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Pine wilt disease (PWD) is mainly spread by Monochamus alternatus (in short, M. alternatus). Woodpecker,
as the natural predator of M. alternatus, is considered for biological prevention and controlling the PWD.
In this paper, we propose a new M. alternatus-woodpecker model with nonlocal competition and memory-

xenlloryldiff“io:_‘t_ based diffusion, which makes the model more realistic for the PWD control. We focus on the dynamics and
oroca competition bifurcations of the model with various combinations of the memory diffusion and nonlocal competition. It
Hopf bifurcation

is shown that the nonlocal competition can only cause the stable constant steady state to lose stability,
while the memory-based diffusion can induce unstable spatially inhomogeneous periodic solutions due to
Hopf bifurcation. Consequently, we can explain the spatiotemporal heterogeneity problem in ecology by
innovatively using mathematical modelling. Normal form theory with the multiple time scales method is
applied to particularly consider Hopf bifurcation, showing complex dynamical behaviours involving various
oscillating motions. Finally, numerical simulations are presented with the parameter values chosen from
the real forest data of Yuan’an County, Hubei Province, China, confirming the theoretical results of the

Inhomogeneous periodic solutions

spatiotemporal heterogeneity of forest diseases and pests, as well as the PWD control.

1. Introduction

Forest plays an irreplaceable role in regulating global carbon bal-
ance in the terrestrial ecosystem. However, forest pest and diseases
seriously influence the forest carbon sink, and even damage global
ecological environment to achieve the “carbon neutrality” goal [1].
Pine wilt disease (PWD) is caused by the pine wood nematode (also
called Bursaphelenchus xylophilus), which is a devastating epidemic of
pine trees. Once pine trees are infected, they will quickly die within 40
days, and the entire pine forest can be destroyed in about 3-5 years.
The PWD spreads widely and rapidly and is difficult to be controlled,
which has been well known as the “cancer” of pine tree species by
forestry researchers [2,3].

The PWD was originated in North America, and more than 40
countries or regions in the world have listed pine wood nematodes
as quarantine objects, for example, the introduced area of pines in
Australia, Chili and South Africa; the pine cultivation area in New
Zealand; the area without natural distribution of pines between latitude
25°N and 35°N; the prevailed area in Japan, China and Korea; the local
area of several countries like in the USA and Mexico; in Portugal with
Mediterranean climate, and so on [4].
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The PWD discovered in China the first time was in 1982. Since then
it has spread in 17 provinces in Mainland China, especially in coastal
provinces such as Shandong, Zhejiang and Guangdong Provinces, with
a total area of about 77 000 hectares, and it has caused huge ecological
and economic losses for China [5,6]. The PWD is transmitted by the
vector insect longhorn beetle which belongs to Monochamus (such as
M. alternatus, M. sutor, M. galloprovincialis, M. carolinensis and so on,
where M. is the abbreviation of Monochamus).

The transmission mechanism of the PWD is shown in Fig. 1. Each
adult of the M. alternatus can carry thousands of nematodes. When
the infected M. alternatus feed or lay eggs, and leave gnawing scars
on healthy trees, pine wood nematodes escape from the trachea of M.
alternatus and enter into the healthy pine trees. When the susceptible
M. alternatus stay on the infected pine trees, they may be infected by
the PWD, and then the PWD is spread further.

Many researchers established PWD models with a saturation inci-
dence rate, and demonstrated how to reduce the number of infected
populations by using pesticides periodicity [7,8]. Some optimal control
strategies for controlling the PWD have been proposed [9,10]. Rahman
et al. [11] discussed a host vector model of the PWD with a convex
incident rate, while Wang et al. [12] explored the spatial distribution
of M. alternatus based on the influence of meteorological factors.
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Fig. 1. The transmission mechanism of the pine wilt disease.

Recent studies have shown that spatial population movement plays
an important role in resource consumption in certain locations. In
reality, M. alternatus and its natural enemy spread freely in nature,
and it has been found that the resource competition of M. alternatus
located at a particular spatial point heavily depends on the densities
in other spatial locations. Thus, it is necessary to develop a population
model using reaction—diffusion equations in order to effectively control
the PWD. Therefore, many scholars pay more attention to the complex
dynamical properties of reaction-diffusion equations with nonlocal
effect [13-19]. Although most of the systems introduce the kernel
function of the nonlocal effect by using the average value of a spatial
domain, it may also induce complex dynamics like spatially inhomo-
geneous periodic solutions. Recently, spatial memory and cognition of
animals have drawn much attention in the mathematical modelling
of animal movements. Many biologists observed through experiments
that spatial memory has a significant impact on animal movement,
and its cognitive process plays an important role in animal movement
decision-making [20]. As a matter of fact, the woodpecker, as the
predator of M. alternatus, has spatial memory and cognition, and it
is thus more realistic to include the memory diffusion of woodpecker
in the model for better controlling the PWD. The complex dynamics
in the systems with memory diffusion has been studied by many re-
searchers, for example, see [21-24]. The combination of memory-based
diffusion and local effect may induce various complicated bifurcations
such as Hopf bifurcation, double Hopf bifurcation, Turing—Hopf bi-
furcation, etc. which yield the spatial homogeneous/nonhomogeneous
periodic solutions, the spatial homogeneous/nonhomogeneous steady
states, and so on [25-27].

This paper is mainly motivated by the following facts.

(a) Study the biological prevention and control of the PWD. The key
to control pine wood nematode is controlling the spread of the
vector insect M. alternatus. There exist three main control meth-
ods: Biological control, chemical control and physical control.
The biological pest control technology is one of the most safe and
effective methods, and it usually achieves the control purpose by
introducing the predacity enemy (such as woodpecker) or para-
sitical enemy (such as Dastarcus helophoroides and Scleroderma
guani) of M. alternatus. In this paper, we establish a biological
PWD control model by releasing the woodpecker as the predator
of M. alternatus.

Consider the spatiotemporal dynamics of a model with nonlocal
competition and memory-based diffusion. To the best of our
knowledge, there is only a few works using reaction-diffusion
equations with both memory-based diffusion and nonlocal com-
petition [25-27]. In this paper, we consider the nonlocal compe-
tition of M. alternatus and the averaged memory period of wood-
pecker, and propose a reaction-diffusion model with both mem-
ory diffusion and nonlocal effect. We will compare the dynamic
properties of our system with and without nonlocal competition

(b

=

and memory diffusion to reveal why including memory diffusion
and nonlocal competition makes the model more realistic.

The rest of the paper is organized as follows. In Section 2, we estab-
lish an M. alternatus-woodpecker model with nonlocal competition and
memory-based diffusion associated with the PWD control. In Section 3,
we analyse the dynamics of the established model with and without
memory diffusion and nonlocal competition to show the importance of
these two involvements. In Section 4, we derive the normal form of
Hopf bifurcation and analyse the stability of the bifurcating periodic
solutions. In Section 5, we first estimate the system parameter values
based on real forest data, and then carry out numerical simulations to
support the theoretical results. Finally, the conclusions and discussions
are given in Section 6.

2. Mathematical modelling

In order to achieve the purpose for controlling the transmission
of the PWD, forestry researchers usually release woodpeckers as the
predator of M. alternatus according to biological control method.

2.1. ODE model

We first propose the following M. alternatus-woodpecker ordinary
differential equation (ODE) model with Holling type-II functional re-
sponse function associated with the PWD control,

du(t) _ u(t) _ mu(t)v(t) _ _

-2 = ru(z)(l & ) .~ b = k), "
do(t) _ emu(®)v(t) _

ar - Twap 2AOFA

where u() and v(r) represent the populations of M. alternatus and
woodpecker at time ¢, respectively; r is the natural growth rate of M.
alternatus; N is the capacity of environmental for M. alternatus; k is the
mortality of M. alternatus caused by parasitical enemy and pathogenic
microorganism; b; and b, denote the mortalities of M. alternatus caused
by chemical and physical controls and by the woodpecker, respectively;
m is the encounter rate of M. alternatus and woodpecker; ¢ is the
conversion rate of the generalist woodpecker; A is the input rate of
woodpecker for biological control. All these parameters are positive
real constants. Especially, we choose Holling type-II functional response
function since M. alternatus is invertebrate.

For the nonnegativity and boundedness of the solutions of system
(1), we have the following result.

