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Abstract

The aim of this paper is to investigate two important problems related to nilpotent center conditions
and bifurcation of limit cycles in switching polynomial systems. Due to the difficulty in calculating the
Lyapunov constants of switching polynomial systems at non-elementary singular points, it is extremely
difficult to use the existing Poincaré-Lyapunov method to study these two problems. In this paper, we
develop a higher-order Poincaré-Lyapunov method to consider the nilpotent center problem in switching
polynomial systems, with particular attention focused on cubic switching Liénard systems. With proper
perturbations, explicit center conditions are derived for switching Liénard systems at a nilpotent center.
Moreover, with Bogdanov-Takens bifurcation theory, the existence of five limit cycles around the nilpotent
center is proved for a class of switching Liénard systems, which is a new lower bound of cyclicity for such
polynomial systems around a nilpotent center.
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1. Introduction

During the past several decades, a large number of works has been focused on the study of the
so-called Liénard equation,

X+ f(0)x +g(x) =0, (1

which frequently appears in many disciplines and applications [16]. The dot in (1) denotes deriva-
tive with respect to time ¢. By introducing y = F(x) + x = f(f f(x)dx + x, the equation (1) can
be brought to the following planar first-order differential system,

i=y—FQ),

y=—g), @

which is the so-called generalized Liénard system.

For the Liénard system (2), three important problems related to qualitative dynamical be-
haviors are classified as the center conditions, the number of limit cycles and the global phase
portraits, see [3,9,29,45]. Christopher [10] introduced an algebraic approach to classify linear-
type centers in smooth polynomial Liénard systems, which are called elementary singular points
characterized by a pair of purely imaginary eigenvalues. Further, such a center is considered as
global if the whole vector field of the system is filled with periodic orbits except for this point.
Later, Llibre and Valls [29] studied all types of generalized Liénard systems having a global
linear-type center.

Assume that the polynomials F (x) and g(x) are given in the form of F(x) =Y}, a;x' and
gx)=Y", bix'. The problem of the number of bifurcating limit cycles and their relative po-
sitions for the classical Liénard system (i.e., g(x) = x) is the well-known Smale’s 13th problem
[2,35]. The authors of [27] conjectured that the classical Liénard system can have at most ["T_l]
limit cycles, where [-] denotes the integer function. Maesschalck and Dumortier [32] proved that
some classical Liénard system can have at least ["2;1] + 2 limit cycles for n > 6.

It has been noted that much attention for the generalized Liénard system was paid to consider
the maximum number of limit cycles bifurcating from a monodromic singular point, which is
classified as either a center or a focus, usually called Hopf cyclicity, see for example [11,22,
23,38]. For the Hopf cyclicity at the origin of (2), Han [19] proved it to be [”771] + 2 when

g(—x) = —g(x); Tian and Han [38] showed it to be [2"51] when deg(g) = 2; and Tian et al.

[39] proved it to be [3”4—_1] when deg(g) = 3. Chen el at. [4,5] proved the existence of two limit
cycles in two classes of cubic Liénard systems, and analyzed their global dynamics. However, to
the best of our knowledge, the three problems for the general Liénard system are still open.

In recent years, increasing attention has been attracted to the research in dynamics of non-
smooth systems since non-smoothness has been included more and more in models describing
problems arising in engineering [6], epidemiology [37] and electronics [13], and in particular in
the generalized Liénard system [1,12,28,33,34]. For the non-smooth Liénard system (2), F(x)
and g(x) are usually assumed to be piecewise smooth. For example, Chen el at. [6] studied
the global dynamics of a mechanical system with dry friction, which can be transformed to a
piecewise smooth Liénard system. However, the center and Hopf cyclicity problems become
extremely complicated in switching systems. To overcome the difficulty, the authors of [17]
developed a useful approach for computing the Lyapunov constants for the switching polynomial
systems with an elementary singular point. With this method, they solved the linear-type center
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Table 1
The local qualitative properties on the nilpotent singular point (0, 0) of (2).
Conditions Type of the origin
m odd, by, >0 a center or a focus
an =0, by #0 m odd, by, <0 a saddle
m even a cusp
by <0 a saddle
consisting of one
m=2k+1 k>n—1,ork=n—1and A>0,neven | hyperbolic sector and
an #0, by #0, by >0 one elliptic sector
A = —4nby +n2al n<k—1,ork=n—1and A>0,n odd a node
n>k—1,ork=n—1and A <0 a center or a focus
k>n—1 a saddle-node
m =2k
k<n-—1 a cusp

problem for a class of switching Liénard systems. In [38,39], the Hopf cyclicities are obtained
for system (2) when F(x) is a piecewise polynomial having a switching manifold at x = 0 with
deg(g) =2, 3.

It should be pointed out that although many research results have been obtained on the center
problem and bifurcation of small-amplitude limit cycles for switching Liénard systems associ-
ated with elementary singular points, no attention has been paid to switching Liénard systems
associated with an isolated nilpotent singular point. By an isolated nilpotent singular point in
planar polynomial systems, it means that the two eigenvalues of the Jacobian matrix of the sys-
tem, evaluated at the singular point, are zero but the Jacobian matrix is not null, more details can
be found in [15,18,25,26,30,31,36,42,44]. From Theorem 3.5 in [14] we know that if m is the
smallest integer satisfying b,, 7 0, the multiplicity of the nilpotent singular point of system (2)
is exactly m. Further, let n be the smallest number for which a, # 0. Then, the local qualitative
properties on the nilpotent origin (0, 0) of (2) are summarized in Table 1.

Regarding Table 1, it is worth to mention that the origin of (2) is a monodromic singular point
and a cusp when the parameters satisfy

E1 = {(an.bm) €R?: ay, =0, byxy1 > O} J{(@n.bw) €R*: ay #0, boxy1 >0, k>n—1}

U {(@n.bw) €R*: @, #0, b1 >0, k=n—1, A <0}
3

and

E2 = {(an. bm) €R*: ay =0, by # 0} J{(@n. bm) €R?: a, #0, by #0, k <n—1},
“
respectively.

In this paper, we will develop a higher-order Poincaré-Lyapunov method to determine the
nilpotent center conditions and bifurcation of small-amplitude limit cycles in switching poly-
nomial systems. It is a more challenging and interesting compared to the works for switching
systems with elementary singular points. We will apply this method to investigate a class of cubic
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switching polynomial Liénard systems with a nilpotent singular point. Without loss of generality,
the cubic switching Liénard systems can be written in the form of the differential equations,

y—(ag+arx+a;x2+a;x3) £ >0
_(b+ +b+ +b+ 2+b+ 3) , L x =V,
(x)_ 0 1 X Tby X 3 X 5)

y—(a()_+a1_x+a2_x2+a3_x3) §x <0
—(by +byx+byx>+b3x3) |’ ’

where x = 0 is the unique switching manifold, and A = (a,.i, bf) eR% i=0,1,2,3, represents
the parameter vector. For the convenience in the following analysis, we call the system with “+4”
sign “the first system” and the system with “—" sign “the second system”.

Assume that (0, 0) is a singular point of (5). Then, we have agt = b(j)E = 0. Thus, the Jacobian
matrices of the first and the second systems of (5) evaluated at the origin are given by

+
+ —a 1
J _|:—b11i 0] (©)

The necessary and sufficient conditions for the origin of (5) to be an isolated nilpotent singular
point are Tr(J*) = det(J*) = 0, with JT not being identically zero. It is easy to obtain that
ali = bft = 0. Then, (5) is reduced to

yolay e daixh )
. i abiady ) N ET
X 2 3
(1)

y -2, -3
Y (Cizx +ci3):) , if x <O.
—(by x* + b3 x7)

It follows from Table | that different types of the nilpotent singular point can generate much
more rich dynamics than that of the elementary one, leading to that the determination of the
center conditions of (7) becomes more involved. In fact, the center of system (7) on the switching
manifold can be classified as two monodromic singular points, or a cusp and a monodromic
singular point, or two cusps. Due to this complexity it is extremely difficult to consider the
nilpotent center problem in the switching polynomial Liénard systems of general degree n. Here,
we derive the necessary and sufficient conditions for the center problem associated with the
nilpotent origin of the cubic switching polynomial Liénard system (7). We have the following
result.

