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In this paper, we study dynamics in delayed van der Pol-Duffing equation, with particular
attention focused on nonresonant double Hopf bifurcation. Both multiple time scales and center
manifold reduction methods are applied to obtain the normal forms near a double Hopf critical
point. A comparison between these two methods is given to show their equivalence. Bifurcations
are classified in a two-dimensional parameter space near the critical point. Numerical simulations
are presented to demonstrate the applicability of the theoretical results.
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1. Introduction

Recently, much attention has been focused on the
study of high-codimensional bifurcations, since they
may exhibit complex dynamical behaviors such as
quasi-periodic solutions and chaos. Center manifold
theory and normal form theory are usually applied
to analyze stability and bifurcation of dynamical
systems (e.g. see [Guckenheimer & Holmes, 1990;
Kuznetsov, 2004; Wiggins, 1990]). Especially, in
delayed differential equations (DDEs), due to time
delay, higher-codimension singularities may occur
more frequently than that in ordinary differen-
tial equations (ODEs). Even for a scalar DDE,
it is possible to have bifurcation of limit cycles
and even higher-codimension bifurcation phenom-
ena, (e.g. see [Choi & LeBlanc, 2006; Hale, 1997]
and references therein).

Several methods have been developed for com-
puting the normal forms of differential equations,
for example, multiple time scales (MTS) [Nayfeh,

fAuthor for correspondence

1973, 1981] and center manifold reduction (CMR)
[Guckenheimer & Holmes, 1990; Hale, 1997; Has-
sard et al., 1981; Wiggins, 1990]. For a dynamical
system described by ODEs, multiple time scales
method is systematic and can be directly applied
to the original nonlinear system, without the appli-
cation of center manifold theory [Yu, 1998, 2002;
Zheng & Wang, 2010]. In fact, this approach com-
bines the two steps involved in using center mani-
fold theory and normal form theory into one unified
step to obtain the normal form and nonlinear trans-
formation simultaneously. Based on multiple time
scales, Yu [1998, 2001, 2002] developed Maple pro-
grams for computing the normal forms of Hopf
bifurcation and other singularities. These programs
can be “automatically” executed by using a com-
puter algebra system for a given ODE system. The
basic idea of the center manifold theory is employ-
ing successive coordinate transformations to sys-
tematically construct a simpler system which has
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less dimension compared to the original system,
and thus greatly simplifying the dynamical anal-
ysis of the system [Guckenheimer & Holmes, 1990;
Kuznetsov, 2004; Wiggins, 1990]. The multiple time
scales can also be directly applied to DDEs without
the application of center manifold theory [Das &
Chatterjee, 2002; Hu & Wang, 2009; Nayfeh, 2008].
In contrast, by the center manifold theory, one
needs to first change the retarded equations to oper-
ator differential equations, and then decompose the
solution space of their linearized form into stable
and center manifolds. Next, with the adjoint of the
operator equations, one computes the center man-
ifold by projecting the whole space to the center
manifold, finally calculating the normal form on the
center manifold [Faria & Magalhaes, 1995; Jiang &
Wang, 2010; Ma et al., 2008; Revel et al., 2010; Wei,
2007; Xu & Yu, 2004; Yu et al., 2002; Yuan & Wei,
2006].

In the research of nonlinear dynamical systems,
the van der Pol-Duffing equation is one of the most
intensively studied equations. This celebrated equa-
tion originally was a model for an electrical circuit
with a triode valve, and was extensively studied as
a host of a rich class of dynamical behaviors, includ-
ing relaxation oscillations, quasi-periodicity, ele-
mentary bifurcations and chaos [Kuznetsov, 2004].
It is well known that the limit cycle oscillations with
strong stability property are important in applica-
tions, hence, being able to modify their behaviors
through feedback is a question of interest. On the
other hand, most practical implementations have
inherent or feedback delays, the presence of which
leads to the appearance of complex phenomena
in the autonomous van der Pol-Duffing equation,
such as Hopf-pitchfork bifurcation, double Hopf
bifurcation and Bogdanov—Takens singularity, etc.
[Jiang & Yuan, 2007; Jiang & Wei, 2008; Wang &
Jiang, 2010; Xu & Chung, 2003; Xu et al., 2007].

In this paper, we consider the nonresonant dou-
ble Hopf bifurcation in the following van der Pol
equation with delayed feedback:

B(t) + wiz(t) — [b— 2 ()] (t) + Ba>(t)
= Alz(t —7) —x(t)], (1)
where wg, b, v, B are positive real constants, A

is feedback strength, and 7 is time delay. XuI

et al. [2007] employed the perturbation-incremental
scheme (PIS) to investigate the weakly resonant
double Hopf bifurcation and dynamics of sys-
tem (1). In this paper, we will study nonresonant
double Hopf bifurcation of (1) by using two methods
to compute the normal form of the system, namely,
the multiple time scales and a combination of the
method of normal forms and the center manifold
theorem. A comparison between the normal forms
shows that the two methods are equivalent. Fur-
thermore, we carry out the bifurcation analysis and
numerical simulations. We will show that there exist
a stable fixed point, stable periodic solutions and
stable quasi-periodic solutions in the neighborhood
of the double Hopf critical point.