Theorem 2.1. Considering system (1) with initial conditions satisfying
u(0) = ug > 0 and v(0) = v > 0, then all the solutions of the system remain
nonnegative and uniformly bounded.
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Proof. Firstly, we prove the nonnegativity by using a contradiction
argument. Suppose that u(z) is not always nonnegative for ¢ > 0, namely
there exists the first 7; > 0 such that u(¢;) = 0 and «'(#;) < 0. According
to the first equation in system (1), we obtain 4/(t;) = 0, leading to
a contradiction. Therefore, u(r) > 0 (+ > 0). Similarly, assume that
v(t) is not always nonnegative for r > 0, namely there exists the first
t, > 0 such that v(#,) = 0 and v/(t,) < 0. Based on the second equation
in system (1), we obtain v/(#,) > 0 due to A > 0, again giving rise
to a contradiction, and so v(f) > 0 for ¢+ > 0. Thus, all the solutions
of system (1) are nonnegative provided that the initial conditions are
nonnegative.

Next, we show that the solution u(f) of system (1) is uniformly
bounded. From the first equation in system (1), we have
% < ru(t)(l - %) with u(0) = uy,

for > 0. Consider the equation,

% = rQ(t)(l - %) with Q(0) = gp.
It is easy to see that lim,_,,, O(t) = N for g, > 0. Thus, for any e > 0,
there exists T, > 0 such that OQ(r) < N + ¢ for ¢ > T,,. By the standard
comparison theorem of ODEs, we know that u(f) < Q(¢) is true for
t > 0. Further, if we denote Q, = maxg<<r, O(), then it follows that
u(t) < O@) < max{Qy, N + ¢} for > 0.

Let w = cu + v. Then, we have

u

dw + byw =cru(1 - N) —bycu—kcu+bycu+ AL c(r+byu+ A

dr
<c(c + by)max{Q,, N + ¢} + A.

According to differential inequality, we obtain

c(r+by)max{Qy, N +e}+ A

im s <
. Einm sup w(t) < 5,

This completes the proof. []

Remark 1. The input rate A plays the main role in order to achieve the
biological control by releasing woodpecker. Obviously, due to A > 0,
the upper bound of the population of woodpecker v() depends on A.

2.2. PDE model

Since the resource competition of M. alternatus depends on the den-
sities of the whole spatial states, and woodpeckers have memory of the
distribution of prey density at a past time, it is necessary to establish a
reaction-diffusion equation for the PWD control. More detailed reasons
for motivating us to develop such a model are described as follows.

(a) Introducing biological control: There are three main causes for
the natural death of M. alternatus: (i) killed by the natural
enemy, including predacity enemy and parasitical enemy; (ii)
killed by pathogenic microorganism infection, such as fungi in-
fection, bacteria infection and virus infection; and (iii) died due
to deinsectization, such as biological control, chemical control
and physical control. Biological pest control technology is one
of the most safe and effective measures to decrease the amount
of vector insect, M. alternatus, which is thus adopted as the
main strategy for controlling the pine wood nematode. Thus, the
system that we want to establish will mainly consider the effect
of biological prevention and the PWD control, but also involves
the influence of the chemical control and physical control, as
well as the pathogenic microorganism infection. Moreover, the
woodpecker, which is the predacity enemy of M. alternatus, is
introduced into the system in terms of a constant input rate,
and the aim of biological control is realized by releasing the
woodpecker quantitatively.
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(b) Introducing nonlocal competition of M. alternatus: Resource
competition of M. alternatus located at a particular spatial point
x heavily depends on the densities in other spatial locations. To
describe this, we assume that the resource competition of M.
alternatus depends on the weighted average of nearby popula-
tions in spatial location, by introducing the nonlocal competition
: Jo Geeyutyndy . : _ 1
in the form of ru(x,1)(1 - T), in which G(x,y) = -
is a kernel function. Here, the meaning of this formula will be
described below in Eq. (2).

(c) Introducing memory-based and cognition of the woodpecker:
Woodpeckers have spatial memory and cognition, and they
move towards the high density of M. alternatus at past aver-
aged memory period. Thus, the memory-based diffusion term
ndiv(vVu) = n(v(x, Hu(x,t — 7),), is introduced into the model.
Again, the meaning of this formula will be given below.

To achieve the above goals, we introduce the Fickian diffusion to
the ODE model (1) to obtain the following M. alternatus-woodpecker
reaction-diffusion equation with Neumann boundary conditions. More-
over, it is assumed that the model has Holling type-II functional re-
sponse with nonlocal effect and memory-based diffusion associated
with the biological pest control of the PWD. Thus, we obtain the model
described by PDE equations in the form of

ou(x,1) a(x, 1)
S = dy dutxn) + ru(x,t)(l - T)
mu(x, 1)v(x,t)
T TTrun (by = kKu(x,1),
ou(x,1) _ _ cmu(x, H)v(x, t)
= dyAv(x,t) — n(v(x, Du,(x,t — 1)), + Traen o) )
—byu(x, 1)+ A,
odu(x,1) _ du(x,1)
v - v =0,x € 02,1t >0,
u(x,0) = @,(x,0) > 0,v(x,0) = ¢,(x,0) >0,x € 2,0 € [-7,0],

where x € Q,t > 0, and u(x,7) and v(x,t) represent the population
density of M. alternatus and woodpecker at time ¢ and position x,
respectively. x € 2 = (0, r) is an open area with smooth boundary on
RN (N > 1). Among them, & = /;" G(x, y)u(y, /dy, where G(x,y) = <
is a kernel function on a one-dimensional spatial region €, v is the
outer normal vector of the boundary 042, and 4 denotes the Laplace
operator in RN (N > 1). b; and k represent the influence of the chem-
ical control and physical control, and the pathogenic microorganism
infection, respectively. d, and d, are the spread rates of M. alternatus
and woodpecker, respectively; 5 is the coefficient of memory-based
diffusion, and # > 0 means that woodpeckers move towards the high
density of M. alternatus; and r is the averaged memory period. The
definitions of other parameters are the same as those appearing in
system (1), and all the parameters take positive real values.

3. Analysis for system (2)
3.1. Existence of positive constant steady state

System (2) has one boundary constant steady state E, = (uy,vy) =

(0, bﬁ). Considering the biological meaning of the system (2), we are

more interested in the existence of the positive constant steady state

(PCSS). Let the PCSS be denoted by (”T’UT)' To find them, simplify

setting % = % =d; =d, =5 =0 in (2) we obtain

o A +u}) @)
U by + (by — emyu}’

and u] is determined from the quadratic polynomial equation,

az(u’lk)2 +ayuj +ay =0, (€]
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where

P

=L (b, —cm),
a, N(2 cm)

b
a = % +(by —cm)(by +k—r), ©)
ay = mA + by(by + k —r).

Then, we have the following lemma for the existence of the PCSS of the
system (2).

Lemma 3.1. The PCSS of the system (2) and their existence conditions
are given as follows.

(1) If by — cm < O, then the PCSS is given by ET = (u},v)), where
. N rb,

“ENT em—by) { N e

_ \/[% —(em = by)(r = by — B> + 24 (em — bz)},

r>bl+k+rZ—A,

2
Al +u1_)
T by —(cm— bz)u'l*"
(2) If by — cm = 0, then the PCSS is given by
c * kY E —_ @ A *
ES = (ul,v]) = < - [r (b1 e o )] b2(1+u1)>,
(3) If by — cm > 0, then the following results hold.

r—by —k)(cm—b,)

r> bkt M4
b2

(a) When q; < 0, the system (2) has an unique PCSS:

2 *
M) ey —a+ a]—4a0a2 A(ul+1)
BV = o) = (—

2a; T by (i D—emu

(b) When a, >0, a? — 4aya, = 0 and a; < 0, the system (2) has
a unique PCSS:

Q@) _ o xy [ ar AQay—ay)
El - (ul’ Ul) - ( 2a,’ by(2a,—aj)+cma, )

(c) When ay > 0, a% —4aya, > 0 and a, < 0, the system (2) has

two PCSS:
—ali‘/af—étaoaz A(uT,Z-H) )
2

2a, 7 by(uy ,+1)—emu}

Eip=Gjy0p, =

Proof. The proofs for the items (2) and (3) are straightforward, we
only prove the item (1). First, note that v} > 0 requires the condition:
by

ecm—b,’

*

by +(by—emu} >0 = 4] <

Then, the quadratic equation (4) becomes

rb A
- lem—by)wi)? - [Fz +(em—by)(r—b, —k)]u’l‘+b2(r—b1 k- ’2—2) =0,
which has the discriminant,
rb 2 4rmA
4 = [Fz—(cm—bz)(r—bl —k)] + T2 em=by) >0, 6)

implying that the quadratic polynomial equation always has 2 real
solutions and the bigger one is always positive. Let the two solutions