Theorem 1.1. Assume b;‘ > 0and b, <0. The origin of the cubic switching Liénard system (7)
is a nilpotent center if one of the following conditions holds:

I: ay =af =b; =0, bj >0, b; >0;
II: a2i=a3i=0, b;>0, by, <0;

Il: a5 =by =ajby; —a;b) =0, aj (b +by)#0, b >0, b; <0;
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IV:ay =ay, ay =—a3, by =—b3 <0, by =b7; (®)
V: af:af:b;:o, by <0, b;‘>0;

VI: a2i=b2i=0, a;:—a;', b;:b;’>%(a;')2;

VIL: af =af =b5 =0, b >0, by > 0;

VII: a; =af #0, aj =—af, by =0, by =b7 > $(@h)™.

The next result further characterizes the nilpotent center (0, 0) of the cubic switching Liénard
system (7) to be global.

Theorem 1.2. Assume b2+ > 0and by, <0. The origin of the cubic switching Liénard system (7)
is a nilpotent global center if one of the following conditions holds:

Gi: af =af =0, b] >0, by > 0;

— + _* - + - + _ 1,42 ®)
Gy: ay, =a,, a5 =0, b, ==by, by =by > Z(az) .

Moreover, regarding the bifurcation of limit cycles around the origin of (7), we construct a
perturbed system using the center condition IV and obtain that the maximal number of bifurcating
limit cycles from the nilpotent origin of system (7) is 5. This is a new lower bound on the limit
cycles for such cubic switching Liénard systems around a nilpotent singular point.

Theorem 1.3. With the nilpotent center condition IV in Theorem 1.1, the cubic switching Liénard
system (7) can have at least 5 limit cycles bifurcating from the origin by higher-order cubic
perturbations.

The rest of the paper is organized as follows. In the next section, we present our high-order
Poincaré-Lyapunov method with some formulas which are needed in Section 3. Section 3 is
devoted to derive the nilpotent center conditions at the origin of system (7). The conditions on
the global nilpotent center of system (7) are obtained in Section 4. In Section 5, a perturbed
system of (7) is constructed to show the bifurcation of 5 limit cycles from the origin of (7).
Finally, conclusion is drawn in Section 6.

2. The high-order Poincaré-Lyapunov method

We consider the following switching nilpotent systems divided by the y-axis,

n n
(4 20 iy 3 Bi). i xz0,

o itj=2 i+j=2
(f, §) = ; ) (10)
<y+ Z Ai;xiyi, Z Bi;xiyj>, if x <O,
itj=2 itj=2

where A?E. and Bij; are parameters. We have the following proposition for proving the nilpotent
center conditions at the origin (0, 0), which is the common nilpotent singular point in both the
first and the second systems of (10).
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Proposition 2.1. Assume that the origin (0,0) of the switching nilpotent system (10) is mon-
odromic. If the first and second systems in (10) have respectively the first integrals 1 (x,y)
and 1~ (x, y) near the origin, and either both I1*(0, y) and I1~(0, y) are even functions in x or
I17(0,y) =17(0, ), then (0, 0) is a nilpotent center.

See [17] for more details about Proposition 2.1. In [24], the authors redefined the symmetry
of switching systems. By modifying the conditions, we obtain the following result for proving
the nilpotent center conditions of (10) at the origin.

Proposition 2.2. Assume that the nilpotent origin of the switching nilpotent system (10) is mon-
odromic. If the systems in (10) are symmetric with respect to the x-axis, i.e., the parameters on
the right-hand side of (10) satisfy

+ +
A= Bi,2k+1 =0, 11

L,

or the systems in (10) are symmetric with respect to the y-axis, i.e., the parameters on the right-
hand side of (10) satisfy

+ — + +
A —A A Byit1,

2k+1,j = 2k+1,j° =A

_ B + __p-
2k, j° =By By j=—By (12)

then the origin of (10) is a nilpotent center.

Now we introduce our higher-order Poincaré-Lyapunov method to study the switching system
(10), which establishes the relation between the unperturbed systems and the perturbed systems
based on Bogdanov-Takens (B-T) bifurcation theory. Hence, we consider the following perturbed
system of (10),

n n
Dex +y+ Z A;;xiyj+ Z P/:irjgkxiyj
i+j=n2 k=1’i+,{=2 , if x>0,
) it k=1,i+j=2
4)-
¥ n o n .
ex+y+ Y Agxy 4+ Y Pty
i+j=2 k=li+j=2 , if x <0,
—&2x + they + Z Bl.;xiyj-i- Z Q/?ijgkxiyj
i+j=2 k=1,i+j=2

where —g2x is called unfolding with sufficiently small ¢ > 0, At = V1,2, Aiij, Blj; Pl.]i., Q?;)
represent two parameter vectors. For convenience, we denote that (10) is the /imit system of
(13).

Note that the linear perturbation terms used in (13) are ¢2x rather than ex can avoid the
/€ and slk perturbation terms (k € Q%) in later transformed systems. Based on the relation
established for these two systems (10) and (13), and the B-T bifurcation theory, we directly have

the following lemma. More detailed discussions on this subject can be found in [7].
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Lemma 2.3. Assume that the origin of (10) is monodromic, and that the two systems in (10) are
limit systems of (13). If the linear-type elementary singular point at the origin of (13) becomes a
linear-type center, then the origin of (10) is a nilpotent center.

We give the following example to illustrate our basic idea, as it is known that the nilpotent
polynomial smooth systems can be transformed to the normal form (see [20]),

xX=y,
(14)
¥ = ar(1+h@)x" + bry (14 g0)) "+ y? p(x, y),
where k > 2, h(x), g(x) and p(x, y) are real analytic functions satisfying 4 (0) = g(0) = 0. For
example, we consider a codimension-2 symmetric B-T bifurcation of the cubic normal form (14),
given in the following form [21]:

xX=y,
3 5 (15)
y=¢e1x + &y +a3x’ +b3x"y,

where the terms €1x + &>y are called unfolding with small 1 and ¢;. Note that if 1 < 0, the
system (15) can have Hopf bifurcation near the origin from the bifurcation line &, = 0. It is
easy to check that the elementary origin of (15) is a center if and only if b3 = 0. The isolated
elementary origin of (15) is reduced to a nilpotent point when &1 — 0~ and g3 — 0. Furthermore,
it can be verified that the nilpotent monodromic origin (when a3 < 0) of system (15) without
unfolding is also a center if b3 = 0.

The difficulty arising from the problem of distinguishing a center from a focus in switching
nilpotent system (10) is that the problem may be not algebraically solvable. That is, it does not
have an infinite sequence of independent polynomials involving the coefficients of the systems
such that the Lyapunov constants vanish simultaneously, which guarantees the existence of a cen-
ter. We will show that the higher-order Poincaré-Lyapunov method we develop for the switching
polynomial system (13) to determine nilpotent center can overcome the difficulty. More details
are described below.

To achieve this, introducing the transformation (x, y, ) — (£3x, &2 y, é) into (13), we obtain

n
Dox —y+ Z Akij+()»+)8kxiyj
k=1,i4j=2
n

x+ty+ Z l?;;j+()u+)gkxiyf

; k—Li+j=2
O N
Uox —y+ Z Aij (W)ekxlyd

, if y=0,

k=litj=2 , if y <O,
x+ 91y + Z Brj (W)ekxtyl
k=1,i+j=2

where f{;ji(ki) and é;i/ji(ki) are the polynomials in the parameter vector A ™.
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With the polar coordinates transformation: x = r cos 6 and y = r sin 6, the perturbation system
(16) becomes the form,

n

Z c;;j (A7) cos @ sin@/ gkpiti

k0T |

l—:;] s if 0 ¢ [07 7'[]’

L+ Z dl:?j (AT cos @ sing’ gkpiti—l

dr k=0.i+j=1
@ S (17

Y (W) costl sindl ekt

k=0,i+j=1 .
i+j i ocinam

n
1+ Z dl.;(r)cose"sinef'ekr'*f—l
k=0,i+j=1

where cy; ji(ki) and c?k\,-/ji (A*) are the polynomials in the parameter vector AE.