The rest of the paper is organized as follows.
In Sec. 2, we consider the existence of double
Hopf bifurcation in the delayed van der Pol sys-
tem (1), and use two methods to derive the nor-
mal form associated with double Hopf bifurcation.
Then, bifurcation analysis and numerical simula-
tions are presented in Sec. 3. Finally, the conclusion
is drawn in Sec. 4.

2. Analytical Study

In this section, we consider the van der Pol-Duffing
equation with delayed feedback, described by (1),
and use the MTS and CMR methods to derive the
normal form of the system.

2.1.

The characteristic equation of the linearized equa-
tion of (1), evaluated at the trivial equilibrium
xr =1 =0, is given by:

System formulation

M b+ wi+A— A =0. (2)

To find possible periodic solutions, which may
bifurcate from a Hopf or double Hopf critical point,
let A =iw (i? = —1,w > 0) be a root of (2). Substi-
tuting the root into (2) and separating the real and
imaginary parts yields

{w% + A —w? = Acos(wT),

bw = Asin(wT),

(3)

from which we obtain

—2w3 — 24)% — 4(wg + 24w?)

\/2A +2wd — b2 £ /(b
w12 =

2 )
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under the assumption:

2A +wd >0,
(24 — b?)% — 4wdb® > 0.

Further, it follows from (3) that

1 < w§ — wi 2) .
—— |arccos | 1 + ———= | + 257|,
wLQ A
6) _ for A > 0,
1,2 r 2 2
1 wp — Wi .
— |27 — arccos| 1 + ———= | + 2jm7|,
wLQ A
for A <0,

where 7 = 0,1,2,.... Thus, a possible double Hopf
bifurcation occurs when two such families of sur-
faces intersect, with 7, = T(lj) = Tél), where 5,1 =0,
1,2,.... The equality 7. = ng) = Tél) implies
that the linearized system on the trivial equilibrium
has two pairs of purely imaginary eigenvalues +iwq
and 4iws. Assume wiq:ws = ki:kso, then a possi-
ble double Hopf bifurcation with the ratio kq : ko
appears. When ki, ky € Zy, it is called a ky: ko
resonant double Hopf bifurcation; otherwise, it is
called a nonresonant double Hopf bifurcation. In
this paper, we only consider the nonresonant double
Hopf bifurcation, for which

k

w1 = \/—1w0\/2A+w%,
ko
k

Wy = \/—2wm/2A+wg.
k1

2.2. Multiple time scales

We treat the feedback strength A and the delay 7 as
two bifurcation parameters. From 7. = ng ) = Tg),
I, j = 0,1,2,..., we get the critical value A..
Suppose system (1) undergoes a double Hopf bifur-
cation from the trivial equilibrium at the critical
point: A = A., 7 = 7.. Further, by the MTS, the
solution of (1) is assumed to take the form:

ZU(t) = Exl(TOaT17T2a .. ) + €2$2(T07T1,T2, . )
+3ay(To, Ty, Ta, ) + -+, (6)

where T}, = €¥t, k =0,1,2,.... The derivative with
respect to ¢ is now transformed into

=Dg + €Dy + €Dy + -+,

where the differential operator D; = a‘;, i = 0,

1,2,....

We take perturbations as A = A, + €2A, and
T = 7.+ er. in (1), where A, is called a detun-
ing parameter [Nayfeh, 2008]. To deal with the
delayed terms, we expand x;(Ty — 7. — e7e, 11 —
€(tetere), To— X (1e+ete),...) at (T —7¢, Th, To)
for j = 1,2,3,.... Then, substituting the solutions
with the multiple scales into (1) and balancing the
coefficients of €” (n = 1,2,3,...) yields a set of
ordered linear differential equations.

