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We introduce a formal decomposition method for efficiently computing the parametric normal
form of nonlinear dynamical systems with multiple parameters. Recently introduced notions
of formal basis style and costyle are applied through formal decomposition method to obtain
the simplest parametric normal form for degenerate nonlinear parametric center. The necessary
formulas are derived and implemented using Maple to compute the simplest parametric normal
form of degenerate and nondegenerate nonlinear centers. Our program computes the order of
any planar parametric systems associated with this singularity.
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1. Introduction

One of the main tools in the study of nonlinear
differential equations is normal form theory. The
idea is to simplify a system via change of state
variables such that we can understand the topo-
logical behavior of the original system by explor-
ing the stability and bifurcation analysis of the
obtained normal form. Since most real life prob-
lems involve some parameters, it is important to
directly deal with parametric systems. The classi-
cal approach for analyzing parametric systems is to
first exclude the parameters from the system (to
obtain a simplified system) by setting the parame-
ters zero. Then, compute the normal form of the
simplified system via a change of state variables

* Author for correspondence

and then add some unfolding to the normal form
to obtain a parametric normal form for the origi-
nal system, see [Chow & Hale, 1982; Chow et al.,
1994; Kuznetsov, 2004; Murdock, 2005; Liao et al.,
2007; Sanders et al., 2007]. The main drawback of
this approach is that the transformation between
the original system and the parametric normal form
cannot be obtained. This is why some researchers
have recently paid attention to develop methodolo-
gies for directly computing the parametric normal
form and its associated transformation from the
original parametric system, see [Yu & Leung, 2003;
Liao et al., 2007; Yu & Chen, 2007].

A formal vector field may have different normal
forms even when using the same approach and the
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same grading structure. This has two reasons: one
comes from the style used and the other stems from
the level at which we simplify the system. Therefore,
by using the same approach, grading structure and
style, we just need to simplify the system as much
as possible to obtain a unique (parametric) normal
form for a given formal vector field. Many signifi-
cant contributions have been made in recent years
in computing the simplest (or unique) nonpara-
metric normal forms, see e.g. [Ashkenazi & Chow,
1988; Baider & Churchill, 1988; Chua & Kokubu,
1988; Baider, 1989; Baider & Sanders, 1991, 1992;
Kokubu et al., 1996; Murdock, 1998, 2003, 2004; Yu,
1999; Yu & Yuan, 2000, 2003a, 2003b; Chen & Della
Dora, 2000; Chen et al., 2000; Wang et al., 2000;
Algaba et al., 2001; Yuan & Yu, 2001; Sanders,
2003, 2005; Peng & Wang, 2004; Murdock & Mal-
onza, 2009]. However, there are only a few results on
the simplest parametric normal forms [Yu & Leung,
2003; Yu & Chen, 2007; Gazor & Yu, 2008, 2010].
Computing parametric normal forms is much
more difficult than computing the normal forms of
systems without parameters. Recently, we extended
the method of cohomology spectral sequence from
the existing results on nonparametric systems
[Sanders, 2003, 2005; Murdock, 2004; Benderesky &
Churchill, 2006; Sanders et al., 2007] to consider
parametric normal forms [Gazor, 2008; Gazor &
Yu, 2010]. This method has been applied on para-
metric normal forms of systems associated with
Hopf, generalized Hopf and Bogdanov—Takens sin-
gularity to compute the infinite level cohomology
spectral sequence of their associated cochain com-
plexes, see [Gazor, 2008; Gazor & Yu, 2010]. We
believe that the method of spectral sequences may
potentially lay some grounds for efficiently comput-
ing normal forms in an abstract sense. However,
as one can see in Sec. 5 from [Gazor & Yu, 2010]
the method of spectral sequence has been modi-
fied to obtain a suitable parametric normal form
for stability and bifurcation analysis. In order to
implement those results on the computer using a
computer algebra system such as Maple, we need
the formal decomposition computational method.
We introduced the formal decomposition method
in [Gazor & Yu, 2008], where a chess-like compu-
tation was the main streamline of the method. We
improve this method via notion of invariant spaces.
Our original idea of formal decomposition
method came from the fact that time transforma-
tions are injective and thus, there are no kernel
terms for time transformations. However, some