+ - _ by + .
be ui. Then, it is easy to prove that u] < el by a direct
computation:

uT < =2 <yt

1 cm—by 1

rby rby
N [W+(r—b| —k)(em—by)— /47 by N [W-#(r—b] —k)(em—by)+/7
2r(cm—by) < cm—by < 2r(cm—by)

b
= A <= (r=b = k)em—by) < /4,
which is obviously true. Then, the possible solution is uy >0, which
requires the condition: r > b; + k + 'Z—A O
2
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Fig. 2 shows the existence of PCSS of the system (2). The yellow
region in Fig. 2(1) denotes r > b, +k+"'b—’1 for b,—cm < 0, in which system
2

(2) has a unique PCSS ET, corresponding to the case (1) in Lemma 3.1.
The yellow region in Fig. 2(2) denotes r > b, +k+ % for b, —cm =0, in

which system (2) has a unique PCSS E¢, corresponding to the case (2)
in Lemma 3.1. The yellow region in Fig. 2(3) denotes g, < 0, in which
the system (2) has a unique PCSS E(l), corresponding to the case (3a) in
Lemma 3.1. On the blue line, a%—4a0a2 = 0 satisfying ay > 0 and a; < 0,
the system (2) has a unique PCSS E(z), corresponding to the case (3b)
in Lemma 3.1. The flesh pink region means g, > 0, a% —4aya, > 0 and
a; < 0, in which the system (2) has two PCSS E, ,, corresponding to
the case (3¢) in Lemma 3.1. To have a clear viewing, we zoom a small
region around the intersection point of the curves a; = 0, q, = 0 and
a% — 4aga, = 0, to obtain the small figure depicted in Fig. 2(3).

It can be seen from Fig. 2 that if the input rate of woodpecker A
is larger, then less mortality of M. alternatus b, induced by chemical
control and physical control is needed, and the PCSS exists. Similarly,
if the mortality of M. alternatus b, is larger, then smaller input rate A
is needed for the system (2) to have PCSS. Actually, b, as the mortality
of M. alternatus induced by chemical and physical control, and & as
the mortality of M. alternatus induced by pathogenic microorganism
infection, yield the same status of the system to exist for controlling
pest. This implies that regardless which control method is used, the
PCSS can always exist, which is consistent with the actual ecological
situation. Moreover, if both A and b, are large, then the system (2)
cannot have PCSS, which implies that excessive control for the PWD,
no matter which method used, is not beneficial to the balance of
ecosystem.

3.2. Bifurcation analysis for system (2)

In this section, we will analyse the dynamics of system (2) with
and without memory diffusion and nonlocal competition, since we are
interested in the impact of memory-based of Woodpecker and nonlocal
competition of M. alternatus on controlling the PWD. Without loss of
generality, we assume that one condition of the five cases in Lemma 3.1
is satisfied, and the system (2) has a PCSS, denoted by E, = (u*, v*).

3.2.1. System (2) without diffusion

Assume that the system (2) does not contain spatial diffusion, then
it is obvious that the system also does not have memory diffusion nor
nonlocal competition, resulting in the system (1). The characteristic
equation at E, = (u*, v*) of system (1) is given by

224 Agh+ Fy =0, @
where
ru* ru*ay,

Ay = —a;, —ar», Fy=aa»—ay,a, — s

0= N ) 11 22 0 11922 12921 N

g = it

27 2 (8)
ru® muv* mu*

agn=r—-b—k———-————, ap=—— >
N (1+u)? v+ 1

P cmv*

T w12

(em—by)—b
LAl Y7 ) (”LM%) 2 < 0 when

b, —cm > 0. Next, we prove that a,, < 0 also holds when b, — cm < 0.
Therefore, it is always true that a,, < 0 regardless the sign of b, — cm,
and then the equilibrium E, can include all the three cases listed in

Lemma 3.1. When b, —cm < 0, ayp, < 0 if u* < Cmbzb . For the case
—02

by — em < 0, the solution is u* = u]. We show that u] < %, which is
. . . —02
equivalent to (noticing that 4, is given in (6))

It is obvious that a;, < 0, a,; > 0, and ay, =

by
em—b,’

N rby
— N [T — by —k)em—b —\/A]
rem—by | v T b kem =by) 1<
mA

subject to r > b +k + .

:»(r—bl—k)(cm—bz)—%mm ,
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(1) b,-cm<0 (3) b,-cm>0
_ unique PCSS E?
A “
2 =
PCSS E, o a;-4a,2,=0
b, A a,=0
(2) b-cm=0 \
two PCSS E, , : |
A V:O /\
PCSS E® ~
unique PCSS E(11)
b1 b,
Fig. 2. Existence of the PCSS of system (2).
. rby rby _
which {lolds fOrNSl m.whenN> m, the above neN= {0,1,2,} (11)
inequality is equivalent to
quality 1s eq For the convenience of discussing the stability of the equilibrium
[(r — b, — k)(cm — by) — %]2 —A4 <0 & — 4’%“ (cm — by) < 0. E,, we make the following assumption:

For convenience of discussing the stability of the equilibrium E,,
we make the following assumption:

(H)) Ay>0, Fy>0, (€C)]

where A, and F; are given in (8). It is well known that all the roots
of the characteristic equation (7) have negative real part when (H,)
holds, implying that E, is locally asymptotically stable (LAS), while it
is unstable if (H,) does not hold.

We have the following theorem.

Theorem 3.2. The following conclusions are true for the positive equilib-
rium E, of the system (1) without spatial diffusion under which (1) becomes
an ODE equation.

(1) When A, >0 and F, > 0 (i.e., (H,) holds), E, is LAS.
(2) When A, <0 or F, <0, E, is unstable.
(3) When F, = 0, the system undergoes a fixed point bifurcation near
E,.
(4) When Ay =0, F,> 0, the system undergoes a Hopf bifurcation near
E,.
3.2.2. System (2) with diffusion
Next, we will consider four different cases in the system (2): Without
nonlocal effect and memory diffusion; with nonlocal effect but without
memory diffusion; with memory diffusion but without nonlocal com-
petitive; and with both nonlocal effect and memory diffusion. Then, we
will compare the dynamics for the four cases to reveal the effectiveness
of the memory diffusion and nonlocal competitive on the system’s
dynamics. For convenience of a comparison, we consider the following
unified characteristic equation of the system (2) evaluated at E, =
(u*, v*) for all the four cases:

* *
2+ (A,, - plﬁn% )/l +F, + py(8,ap — dyn?) % +p3C,e™ =0, (10)
where p; =10r0(i=1,2,3),neN={0,1,2,...}, and
A, =dn* +dyn® + A,
4 ru* 2
F, =d,dyi* + [dz(W - a”) - a22d|]n +F,.
C, = —apn*nu*,

with Ay, Fy, a;;, a5, ap; and a,, given in (8), and 6, =0 (or 1) if n =0
(or n # 0). Actually, when p; =0 (i = 1,2,3) and n = 0, Eq. (10) becomes
.

When 7 =0, Eq. (10) can be rewritten as

) ru* o\ Fu*
AT+ (A,, _Pl5nW>A+Fn +p2(5na22 —dyn )F +pC, =0,

(Hy) dy+dy—ay —ay >0. 12)

Note that if p; = 0 or n = 0, then A, —plﬁn% =A, 24 >0
when (H|) holds; and if p, # 0 and n # 0, then A4, — plﬁn% =
d\n® + dyn* — a;, — ay, > 0 when (H,) holds. Further, let y = n> and
denote that

a ru*
I(y) = F, + py(8,a0 — dyy) ~ + p3C,
2 ru*
=didyy" = My+ Fy + prand,
X ru®
M = dyay +day, + pzanv” + (p — l)dZW, 13)

6= M2 = 4dydy(Fy+ paané, - ).

k, = L , for M >0,
2d,d,

where the notation [-] for k, denotes the largest integer that is not
greater than the given real number. Then, we have following theorem.

Theorem 3.3. When ¢ = 0, for the system (2) without nonlocal
competition under the assumption (H ), and for the system (2) with nonlocal
competition under the assumptions (H,) and (H,), if one of following
conditions hold:

(D M<0;
2) M >0and s <0;
(3) M >0,86>0,I(k2)> 0 and I((k, + 1)?) >0,

then E, is LAS. Otherwise, E, is unstable.

Proof. If A,—p;3,% > 0 and [(n?) = F,+p;(8,a1—dyn*) " +p;C, > 0,
then all the roots of Eq. (11) have negative real parts, implying that E,
is LAS.