Let (5,47, 6,0) =Y o v 0T, 6,0)6F and r=(§,17,6,0) = > ;o vy (AT, 8, 0)&F be
the solutions of the first and second systems of (17) associated with the initial conditions
rHE, AT, e,0)=r"(€,A7, &, m) = £. We denote by

nr @ =rtE a2t em =Y oot e met
k>1

and

M) =r 2" e2m) =) v (", e, mE",

k>1

the first half-return map IT*(£) and the second half-return map 1~ (£), respectively, where
vkjE (AT, &, ) are the coefficients in Taylor expansions. However, it is extremely difficult to com-
posite these two maps to compute the displacement map of (17). We may follow the procedure in
[17] and introduce the transformation (x, y, t) — (x, —y, —t) into the piecewise smooth system
(16) to yield

n
—x —y — Z A~ ) x (—y)
k=1,i+j=2

n
x=tiy+ Y Buj ()efx (=)

% k—Li+j=2
(y) - . - (18)
—hx—y+ Y Awj ek (=)

, if y>0,

=Liti=2 ., if y<0.
x=ty+ Y B hefalyd
k=1,i+j=2
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Then, the displacement function can be written as

d@§=T"E - M) =N"¢ -NEE =) V05 e.m)E, (19)

j=l1

where TTT (£) is the first half-return map of (18), and

o
vj()\i,s,n)=2vjke’<, ji=12..., (20)
k=1

in which Vj; denotes the jth eX-order Lyapunov constant, see [7] for more details about the
computation of the generalized Lyapunov constants. Hence, we can derive the center conditions
of system (13) by vanishing the & terms in these generalized Lyapunov constants, and then by
Lemma 2.3 we derive the algebraic conditions characterizing the nilpotent center of system (10).
Thus, we prove that these conditions are necessary for (0, 0) of (10) be a nilpotent center. In gen-
eral, these nilpotent center conditions can be satisfied by appropriately choosing the perturbation
coefficients ijf/. and Q,:fl. i

Further, we generalize our method to study the bifurcation of limit cycles from the nilpotent
center of the switching system (10). Actually, by B-T bifurcation theory, we may add the linear
perturbation term —e2x to the switching system (10) such that the system has a linear-type center
at the origin. Then we perturb such system by adding higher e-order terms, and compute the
generalized Lyapunov constants of the perturbed system. Finally, by using the higher e-order
Lyapunov constants [41,43], we find the bifurcation of limit cycles from the center as many
as possible. More precisely, with the result in [40], we derive the following lemma giving the
sufficient conditions for the existence of small-amplitude limit cycles around the origin of (10).

Lemma 2.4 (Lemma 4, [40]). If there exists a critical point ,y = (aic, Q2c, -, Ane) SuUch
that a set of sk-order Lyapunov constants satisfies Vig(As) = Var(hy) = -+ = Viyr(hy) =0,
Vn—&-l,k()hk) 75 0 and

[3(V1k, Vor, -+ Vak)
det
d(aic, Az, -+ 5 ane)

()»*)} #0, 2y

then small appropriate perturbations about . = A, lead to that the switching system (16) has
exactly n limit cycles bifurcating from (0, 0).

3. The proof of Theorem 1.1

From the results given in the precious section, we know that the nilpotent center of (7) at the
origin can be combined by a monodromic singular point or a cusp, i.e. the parameters satisfy the
condition Ej or E;. Firstly, assume that the origin in the first smooth system of (7) is a cusp,
then we have b;’ # 0. If b, # 0, then the origin in the second system of (7) is also a cusp with
multiplicity two. If b, = 0, we have the following statement: The origin of the second system
of (7) is a monodromic singular point with multiplicity three if and only if one of the following
conditions holds:
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Fig. 1. Two phase portraits of the cubic switching Liénard system (7) showing that the origin is a cusp for (a) ait = b;t =
lay =2,bf =—land by =—2;and (b) a5 =a5 =b] =1,b; =—1,bf =2and by =3

3
a, =b, =0, b3_>1(a3_)2;
(22)

1
by =0, ay #0, by > (@)

We only consider b;‘ > 0 and b, <0 because the origin of (7) cannot be monodromic when
either b; < 0orb; > 0, which are illustrated in the two phase portraits of system (7), as depicted
in Fig. 1. It is shown that when b; < 0 the first system of (7) has two seperatrices connecting
the origin and two singular points in the right half Poincaré disc, see Fig. 1(a). Similarly when
b, > 0 the second system of (7) has two seperatrices connecting the origin and the other two
ones in the left half Poincaré disc, see Fig. 1(b). Thus, the origin cannot be a center when either
by <0orb, > 0.

Example 3.1. Two different phase portraits of the cubic switching Liénard system (7), as de-
picted in the Poincaré disc, show that the origin is a cusp for b;r = —1 (see Fig. 1(a)) or by =3
(see Fig. 1(b)).

Next, we discuss how to apply the higher-order Poincaré-Lyapunov method to derive the
nilpotent center conditions for the origin of system (7). With perturbations added to system (7),
we obtain the following perturbed systems,

y — (a;')c2 + a;'x3) + ZskP;(x)
k=l . if x>0,
—e2x — (32 + b33+ ) ot
k=
<x> - ! (23)
Y y—(aZ_x2—|—a3—x3)+ZekPk_(x)
k=1 .
, if x <O,
—&2x — (by x> + by x%) + Z e 0 (x)
k=1

where
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Pki(x) = p,iczx2 —|—pki3x3, Q,f(x) =q2:2x2 +q,§§x3,

in which p,ﬁ, q,ﬁ are real parameters. It is very difficult for computing the generalized Lyapuov
constants of (23) with large number of parameters. So we only consider the e2-order pertur-
bations. Further, introducing the transformation (x, y, t) — (&3x, &% v, é) into system (23), we
obtain

—y — (bF +qHe?)y* — (bFe? + gy’ 0
9 1 y— 9
; x — (a3 e+ pre)y? — (a5 &% + pe)y? o
vy v — (b 4 a2V — (b2 4 amet)y3 (24
y (2+Q228 )y (35 + gy3¢ )y .
B T, T, . if y<O.
X —(ay, €+ pye”)y —(a38 + Py3€ )y

Then, we consider two cases: b, =0 and b, < 0 to obtain the nilpotent center conditions by
considering each ith ¢*-order Lyapunov constant.

3.1. Case l: b, =0
We use the higher-order Poincaré-Lyapunov method to compute the generalized Lyapunov

constants associated with the origin of (24). The first two generalized Lyapunov constants are
Vi(e) =0 and

4 _ _
Vo) = 3[(@ —ay) + (0 = pp)e’] e (25)
By (22) we consider the two subcases: (i) a; =0, by > 3(a3)%, and (i) a; #0, b3 > 3(a;)>.
(i) ay =0, by > %(a; )2. Setting the ¢-order and &3-order Lyapunov constants in V;(¢) zero
yields the necessary center conditions a; =0 and p,, = p}}. Then, the 3rd generalized
Lyapunov constant is obtained as

T _ _ _
Vi(e) = — §[3a;’ +3a3 — 265 pi, + Bp; + 305 — 2054, — 2p5ha5,)6% ] & .

