10b02) + 4(Boy — bop) (12a5, + 43a3yboa — 8b3,)

100

+ 2324263, | p202 — (P115 + p115) P201
20b02] 450a20(Bo2 + bo2)

32(Bo2 — boz) A
75a3, 201

- 128(Bo> — bo2)> + 5(Boa — bo2)*(208a2, — 155b
225a§0(Boz—boz)[ (Boz2 — bo2) (Boz2 — bp2)”( %0 02)

— 4(Boz — bo2) (240a3, — 440a3yboz + 133b%,) + 560a3,b%, | p3o;
2

24y

15(Bo — bpo)?

+ (Boa — bo2)* (180a3, — 570a3gboz + 147b3,)

— 4(Boz — b2)b%, (21a3 — T1by) + 124b¢, ],

[88(Boz — bo2)* — 4(Boa — bo2)* (111a3, — 26bg2)

3(Boz2 + bo2)
Sax

24(53, ~ )

4a3, — 5(Byy — b +
(4asy — 5(Bo2 — bo2)) po21 2542,

Pii5=—piis+ D201 D202

_ 48(Bj —bgy) s (Boz + boo)

——— = [139(Boz — bpp)*
125a3, Paoi 50020(302—1702)[ (Boz = boa)

— 2(Boy — boo)* (48a3y — 271bga) — 4(Boz — boa) (297a3, + 163a3,boy — 68b%,)
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12

ma%woz + b02)3(2302 — bo2)(Boz — 2bgp).

—1 12“%019(2)2] p201 —

Then, solving Vg9 = 0 for pga; we obtain

2
45(Boz — bo2)
4
(Boz — bo2)? paoi

po21 = [26(Bo2 — bo2)* — (Boz — boz) (44a3y — 81bg2) + 36b3, | 201

(boa + Bon)?a3,(2Boz — bo2) (Boa — 2bon),

under which V9 =0 for all j.

For k = 10, we obtain 6 small-amplitude limit cycles. We solve V219 = 0 to obtain Prg9 =
—%P027, and V319 = 0 for Ppa7, Va9 = 0 for p11s, Vsi9 = 0 for P16, and V19 = 0 for poao.
These lengthy parameter solutions are not listed for brevity. Then V719 and Vgj( are given by

2457 (Boy + bo2) 64(Byy + byo)
T . Wgip=— ———2 02 . (53
V710 0216 p201 G7810 810 3 p201 G7810 (53)
where
5Bo2bon 5 5 5
G810 = 16(Bo2 — boz)[a4 + —————a5 + — (Bp2 + bp2) ] 54
20 2(Byy —boa) 0 16

Thus, with the condition in (52), V7109 # 0 if G7310 # 0, leading to 6 small-amplitude limit cycles.
To get possible more limit cycles from higher ¢ order Lyapunov constants, we set G7g10 = 0
which yields V;jo =0 for all j.

To solve G719 = 0, we note that the term in the square bracket is a quadratic polynomial in
a%o. To have positive solutions for a%o, it needs Bypbo2 (Boz — bg2) < 0 and its discriminate must
be non-negative, for which we have

— SB b 2 3232
o = bz |, [, (Bozzb%Q) ’
4(Boz — bp2) 5B, by,

showing that a%o can have one or two positive solutions provided that

0 < By < boo,

2 p2y2 3445
Boaboz <0, 1- (Bg, . bgz) > — 3 boy < By < bgp <0,
Boz — bo2 5Bg,bg,
3445 —3-4/5
0< #boz < B < ———b.
(55)

For k =11, we solve V,11 = 0 to obtain Prpig = —%P()zg. Then, using V;11, j=3,4,5,6t0
solve for Pysg, p116, P117 and pga3, respectively. Again we do not list these lengthy parameter
solutions here. With these solutions, we obtain

7 (Boz2 + bo2) 64(Bo2 + bo2)