Actually, when 7 = 0, for the system (2) without nonlocal competi-
tion, i.e., p; = p, = 0, we have A, — plén% = A, > Ay > 0 under the
assumption (H,); while for the system (2) with nonlocal competition,
i.e., py = p, =1, we obtain 4, —plén%* =dn* +dyn® —a;; —ay > 0if
the assumption (H,) holds. Thus, we only need to consider the function
I(y) for y = n*> > 0. Noticing that /(0) = F, > 0, and the graph of /(y)
opens upward, we have following conclusions.

(1) If M < 0, it is obvious that /(y) > 0 for y > 0, since all
coefficients in the quadratic polynomial /(y) are either positive
or non-negative.

(2) If M > 0 and 6 < 0, then the quadratic polynomial /(y) has two
negative real roots, and thus /(y) > 0 for y > 0.
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(3) If M > 0 and 6 > 0, then the vertex of the function /(y) is located
on the positive y-axis. Therefore, the requirement that /(y) > 0
for all y = n? is guaranteed under the conditions /(k?) > 0 and
I((k, + D% > 0.

Thus, if one of above two conditions holds, E, is LAS. Otherwise,
E, is unstable. []

When 7 > 0, suppose that 4 = iw (w > 0) is a root of the second
characteristic equation in (10) with p; = 1 due to the delay. Then, we
have that

wz—Fn

ru*
- pz(é,,azz - dznz) ~ = C, cos(wr),

ru* .
(An - plrS"W )w = C, sin(wr),
which yields the 2nd-degree polynomial equation:
hz) 222+ P,z+0, =0, «))

where n e N, = {1,2,...},z = »?, and

# 0\ 2
P, =(A —pi5, ’L) — 2F, = 2p, (8,a3 — dyn?) "

>

n’

2
[F +p2(5 ay, —dyn )ru -c?
N

If 0, < 0, Eq. (14) has a unique positive root, z; = %(—Pn+\/A—*), where
4, = P?-4Q,; while if Q, > 0, we have 4, > 0 and assume that P, <0,

under which Eq. (14) has two positive roots, z,, = %(—P,, ++/4,).
Note that w = \/Z (k =1,2) and C, > 0. Therefore, for the system
(2) without nonlocal competition under the assumption (H,), and for
the system (2) with nonlocal competition under the assumptions (H,)

and (Hy), A, —p6,~ L) obviously, thus, we obtain the critical delay
7, given by
2 2\ ru
o — F, — py(6,a0, —dyn”) —
(/l)c L 2jm + arccos . (6 ) N, (15)
n (" Cn

where k =1,2; j=0,1,2,...; n=0,1,2,....
Taking 7 as a bifurcation parameter yields the following transver-
sality condition to be held,
-1 hl
Re( a4 ) = ()
dr =¥ Cf

#0, 16)

then, we have the following result.

Theorem 3.4. For the system (2) without nonlocal competition under the
assumption (H,), and for the system (2) with nonlocal competition under
the assumptions (H,) and (H,), if one of the conditions in Theorem 3.3 is
satisfied, then the PCSS E, has the following properties.

(D) If P,>0and Q, > 0, Eq. (14) has no positive roots, and E, of the
system is LAS for = > 0.

(2) Assume that n € I,, where I} = {ny ,ny,....m }or {ng ,ny ...,
n ...} € Ny (finite or infinite) satisfying Q,, < 0, and that n; € I,

and I, = {”il’”iz""’”n} or {”il’”iz"“’”i:"“} C N, (finite or

infinite) satisfying Q, > 0, A, > 0 and P, < 0. Then, the following

holds:

(a) if I, # 0, I, = @, and suppose that the delay t* corresponding
to ny. is the smallest critical delay, then E, is LAS for 0 <
7 < v* and unstable for © > t*. Moreover, the system (2)
undergoes Hopf bifurcation at t = r(’ )

(b) if I, =0, I, # @, and suppose that the delay t* corresponding
to n;, is the smallest critical delay, then E, is LAS, and there
may exist stability switches for © > ©*, where t* = min{ T;??k 1
n; € I,,k = 1,2. Moreover, the system (2) undergoes Hopf

bifurcation at 7 = 7V )k

€ I,
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(o) if I, #0, I, # ¥, and suppose that the delay t* corresponding
to n, is the smallest critical delay, then E, is LAS for 0 < 7 <
7*, and there may exist stability switches for © > t*, where
Tt = min{'r,(f,z }, n € I, or I,, k = 1,2. Moreover, the system
(2) undergoes Hopf bifurcation at t = rgz,

where r(j ) is given in (15).

(3) If the parameters satisfy the condition in this theorem, and I, or I,
is nonempty infinite set, but t* — 0 as n — oo, then E, of the system
is always unstable for t > 0.

(4) If there exists n, satisfying Q(n,) = 0, then the system (2) undergoes
ny-mode Turing bifurcation. Especially, if there also exists some n,
satisfying one of the conditions (a), (b) and (c) in the case (2), then
the system (2) undergoes an n,-n,-mode Turing—Hopf bifurcation.

Proof. If E, is LAS for system (2) with = = 0, then we have following
results.

(1) It is obvious that Eq. (14) has no positive roots under the
conditions P, > 0 and Q, > 0, indicating that the system (2)
cannot have Hopf bifurcation near E,, and thus E, is LAS for
T>0.

(2) If there exists n, € I}, and I, = {nkl,nkz, ,nkm} or {nkl,nkz, -
ng ...} € N, (finite or infinite) satisfying Q, < 0, then Eq. (2)
has one positive root for n = n; (k = k., k,, ... ...); while if
there exists n; € I, and I, = {n; .n;,,...,n; } or {"11’"12""’"1'1’

..} € N, (finite or infinite) satisfying O, > O A, >0and P, <0,
then Eq. (2) has two positive roots for n = n; (i =iy, iy, ..., i, ...).
There are three subcases.

(@ If I, # @, I, = @, and suppose that * corresponding
to ny« is the smallest critical delay, then E, is LAS for
0 < 7 < 7* and unstable for z > t*. Moreover, the system
(2) undergoes Hopf bifurcation at 7 = r<’ L0 € 1 where
T’(l{(),l is given in (15).

() If I, = @, I, # @, and suppose that * corresponding
to n;, is the smallest critical delay, then E 1s LAS, and
there may exist stability switches between ‘r forz > 1%,

0)
nj.k

system (2) undergoes Hopf bifurcation at 7 = z,
(1)

where t* = min{z " }, n; € I, k = 1,2. Moreover, the

)

e where

is given in (15).

(c

~—~

If I | #9, I, # ¢, and suppose that t* corresponding to n,
is the smallest critical delay, then E, is LAS for 0 < r < T*,
and there may exist stability switches between r . for

T > 7*, where ¥ = mln{r(o)}, nel orl,k= 12
Moreover the system (2) undergoes Hopf bifurcation at
T= r(’) where ‘r(’) is given in (15).

(3) When I, or I, is a nonempty infinite set, but * - 0 as n — o,
there does not exist a minimum stable interval for z, and thus
E, is always unstable for z > 0.

(4) When there exists an n = n; satisfying O(n;) = 0, Eq. (10)
has one zero root, yielding an n,-mode Turing bifurcation. In
addition, if there exists another n = n, satisfying one of the
conditions (a), (b) and (c) in the case (2), then the system (2)
undergoes an n,-n,-mode Turing-Hopf bifurcation. []

Next, based on the above general results, we will compare the
dynamics for the system with or without nonlocal competition and
memory diffusion in the following four cases.

Case 1: The system (2) without nonlocal competition and memory dif-
fusion, for which the characteristic equation of the system (2) evaluated
at E, = (u*,v*) is given by Eq. (10) with p; = p, = p; =0, that is,

P4+ A A+F,=0, neN, ={0,1,2,...}. a7
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Comparing Egs. (7) and (17), we note that the constant steady state E,
of system (1) without spatial diffusion (d;, = d, = 0 or n = 0) is LAS
when (H)) holds, while E, of system (2) without nonlocal competition
and memory diffusion (but d;d, # 0) can be LAS, only if (H,) holds,
together with one of the conditions in Theorem 3.3 to be satisfied for
py = p, = p3 = 0. This means that the conditions for stability of the
PCSS are stronger when the self-diffusion is introduced, indicating that
in nature the introduction of the spatial factors makes the control of
the PWD more complicated.