Letting the e3-order and &3-order terms in V3(g) equal zero we obtain the following condi-
tions,

Pt = 3(a5 +a3)
22 27

- _ + + + + -+ + - -
Pr3 = _(_bz P23 +a3 Gy, +as3 4y +az gy t+ag ‘122)-

Then, we have the 4th generalized Lyapunov constant, given by

4
Va(e) = —= [4aj (b3)° — Mi&? + Mae*] &,
1563
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(i1)

where
My =3abT +3a5 by —3ai by —3a; by —4(b))? py; — da;y b g +4af by g5,
Ms = 4bS p.qs, +4b3 praay, — 4atatay, — 4as a5, — 4at (g5,)* —4as (g5,)°
2 2 Pr3dx ) P23 — 443 4Gy — 443 4y, — 4a3 (g az 4y
- 3a3+q2§ - 3a§q;3 + 3a3+q;3 +3a5 q55.
Letting each ¢ term in Vi4(¢e) be zero, we obtain the conditions:
a; =0,

3ay by —3af by +4ai by q22
4(b+)2

Py =
1
_ -+ + — — = tot
93 = b_+( b an +b3 a3 — b3 ay + b3 a5 + b1 433).
2
Then, we have

Vs(e) = — + g6 + apnen) 22 (b +7b3) + Mae?] &,

b
m 3 by
where

=9(b7)? — 185 by +9(b3)* — 14bF b g3, + 14b5 b3 ¢ — 265 b g5,
+2b3 b3 45, + 16(b3 ) q55.

a;r =0 (leading to Vs(e) = 0) gives the condition I. Otherwise, if a;r # 0, setting the other
e terms in Vs(g) zero we obtain

bf =—7b7. qf= [36(b3) + 7b3 b3 a3y + b by 455 ]

1
e

Further, under the above conditions, we have the 6th generalized Lyapunov constant given
by

128

Ve(e) = — W 5

by (b5 +ghe +gpe?)’e’ #0

when a;' #0.

a, #0,b; > %(az_ )2. Setting the e-order and g3-order terms in V> (g) zero yields the nec-
essary center conditions a, = a;r #0and p,, = p;a. Then, the 3rd generalized Lyapunov
constant is given by

Vi(e) = [2a2 b — (3ai +3ay —2b3 piy — 245 q5, — 2a5 g3,)e* — 3p3; +3pa;

— 2p2‘2q2+2 — 2}7;_2(]2_2)84]8 #0.
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3.2. Case 2: bz_ <0

Similarly, setting each ¢ term in V;(¢) zero yields the necessary center conditions a, = a;
and p,, = p;'2. Then, we obtain the 3rd generalized Lyapunov constant,

Va(e) = [2a2+(b+ +b5) — (3ai +3a; —2b3 piy — 2b; pi, — 2 ¢ — 2a 455)€?
— (P33 +3p5 — 2505 — 2p5ha5)et Je.
Considering the ¢-order term in V3(¢), we have two subcases: (i) a; =0, and (ii) b; +b, =0.

(1) Assume that a;“ =0and 192+ +b, #0. We let the g3-order and &°-order terms in V3 (¢) equal
zero to obtain the conditions,

o, = 3(“3+ +a;)
27205 +by)

- + o+ - 4 + + -+ + - - -
P2 = m(bz Py +by Pyy — a3 4y —az gy —az gy —ay 922)-
P )

Then, the 4th generalized Lyapunov constant becomes

Va(e) = [4bT +b3)(ay b —afby) — Mae® — Mse']e?

15(b5 +b5)
where
My = 3a$ b} +3a;bT —3ai by — 3a; by +4(b3)* p3; + 865 by p3y +4(b3)* pi,
—4ay by g5, — 8ay by gy, — 4az by g3y — 4az by gy, +4a3 by g5,
Ms = 4b3 pFia5, +4b pihay, — 443 (45)° —day (q5)* +4b3 Pr3dm +4b3 pr3an
— 443 4ha5 — 443 4ax + 303 435 + 303 qyy — 343 4y, — 343 455

Thus, we have

J’_ —
ay b,
+
b,

—3a3 b+ + Sa;'b + 4a;'b2 q22 + 4a;'b2_q2+2
4b3 (b + b))

as = v Py =

by setting the &3-order and &>-order terms in V4 (¢) zero. Then, Ms is simplified as

-+ + - - - + + -+ + - - -
Ms = T (b3 ‘122 by gy + b3 dy — by 4y — by dyy — by 4y + by Gy + by dy3).
2

DIt a;r =0, we obtain M5 = 0, leading to a condition included in the condition II.
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1.2) Ifa # 0, we have

+ _ -+ + - - = + = - -
3= 17 - b (b3 a3 — b3 a3 + b3 a3 — b3 4y + b3 4y + b5 43)
2
by setting Ms = 0. Further, we obtain the 5th generalized Lyapunov constant,

Sa;'n
256b5 (b3 + by )?

Vs(e) = — [b3 + b5 + (¢35 + g5,)e?][2(bF + b3 )Mo + M7e?]e’

where

Me = b3 (b] +7b3) + b3 (1b5 + b3),

M7 =9(b)? — 18b3 by +9(b7)* +2b3 bt ¢y + 2b5 b g5, — 2b3 b3 g5 — 2b3 b3 g5,
+ 1455 b} g5, + 14b, b g5, — 14b3 b3 g5, — 14b5 b3 5y + 16(b3 )¢,
+ 3253 b5 g5 + 16(b5)2q5;.

Since aj; (b+ + by ) # 0, the only possibility for Vs(e) = 0 is Mg = M7 = 0. Considering

Mg =0, if b;‘ +7b, #0, we have b;‘ = %; and if b;‘ = —7b, , we obtain Mg =
2 2

—48b, by = 0 which yields b; = 0 due to b, < 0. Thus, we consider the following two
subcases.

(.2.1) 1 bt = T2 tbaoby

SR setting M7 = 0 yields

B 1 ;. -
q23:7(b;r+7b;)2[ 36(b )"+ b, b3 q22+7b b3 q22+7b b3 Gy, +49b; b3 qnl.

Then, we obtain the 6th generalized Lyapunov constant,

128
315b5 (b +17by)

_ — — 3
Ve(e) = — a;'b3 [b;' +b, + (q;z + qzz)ez] &

If b3_ =0, we have Vg(e) = 0, and this necessary condition is included in the condition III.
Otherwise, we have Vg (¢) # 0 when b;‘ +b, #0.
1.2.2)If by = b; +7b, =0 we have

45 ZW[ 3(b3)? +4b; b g5, + 28b5 b g55]
2

from M7 = 0. Then the 6th generalized Lyapunov constant has the following form

8
Ve(e) =— m b [6b2 + (Clzz +q22)8 ] & #0.
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(i)

Assume that b; =0, we have Vg(¢) = 0. Combining the necessary conditions from (i.2.1)
and (i.2.2), we obtain the condition III. Otherwise we have Vg(¢) # 0 when a3 # 0.

Assume that b, + b;r = 0. Consider two subcases: (ii.1) az+ =0 and (ii.2) a;“ #0.
>1.1) If a;“ =0, setting each ¢ term in V3(¢) zero we have

ay; =—ay,
1 _
P23 = 3(=3P3 +2P543 +2P2d5)-

Then, the 4th generalized Lyapunov constant is given by

8
Vi(e) =— — (Ms + M982) e,
45
where
Ms = —3b3 p3, + 3b3 p, — 6a3 g + 4b3 phas, — 6aF 45, + 4b3 phas,.
+ + + . +42 + - + + - + + + -
Mo = 6p;3ay, —4P35(425)" +6P305 = 4022822825 + 312923 — 312243
(ii.1.1) If g5, = —gq3,, it follows from Mg = Mo = 0 that either by = b, q53 = 55, or

p22 = 0. The first choice leads to a necessity condition included in the condition IV. For the
second choice, we have the 5th generalized Lyapunov constant,

15 _ _
Vs) = o (a4 phe?) (bF — b5 + aie — ae?) e

which yields a3+ = p;% = 0 by setting Vs(¢) = 0, leading to a condition included in the
condition II. Combining the subcases (i.1) and (ii.1.1) we have the condition II.