First, for the e'-order terms, we have

D(Q)ﬂil + (Ac + w%)xl — bDgxy — Acﬂih-c =0, (7)

where r1 = CEl(Tg,Tl,TQ) and Tlr, — CEl(TO —
Tey Th, Ta). Since +iw; and +iwe are the eigenval-
ues of the linear part of (1), the solution of (7) can
be expressed in the form of

x1(Ty, T, T»)

= G1(Th, Ty) sin(w1Tp) + Go(T1, Ts) cos(w1Tp)

+ G3(T1, Ts) sin(waTp)

+ G4(Th, T3) cos(waTp). (8)
Next, for the e?-order terms, we obtain

D(2]:L'2 + (A + w%)xg — bDgxo — Acxor,

= —2D1Dgxq + bD124
— Ac(1eDoz1r, + 7.D1217,). 9)

Substituting solution (8) into (9) and simplifying,
we obtain the following equation:

D(2]332 + (Ac + w%)ﬂfg — bDgxo — ACQZQTC
+ P COS(wlTo) + P Sin(wng)
+ P3 cos(woTp) + Pysin(weTp) =0,  (10)

where P; (1 =1,2,3,4) are given as follows:

0G, 0GH
P =20, 2L 82
L= %~ Yan
+ AcTewn |G cos(wiTe) + G sin(wi )]
8G2 aGl .
+ AT, T cos(wiTe) — T sin(w17e) |,
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Py, = Actew: |Gy sin(wyTe) — G cos(w1Te)]

g, 0G2 0G1
Yor,  Tom
+ AT [(?9—6;11 cos(wyTe) + g—% sin(wm)] ,
0G3 0G,
Py =20, 0708 T4
ST 2% T Vo,
+ AcTews |G cos(wate) + Gy sin(wat,)]
6G4 8GS .
+ AT [8—Tl cos(waTe) — T sm(ngc)] ,
Py = Actews |G sin(wate) — G4 cos(wate)]
0G, 0Gs
BV R SR Sk}
“Yor T Uomn
8G3 8G4 .
+ AcTe [8—Tl cos(wate) + T sm(ngc)] :

To avoid occurrence of secular terms in the
solution of (10), the coefficients of cos(w;Tp),
sin(w;Tp) (i = 1,2) in (10) must be set to zero,
ie. P, =0 (i = 1,2,3,4). Therefore, 32, 952 50
and % are solved from the four linear equations
in terms of G1, G2, Gs and G4. Then, Eq. (10) is

reduced to

D(2]332 + (Ac + w%)CEQ — bDgzo — ACCEQTC =0, (11)

where z9 = x9(Ty,T1,T) and xo,, = xo(Ty — Te,
Ty, T,), and thus, the particular solution of (11) is

Further, for the e3-order terms, we similarly
obtain

D(Q):L'3 + (Ac + w(%):(}3 — bDox3 — AC:L'3TC
= —2D2D0:L'1 — 2D1D0:L'2 — D%xl — Aexl

- 733%]:)0331 - ﬁl’? + Ae'xlrc - AC(TEDOszC

+ TCDI',EZTC + 7—c])25517'c + TEDlxlTC)
A
+ b(Dg:L'l + Dlajz) + TC(TED(Q):UHC

+ T?D%xm + 27.7.DoDy214,), (13)

where r3 = CEg(TQ,Tl,TQ) and X3r, = 333(T0 —
Te, 11, T2). Substituting the solutions (8) and (12)
into (13) and letting the coefficients of the terms
which may generate secular terms in the solution
equal to zero, yields the derivatives g—%, g—%, g—%

g—%‘ expressed in terms of G, G, GG3 and Gj.

The above procedure can in principle continue
indefinitely (to any high order). Finally, the equa-
tions for G, G9, G3 and G4 are given by

and

G1 = €eD1Gy + €DyGy + -+ -,

. (14)
Gy =eD1Gy + €2D2G2 +--,
G’3 = 6D1G3 + 62D2G3 + - (15>
G’4 =eD1G4 + 62D2G4 + -

Let G1 == R1 sin(@l(t)), G2 = R1 COS(@l(t)),
G3 = R2 sin(®2(t)) and G4 == R2 COS(®2(t)). Sub-
stituting these expressions into (14) and (15), and

x9(To, T1,To) = 0. (12)  truncating the equations at O(e?) yields the follow-
| ing normal form in polar coordinates:
O0R; Acwilay cos(wiTe) + by sin(wy7)] [b1 cos(wiTe) — by — aq sin(wq7¢)]
- _ Ry, Ri1A,
T, @+ ), 17t PEa !
38b1 + wiya; 9 3Pb1 +wivar 5
+ T?R - R R, — ——————RY,
Ot S v R @
ORy Acwolag cos(waTe) + by sin(waTe)] [b2 cos(waTe) — by — ag sin(waTe)]
= — 3 D) 27—6 2 P R2A6
aTl (a2 + b2)7_c ag + bg (16)
38ba + wayas 38ba + wayas
2 2 3
Ry — — 5 “Ri{Ry — —“5——"R3,
PO T Ty T a g e
6@1 9 3a1ﬁ — blwlfy ) 30,15 — blwl")/ 9
—— =56+ H
o, ~ TN @ T @)
692 9 3a2ﬁ — bgwg’y ) 30,25 — bzcuz")/ 9
—S =0+ H R R
(om — T @) T gy
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where
a; = 2w; — Actesin(wiTe), by = Actecos(wiTe) — b,

B wi(aZA2b;7. + 2a3wib? + AP T, + w?bf + a?w? — 2a; A2w;biTe — a; A27T2wib? — a} A272w?) sin(w;T.)