parametric time terms must be used to simplify
the grade terms higher than the grades, which are
normally targeted at the first level time transforma-
tion. In formal decomposition method, we decom-
pose the transformation spaces into some specific
subspaces aimed to simplify certain grades of the
system. This way we do not necessarily follow the
common approach which uses kernel terms for sim-
plifying higher grades; this overcomes the common
concern of recreating already eliminated terms. On
the contrary, we instead anticipate all changes that
will appear in high enough levels of normal form
of the system. Then, based on this calculation we
determine our (near-identity) transformation solu-
tions. Thus, some terms of the system may not be
necessarily simplified at the time when their des-
ignated transformation responsible for simplifying
them is applied to the system. Indeed, their coeffi-
cients may be changed in levels afterward and then,
after going through high enough levels, they turn
to be a zero coefficient and remain so. This is sort
of similar to playing chess; one anticipates all pos-
sible future changes that can be made in the game
and based on those calculations one decides one’s
own move. Similarly to our calculation, one makes
a move expecting to attain its goal after a while,
not instantly. This is why we call it a chess-like
computation. In [Gazor & Yu, 2008], we used this
kind of chess-like computation for generic nonlin-
ear center with single parameter. The same pro-
cedure of chess-like computation will readily work
for obtaining the parametric normal form of gener-
alized nonlinear center with multiple parameters.
One, however, may expect that this kind of cal-
culation becomes very hard, if it is meant to be
literally applied on generalized nonlinear center or
more complex singularities. This is why we general-
ize this method with the notion of invariant spaces
to reduce the complexity and necessity of an exces-
sive chess-like computation.

A notion of invariant spaces is our key to
new improvements on this method, compared with
what we did in [Gazor & Yu, 2008]. The advantage
here is to only look after those changes that have
some effect on our decision making for transforma-
tion solutions rather than all possible changes of
the system. To illustrate this point, assume there
exist some terms of the system that are neither
the intended system terms for elimination nor hav-
ing impact on choosing transformation solutions.
Yet they may only change through our calcula-
tions within the space of complement spaces. Then,
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keeping track of such terms makes our task very
difficult and we avoid it via the notion of invari-
ant spaces. We present this notion by introducing
certain invariant subspaces of complement spaces
called degenerate spaces. Degenerate spaces con-
sist of vector space span of the corresponding terms
from all vector fields satisfying certain degeneracy
conditions in their normal form such that they are
invariant (descending sequence of subspaces) under
our normal form computation. Degeneracy condi-
tions make certain terms of the system zero for cer-
tain level of normal form onward while the order
of the system (which is related with codimension)
guarantees that some other (specifically known)
terms will never be zero. Here, there may exist
some terms where their coefficients may change in
the normal form computation while they may have
no impact on our normal form computation. Then,
we may simply ignore computing the changes in
their coefficients as long as certain invariant con-
ditions are satisfied. This is the case considered in
Secs. 3 and 4 for phase terms of the system in the
first and higher than first level normal forms. This
way we are able to reduce work in chess-like com-
putations. One observes that the notion of invari-
ant spaces helps us (see Sec. 3) so that we will
not need to do any chess-like computation. Yet we
will do a minor and simple (same grade, see the
end of Sec. 2) calculation of this kind in Sec. 4,
which aims to implement the results in (and also
enhancing the efficiency of) computer programs.
Therefore, we present this method in a general
sense in Sec. 2, which uses degenerate spaces as
the invariant spaces within the framework of formal
decomposition method without having to do any
chess-like computation (beyond the same garde).
One may expect a need for a further modification
with a combination of both invariant spaces and
chess-like computations within the formal decom-
position method for more complicated singularities.
We, however, will not deal with it in this paper.
The rest of this paper is organized as follows.
We first present our style and some necessary alge-
braic structures in Sec. 2. Degenerate invariant
spaces and our method are also discussed. Further,
injective level transformations of state, parameter
and time are introduced in this section. Section 3 is
devoted to apply the general theory and method-
ology to degenerate nonlinear center with multi-
ple parameters. In Sec. 4, some intricate concepts
are introduced for enhancing the efficiency of com-
puter programs and additional formulas are derived

for systematically developing computer programs.
The simplest normal form and orbital equivalence
of nonparametric nonlinear center are briefly dis-
cussed in Sec. b. Several examples are presented in
Sec. 6 to demonstrate the applicability of our theo-
retical results and Maple programs. Finally, Sec. 7
concludes this paper.