Case 2: The system (2) with nonlocal effect but without memory diffu-
sion, for which the characteristic equation of the system (2) evaluated
at E, = (u*,v*) is given by Eq. (10) with p; = p, = 1 and p; = 0, that
is,

P4+ Agri+Fy=0, n=0,

* *
A2+ (An - %>A+Fn+ (azz—aiznz)i =0,

N neN, ={1.2 ..}

18

We compare (18) with (17), that is, compare the cases with and without
nonlocal competition (but both without the memory diffusion). Note
that F, = (d,n* + % — a,,)(dyn® — ayy) — apay,. Thus, when d, —ay, > 0,
if the constant steady state of the system with nonlocal competition
is LAS, then it must be also LAS for the system without nonlocal
competition. This implies that when the spread rate of woodpecker, d,,
is large, the nonlocal competition within the species of M. alternatus is
beneficial for their growth, but it has negative impact on the control of
the PWD and the balance of the ecosystem.

Case 3: The system (2) with memory diffusion and without nonlocal
competition, for which the characteristic equation of the system (2)
evaluated at E, = (u*,v*) is given by Eq. (10) with p; = p, = 0, and
p; = 1, that is,

P+ AA+F,+Ce* =0, neN,={0,1,2,...}. 19)

Without considering the nonlocal competition, we compare the system
with and without the memory diffusion, that is, compare the systems
(19) and (17). It is seen from the characteristic equation (19) for the
system with memory diffusion but without nonlocal competition that it
has one more positive term C,e~** than the characteristic equation (17)
for the system without memory diffusion and nonlocal competition
due to C, > 0. It should be pointed out that if the constant steady
state of the system (2) without nonlocal competition and memory
diffusion is LAS, then that of the system without memory diffusion and
nonlocal competition with = = 0 must be LAS. However, it may not
always be LAS for r > 0, since the transcendental function involved
in the characteristic equation can cause more complicated bifurcation
phenomenon such as periodic fluctuations to occur when the memory
diffusion of woodpecker is introduced, which is consistent with the
actual ecological situation. In fact, in this situation, woodpecker will
peck M. alternatus effectively during its memory period, and its pecking
ability will decrease near its critical memory period, which may cause
the population density to fluctuate periodically.

Case 4: The system (2) with both nonlocal competition and memory
diffusion, for which the characteristic equation of the system (2) eval-
uated at E, = (u*,v") is given by Eq. (10) with p, = p, = p; = 1, that
is,

P24+ AgA+ Fy=0, n=0,

P (A” — DA+ Fy ot (a3 = don?) S + e =0, (20)
neN, ={1,2,...}.

Note that the second equation in (20) for the system with both mem-
ory diffusion and nonlocal competition has one more positive term
C,,e‘“ than the characteristic equation (18) for the system without
memory diffusion and with nonlocal competition, thus making it easy
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to generate bifurcations near the constant steady states of the system
(2) with the memory diffusion when the nonlocal competition of M.
alternatus is introduced. Similar to the explanation given for Case 3,
we conclude that if the memory period of woodpecker is less than the
critical delay, then woodpecker will peck M. alternatus more easily,
and if the memory period is larger than (but still in the neighbourhood
of) the critical delay, then the population density of M. alternatus
and woodpecker will fluctuate periodically. This shows that stability
of the spatial periodic solutions with nonlocal competition may be
different from the system without nonlocal competition, implying that
the nonlocal competition of M. alternatus may make M. alternatus easy
to get more food from the competing resources in different spatial
locations, so that avoid to be tracked by woodpecker. This observation
will be confirmed by the simulation results (see Table 3 in Section 5).

To end this section, we want to emphasize a key important fact
presented in Theorems 3.2-3.4: The results show that the nonlocal
competition of M. alternatus has greater influence on the stability of
the constant steady state, and the memory diffusion makes it easy to
induce bifurcation of periodic solutions.

4. Hopf bifurcation analysis using normal form

In this section, we will derive the normal form of Hopf bifurcation
for system (2) by using the multiple time scales (MTS) method. We
focus on the averaged memory period of woodpecker 7z, and study
the impact of the delay on the change of population density. When
T=1, = T}&{Z, where T}S’Z is given in (15), the characteristic equation (10)
has eigenvalue 4 = iw for n = n, > 0 at which the system (2) undergoes
an ny—mode Hopf bifurcation from the equilibrium E, = (u,,v,). Letr =
7,+¢ep, where y is the disturbance parameter, and ¢ is the dimensionless
scale parameter.

Transferring the constant steady state E, = (u*, v*) of system (2) to
the origin and rescaling time by ¢ — f, we obtain the Taylor expansion

of the system (2) truncated at the cubic order terms, give by

ou [ @ +wia mo* + o)?
— =1|ddu+ + -
o T|d|du+ ajju+apv ~ w1
__muv mv*u’ ]
W +12 @+ 14
du
5= t[dyAv + ayu+ ayv — o (t — 1) = n(0* + V)t = D] 1)
[ v V* + v)u v*u? ]
+ Tmcu - .
W +1)2  w+1)3 W +1)4
D) _ 00D e 90, 130,
dv dv
u(x,t) = @,(x,10 20, v(x,1) = @,(x,1) 20, x € 2, 1 € [-1,0],

where a,,,4a;,,4,, and a,, are given in (8).

Let h = (1, hy )T be the eigenvector of the linear operator of Eq. (21)
at E, corresponding to the eigenvalue iwr, and h* =/ (h’lk I)T be the
normalized eigenvector of the adjoint operator of the linear operator
corresponding to the eigenvalue —iwr, satisfying the inner product,

(h* =) eh=1.
A direct calculation yields that

. > 5.
iw+dn; —ay dynt —iw — ayy
h=—2% = 20 = and
a2 a2

= b . (22)
(dy + dy)n} = 2iw — ay; — ay

The solution of (21) is assumed to take the form,

+o0
UG =U (x.Tp. T} Ty, ..) = 3 U, (x. Ty, Ty Ty ..) (23)
k=1
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where

U(x,Ty T, Ty, ...) =@0) = (u(x,Tp. T}, Ts, ...)
v(x,To. T, Ty, ...) )T,

) =@ v)t = (e (x, Ty, T, T, ...)
v (%, T, Ty, Ty, ... ) )T

U, (x, Ty, T}, T, ...

The derivative with respect to ¢ is now transformed into

a_ 9 a .0 )
—=—4e—+"—+ =Dy +eD; + €Dy + -, 24
o~ or, T for, T om, oT R T e 29

with the differential operator D; = %, i €Ng.

To deal with the delayed terms, we expand u(x,r — 1) at u(x, T, —
1,7T},T5,...), and then have

u(x,t—1) = guy| + 2y, + 3y — 2Dty — € Dyt — € Dyttyy + -+, (25)

where u;; =u; (x, Ty - 1,1\, T»....) , j € N,.
Substituting (23)—(25) into (21), we obtain a set of ODEs associated
with different powers of ¢. First, for the e-order terms, we have

ru, i, )
=0,

N
Dyv; -1, (dzAul —nuduy +ayuy + 1122’11) =0,

Dyu, —rc(dlAul +ayu +apv — (26)

where a,,,a,5,a,; and a,, are given in (8). Thus, the solution of (26)
can be expressed in the form of

{ul =G (T).T....

v, =G (T}, T, ...

) el@teTo cos(nyx) + c.c.,
e T 27)
) e'“Te!0 py cos(nyx) + c.c.,

where A, is given in (22), and c.c. represents the complex conjugate of
the previous term. Next, for the £2-order terms, we obtain

ru i,
Dyu, — 7, (dlAu2 +ayuy + appvy — N )
ru, iy
=—D1ul+u<d1Au1+a“ul+alzul— )

vy vtuy rity
“em |G T G b o)
Dyv, — 1, (dzsz —nuAuy; +ayuy + azzvz)
== Dyvy + 7 n[v* Dy Auy y — (0)),(uy ), — ) Auy ]
+ u(dyAvy + ayv + ayu)
vy vtuy

+ T mcu [

Substituting the solution (27) into the right side of Eq. (28), and
denoting the coefficient vector of ei®%T0 as m,, which satisfies the
solvability condition,

(h*, (my,cos(nyx))) = 0,

we obtain

G
99 _ MyuG, 29
T, 1H (29)

where
: h’l‘(a“ +ap— n(z)d]) - dzhln% +ayh| +ay;

M, = — - . .
hy + hy + ngr qureio%

Now, suppose that the solution to Eq. (28) is given in the form of

+00
U = z (104 GG + 1y ;30 G? + 77, e 2% T0 G2 cos(kx),
k=0 (30)

+oo
Uy = Z (COA,kGG_ + gl,kBZinCTo GZ + é’l’kefZiw‘rCTO G2) Cos(kx).
k=0
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Let ¢, = (cos(nyx)cos(nyx),cos(kx)) = f()”cos(nox)cos(nox)cos(kx)dx.
Then, we have

L k=2 #0,
i I k=0,ny#0
o = / cosz(nox) cos(kx)dx =< 2’ -5 70 >
0 w, k=ny=0,
0, otherwise.