Q. i ‘e ey
' Te(a? + b2)2(Acte — cos(wiTe)b — 2w; sin(w; )
QAETC(aib? — wibf — a?wi + a;?’ + Tcwib? + a?Tcwibi) cos(w;Te) — AcwiTc(a? + bf)2
27.(a? + b2)2(Acr. — cos(wiTe)b — 2w; sin(w;Te))
2Acw? (a%wi - af’ - wib? - aibz2 - a%nwibi - Tcwibf) sin(2w;7e)
Te(a? 4 b2)2(Acte — cos(wiTe)b — 2w; sin(w; 7))
202 Ac(b3 — 2a;bw; + a?b; — adTew; — a;b?w;Te) cos(2w;Te)
Tc(a? + b?)2<AcTc — cos(w;Te)b — 2w; sin(w;e)) ’
5 — [ai(w? + wi + A — Accos(wiTe)) — biAesin(w;Te)] e B [a;(cos(w;Te) — 1) + by sin(w;T.)] A
Z (af +b7)7e aZ + b7 ’
I — [w?(a? + b%)2 — A%Tcwi(a?nwi — bf’ — a?bi + 2a;w;b; + aﬂcwibf)] cos(w;Te)
=

Te(a? + b?)%(Acte — cos(wiTe)b — 2w; sin(w;e))

AcTszz (a? + b12)2 - wiAch(wib? - 7—cWin:‘3 - a?wi + a? + aib? + a?rcwibi) sin(wiTc)
Te(a? 4+ b?)2(Acte — cos(wiTe)b — 2w; sin(w; )

3 2 2 27,2 213 2, .2, 2
2Awi(ajw; — a;w; + wiby + Twib; + ajwb; + aiTcwsb;) cos(2w;Te)

7'C(az2 + b%)z(ACTC — cos(w;Te)b — 2w; sin(w;¢))

2Acw;i(wib? — 2a,w2b; + a2wib; — a}Tw? — a;Tw?b?) sin(2wiTe) Lo
_ i=1,2.
Te(a? + b2)2(Acte — cos(wiTe)b — 2w; sin(w; )

Y Y

2.3. Center manifold reduction I
The trivial equilibrium of (18) is x = y = 0. At the

In this secti te th 1 f e .
n this section, we compute the normal form near .. point (A, 7) = (Aq, 7.), we choose

the double Hopf bifurcation critical point (A, 7.)

using the CMR method. First, let @ = y. Then, TN, =0,
system (1) can be rewritten as n(0) = {0, 0 € (-1,0),
d_.I:y(t) _TCN27 9:_17
d with
d
Y~ —Bel®) + 1o — 2Ol - pre) 7 (0
dt Nl - 9 ’
—wj—A:. b
+ Alz(t — 1) — x(t)].
\ ) 0 O
Rescale the time by ¢t +— (¢/7) to normalize the Ny = (A 0)-
delay so that system (17) becomes ¢
da . Then, the linearized equation of (18) at the trivial
i Ty(t), equilibrium is
dX(t)
d ~ ~ - - N\ ;
= bry(®) — wira(®) + Arle(i - 1) - o(D) - e
0 2
_ 2.7 N 3(F where L0¢:f_1 dn(0>¢(0>7¢€C:C<[_170]7R )7
\ yre(ty(t) = frat(d). and the bilinear form on C* x C (x stands for

(18)  adjoint) is
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0 0
We),000) = ¥0)00) ~ [ [ vie - Opan@)o©)ie

in which ¢ € C, ¢ € C*. Then, the phase space C is decomposed by A = {+iw;, fiws} as C = P & @, where
Q={peC:(¢,p)=0,for all » € P*}, and the bases for P and its adjoint P* are given respectively by

eiwlrcH efiwm'cg eiwzrce efiwzfcg
d(0) = ) . . )
( ) iwlewlfco _iwleﬂwme iw2elu}27’69 —i(,U2€M2T69 ’
and
hl (b _ lwl)efiwlfcs _hlefiwlrcs
‘1} hl (b+ iwl)elwlrcs 7h161w1’res
S) = .
( ) hg(b _ iw2)671u&7¢s — hoge~iwaTes ’
hg (b + iw2)61w27'cs 7h261w2’res

where hj = (b — 2iw; — Acree @iT) ™l j=1,2.