2. Formal Basis Style, Costyle and
Formal Decomposition Method

In this section, we first briefly present the concepts
of formal basis style (costyle) and formal decompo-
sition, and then, describe the algebraic structures of
transformation spaces without the details (detailed
explanation on these and on formal basis style and
costyle can be found in [Gazor, 2008; Gazor & Yu,
2010]). Note that following [Murdock, 2004; Sanders
et al., 2007] the terminology level normal form is
used instead of order normal form in this paper. The
reason stems from the context of cohomology spec-
tral sequences [Gazor & Yu, 2010]. This also avoids
some possible confusion with the order imposed on
a formal basis and the order of a nonlinear center
singularity.

Murdock et al. [Murdock, 2003, 2004, 2005;
Murdock & Malonza, 2009] introduced the notion of
costyle (and style) of normal forms of vector fields,
a rule stating how to uniquely choose a comple-
ment space for a vector subspace (in the transfor-
mation spaces). Churchill and Kummer [1999] used
the phrase splitting convention for the case of style.
Style of the classical normal form is the rule to
specify a unique complement space for the image of
the homological operators, while costyle determines
a unique complement space for the kernel of the
state transformation, leading to a unique choice for
transformation maps. In principle, a finite level nor-
mal form is not unique even if the same approach,
grading structure, and style are used. The reason
behind this lies with the notion of costyle; indeed, a
fixed costyle for a finite level normal form makes it
a unique normal form despite being far from the
simplest normal form. In this paper, we apply a
newly introduced style and costyle called formal
basis style and costyle. In order to obtain unique
transformations, we apply the formal basis costyle
which is compatible with formal basis style and our
approach. We first recall the notion of formal basis
for introducing the formal basis style and to do this,
we need to revisit filtration topology. One should
distinguish formal decomposition method (which
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decomposes transformation spaces into some sub-
spaces, each of them is designated for simplifying
certain terms of the system) from formal basis style
(a rule for uniquely choosing complement spaces)
and from chess-like computation.

Let F be the field of real or complex numbers.
Assume V is a (locally finite) graded vector space
over F, that is, V = [[>2,V,, and V, is a finite
dimensional vector space and its elements are called
homogeneous vectors of grade n. Denote %, for the
vector space of V,, and fix an order on 8 = U%,, i.e.
% = {e;|i € N}. The grading on V' gives rise to the
filtration . = {FVV}, where ZVV = [[0\ Vo
for any natural number N. .# establishes a local
base for zero and thus, its associated topology T
is called filtration topology. Then, any sequence of
{vi}2, C V is 7-convergent to v € V if and only
if for any N € N, there exists kg € N such that
v—v; € FNV =05 Vy, for all i > ko, see also
[Baider & Churchill, 1988; Baider, 1989; Baider &
Sanders, 1991, 1992; Gazor & Yu, 2008]. Using
linearly 1somorph1(: spaces exchangeably, we have
V=1 =, , V7, ie. V is the 7-closure of
direct sum of V. Thus any element v € V can be
uniquely represented by v = > v, (= Y2 aie;)
in which v, € V,(e; € %#,a; € F). Then, &
(together with its order) is called a formal basis of
V. The common notations used for V' varies in the
literature; for example, Murdock [2003], Gazor and
Yu [2010], and Murdock and Malonza [2009] used
D, Vx (which should not be confused with direct
sum of vector spaces); Baider and Churchlll [1988]

and Gazor [2008] used the notation @ 1 Vi while
direct product is frequently used in the hterature,
see e.g. [Wang et al., 2000; Peng & Wang, 2004;
Gazor & Yu, 2008]. We use the notation @ but
only when V is associated with a fixed formal basis
(and thus, it is inherited to all of its formal decom-
positions). In other words, the usage of EB means
that a fixed formal basis is chosen for the space
and all of its formal decompositions as described
below.