To obtain the solutions for #y,, 74, ¢y, and {;,, we substitute the
solutions given in (27) and (30) into (28), then make the inner product
with cos(kx) on both sides of the obtained equation, where k € N, and
finally combine the obtained results to compare the coefficients of the
terms G* and GG.

For the £3-order terms, we omit the terms involving u to get

ru iy
D0u3—rc<d|Au3+a”u3+a]2v3——N )

3
=_D D uvy + vy w20y +uyvy) vtuy
=- P — oty —1m * 2 * 3 * 4

W +1) W +1) w*+1)

TCI‘
= < (ualty +uyily) + O(p),
N (uzul uluz) (u)
Dyv; — 1, (d241)3 —nu,Aus; +ayuz + a22U3)
== Dyv; = Doy + 70 (W) (Dytty ) = 02)5 (g 1)y — (01Dt )

— UzAuu]
+ 7 .n(v; Dy Auy  + v* Dy Auy | — vy Auy | + 0" ADyuy )
* 3
uivy +uvp  uyQutuy —ugv vtu
+Tcmc[12 201 iy 2 — U1 V) : 1 ]+O(M)-
(u* + 1)? (u* +1)3 (u* + 1*

(3D

Substituting the solutions given in (27) and (30) into the right side of
(31), and denoting the coefficient vector of e“%0 as m,, which satisfies
the solvability condition,

(h*, (my, cos(nyx))) = 0,

we obtain (by neglecting the contributions from the terms involving u)

oG _ M,G*G, where M, = — 0 —, (32)
oT, hi+h + ngrcnu*e’"‘”r
in which
h_TTCr 2 —iwr, iwr,
0=- N (00 +111.0) = e (0.20y€ 7% + E120g €' + 0 20y 11
+ ’71,2n0h1)

+ 2z.nmy [CZn() (fo,znoe_im” + &1, %) + Lo 0T + ¢ 1,oeim‘]

9T v m < h_T>
c—

2 T —2iwr,
+ STC"]”OCZnO (hlrl0,2n0 + hlnllnoe ) + 2(“* + 1)4 4

2t.m
 + 1)
= 100 + Mo + S0 + €1.0)]
+ Cop [V el 200 11 + 111,20y 1)
+¢Coomy + C1.200) = 15 C02my + C120,)]

—
- ZhT(n0,2n0 + ﬂl,zno)}

{Co [*c(roohy + ’ll,oh_l) + c(8o0 + 1)

n l{mu*(h*;r-zcc N0 + 11.0)
8t +1)° 1 00,0 T 110

+ 80" (3h" = 4¢Cay Mo 2y + M1 20)
+3x [ 2Ry + ) — de(hy +2h))] }

Therefore, the normal form of the n,—mode Hopf bifurcation for system
(2) describing the dynamics on the centre manifold is given by

G = M, uG + M,G*G, (33)
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where M, and M, are given by (29) and (32), respectively.
Let G = re?. Then, the normal form of Hopf bifurcation for system
(2) given in polar coordinate up to 3rd-order terms can be written as

{f = Re(M))ur + Re(M,)r?,

34
6 = Im(M )y + Im(M,)r?. 34

Therefore, based on the normal form (34) and by a standard analysis,
for example, see [28], we have the following theorem for the njy-mode
Hopf bifurcations for the system (2).

Re(M)u .
Re(My) < 0, the first

_Re(Mpu . .
ey mplying

that there exists periodic solutions near the PCSS E, = (u*, v*) of the system
(2). Moreover, the following results hold.

Theorem 4.1. For the normal form (34), when

equation in (34) has a nontrivial equilibrium r* =

(1) If Re(M)u < 0, then the bifurcating periodic solutions are unstable,
and the direction of bifurcation is forward (backward) when u >
0 (u<0).

(2) If Re(M)u > 0, the bifurcating periodic solutions are stable, and the
direction of bifurcation is forward (backward) when u > 0 (u < 0).

5. Numerical simulation

In this section, we use the real data taken from the forest indus-
try and the experimental data in [29-33], to numerically investigate
the spatio-temporal dynamics, and compare the simulations with the
theoretical results obtained in the previous sections.

5.1. Parameter estimation

In order to simulate our new model (2) with realistic parameter
values, we select the real data from a typical pine wood nematode
epidemic area in Yuan’an County, Hubei Province, China, located in
the middle and upper reaches of the Yangtze River in Northwest Hubei
Province, for which there is a temperate climate having four distinct
seasons and abundant rainfall. The area of forest is about 13.87 x
10* hm?, where the unit hm? denotes hectares, which is included in
the National Natural Forest Protection Project (NNFPP), with the forest
coverage rate around 76%. The pine forest community is one of the
climax communities in this region, and the area also has the most
widely distributed natural forest type. Pinus massoniana, as a typical
forest type in subtropical zone, occupies 26.5% in this region [29]. This
area was declared a pine wilt disease epidemic area in 2019 (released
by the China National Forestry and Grassland Administration). The
pine wood nematode epidemic killed 12 x 10* pine trees, caused huge
economic losses, where the disease was mainly transmitted by the
vector insect, M. alternatus, carrying the pine wood nematode.

In the following, we estimate the values or ranges for some key
system parameters based on the data posted by the National Forestry
and Grassland Administration of China (http://www.forestry.gov.cn/)
and the experimental data used in [29-33].

(1) Estimation of the natural growth rate of M. alternatus r: Based
on the studies on the energy required for maintaining life ac-
tivities such as reproduction by using fresh Masson pine as
supplementary nutrition after the emergence of monochamus
alternatus, the daily average egg production of female adults of
M. alternatus is given in Table 1.

The birth rate of M. alternatus is defined as

e roduction per month
Birth rate = £8P P

egg production per month + initial quantity

Thus, we select the average of feeding on the mixed branches,
current-year-grown branches, 2-years-grown branches and 3-
years-grown branches, as the average daily fecundity of female
adult M. alternatus, namely,

2.03+3214+1.26+1.18

Average daily amount of eggs = 7T

= 1.92/per day.
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Table 1
Average daily fecundity of female adult M. alternatus [29].

Project

Mixed
branches

current-year
branches

2-years
branches

3-years
branches

Number of egg cages 6 8 4 2

Average daily amount of eggs

2.03 3.21 1.26 1.18

Table 2
Field trapping results of the case area [30].

Year

Monitoring area Amount Male Female Male—female ratio

2019
2020
Sum

A: 243.8 hm?
B: 148.5 hm?

1973
1938
3911

1241 732
1181 757
2422 1489

1.695
1.56
1.6275

(2

3

Hence, the average monthly amount of eggs is equal to 192x365 _

12
58.4.

We know that M. alternatus has significant differences in the
ratio of male to female in different climatic conditions and
geographical latitudes. Based on the surveillance data of the
selected case area (see Table 2), it has been found that the male—
female ratio was 1.696 and 1.56, respectively, and thus we take
the average value w = 1.6275.

Suppose that the initial number of the female M. alternatus in
the population of the case area is u,, which can be calculated ac-

. . . are 58.4ug ~
cording to the birth rate definition as 1675 ™ 0.9569.

It was shown in [31] that the natural mortality of M. alternatus
is 0.011764. In conclusion, the natural rate of growth of M.
alternatus is equal to

Birth rate — mortality = 0.9569 — 0.011764 ~ 0.95.

Thus, we select » = 0.95.

Estimation of the capacity of environmental for M. alternatus N:
Note that the forest area of Yuan’an county is 13.87 x 10* hm?,
and the pinus massoniana forest occupies 26.5%, and so the area
is about 13.87 x 26.5% =~ 3.68 x 10* hm? in this region. Note
here that the unit 10* hm? is often used in China for measuring
land areas, called “Wan Gongging” which equals ﬁ million
hectares. According to the monitoring area and amount in Table
2, the amount of M. alternatus in the whole region is about
(29.78 x 10*~47.97 x 10%). By noticing that the environmental
capacity is higher than the actual number of M. alternatus, yet
not exceeding too much of the actual number since there exist
many M. alternatus when the PWD occurs, we select the value of
N as 2-4 times of the actual number of M. alternatus. Thus, we
choose N = 100 (x10* hm?) for the capacity of environmental of
M. alternatus, that is N = 100.