We also use the same bifurcation parameters given by A = A, + A, and 7 = 7. + 7- in (18), where A,
and 7. are perturbation parameters, and denote € = (A, 7). Then (18) can be written as

%}J@ L)X, + F(Xs,e), (19)
where
L(e)X; = ( (e + 72)y7(0) )
C b+ )yi(0) — wA(7e + 7)7i(0) + (Ao + Ac) (7o + 7o) [zg(—1) — 27(0)] )
and

F(X{,S) = <

We now consider the enlarged phase space BC
of functions from [~1,0] to R2, which are contin-
uous on [—1,0) with a possible jump discontinuity
at zero. This space can be identified as C x R2.
Thus, its elements can be written in the form ¢ =
© + Xoc, where ¢ € C, ¢ € R? and Xy is a 2 x 2
matrix-valued function, defined by Xy(f) = 0 for
6 € [-1,0) and X((0) = I. In the BC, (19) becomes
an abstract ODE,

du

i Au + XoF (u, ), (20)

where v € C, and A is defined by

A0t B, Au= 4 x, [Lou— du@],
i i

and

F(u,e) = [L(e) — LoJu + F(u,¢).

By the continuous projection 7w : BC +— P,
(¢ + Xoc) = ®[(¥, ¢) + ¥(0)c], we can decompose
the enlarged phase space by A = {Fiw7, tiwaT.}

0
—(Te + Tg)ib'%(())yt"(()) — B(1e + Tg)x;;’(()) ) '

as BC = P @ Ker™, where Ker™ = {¢ + Xyc :
(¢ + Xoc) = 0}, denoting the Kernel under the
projection 7. Let n = (n1,71,m2,72)T, v; € Q' =
QN C! ¢ Ker™, and Agr the restriction of A as
an operator from Q' to the Banach space Ker™.
Further, denote u; = ®n + v;. Then, Eq. (20) is
decomposed as

d -
T = B+ VO (@ + g0,

(21)
dvy
dt

where B = diag{iw;, —iw, iwg, —iwa }.
Next, let M % denote the operator defined in
V§(C* x Ker™), with
Mj : VE(CY) = VE(CY),

(M3p)(n,€) = Dyp(n,e)Bn — Bp(n, ),

where V§(C?) represents the linear space of
the second-order homogeneous polynomials in six

= Alef + (I — W)X()F(‘I)n + vy, 6),

1350014-6
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variables (n1,71,72,72,¢) with coefficients in C%.
Then, it is easy to verify that one may choose
the decomposition V§(C*) = Im(M3) @ Im(M3)*
with complementary space Im(M3})¢ spanned by the
elements Ac.mier, T.mer, A:fies, T-N1ea, A-nes,
Tenoes, Acfjoeq, ToN2eq, where e; (i = 1,2,3,4) are
unit vectors.

Consequently, the normal form of (19) on the
center manifold associated with the equilibrium
(0,0) near A, =0, 7. = 0 has the form

dn Ly

— = Bn+ - ,0,€) + h.o.t.,

7 = B+ 592(0,0.¢)
where g is the function giving the quadratic
terms in (n,e) for v; = 0, and is determined

by ¢3(n,0,¢) = Projmmaryy)e X f3(n,0,¢), where
f3(n,0,¢) is the function giving the quadratic terms
in (n,e) for v; = 0 defined by the first equation
of (21). Thus, the normal form, truncated at the
quadratic order terms, is given by

d )
% = iwiTen — h1 Aete(e790e — 1)y
+ h1w? + w% — Ac(e7 17 — 1))y,
d772 3 —iwaT,
v iwoTene — hoActe (€727 — 1)1
+ ho [w% -+ w% — Ac<67iw27’c — 1)]7'5172,
(22)

where hj = (b — 2iw; — A.Tee @iT)71(j = 1,2).

To find the normal form up to third order,
similarly, let M :1,) denote the operator defined in
V3(C* x Ker™), with

M3 : V3(Ch) — V3(Ch),
(M3p)(n,e) = Dyp(n,e)Bn — Bp(n, ),

where V3(C*) denotes the linear space of the third-
order homogeneous polynomials in four variables
(m,M1,m2,7M2) with coefficients in C%. Then, one
may choose the decomposition V4(C?) = Im(M3) @
Im(M3)¢ with complementary space Im(M3)¢
spanned by the elements n27j1e1, mmnefizer, Mites,
Mim2M2e2, N372€3, MmN11M2€3, N275€4, Mij17j2€4, Where
e; (i =1,2,3,4) are unit vectors.

[a; cos(w;iTe) + by sin(w;Te) | Acw;iTe

[b; cos(w;Te) —

Therefore, the normal form up to third-order
terms is given by

dn

_ 1 1 1 1
E =B + 592(17’078) + 593(77’078) + h'O't~a
(23)
where
1 1
5933(777()’ 0) - y(l - P%,s)fé(’?aoy()),

and fi(n,0,0) is the function giving the cubic terms
in (n,e,v;) for e = 0, and vy = 0 is defined by the
first equation of (21). Finally, the normal form on
the center manifold arising from (21) becomes

d .