Gosin, Vin = — G, (56
82944a20(Box — bo)? © ™ T T 5358 500 (Boy b2 O O

Vi =
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where

G811 = 2205 G7310 a20(Boz — b02)? 202 — 2(Boa — boa)? G1 p3g; + 504045, G2,
G1 = —31604(Bg, — bop)ayy + 8(683 B3,az, — 12112Bboa + 683b3,)a3,
+ (B — boz)(3253B§2 + 7282 Byabor + 3253b32), (57)
Gy = —36(Bp — boz)2a§0 +42(Boz — boz)(Bgz —4Boabo + b(z)z) 61%0
35(Bgy + 2B3,boa — 10BS,b%, +2Boaby, + bg,).
Thus, for k = 11, we also obtain 6 small-amplitude limit cycles if G811 # 0.

Finally, we continue to consider k = 12, for which we need G7319 = G7311 = 0 so that
Viio = Vj11 =0forall j. To achieve this, we may use “%0 to solve G7g10 =0, and p%m to solve
G7311 = 0 provided that GG, > 0. Before solving there two equations, we consider the Lya-
punov constants V;i2, j =2,3,...,8. Similarly, we solve V312 = 0 to obtain Pyp11 = —%P()zg.

Then we use P9 to solve for Vz1o =0, p117 for Va1 =0, Pyg for Vs1o =0, poa4 for Vg1 =0,
and pg2 for V712 = 0, respectively. Then, we obtain

(Boz + bo2) p201 5
V1o = — — 2315257 (Bos — bon) G 16384[108(Bg — b
812 1451520( Boy — boz){ 7 (Bo2 — bo2) G7810 p201 + [108(Boz — bo2)

+ (Boa — bo2)* (40a3 4 459b02) + (Boa — boa)* (430a3yboz + 567b%,)
+2(Boa — bo2)*(280aS, + 700a30boz + 755a3,b3, + 1085,)
+ 4(Boz — b2) (350a3,bG, + 540a30by, + 27b¢,) + 1080a3,b3, ] }-

(58)

Summarizing the above results, we can conclude that 7 small-amplitude limit cycles can be
obtained from the ¢!2-order terms as long as we can find solutions such that G710 = G7311 =0
but V312 # 0. There exist an infinite number of solutions, one of which is given below:

1
by = ~30"
R Y=
. _11_0 _ ay = it/4—22 105\/\5755_5 0.17971510- - -,
pn =22 TS ) \/ 286065628 3632607755 — ().02289181 - ,
under which G7g10 = G7311 =0, yielding
Vito=Vj1n=0 forall j,
Va1 = — 86627(326_1656*:(53)000 \/ 812697807810(16859771408 — 2270370899+/55)

=—0.21716684--- x 1076 £ 0.

The other parameter values are computed based on the obtained formulas. Denote these parame-
ter values as a critical point C. Moreover, a direct computation shows that
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Table 5.1

Bifurcation of limit cycles in system (2) under the center condition III.

ek-order Lyapunov Constants 1 2 3 4 5 6 7 8 9 10 11 12
Number of Limit Cycles 0 1 1 3 3 4 4 5 5 6 6 7

det|: 0(Va12, V312, Va2, Vsi2, Vei2, V712) }
0(Po11, Po29, p117, P118, po24, P202) Ic

3
7(—563381 + 8452+/55) [35(16859771408 - 2270370899\/5)} :

158544691200000000,/2 — 3 23219937366

= — 0.83664488--- x 10712 £ 0,

which implies that 6 small-amplitude limit cycles can be obtained by perturbing the parameters,
in backward, p202, po24, P118, P117, Po2o and Poo11. Finally, perturbing §12 to get one more
small-amplitude limit cycle, giving a total 7 small-amplitude limit cycles.

Note that the parameter values of by, and By, can be easily adjusted to change the values of

Vg12 and the above determinant.

This completes the proof for Theorem 1.2. O

Remark 5.1.