Estimation of the mortality of M. alternatus induced by chem-
ical control and physical control b;, and the mortality of M.
alternatus induced by parasitical enemy and pathogenic mi-
croorganism k: According to the data from the official website
of the National Forestry and Grassland Administration (http:
//www.forestry.gov.cn/, accessed on Oct. 10, 2023), we obtain
the control rate of forest diseases in China for the years from
2005 to 2021, which are plotted in Fig. 3.

It is seen from Fig. 3 that the control rate is about 60% ~ 80%,
but actually, as we all know, the control measures efficiency is
mainly maintained at 20%~50%. Thus, we select the mortality of
M. alternatus induced by chemical control and physical control,
b, = 025 € (60% x 20%,80% X 50%) = (12%,40%), where the
value of b, has been chosen close to the median since we are
more interested in the biological control. Moreover, we may
as well assume that the mortality of M. alternatus induced by
parasitical enemy and pathogenic microorganism (k) is much
less than the mortality of M. alternatus induced by chemical
control and physical control (4,), and thus we take k = Z—; =0.01.
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Fig. 3. Forest disease control rate in China for the years 2005-2021.

(4) Estimation of the encounter rate of the M. alternatus and wood-
pecker m and the conversion rate of the generalist woodpecker
c: The pecking rate (a direct reflection of predation intensity) of
woodpecker to M. alternatus is defined as the percentage of the
total population of a particular M. alternatus that is preyed by
woodpecker upon within a certain range, that is,

the number of insects pecked

Pecking rate = X 100%.

the total number of insects

In fact, the encounter rate of the M. alternatus and woodpecker
m can be described by using the pecking rate of woodpecker
to M. alternatus. The experiment in Wulate Front County of
Bayannaoer League of China [32] showed that the average peck-
ing rate of the spotted woodpecker (a type of woodpecker)
on anoplophora glabripennis (a type of longicorns beetle) is
about 72.3%. Considering that the pecking rate of different
woodpeckers may vary slightly in different regions, we select an
approximation for the encounter rate of the M. alternatus and
woodpecker as m = 0.7.

It is well known that the conversion rate of the functional
response depends on different species. Many published results
chose the conversion rate of predator-prey model in (0, 1) [34-
36]. Thus, it is reasonable to choose the conversion rate of the
generalist woodpecker ¢ = 0.6 € (0, 1) for the study of our model
(2).

Estimation of the mortality of woodpecker b,: It has been shown
in [33] that the main causes of death of woodpecker are preda-
tion and natural death, and the average survival and mortality
rates are 57.4% and 42.6%, respectively. Taking into account
the difference from regions and the effect of chemical control,
environmental and other factors on woodpecker mortality, we
choose b, = 0.5 which is a little bit larger than 42.6%.

In addition, it is known that the diffusion coefficient for wood-
pecker is higher than that of M. alternatus, that is, d, > d,.
Woodpeckers have memories, but their ability to spread of
memory-based diffusion is much lower than higher animals, and
so we select 7 = 0.02.

(5)

Summarizing the above discussions, we have the following estimation
for the parameters to be used in our simulation of the model (2):

d, =001, d, =002, r =095, N =100, m =0.7, (35)
¢ =06, 5 =002 k =001, b, =025, b, =0.5.

5.2. Simulation of model (2)

The simulation is focused on the PWD biological control by releasing
woodpecker, and pay particular attention to the effect of the input rate
A on the existence and stability of the PCSS of the system (2). Fig. 4
shows the case b, — cm > 0 in Lemma 3.1(3) (the cases b, —cm < 0
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are simple) for the existence and stability of the PCSS in system (2),
for which the parameter values are given in (35). Fig. 4(a) depicts

the expressions A, and F, under the assumption (H,) with respect
rut
e

N
a1y — a1pay; — , k = 1,2. It is seen from Fig. 4(a) that the
system (2) has a unique LAS PCSS E; when A € [0,0.493) due to that
the condition (H,): Ao(u’l‘) > 0 and Fg(uT) > 0, always holds. When
A € (0.493,1.688), the system (2) has two PCSS E, and E,, which
coincide at A = 1.688. Obviously, E, is LAS due to that the condition
(H,) always holds, and E, is always unstable because of Fo(u;) <0.

In order to better explain the results in Fig. 4(a), we particularly
show the values of the PCSS uyl‘,2 and ”T,z of the system (2) with respect
to the input rate A, see Fig. 4(b). It can be observed from Fig. 4 that the
system (2) does not have PCSS for A > 1.688. Actually, large input rate
A leads to a sharp decline of the amount of M. alternatus, which may
affect the survival of woodpecker and destroy the balance of natural
ecological environment. When A is small (A € [0,0.493)), “T > u*l‘,
implying that the amount of M. alternatus is much larger than that of
woodpeckers, which is consistent with the fact that a woodpecker can
peck a large number of M. alternatus, and thus ecosystem is in a steady
state and the PCSS (uj,v}) is LAS. With an increase of A, the value
of u} decreases while v} increases, yielding u} > v, and so the PCSS
(uy, v)) is also LAS. While when A € (0.493, 1.688), another steady state
(u;, v;) occurs. Note that u; is about the same size as that of u; even in
the early development of A in this region, u; < v}, which contradicts
with the fact that the number of M. alternatus should be much larger
than the number of woodpeckers. Thus, (u;, U;) is unstable. The above
theoretical analysis results are consistent with the actual ecosystem. In
fact, a single woodpecker can peck a lot of M. alternatus when the
ecosystem is in a steady state, while if the value of u] is close to or
smaller than v, *, the PCSS (u;, v;) cannot be stable.

To investigate the cost of biological control, we choose a small input
rate A = 0.2, with other parameter values given in (35). Then, it follows

from (5) that

to the input rate A, that is, Aguy) =
ru+k* ar,

—a; — ay and Fyuy) =

ag = mA + by(b; + k—r) = —0.2050 < 0,

which, by Lemma 3.1, shows that the system (2) has a unique PCSS,

—a; + \/a% —4aya,

2a,

A+ 1)

bz(u“f +1)— cmui‘ )

E, =09 = (
=~ (70.2227, 2.3284).

Next, we derive the stability conditions for the constant steady state
E, and possible bifurcating periodic solutions for system (2) with and
without nonlocal effect and memory diffusion, respectively.

(1) Without diffusion: Obviously (H,) and (H,) hold. By Theo-
rem 3.2, the positive equilibrium E, of the system (2) without
diffusion is LAS.

Without nonlocal effect and memory diffusion: A direct calcula-
tion using (13) with p; = p, = p; = 0 shows that

(2)

* 2
5= [d2<% —ay) —d1a22] —4d,dyFy = 1.4466 x 1074,

d2<a“ - 7) +djay, =—00138,  I(1)=0.0694,

which satisfies the condition (2) in Theorem 3.3, implying that
E, is LAS.

With nonlocal effect but without memory diffusion: Through the
calculation using (13) with p, = p, =1, p; =0, we obtain

3

8 = (dyay; +dyay)* — 4d dy(ay 0y, — ajpas;) = 1.6102 x 1076,
dyay +djay, = —4.0772 x 1074,

(1) =—-0.0012,

which does not satisfy any of conditions in Theorem 3.3, and

thus E, is unstable, indicating that the nonlocal effect induces a
stability switch of the PCSS E,.
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Fig. 4. Existence and stability of the PCSS of system (2) with respect to the input rate A: (a) the functions A, and F,; and (b) the values of PCSS v* and v*.
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Fig. 5. The LAS PCSS E, of the system (12) for z = 3.

(4) With memory diffusion but without nonlocal effect: Note that
from (13) with p, = p, =0, p; = 1, we have

.
5 =0.0021 > 0, dz(a“—%)+d1a22+alzi1u* =-0.0459, (1) =0.1016,

showing that the parameters satisfy the condition (2) in Theorem
3.3, and thus E, is LAS when 7 = 0. Now Eq. (14) with p; = p, =
0, p; = 1 becomes

h(z) =2 + (A2 = 2F)z+ F> - C*=0, neN,, z=a"

A careful examination shows that F, > 0 for all » when dz(% -
ap) — d1a22 > 0 and (H,) holds, yielding F, + C, > 0 due to
C, = —a;n’nv* > 0. Therefore, we only need to determlne the
sign of F,—C, = (d,n? + B — ay )dan® = ay) — appay, + appnnut.
By a simple calculation, we obtain that

—C,=-00149, F;—C;=-00938, F,—C,=-0.1875,
F5—Cs=-02792, Fy—Cq=—-03473, F,—C;=-03654,
Fy—Cy = —03022, Fy—Cy=—-0.1218, F,—C,>0,¥n> 10.