(Z?l = iwTen — hiActe(e79e — 1)y
+ hl[w% + w% — Ac<67iw17—c — 1)]7'5771
+ hi7e(iwry + 36)nim
+ 2h e (iwry + 308)mn272,

d

d,’:]; = iwaTeng — thch<efiw2Tc — 1)772

+ halw3 + wf — Ac(e7927 — 1)]7em
+ haTe(iway + 38)372
+ 2ho7e(lway + 38)mm1m2,

(24)

where hj = (b — 2iw; — Acree @iT) 7§ =1,2.

With the polar coordinates: 71 = %eiel, N =
26192 combining with (3), we finally obtain the
amplitude and phase equations of (24) on the cen-
ter manifold as

dR

d—tl = ,UllRl -+ PllR? + P12R1R%7

dR

d—t2 = s Ro + PglR%R2 + P22R§a

(25)

d@l . 5 R2 2 R2

T = w1 + 01 + QuRT + 2Q11 13,

do

d—t2 =wy + 09 + QleR% + QlZR%a

where

b; — a;sin(w;T.)] Ae

= (azz + b?)Tc

Y

a?+b?
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[ai(w? + w% + A, — A cos(wiTe)) — b Acsin(w;Te)]7e B

[a;(cos(w;Te) — 1) + b; sin(w;7.)] Ae

5i =

(a? 4+ b?)7e a? + b? ’
30b; + wiva; 3a; 8 — biwiy
py = 20T po_op,. Py = 2P N b ee 21
3 4(@12 + le> ) 12 11, 21 22, le 4(03 + b?) y
with a; = 2w; — AcTe sin(w;T,), by = AT cos(w;Te) — @ () (en)
) = €T, €T, €T,
b,’L = 1,2 *67—6"‘ 36' _ 56' + 76' 4.

Remark. In the MTS method, we assume that the
solution is in a real form, while in the CMR method,
we consider the solution to be in a complex form.
In fact, the solution to Eq. (7) can be expressed in
either a complex form or a real form, that is,

xy = Kje1To K e To
+ Kyetw2To 4 Cye=tw2To
= G1(T1, T3) sin(w1Tp)
+ Go(Th, Ts) cos(wi1Tp)
+ G3(T1, Ts) sin(waTp)
+ Gy(Th, T3) cos(waTp).

These two different form solutions become identical
under the polar coordinate transformations: K =
%eiel, Ky = %eie? and G; = R;sin(©,), Gy =
R1 COS(@l), Gg = R2 Sin(92), G4 = R2 COS(@Q).
Therefore, in the CMR method, we use the polar
coordinates: n; = %eiel, N = %6i62 in order to
keep consistence.

2.4. Comparison of the MTS and
CMR methods

Equation (16) is the normal form derived by using
the MTS method, and Eq. (25) is the normal form
derived by using the CMR method. Comparing the
two normal forms, we have found that Eq. (16)
has four more terms Q;72R;, H;72 (i = 1,2) than
Eq. (25) does, which come from the Taylor expan-
sions of xj(To — 7. — €7, T1 — €(Te +€7¢), T — €2(1,+
ete)) at xj(To — 7., 11, T) for j = 1,2,3,.... In fact,
in the CMR method, we treat z(t — 7) as a linear
term of ¢, and thus no higher-order terms appear,
while in the MTS method, we expand z(t — 7) in
T, Ts,... a8 x;(Ty — 1. — €7e, T1 — €(70 + €7¢), Th —
(1 + €7e)) at x;(Ty — 7,11, T) up to infinite
orders, which results in
(em)?  (er)t  (er)®  (eme)?

o a4 e s T

= cos(ere) — 1 =0,

= —sin(ere) =~ 0,

but we only take terms up to e>-order in the MTS
method. That is why Eq. (16) has additional Q;72R;
and H;7? (i = 1,2) terms. Or simply, in the MTS
method, if we do not expand z(t — 7) in 11,75, ...
(which would be the same as the CMR method),
then these two normal forms are identical. Never-
theless, the small difference has very little effect on
the dynamical analysis.

3. Bifurcation Analysis and
Numerical Simulation

In this section, we first give a bifurcation analysis
based on the normal form (25), and then present
some numerical simulation results.

3.1.

For the normal form (25), according to the signs
of P11 Pss, there exist two different cases, i.e. “sim-
ple case” (with no periodic solutions) and “difficult
case” (with periodic solutions) [Guckenheimer &
Holmes, 1990]. Here, we are interested in the “dif-
ficult case”, i.e. when Pj1 Py < 0. Without loss of
generality, we assume Pj; > 0 and Py < 0. Let
rj = \/|ij|R?,(j = 1,2). Then, we have the fol-

lowing planar system in terms of r1 and ro:

71 =711(u1 +r1 — ko),
ro = ro(ug + xr1 — r2),

Bifurcation analysis

(26)

— D P
where k = 52, X = F+.