®

(ii)

It is seen from the above proof for Theorem 1.2 that the number of small-amplitude limit
cycles bifurcating in the quadratic system (2) under the center condition III, corresponding
to the e¥-order Lyapunov constants, are obtained as listed in Table 5.1.

A natural question arises: Is 7 the maximal number of limit cycles which can be obtained for
this case? Moreover, using other center conditions I, II, IV, V and VI, can more limit cycles
be obtained? These questions are left for future study.

It should be noted from the above proof for Theorem 1.2 that for each set of ef-order Lya-
punov constants Vjr, 2 < k < 11, we verify Vj; =0 for an enough large number j and
then assume that Vj; =0 for all j > 1. The proof for Theorem 1.2 is different from that for
Theorem 1.1. In proving Theorem 1.1, we first obtain all possible necessary conditions by
eliminating the *-order terms in the Lyapunov constants as many as possible, and then use
other approaches to prove the sufficiency. Thus, when we derive the necessary conditions,
there is no need to worry about if they are sufficient, that is, if the Lyapunov constants are
truly vanish up to infinite order, which certainly cannot be verified by computation. To prove
the existence of limit cycles using the ¥*!-order Lyapunov constants, theoretically we need
to show that all the Lyapunov constants vanish up to *-order, namely, the origin of the sys-
tem is a center up to X order. But this is extremely difficult or impossible to give such a
proof especially if the order is high.

In our proof for Theorem 1.2, based on system (46) which is a perturbed quadratic system
of (37) (noticing that (37) is the original quadratic system (2) under the center condition III),
we use the &!2-order terms to prove the existence of 7 small-amplitude limit cycles. That is,
theoretically we assume that all the Lyapunov coefficients vanish up to ¢!! order, and thus
the ideal normal form for the analysis of limit cycle bifurcation can be written as
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dr)=e2r[Vin+Vanar + Vapr? 4+ Vo r® + Ve r '+ 0+ e h(rye), (59)

with Vijp = €912 — ¢=6T312 x 267815 All the coefficients V12, j =2, 3, ..., 8 and the
tailed terms are functions of p2g2, po24, P118, p117, Po2o and P»o1. According to Theorem
2.41in [10] (p. 108), the tailed term &'3 h(r, ) can be ignored for & < r.

However, without assuming that all the Lyapunov coefficients vanish up to ¢!! order, it is
better to write the d(r) as follows:

d(r) =r[Vi(e) + Va(e)r + V3(e) r* + -+ V7(e) r® + Va(e) r’ + 0 ()], (60)

where Vj are named by the kth-order Lyapunov constant and Vi (¢) = 27112 Vi ja-j . For any
given ¢, when perturbing the parameters from the critical pint C, it is easy to obtain 7 zeros
for r under the condition that r is small enough, which correspond to 7 small-amplitude
bifurcating limit cycles. A concrete example has been constructed to verify this conclusion.

6. Conclusion

In this paper, we have discussed the center problem and bifurcation of limit cycles for planar
switching systems with a nilpotent equilibrium point. We have developed a perturbation ap-
proach so that the Poincaré-Lyapunov method can be used to compute the Lyapunov constants
of switching nilpotent systems. Using this new method, we have obtained the center conditions
for a class of quadratic switching systems with a nilpotent equilibrium point. Moreover, we have
constructed a perturbed system with one of the center conditions to show the existence of seven
small-amplitude limit cycles around the origin of the system. This is a new result on the lower
bound of maximal number of limit cycles for such quadratic switching systems with a nilpo-
tent equilibrium point. Future works in this direction may focus on the following two unsolved
problems in this paper: (i) Is 7 the maximal number of small-amplitude limit cycles which can
bifurcate in system (2) under the center condition (IIT)? (ii) Using all center conditions (I)-(VI),
what is the maximal number of limit cycles that the system (2) can have under appropriate per-
turbations?
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