(ii.1.2) If g5, # —q5,, we have

1

+ + + -+ + + + + + -
az = T —(=3D3 py, +3b5 pyy +4b; pyrdy; +4b;y Prrdsn)
6(q5, +4dy)
+ + 482 + + - + + + -
Po3 [4p22(q22) +4p28292 — 304925 + 31’22‘123]

6(g5 + q5)
by setting Mg = Mg = 0. Then, we obtain the 5th generalized Lyapunov constant,

Sm

Vs(e)=— — >
5() 384(¢5, + 43)

Py (Mo +2M118% + M126?) &2,

where
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Mo =3(b] —b3)(3by —3b; —4b5 q5, —4b3 q5,),

M1 = b3 (g3,)" + b5 (455)” + 863 43,03, + 8b3 45545, + Tb3 (45,)” + b3 (42)°
+9b7 g5 — 9b3 453 — 6bF 45q55 — 6b5 45,055 — 96T 453 + b3 53 + 6b5 43545,
4+ 6b;q2_2q2_3,

M2 = 2(90)7a3; + 16455450 + 14(a3,)7 453 +9(a53)” + 14(92) 033 + 16455470073
+2(92) a5 — 18033053 +9(933)".

_ 305-b])

T 4gytay)’

erwise, we have by = b;’ from Mo, which leads to a necessity condition included in the

condition IV.

(11.2) If a; # 0, letting the g3-order and &-order terms in V3(e) equal zero we obtain the
conditions:

If P;z =0or b;’ we have a; =0, which is included in the condition II. Oth-

_ 3af +3a; —2a5 g,

4y = )
2 2a;
N T S S
— _ A3 Py taz py —ady Py
Py = + :
)

Then, we have the 4th generalized Lyapunov constant, given by

8
Va©) = 7o (a7 M13 + Mige” + Mise) e,
2

where
My3 = —2af by —2a; b3 +af b] —af b3,
My = 3(a3+)2 + 3a3+a; — Za;b;pzrz — Za;b;pzrz —l—ajbgrp;2 — a;b;p;z
—2a3 ay g3, — 2a5 a3 43, + (a3) g3 — (@3) g,
o+ -+ + 4+ + - 4+ + + 4+ + + 4+ -
Mis = 3ay pyy + 3ay py3 — 2a3 Pyrdyy — 205 Pyrdyy + Gy Prrdas — Gy Prndas-

Setting M3 = M14 = 0, we obtain the conditions:
- 1 +1+ -1+ +1+
b3 = —+(—2a3 b2 - 2(13 bz +a2 b3 )7
a

_ 1 _ _
933 = L 3@d) +3ad ey 2 ey, —2aay g + (03]
2
.. + — .. + a+p+
Then, two subcases follow from M5 = 0: (ii.2.1) a3 +a; =0and (ii.2.2) py; = %
2

(1i.2.1) If a;' + a3 = 0, which is combined with the necessary conditions from (ii.1.1) to
yield the condition I'V.
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+ o+
(ii2.2) If pJ; = a-;f” , then we have V4(¢) = 0 and obtain the 5th generalized Lyapunov
2

constant,
T
Vs(e) = — ——— (ai + a7)(ad + pheH)[2af Mg + M 76> 85,
5(e) 128(a;_)3( 3 3)(a;, + py, )[ > Mi6 17 ]
where
Mo = —Tai by —a; b +4af b7,

M7= 21(61;_)2 + 3a;'a3_ — 14a;'a;_q22 — Za;'a;qig + S(a;)zqig.
Setting M1¢ = M17 = 0 results in

Tai by +ay by

b+: 2—,
3 4a;'
1
4 +42 + — + + + I
q23=—q—+[21(a3) +3Cl3 as —1402 az 4y — 2a2 as q22]’
23

under which the 6th generalized Lyapunov constant becomes

8 _
Ve(e) = 105( )4( ;r +a; )3(41;r + p;rzsz)(Zcz;rb;r — 3a§“82 + Za;rq;zgz) e’ #£0

with a3 + a3 #0.

The above results give the necessary nilpotent center conditions for system (7) at the origin
when the origin of the first system of (7) is a cusp. Now we consider the center conditions
associated with the origin of the first system of (7) being a monodromic singular point with
multiplicity three if and only if one of the following holds:

af =bf =0, bf> —(a %
(26)
by =0, af #0, bi> 5 (a;)z.

If b, < 0, the origin in the second system of (7) is a cusp, which is a similar case to that discussed
above, leading to the condition V in Theorem 1.1. Hence, we assume that one of the conditions
in (22) holds. Then, the origin in the second system of (7) is also a monodromic singular point.

Setting the second generalized Lyapunov constant (25) zero, we find two cases: either a;’ =
a, =0or a; a, # 0 when the conditions in (22) and (26) are satisfied. The detailed analysis for
the two cases are given below.
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3.3. Case 3: a; =a, = 0

The second generalized Lyapunov constant becomes
4 _
Va(e) =3 (P — Pp) &

Setting V2 (¢) = 0 yields the condition p,, = P;z‘ Then, the 3rd generalized Lyapunov constant
is given by

Vi(e) = — %[3(a3+ +a3) + Bph+3py — 2phad, — 20han)e?] €.
Letting the g3-order and &>-order terms in V3(¢) equal zero we obtain the conditions,
a; =—ay,
Py = %( =333 + 295205 + 2P04n).

Then, we have the 4th generalized Lyapunov constant, given by

8 _ _
Va(e) =5 [363 +b3)ps +6a3 (a3, + ) + Mige?]
where

+ + + 442 + - + + - + + + -
M8 =6py3ay, —4P35(425)" + 6P3382 — 402422920 + 3122823 — 322423

Setting the g3-order term in Va(e) zero yields three necessary center conditions: (i) a; =0
and b; = b7, which leads to conditions included in the condition VI; (ii) a” = p3, =0, giving
the condition VII; and (iii) a3 # 0 and g5, = ﬁ(—b; P+ b3 ph —2aiq).

For the case (iii), by Mg =0 we have
1 _ _ _
933 = 33 303 Py = 3b3 P33 — 263 Py + 263 Py + 303 4n;)-
3

Then, we have the 5th generalized Lyapunov constant, given by

S5

Vs(e) =~ 1152(a7 )2

(bF — b3) [54(af)? — af Myge? — Maoe?] &3,

where
Mg =— 7b;(p;2)2 — b3_(p;_2)2 — 36a;p;3 + 12(1;_[)2_2(,];_2,
Mag = —21b5 (ph)? piy + 2163 (p) pii — 54a7 (p33)* + 14b5 (P45,
— 14b37(p;r2)3qz+2 + 36a;p;2p2+3q2+2 — 24a§r(p;“2)2q273.
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Since a; # 0, we have bi = b; from V5(¢) = 0. Combining the conditions from the subcases
(i) and (iii), we have the condition VI.

3.4. Cased:afay; #0

Setting each ek -order term in Va(g) zero yields the necessary center conditions a, = a;r and
Dy = p2+2. Then, the 3rd generalized Lyapunov constant is given by

T _ _ _ _
Vi(e) =— §[3a; +3ay — 2a;q;'2 - 2a;q22 + (317;'3 +3py; — 2p;'2q;2 — 21’;2‘122) 82] &
Letting the &3-order and &7-order terms in V3(¢) equal zero we obtain the conditions,
_ 1 _
az = g(_3a;r +2a; g5, +2a5 q45)),

1
- + + o+ + -
Py = §(3P23 + 2P0 +20340))-

Then, 4th generalized Lyapunov constant becomes

1
Va(e) = 5 [48a5 (b5 +b3) + 16My16? +225af plyme® + 16Mpe +225p3, piwe®] &3,
where
My = Sb;pjz - 3b3—p;r2 + 6a;rq;’2 — 4a;(q;2)2 + 6a;rqz_2 — 4a;q;2q2_2 + 3a;q;’3 — 3a;q2_3,
+ _+ + 442 + - + 4+ - + + + -
M2y = 6p;53d5, —4P3(d5)" = O0P3340 — 4P2242282 + 320423 — 3P22403-

Letting the ek -order terms (k = 3, 5, 6, 7) in Va(e) equal zero we obtain the following conditions:

1
— +_ - + o+ T2 + - b+ - o+
by =by, py=0, gy= 30t [6a3 a2y —4ay (q7y)" +6a3 g5y — 4ay 43rd5, +3a3 433 ].
2

Then, M, is reduced to

6 _
My = _FQ;PZ(QS—Q + 922)-
2

If g5, = —q2+2, we obtain a; = —a;' , yielding the condition VIII. Otherwise, we obtain the 5th
generalized Lyapunov constant, given by

1 _
Vs(e) = — W(c]; +¢5,) [300(a;)?bT 7w + 257 Moze? — 6144a) af p3,e’
2

— 50pt,m Mase® — 6144a (pi)?me’] e,
where
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Mys = 27(61;)2 + 12a2‘b§'p3‘2 — lScl;'a;'q;’2 — 2(a;)2(q;2)2 + 3a;'a;'q2_2
= 2(a) 454 + 1200345,

2 — —
Moy = 9a3 3 + a3 (q35)* — 1243 43 + a3 4547, — 605 q35-

With b7 > §(ay)?, we have Vs(e) # 0 when af p3, = 0 and g5, + g5, #0.