Note that My = (0,0) is always an equilibrium
of (26). The two semi-trivial equilibria are given in
terms of perturbation parameters as M7 = (—pq,0)
and Ms = (0, p2), which bifurcate from the origin
on the bifurcation lines Ly : p; = 0 and Lo : o = 0,
respectively. There may also exist a nontrivial equi-
librium M3 = (%, F2—XPL)  For this equilib-
rium to exist, it needs Ky — 1 # 0. The nontrivial
equilibrium M3 collides with a semi-trivial one on

1350014-8



Int. J. Bifurcation Chaos 2013.23. Downloaded from www.worldscientific.com
by CITY UNIVERSITY OF HONG KONG on 03/05/13. For personal use only.

Double Hopf Bifurcation in Delayed van der Pol-Duffing Equation

the bifurcation line 77 : pu; — kpe = 0 or Th
po — xp1 = 0. If (1 — x)p1 + (1 — k)ue < 0, the
fixed point Ms is a sink, otherwise M3 is a source.
Therefore, we further need to consider the bifurca-
tion line T3 : (1 — x)p1 + (1 — k)pz = 0.

In order to give a more clear bifurcation pic-
ture, choose A. = 0.3519, 7. = 6.7583, b = 0.2774,
8 =03, v =2 and z—; = @ Then, the charac-
teristic equation (2) has two pairs of purely imag-
inary eigenvalues A = {+iwj, tiws}, and all the
other eigenvalues have negative real part. Assume
that system (1) undergoes a double Hopf bifurcation
from the equilibrium (0, 0). By a simple calculation,
we obtain

wy =1.2080, 7\¥ =1.5572,

) =6.7583, Re/(A1) > 0, -
wy = 1.0805, 7 =0.9433,

Y = 6.7583, Re/(A2) < 0,

and p1 = 0.41377. + 1.1324A., po = —0.35607, —
0.6023A4., P;; = 0.5224, P = 1.0449, Py =
—2.4338, Py = —1.2169, k = —0.8587 and y =
—4.6585.

Therefore, the critical bifurcation lines become:
Li:A.=-0.36537., Lo:A.=—0.59117., T1:A.=
—0.17567., Ty : A. = —0.33627., T3 : A = —0.31767,
as shown in the bifurcation diagram (see Fig. 1).

Since there does not exist unstable manifold
containing the equilibrium, according to the cen-
ter manifold theory, the solutions on the center
manifold determine the asymptotic behavior of
the solutions of the original system (1). There-
fore, if Eq. (26) has one or two asymptotically
stable (unstable) semi-trivial equilibria M; and
My, then (1) has one or two asymptotically stable
(unstable) periodic solutions in the neighborhood of
the trivial equilibrium. If Eq. (26) has an asymptot-
ically stable (unstable) equilibrium M3, then (1) has
an asymptotically stable (unstable) quasi-periodic
solution in the neighborhood of (0,0). So, we shall
call the periodic solution the source (respectively,
saddle, sink) periodic solution of (1) if the semi-
trivial equilibrium of (26) is a source (respectively,
saddle, sink), and call the quasi-periodic solution
the source (respectively, saddle, sink) quasi-periodic
solution of (1) when the nontrivial equilibrium
of (26) is a source (respectively, saddle, sink).

For the bifurcation behaviors of the origi-
nal system (1) in the neighborhood of the trivial
equilibrium, the above critical bifurcation bound-
aries divide the (A., 7.) parameter plane into seven
regions (see Fig. 1). We explain the bifurcations in
the clockwise direction, starting from B; and ending
at Bj. First, in region Bj, there is only one trivial
equilibrium which is a saddle. When the parame-
ters are varied across the line L; from region B

L A ¢ Bl Bz
L 3 { Ve
T, B B,
6 B, B, B,
) i/ /0/
]"1 B4 r é
>% B, By
rolt
s

Fig. 1.
the (r1,r2) plane.

(b)

(a) Critical bifurcation lines in the (7¢, Ac) parameter space near (7¢, Ac); (b) the corresponding phase portraits in
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0 200 400

Fig. 2.

to B, the trivial equilibrium becomes a sink, and
an unstable periodic solution O; (saddle) appears
from the trivial solution due to a Hopf bifurca-
tion. Similarly, when the parameters are changed
from region Bs to Bj, another periodic solution Oo
(sink) occurs from the trivial solution due to a Hopf
bifurcation while the trivial equilibrium becomes
a saddle. In region By, a quasi-periodic solution
(sink) occurs from the periodic solution O due to
a Neimark—Sacker bifurcation, and Os is changed
to a saddle from a sink. Further, the quasi-periodic
solution (sink) becomes a source when the param-
eters are varied across line T3 from region B4 to
Bs, and when the parameters are further changed
from region Bs to Bg crossing the line T5, the quasi-
periodic solution collides with the periodic solution
O; and then disappears, and O; becomes a source.
When the parameters are further varied across line
L1 from region Bg to Bz, the periodic solution Oq
collides with the trivial solution and then disap-
pears, and the trivial solution becomes a source
from a saddle. Finally, when the parameters are var-
ied across line Lo from region By to By, the periodic
solution O9 (saddle) collides with the trivial solu-
tion and then disappears, and the trivial solution
becomes a saddle from a source.