Moreover, it is easy to prove that A2—2F, > 0 for all n as follows.
Denoting y = %, we obtain L(y) = A2-2F, = (d?+d2)y>+2(5 —
dyay; +dyay)y+ A% — 2F,. It is easy to see that the graph of the
quadratic function L(y) opens upward, and its vertex is located
on the negative y-axis with L(0) > 0 by using the parameter
values given in (35). This implies that L(y) > 0 for all y > 0.
Further, by a simple computation using (15), we obtain that

O = 30.1158, r(0)=7.8354, T(O)=4.7136, r(°> 3.7035,
T =34005, 7)) =35374, 1) =4.2872, T“’) 7.8008.

According to Theorem 3.4(2)(a), I}, = {ng.ng, ..., Ny} =
{2.3,4.5,6,7.8.9}, 7" = 1) = 3.4005, so the PCSS E, = (u*,v*)
of the system (12) is LAS for 0 < v < 7* and unstable for
> t*. Moreover, the system (12) undergoes Hopf bifurcation
at v = r”) (n, = 2,3,4,...,9). The detailed computation of the
normal férm for the Hopf b1furcat10n of the system (12) is similar
to that for the system (2), and is thus omitted here for brevity. A
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)

simple computation shows that the bifurcating periodic solutions
are unstable for ¢ = 7* near the PCSS. The PCSS is LAS for
r=3<7"= T(()ol) = 3.4005, as shown in Fig. 5.

With nonlocal effect and memory diffusion with p; = p, = p; =1
in (13): By a straightforward calculation, we obtain

6>0, dya; +diay+apn* <0 and (1) >0,

which indicates that the condition (2) in Theorem 3.3 is satisfied,
and so E, is LAS for 7 = 0. Now Eq. (14) with p; = p, = p; =1
becomes

ru*

h(z) =2* + [(A,, - F)2 —2F, = 2(ay, — dyn )’]‘:r ]z

2

[F + (ay — dyn? )’]‘\‘/ ] —C2=0, neN,, z=o
It is easy to prove that F, +(ay, —dznz)% +C, > 0 for all integers
n>1,and F,+(ay —dznz)% —-C,, as shown in Fig. 6, is negative
for n=1,2,...,12, and positive for the integers n > 13.

Moreover, it is also easy to prove that P, = (4, — %)2 -2F, —

2(ay, — dyn )% > 0 since the value of the quadratic function
at its vertex is negative, while the intersection point with the
n-axis is located on the positive axis. Fig. 7 depicts the critical
curves: r,?, n=1,2,...,12. Thus, according to Theorem 3.4(2)(a),
I = {mg,ngn, ooong, ) = {1,2,...,12), 7% = T;O) = mln{r(o)ln =
1,2,...,12} = 1.1665. Then, the PCSS E, = (u*, v*) of the system
(2) is LAS for 0 < 7 < * and unstable for = > t*. Moreover, the
system (2) undergoes Hopf bifurcation at r = T’(,/; n=12,...,12.
The positive equilibrium is LAS for r = 1 < t* = Tz(t(» = 1.1665,
see Fig. 8.

When 7 = 1.17 > 7* = 7"’ = 11665, the stability of the PCSS
will change through the flI‘St Hopf bifurcation critical point r( )
When n = 4, we obtain z; = 0.4277 and w, = 0.6540. It follows
from the normal form of Hopf bifurcation (34) that Re(M,) > 0
and Re(M,) < 0, implying that the first equation in (34) has one
nontrivial equilibrium when u > 0, and thus the inhomogeneous
periodic solutions of system (2) for the 4-mode Hopf bifurcation
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Comparison of the dynamical behaviours for 5 cases of system (2).

Model Stability of the constant steady state of E,

and periodic solutions arising from Hopf bifurcation
ODE LAS, No Hopf bifurcation
ODE-+self-diffusion LAS, No Hopf bifurcation
ODE+self-diffusion+nonlocal Unstable for r > 0, No Hopf bifurcation
ODE+self-diffusion LAS for 7 € [0, rg”), unstable for z > 7

+memory diffusion

ODE-+self-diffusion+nonlocal
+memory diffusion

6

unstable spatial inhomogeneous periodic solutions

near the first Hopf bifurcation value r,

LAS for 7 € [0, r;“’), unstable for 7 > .

0)
6
(O]
4

stable spatial inhomogeneous periodic solutions

near the first Hopf bifurcation value 7,

0)
4

Cy
o N
T T
. .

rut
N

0T — dyn 2L

(12.5982,0)

“ N
o
o
T
L

F, + ay

n

Fig. 6. The graph of F, + ay ™ — dznz%

~ —C, as a function in n.

4.5 T T T T T

03,0276 =12154
#0=1.2055

D=1.4195

7V=1.1665 Tg°)=1.1711

Fig. 7. Hopf bifurcation critical values 7’ for the system (2).

restricted on the centre manifold are stable. Fig. 9 shows that
the solutions converge to the spatially inhomogeneous periodic
solutions, which agree with the theoretical predictions.
Compared with the model having memory diffusion but without
nonlocal effect, it is seen that the stable region for the constant
steady state E, = (u*, v*) becomes smaller.

We summarize the above results in Table 3.

Unlike the results shown in the existing literature, for example,
see [19,34], that the nonlocal competition can induce stable spatial
inhomogeneous periodic solutions, however, in our model, there does
not exist spatial periodic solutions, while the nonlocal competition can

12

induce a stability switch on the stable PCSS E,. Moreover, different
from the results shown in [21,22,24] that the memory-based diffusion
can induce stable spatial inhomogeneous periodic solutions, while our
model undergoes Hopf bifurcation, yielding unstable spatial inhomoge-
neous periodic solutions. However, when both memory-based diffusion
and nonlocal competition are involved in the model, the stability of the
spatial inhomogeneous periodic solutions switches, that is, the model
exhibits stable spatial inhomogeneous periodic solutions.

6. Conclusion and discussion

In this paper, we proposed an M. alternatus-woodpecker model with
nonlocal competition and memory-based diffusion associated with the
pine wilt disease control. First, we analysed the dynamical properties
of the model with and without memory diffusion and nonlocal com-
petition, and derived the conditions for the existence and stability of
the constant steady state and the existence of Hopf bifurcation near
the constant steady state. Then, we generalized the original multiple
time scales method to derive the normal form of Hopf bifurcation
for the reaction-diffusion equation with both memory-based diffusion
and nonlocal competition, and considered the stability and direction
of spatially inhomogeneous periodic solutions based on the obtained
normal form. Finally, we estimated the system parameter values from
real forest data and carried out numerical simulations.

Our results show that the nonlocal competition could cause the
stable constant steady state to lose stability. Actually, when the com-
petitive resources for M. alternatus are limited in one place, the M.
alternatus will flee to other places to survive due to the nonlocal compe-
tition among the M. alternatus. As a result, the number of M. alternatus
is hard to be kept stable. Moreover, the memory-based diffusion could
induce unstable spatially inhomogeneous periodic solutions. When the
memory diffusion ability of woodpecker is introduced to the model,
woodpecker can increase the pecking rate during its memory period,
thus effectively control the amount of M. alternatus, and achieve the
goal of controlling the pine wilt disease. After the memory period, the
pecking rate of woodpecker decreases so that the amount of M. alter-
natus can no longer be controlled stable. However, the combination of
the memory diffusion and the nonlocal competition could induce the
bifurcation of stable spatially inhomogeneous periodic solutions. This
implies that the stability of spatial inhomogeneous periodic solutions
may be different from the ones without nonlocal competition, explain-
ing why the spatiotemporal heterogeneity problem exists in the forest
diseases and pests, such as the breaking of spatiotemporal symmetry,
the outbreak of spatial inhomogeneity, and the spatiotemporal periodic
variability.

Our study reveals that the nonlocal competition of M. alternatus
has greater influence on the stability of the constant steady state, and
memory diffusion is easier to induce bifurcation of periodic solutions,
showing that the memory-based diffusion is helpful to increase stability
of the steady state solutions. Our study promotes further research
related to the spatiotemporal heterogeneity problem in this area.
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Fig. 8. The LAS PCSS E, of the system (2) for r = 1.
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Fig. 9. Stable inhomogeneous periodic solutions of the system (2) near the PCSS E, for 7 = 1.17.
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