To this end, we finish the proof for the necessity of the conditions in Theorem 1.1. Next, we
prove the sufficiency of these eight nilpotent center conditions.

If the condition I in Theorem 1.1 holds, (7) is reduced to

(y, —(bfx* + b;x3)), if x>0,
(x,y)= 27
()’7 —b3_x3), if x <O.

The two systems in (27) are Hamiltonian systems, having respectively the Hamiltonian functions,

IT(x,y)= %yz + %b;)ﬁ + %b;)ﬁ and I (x,y)= %yz + %b;x“,
which implies that the condition 77 (0, y) = I~ (0, y) in Proposition 2.1 is satisfied. So the origin
of system (27) is a nilpotent center.

Similar to the proof for the condition I, we can derive the Hamiltonian functions (which are
polynomials similar to the above I *(x, y)) for system (7) with the condition II, or V or VII to
show that the origin of (7) is a nilpotent center for these three cases.

If the condition III in Theorem 1.1 holds, (7) becomes

+.3 +.2 .
y—az; x’, —byx7), if x>0,
=] L 2) (28)
(v —ayx®, —b3x?), if x <0,
with—z%z:—zl;zh>0, # 1. Then, system (28) can be rewritten as
3 2
+.3 +.2 .
y—as x”, —byx°), if x>0,
=]V s )2 , (29)
(y+ha3+x,hb2+x ), if x <O.

Then, we apply the integrating factors:

9a))? 9ay)?

+ —
= and =
3(ad)2x3 —3afy — by ” —3(ay)2hx3 —3aiy — by

uw

respectively to the first and second systems of (29) to obtain the first integrals:

It (x,y)=—3ajy+bSIn|-3(af)*x3 +3a]y + bS], for x >0,
I~ (x,y)= —3a§'y+b3'ln|3h(a;)2x3 +3a;y+b;|, for x <0,
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Fig. 2. Phase portraits for (a) system (27) with b3 =1, b3 = =2, by =1, (b) system (28) withaf =1, b} =2, aj =
=2, by =—4,and (c) system (30) with ay =1, af =2, by =1, b3 =-2.

which clearly shows that I7(0, y) = I~ (0, y), implying that the origin of the system (29) and so
the system (28) is a center.
If the condition IV in Theorem 1.1 holds, (7) can be rewritten as

(y—(a;xz—f—a;xS), —(b;x2+b§x3)), if x>0,
(x, y)= (30)
(y—(a;xz—a;f), —(—b;x2+b;x3)), if x <O,

which is symmetric with respect to the y-axis, and by Proposition 2.2 we know that the origin of
(30) is a nilpotent center. Similarly, since (7) is symmetric with respect to the y-axis when the
condition VI or VIII holds, the origin of system (7) is a nilpotent center.

In the following, we present examples for the above systems (27), (28) and (30) to show global
phase portraits with a nilpotent center at the origin.

Example 3.2. The global phase portraits of the switching Liénard systems (27), (28) and (30)
with three sets of parameter values show a nilpotent center at the origin, as illustrated in the
Poincaré disc of Fig. 2.

4. The proof of Theorem 1.2

We recall the notion of Poincaré compactification of switching differential systems. This com-
pactification identifies R? with the interior of the closed unit Poincaré disc D? centered at the
origin of coordinates, and extends the switching differential systems to the boundary of D2,
which is called the circle of the infinity. The switching manifold is indicated by the dash line
“— — —”in D2. The singular points on the boundary of Poincaré disc are called infinite singular
points. More details about the Poincaré compactification for switching polynomial systems can
be found in [8].

With the results in [29], we have the proposition which characterizes the global center of
switching polynomial systems.

Proposition 4.1. [Propositions 5, [29]] Consider the switching polynomial system (10) which
has a unique finite center at the singular point. Assume that the infinity of (10) is not filled of
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singular points. Then, the center is global if and only if all the infinite singular points in D?, if
they exist, are such that the local phase portrait of each infinite singular point is consisting of
two hyperbolic sectors, where the two separatrices are on the circle of the infinity.

Suppose the origin of the switching Liénard system (7) is the unique monodromic finite sin-
gular point. Then, the remaining finite singular points, given by

by’ b)?

et =ty = (_ by _(b3)*(ay’by — ajbé’))

and

by (b)) asby —dz_b3_)>

e:(x’y)::<_b3’ (b3 )3

in the first and the second systems of (7) must be virtual, i.e., x™ < 0 and x~ > 0. Hence, we
have the necessity conditions:

Gl ={by =0, bj #£0},
(3D
Gy =1{b] >0, bj >0}

and

Gy =1{b; =0, by #0},
G; = {b; <0, by >0}.

(32)

Next, we consider the infinite singular point of (7). For studying the dynamical behaviors
in the circle of the infinity, we use the local charts: Uy = {(z1, 22) € D2 : z; > 0} and Wy =
{(z1,22) €D?: zx <0}, k = 1,2, with the corresponding diffeomorphisms,

dr: U — R?, Vi Wi —> R2, (33)

defined by ¢ (z1,22) = (2, L) = (u, w) and Y (z1,22) = (2, 1) = (u, w). Here, the coordi-

[T 2%
nates (u, w) play different lmlés in the distinct local charts. Thés, tile corresponding vector fields
of (7) in the local charts Uy and Wj are given by

u _ —b;+a;u—b;w+a;uw—u2w2 (34)
w w(a;—l—a;rw—uwz)

and

(1%)z(—b;—i—a;u—b;w—}-a;uw—uzwz), (35)

w(a; +a, w— uw?)
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+ +

respectively. We derive the possible infinite singular points (i%’ 0) or (%, 0) which are nodes.
3 2

It follows from Proposition 4.1 that the origin of (7) cannot be a global center in these cases.

Hence, the systems (34) and (35) cannot have these infinite singular points when the origin of (7)
is a global center. Therefore, the conditions (31) and (32) become

G =1{af =af =b] =0, b7 >0},
Gf ={af =0, b >0, bT >0}, (36)
Gi ={af =0, b =0, b] #0}

and

Gl_z{az_:a;:bgzo, b, <0},
G, ={a; =0, b; <0, by >0}, (37

Then we consider the following cases.

(1) Firstly, we consider the case GT NG/ , for which system (7) becomes a quadratic switching
Liénard system. Since the expression of the quadratic switching system (7) in W5 is the one in Us
multiplied by —1, the flows in the local phase portrait around the origin of W> have the opposite
direction compared to the ones in U,. Thus, we only need to study the dynamics around the
origin in U,. Then, in the local chart U, we have the following system,

b+3
(w“: 2 4 ) it u>0,
i by u“w
<.>= (38)

b*3
(“’J_r 2! ) if u <0,
byu w

where both the two origins of the first and the second system of (38) are nilpotent singular points.
Note that if the origin of U, is an infinite singular point, it must come from the combination of
the two origins of the first and the second systems of (38). Since b; >0and b, <0,itis easy to
verify that the origin of the first system of (38) is an unstable node while the origin of the second
one of (38) is a stable node. Thus, it follows from Proposition 4.1 that the origin of (7) cannot be
a global center.