3.2. Numerical stmulation

To demonstrate the analytic results obtained in
Sec. 3.1, here we present some numerical simulation

600 800 1000

t

Simulated solution of system (1) for (Ae, 7e) = (—0.025,0.05), showing a stable fixed point.

results. We choose three groups of perturba-
tion parameter values: (Ac,7.) = (—0.025,0.05),
(—0.01,0.01) and (0.015,—0.05), belonging to the
regions By, B3 and By, corresponding to a sta-
ble fixed point shown in Fig. 2, a stable periodic
solution as depicted in Fig. 3, and a stable quasi-
periodic solution, see Fig. 4 respectively. It is clear
that the numerical simulations agree with the ana-
lytical predictions.

4. Conclusion and Discussion

In this paper, we have discussed double Hopf bifur-
cation in delayed van der Pol-Duffing equation. We
derived the normal form of double Hopf bifurca-
tion by using multiple time scales and center mani-
fold reduction methods. A comparison between the
two methods shows that the two normal forms are
identical if the higher-order terms obtained in the
MTS method, due to the expansion in the delayed
variable with respect to time scales, are ignored.
Moreover, bifurcation analysis near the double Hopf
critical point is given, showing that the system may
exhibit a stable fixed point, periodic solutions, and
quasi-periodic solutions in the neighborhood of the
critical point. Numerical simulations are given to
verify the analytical predictions.

The normal form method and bifurcation anal-
ysis presented in this paper are for local dynam-
ical behaviors. But, surprisingly, we have found
that even for parameter values not chosen in the

1350014-10
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0.2 0.2
0.1 0.15 ]
= 0
011 E
-0.1
0.051 E
-0.2
450 460 470 480 490 500
t 8 or 1
0.2
-0.05 1
0.1
-0.1 1
=) 0
—0.1 -0.15} -
-0.2 -0.2 : : :
450 460 470 480 490 500 -0.2 -0.1 0 0.1 0.2
t x
(a) (b)

Fig. 3. Simulated solution of system (1) for (A, 7e) = (—0.01, —0.01): (a) the time history; (b) the phase portrait, showing
a stable periodic solution.

0.2 0.2
0.1 0.15}
8 0
0.1r
-0.1
0.05+
-0.2
700 750 800
t ] 0
0.2
-0.05
0.1
-0.1
8 0
~0.1 -0.15¢
-0.2 -0.2
700 750 800 -0.2
t
(a)

Fig. 4. Simulated solution of system (1) for (Ae, ) = (0.015, —0.05): (a) the time history; (b) the phase portrait, showing a
stable quasi-periodic solution.
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Fig. 5. Simulated solution of system (1) for (Ae, 7:) = (—3,60): (a) the time history; (b) the phase portrait, showing a stable
periodic solution.

700 750 800

-2

700 750 800 -2 -1 0 1 2
t T

(a) (b)

Fig. 6. Simulated solution of system (1) for (As, ) = (=3, —6): (a) the time history; (b) the phase portrait, showing a stable
periodic solution.
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(a) (b)

Fig. 7. Simulated solution of system (1) for (Ae,7:) = (3,60): (a) the time history; (b) the phase portrait, showing a stable
quasi-periodic solution.
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Fig. 8. Simulated solution of system (1) with a nonlinear delayed feedback: (a) the time history; (b) the phase portrait,
showing a chaotic attractor.
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Fig. 9. The simulated Poincaré map of the chaotic attractor
shown in Fig. 8(b) with Poincaré section z(t — 7) = 0.

neighborhood of the critical point, most simula-
tion results are periodic or quasi-periodic solutions
(see Figs. 5-7). This seemingly noncomplex dynam-
ics is perhaps due to system (1) only contain-
ing time delay in a (feedback) linear term. If we
introduce time delay in nonlinear terms, we may
obtain more complicated dynamical behavior, such
as chaos. Indeed, for example, when we change the
linear delay feedback Alx(t —7) — z(t)] to a nonlin-
ear delay feedback Ax(t — 7)[z(t — 7) — x(t)], and
select A = 5,7 = 4,wy = 1,b = 0.2774,6 = 0.3
and v = 2, we obtain chaotic motion, as shown in
Figs. 8 and 9.
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