Our idea of defining formal decomposition orig-
inated from thinking of two examples; the grad-

H@@

@l Fe; as the other (one-dimensional) formal
decomposition. Then, extending the idea to other
decompositions is gained through any new grading
structure while the associated topology and the for-
mal basis are not changed. The definition and nota-
tions are as follows. When a fixed formal basis %

1V as a formal decomposition for V' and

is chosen and NV is a (finite) basis for V;, then

we denote V = @l 1 Vi. An infinite sequence vector
subspaces of {Uy | k € N} is called a formal decom-
position for V' when the following conditions are
satisfied:

(1) Uy is finite dimensional and Ui N U; = 0 for any
k #1.

(2) % remains the fixed chosen formal basis for V.

(3) # N Uy is an ordered basis for Uy and & =

(4) Every v € V has a unique representation in the
form of v = Y"7, wg, wy € Uy, for every k, ie.

V=L, UL

Then, we denote V = @zolek. Formal basis plays
a role in defining a unique projection on a sub-
space W from V. Assume W N A = {elk ]k: € N}

is a formal basis for W, that is, W = @k ofFei, -
Then, my denotes a unique linear projection from
V onto W, defined by 7(> ;2 aie;) = D>k ai €,
(Gazor and Yu [2010] presented this in a more gen-
eral sense by using the notion of formal basis style).
The formal basis plays the key role in determin-
ing a unique complement space (style and costyle),
see also [Gazor & Yu, 2008, Proposition 2.3]. We
will further discuss this in Proposition 2.3 when for-
mal basis for transformation spaces are all defined
and also avoid confusion with the notion of formal
decompositions.

In the following, we first describe the alge-
braic structure of parametric state space, parameter
space and parametric time space. The algebraic
structure associated with parametric state space
% represents the space of all formal parametric
2-vector fields of Hopf singularity (nonlinear cen-
ter) with complex state variables, see Eq. (1). A
reader familiar with normal form theory knows that
this is a more convenient format for obtaining the
normal forms of Hopf and generalized Hopf sin-
gularities. Since any element of . may represent
the logistic function of a differential equation or
a vector field, we call any such element a vec-
tor field or a parametric system whenever it is
appropriate. We present the algebraic structures
in an abstract sense as if they are merely consid-
ered as algebraic objects. They, however, are merely
well known algebraic structures carried out from
formal vector fields and normal form theory, see
[Peng & Wang, 2004; Gazor, 2008; Gazor & Yu,
2008, 2010] for more details. We do not elaborate
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on how these algebraic structures are obtained. This
helps us avoid turning to the concepts of differ-
ential equations, making the problem look like an
abstract algebraic problem which is more conve-
nient to work with. It is well-known that a near-
identity (nonparametric) change of state variable
is a group (called Campbell-Hausdorff group) act-
ing on the vector state space. This is not only true
for near-identity parametric change of state variable
acting on parametric state space but also true for
near-identity parametric time rescaling and near-
identity reparametrization. Indeed they, altogether,
comprise a subgroup of filtration preserving vector
space automorphisms of the parametric state space,
see [Gazor & Yu, 2010, Lemma 3.5]. Therefore, the
problem is to find the simplest element of any orbit
associated with a given formal vector field.

Assume the system under consideration is
already reduced to a two-dimensional central man-
ifold and is presented by the formal vector field in
terms of a complex variable z and p parameters,
ie. pu; for 1 <@ < p. Let X;; and Yj;, respectively
denote 2'Z70) + 2270, and 12°270) — 12290, Vi, j €
No = NU{0},i + 7 > 0. Then, any formal vec-
tor V' can be simply represented by a summation
on X and Y terms; V = > Yip™ + > Xi;;p™,
o= (1, p2,. .., pp),m = (my,ma,...,my) € NE.
Since we only work with the systems of Hopf singu-
larity, our systems can be described as

{wa + Z bijmYijp™ + Z aiijij#m}a (1)

where sums are over all 4,5 € No,m € NJ that
i+j>1,i+j+|m|>1, with jm|=> m;, ™ =
P s - pp® . Tt is common to call any such ele-
ment X;;pu™ or Y;;u™ a term and it is our mission
to simplify as many terms as possible from the sys-
tem. Obviously, we can assume b = 1 in our com-
putation. .Z is a Lie algebra where the continuous

bilinear Lie bracket follows

(1) [Xijs Xoa] = (i—F) X (i3k—1) G40y FIX 1) k-1 —
lX(kﬂ')(lﬂel);