The above analysis shows that the infinite singular point of the quadratic switching Liénard
system (7) in U does not consist of two hyperbolic sectors. This implies that three is the lowest
degree of the first and the second systems of the switching Liénard system (7) to have a global
nilpotent center. Thus, we only need to consider the case G;L N Glf, i,j=2,3.
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(ii) For the case GiJr N G;, i, j =2,3, we obtain the following system from (7),

b+ 4 +.2 +b+3 + 2
U ;zzuf) 2+uw w Cifuso,
i u“w(bz u + by w)
(0)-

w -4 _ =2 -3 2

b — b

sut—slutbute? o o
u w(by u + b, w)

in Uy with u > 0 and u < 0, respectively. Since system (7) is a cubic switching system, the
local qualitative property of the origin of W, has the same sense with respect to the one in U,.
Obviously, the origins of the first and second system in (39) in U, are singular points which are
linearly zero. In order to understand the local qualitative properties around these two singular
points, we apply a direct blow-up (u, v) — (4, w) with v = % to eliminate the common factor u,
yielding

(u(b;uz—a;'uv—l—b;uzv—i—vz)) >0
b 1 u_ b

i (a;'u—v)v2
)= et a2 (40)
bt s b VY ) e o,
(ay u—v)v

where the two origins are singular points with linearly zero. We do a further blow-up (u, v) —
v

(u, V) with V = - to obtain the following system,

u’

b —afV +bTuv +v2
M(i a2+ + zz + )2 ’ lfuzo’
P —V(bf =24V +biuv +2vV?)
( )= 41)

4 u(b;—az_V+b2_uV+V2) .
7 _ _ o | if u <0,
—V(by —2a, V+byuV +2V?)
where the common factor 2 has been eliminated.
When (a;r )2 — 217;r < 0, for u = 0 the first system of (41) has a saddle at £1 = (0, 0). Going
back through the change of variables we get that the local phase portrait of the right origin in
U» has two hyperbolic sectors and one parabolic sector, see Fig. 3. When (a2+ )2 = 21)3+ # 0, for

u = 0 the first system of (4 1) has two singular points at £y = (0, 0) (a saddle) and at E, = (%, 0)
(a saddle-node). Again, going back through the change of variables we find that the local phase
portrait of the right origin in U; has two hyperbolic and two parabolic sectors, see Fig. 4. When
(a;r )2 — 2b§r > 0, for u = 0 the first system of (41) has three singular points at E1 = (0,0) (a
saddle), Ex 3 = (%(a;r + ((a;r )2 — 2b§|r Y2, O) (a saddle and a node). Going back through the
change of variables we obtain that the local qualitative property of the right origin in U, has two
hyperbolic and two parabolic sectors, see Fig. 5. In the last two cases the local phase portrait of
the origin in U, can only consist of two hyperbolic sectors.

Similarly, if (a, ) — 2b; < 0, we derive that the local qualitative property around the left
origin in the second system of (39) has two hyperbolic sectors if and only if (a, )2 — 2b; <O.
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D
A A

Fig. 3. Local phase portraits around the origin of the local chart U, with (a;' )2 — 2b§' < 0 for (a) the first system of (41),
(b) the first system of (40), and (c) the first system of (39).
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Fig. 4. Local phase portraits around the origin of the local chart Uy with (a, 2 - 2b§' =0 for (a) the first system of (41),
(b) the first system of (40), and (c) the first system of (39).
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Fig. 5. Local phase portraits at the origin of the local chart U, with (a, )2 Zb; > 0 for (a) the first system of (41), (b)
the first system (40), and (c) the first system of (39).

By combining the right of origin in the first system of (39) and the left of the origin in the second
system of (39), the local phase portrait of the origin in U, consists of two hyperbolic sectors,
where the two separatrices are on the circle of the infinity. Thus, the switching Liénard system
(7) can only have a global center at the origin if condition

G={af =0, bJ >0, by <0, (a))* —2bT <0, (a;)> —2b; <0} 42)
holds. Thus, by Theorem 1.1 we have proved Theorem 1.2.
In fact, combining the conditions I, I, V and VII of Theorem 1.1 and the above condition

G, we obtain the condition G| of Theorem 1.2. From the condition III of Theorem 1.1, we have
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a; a; # 0 which contradicts the condition G, and thus the origin of system (7) cannot be a global
center. From the conditions IV, VI and VIII of Theorem 1.1 together with the condition G, we
obtain the condition G, of Theorem 1.2.

5. The proof of Theorem 1.3

In this section, we prove the existence of 5 small-amplitude limit cycles by perturbing the
nilpotent origin of the cubic switching Liénard system (7) under the center condition IV. More
precisely, with the center condition IV, we perturb system (7) to obtain

6 5
y— (@ x?+aix®)+de® + ) o+ e (pha’ + plix’)

= k=l . if x>0,

—&2x — (b;x2 + b;x3) + X:Ek(q,j'zx2 + q,j;x3)

% B k=1
v) = 6 5
y= (maf Pt af ) + ) o+ Y ek (ppa + ppa)

k=1 k=1

5
—&e2x — (b x? = bfx¥) + Zek(qk_zx2 + g%
k=1

, if x <O.

(43)
Denote by one parameter vector

*« _ o+ 4 34+ 1+ o+ o+ 4+ 4
AT = (a2 7“3 ) b2 1b3 ,d, 51: szs pj3s q./'2’ q.j3)’

i=1,2,..,6, j=1,2,..,5. Further, introducing the scaling (x, y, 1) — (¢%y, &3x, £) into (43),
we obtain a system up to £°-order terms,

5
—y— b;yZ _ b;82y3 _ ngqu-zyZ _ ng+2quéy3
k=1 k=1
6

5
x4 Zekfsky —(af ey +af ) — Zekﬂp]jzyz _ ng+3plgy3
k=1 k=1 k=1

% if y >0,
(5)- 5
—y _i_b;ryz _ b;82y3 _ Z“Sk‘l/:zyz . 28k+2qk—3y3
k

=1 k=1

6 5
X +Z8k5ky—(a;rsyz—a;€3y3)+d86—28k+1[7]:2y2—28k+3p;:3y3
k=1 k=1 k=1

if y <O.
(44)
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Note that we let the constant term be zero, i.e., d = 0, when we compute eX-order Lyapunov
constants. By using the generalized Lyapunov constants, we start from the e-order terms to de-
termine the number of limit cycles. Thus, we need to find e*_order center conditions such that all
the £¥-order Lyapunov constants being zero when we want to obtain more limit cycles by using
ek 1 order terms. That is to say that the origin of the system is a center up to e*-order, see [41].
Finally, we perturb the coefficient d of the constant term to obtain one more small-amplitude
limit cycle.

More precisely, to prove the existence of small-amplitude limit cycles around the origin, we
compute the higher-order Lyapunov constants Vj; for j =1,2,...,5and k =1,2,...,6. We
start from k = 1. For a fixed k, we choose appropriate parameter values such that as many as
possible higher-order Lyapunov constants vanish.

First, for k = 1, we obtain that all e-order Lyapunov constants are zero when §; =0, i.e.,
Vi1 =0forall j.

Next, for k = 2, we have V| = 8,7 = 0 when §, = 0. Then, we solve V5, = %(p]_2 — p?‘z) =0
to obtain

- _ +
P12 = P2
under which the 3rd £2-order Lyapunov constant becomes
s _
V3o = 7 a;(qlz + 611+2)
Setting g, = —q1+2 yields V3 =0 forall j. So, for k = 2, we can have 2 limit cycles by perturb-
ing &, and p, with V32 #0.