(2) [Yij, Xu] = (= K)Y(irn—1)G+) T Y erg)iri-1) +
IY (1) (j+k—1)5

(3) Yij, Y] = (k=) X(iyp—1)(+0) — I X (k) i41-1) T
IX (i) (j+k—1)3

(4) [’U:U’mawlu’n] = [an]/‘m+nv

for any i,7,k,1 € No, myn € NJ and v,w € .&,
see [Peng & Wang, 2004; Gazor, 2008; Gazor &
Yu, 2008]. Furthermore, we denote by %5 the

state space without parameters, that is, %5 =
DFY;; © QFX,; C £. The space Ly = {bY19 +
> bimY(ir1)it™ + Y0 aim X (4™} is the space
of all classical parametric normal forms associated
with a nonlinear center. Indeed, this space is invari-
ant under our time rescaling and reparametriza-
tion (in our style and approach), thus Z includes
all the first level normal forms. % and £y are
7-closed graded Lie subalgebras of £, see also
[Gazor & Yu, 2008, Theorem 1.5]. In order to define
a grading function, let

B = {leﬂnaY;j//Jn|n € Ngalaj € NO?
i+j=zLitj+n[>1}U{Yi}

For any natural number « (fixed throughout this
paper), we define a grading function 6 :  — Ny by

0(Xip®) =o0(Yijp™) =i+j— 1+ [n]a.

A subindex with a natural number, say k, is always
used to denote the homogenous space of grade k.
This is applied to all graded spaces defined through-
out this paper, e.g. Lsi, Xy, and &, etc. This
grading gives rise to a grading structure on .Z, i.e.
(%, L0) € Lin. We further fix an order on 4,
then £ is a formal basis for .Z and

7 -~
k=0

The fixed order on % must follow three condi-
tions; firstly (first priority) the terms with lower
grades are in lower orders in a sequence, sec-
ondly Yj;u™ is before Xp,,pu™ when 6(Y;;u™) =
0(Xmnp™), and finally (last priority) the terms
without parameter are before terms with parame-
ter when they have the same grade. Note that these
rules are not sufficient to provide a unique order on
A, but yet are enough that any fixed order (sat-
isfying the rules) on % would lead to the results
obtained in Sec. 3. Indeed, our conditions mean
that if we have some alternatives for elimination,
the ones in higher orders have to be eliminated in
priority. In other words, the terms in each grade, X
terms (in a sense, amplitude terms) rather than Y
terms (phase terms) and then terms with param-
eters compared to terms without parameters, are
preferred for not appearing in the parametric nor-
mal form of the system, see Proposition 2.3.

Now we briefly describe our method and define
state transformations. Let v = v(®) = Ziiko vlio)
(v € £) denote a parametric vector field before
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any normal form computation and o™ =

Z;’;kov(kn) denote its nth level parametric normal
form. So, we have an updated sequence

0 _ (n) (n) (n) (n) (n)
Vo = Vko s Vkot10 Vkotor - Vkgtk—10 Vkgk? - 7

where v(kn) €4 Yk, neNy, (2
which are computed in the normal form process.
It is well-known that any element Y5 € Z#1.¥ =
A 00

D,_,-Z generates a near-identity transformation
(bf, s, sending a system v into (bf, s, (v),

dy-s, (v) = exp(adys)(v)

1
:v+adysv+~~~+mad§‘/sv+---, (3)

where adysv = [V, 0] and ad}.s = ady o ad;‘,gl
VneN, see e.g. [Baider & Churchill, 1988; Bai-
der & Sanders, 1991; Gazor & Yu, 2008;
Kokubu et al., 1996] for more details. Therefore,
¢§;1 o, comes equipped with the Campbell-Baker—
Hausdorff formula and constitutes a subgroup
of filtration preserving automorphisms of .2,
i.e. @;13* < Autg?Z < Autp?. Note that
Sanders [2003] (Proposition 1) provided a straight-
forward proof for the formula ®%