Now, consider k = 3. We have Vi3 =0 with §3 =0 and Vo3 = %(p{z — p;rz). Solving Vo3 =0
we have

- _ o+
Py = Po-
Further, the 3rd &3-order Lyapunov constant is obtained as
T _
Vi3 = Z a;— (6122 + CI;_z)
Setting g,, = —qu yields V;3 = 0 for all j, which indicates that for K = 3 we can have 2 limit

cycles if choosing V33 # 0 and perturbing 83 and p,,.
For k =4, solving Vo4 = V34 =0 we have

2 2
- _ 4+ s g + + +
Pp=r3p and p= gaz 43 + gaz q3 — P13»

under which the 4th e*-order Lyapunov constant becomes
8 _ _
Vag == 7= a5 (dapby +4b7'q3+ 3413 = 3q13).
Setting V44 = 0 we have
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4 4
- + - + + +
qi3= _§b2 d3 — gbz 43 —413»

leading to Vj4 =0 for all j. So, for k =4 we can have 3 limit cycles by choosing V44 # 0 and
perturbing 84, p, and pi;.
For k =5, we similarly obtain

- +
P4y = P4
by solving Vs =0, and
2 2 2
_ - 4+ - + + + t +
Pz =3932P12 + 3942% + 3% 94 + 3P12493 = P23

by solving V35 = 0. Then, the 4th £3-order Lyapunov constant is given by

8 _ - -
Vas = =703 (4a3,q)s +44b7 +4b5 4 + 401505, + 3053 = 3055)-
Setting

4 4
- _ + - -+
dy3 = _§q12432 - 5‘142b2 -

4

4
+ o+ + o+, o+
3b2 94 — 3912932 T 923

3

under which Vs =0 for all j. This implies that 3 limit cycles can be obtained for k = 4 if
choosing V45 # 0 and perturbing 85, p,, and p,;.
Finally, for k = 6, similarly by solving Vig = V26 = V36 = 0 we obtain

- _ o+
Psy = Psp»

P33 = 39005 + 39nPh + 3459 + 30345 + 5Ph0h + 3P0ds — i
Then, we solve V46 = 0 for g3 to obtain
05y =~ 5o 952 63+ e o+ daspe b+ daf bl
+ 4a;'q1+2qj2 + 4a;q;2q3+2 - 6q3_2a;' — 3a;q3'§ — 6a;q;'2),
under which the 5th £%-order Lyapunov constant is reduced to
ST o 4+ = 4T
Vs6 = — g (22 b5 = 3a30;)(45, + a3)-
So letting
(2ay by —3aibi) (g3, +955) =0
yields Vs = 0 for all j. Therefore, for k = 6, we can obtain 4 limit cycles for choosing Vs¢ # 0.
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Summarizing the above results, 4 small-amplitude limit cycles can be obtained from the £°-
order Lyapunov constants. Assume that pz'z # 0, a direct computation shows that

d(V1e, Ve, V36, Vas) 82
det[ — 45 a;p;‘rz#o’

8(865 p;27 q;’év q;},)

which implies that there exists 4 small-amplitude limit cycles by perturbing the parameters, in
backward, J6, ps,, q3+2 and q;g.

One more small-amplitude limit cycle is obtained by perturbing d, leading to a total 5 small-
amplitude limit cycles. For d and ¢ sufficiently small, the switching system (44) has a small
sliding segment on the switching manifold y = 0 with the end points at (0, 0) and (x,, 0), where
xe = —de® is the unique root of the equation y = 0 in the second system of (44). Thus, the sliding
segment shrinks to (0, 0) when ¢ goes to zero.

For the point (x., 0) on the switching manifold y = 0 with x, < x, < 1, we define a bifurca-
tion function,

d(xevg): H+(xe’8) - Ht(xe’g)’ (45)
for which has two small positive constants &; and &, such that IT"(x,, ) : (0, 1) — (—&1,0)
is the first half-bifurcation function of (44), and TTT (x, €) : (xg, xs + €2) = (x¢ — €2, x¢) is the
second half-bifurcation function derived from the second system of (44) by the transformation

(x,y,t) > (x, —y, —t). By the polar coordinate transformation x = r cosf and y = r sinf, we
have

M (xe,e) =V, (@)xe + O(x}) and T (xe,8) =Vy (e) + V] (©)xe + O(x)),  (46)
where

1
Vo (e)=2de® +0(7) and ViE(e) = iiaﬁneﬁ +0("), (47)

It follows from (45) and (46) that Vo = —2d and Vig|q—0 = §¢7r. Hence, we obtain the g%-order
Lyapunov constants Vg, Vig, Va6, V36 and Vae, which are independent of the parameter vector
A*. Therefore, we have proved the existence of 5 small-amplitude crossing limit cycles near the
origin of cubic switching Liénard system (7).

To end this section, we provide an example with exact critical parameter vector A* to demon-
strate the existence of 5 small-amplitude limit cycles. To achieve this, we need to find 5 positive
roots which are solved from the displacement equation (19):

dE) = Vo(l*) + VIOHE + -+ + Va(WE + Vs(WE + 0 (%) = 0. (48)
As discussed above, we have V;(1*) = Vj6s6 + 0(&%), j=0,1,...,5. Hence, (48) becomes
d(§) = (Voo + Viek + -+ + VagE* + Vs6&)s® + 0(e7) = 0. (49)

In general, it is a very challenging task to find the perturbed parameter vector to give a numerical
realization. However, for our system the parameters in the displacement equation are linearly
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decoupled. Thus, we can obtain these values by perturbing exactly one parameter for one higher-
order Lyapunov constant such that equation (48) has 5 positive roots.

In the following, we construct a concrete example. First, note that the critical parameter vector
A* given above satisfies that Vie=0,j=0,1,...,4,but V56 # 0, and V56 does not contain any
non-zero lower-order ¢ terms. Thus, we can take perturbations in the backward order: on qs for
Vs6, 0n g3 for Vag, on pas for V3g, on ps, for Vog, on 8¢ for Vie, and on d for Vie. In particular,
with the help of Maple taking the accuracy up to 60 decimal points, we set the free parameters
to take the values:

+ g+ o+ o+ o+ o+ 4+ 4+ 4+ o+
ay =by =P, =Pp=P53=P5 =4 =4n =43 =433 =4 =95 =1,

(50)
ai —=3=0b] +2=¢q3;+2=0,
and choose the following values for the perturbed parameters:
d*=d—5x10731, 8 =86 —3.2x 10721,
Py = P+ 15x 10718, pr¥= p—85x 1078, (51)

433 = 433 +0.0188.

With the above perturbed parameter values, we obtain the perturbed £®-order Lyapunov constants
as follows:

Vog = —1.0 x 10739, Vie ~ 1.0053096491 x 1020,
Vag &~ —2.0006218904 x 10~13, V36 ~ 1.0013826592 x 1077, (52)
Vie ~ —0.0100266667, Vs6 & 6.5449846949,

for which the displacement equation (49) has 5 positive roots:

&1 ~0.0015219219, £ ~7.3120695527 x 1076, & ~2.6762403416 x 107°,

&4 ~5.1472016794 x 1078, & ~9.9669521943 x 1071,
(33)
which are approximations of the amplitudes for the bifurcating 5 small-amplitude limit cycles.

6. Conclusion

In this paper, we have studied the nilpotent center problem and the limit cycle bifurcation
problem for switching nilpotent systems in R?. We have developed a higher-order Poincaré-
Lyapunov method to compute the generalized Lyapunov constants for switching nilpotent sys-
tems. By using this method, we derive the nilpotent center conditions for the origin of the
switching cubic polynomial Liénard systems. Further, we characterize all the switching cubic
polynomial Liénard systems to have a global nilpotent center. Finally, we construct a perturbed
system with one of the center conditions to show the existence of 5 small-amplitude limit cycles
bifurcating from the nilpotent center, which is a new lower bound of the maximal number of limit
cycles in such switching cubic Liénard systems with a nilpotent singular point. The methodol-
ogy developed in this paper can be applied to investigate complex dynamics of other nonlinear
systems with nilpotent singular points.
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