yS*[an] =
[(Pf,s*(v),fbf/s*(w)] Vo,we L and Y € F1.Z, see

also [Chua & Kokubu, 1988; Peng & Wang, 2004].
Once grading structures, approach and the style
are fixed, there is a many-to-one map from the set
of all systems to their simplest normal form. This
map is onto because each simplest normal form is
a system and maps to itself. So, if we consider a
subset of the space of all systems, it may not map
onto the set of all simplest normal forms. In other
words, a condition or a set of conditions (degener-
ate conditions) imposed on a system may single out
a subset of the systems such that the vector space
span of their simplest normal forms (called infinite
level degenerate space) would not yet be the space of
all simplest normal forms [Murdock, 2003]. This can
be applied to the rth level parametric normal form
as long as our sequence of the rth level degenerate
space establishes a descending sequence of vector
spaces. Therefore, degenerate conditions of v(© may

further restrict the complement space .4 ]iN) into

a subspace @,(CN) where @,(CN) c ,(fN). Succinctly
the Nth level degenerate space

stated, we call @,(fN)
at grade k under some degenerate conditions (i.e.

it satisfies a certain set of conditions) when Z)(g)
is the vector space span of all homogenous vectors
of grade k which can appear in the Nth level para-
metric normal forms of any system satisfying those
conditions.

The order of a formal system of nonlinear cen-
ter becomes explicitly apparent when it is trans-
formed into its first level normal form. Example 3.6
demonstrates our claim where degenerate nonlin-
ear center of order Ny is treated, showing that its
normal form is required for computing its order
(Nop) via Lemma 3.4. In this paper, we focus on the
degenerate spaces representing the set of all para-
metric degenerate nonlinear centers of order Ny,
see Eq. (26) and [Chow et al., 1994, pp. 384-385].
The first (and higher) level normal form of a sys-
tem associated with order Ny of degenerate non-
linear center (generalized Hopf singularity) without
parameter (in polar coordinates) does not have an
amplitude term of grade less than 2Ny + 1 (i.e.
pt for i < 2Ny + 1). This is because of its order.
The first level complement spaces of such systems,
however, have amplitude terms of all odd orders.
So, the first level degenerate spaces of nonparamet-
ric normal form associated with grades less than
2Ny 4+ 1 do not have amplitude terms in the clas-
sical normal form theory, i.e. without using time
rescaling.

The common idea of normal form theory is to
use kernel terms of lower level state transformations
to define higher level state transformations. We,
however, use some terms beyond the kernel terms
under which the degenerate subspaces are invariant;
Le. adg: (@,(Cm+n)) C D,ﬁzn) and as we will see later
in Egs. (19) and (15) for time and parameter. As a
consequence, the condition 'U(kN) = vsgk) VN > k
is not generally true and thus, in order to derive
the necessary formulas for implementing them on a
computer, we need a chess-like computation. This
means that we have to calculate all possible changes
of vlin) for up to a sufficiently high level (for each
grade k we denote my, i.e. my < mo < mg---, asone
of such sufficiently high level and of course we do not
make any attempt to exactly compute the smallest
of such numbers) and then determine the state, time

(mg)

and parametric solutions such that v, ™’ is as sim-

(my) _ (0)

ple as possible. Therefore, we have v, = v,

throughout this paper. Note that

vsgmk) = v(koo) = @]E:mk) = @l(gn) for any n > my,
(4)
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but the converse is not true. Indeed, we have mj, = k
for any k # 2Ny and man, = 4Ny in Sec. 3.

However, @,(ka) = @,(f) for any k € N.

A new idea used here is that the common Nth
level state transformation is modified to be an injec-
tive linear transformation. We do this job via defin-
ing a formal decomposition of the parametric state
space. Indeed, a space decomposition

n
L. = ﬁg & @ ﬁ;:ko for some ny € Ng,  (5)
i=0
where

ok £ ©M] = {0} for any ke N, n e Ny,
n+

and
[E%,@,(f)] - @,(Jitln) for any k < i
(6)

leads to a formal decomposition for .Z. Eg stands
for the parametric state terms not used in the pro-
cess of normal form while £¢ denotes the homoge-
nous parametric state terms of grade n, applied to
simplify the homogenous terms of grade n+i of the

system. Define the nth level linear state transfor-
) SN _ SN, (N-1) (N-1) (N=1) -
mation L(n) = L(n) (Ve Vot o Vkotno1)

ko+n—1 ko+1 k
LN e @ ® LY O LYy — Ly by

S,N /vy ko+n—1 ko ko
L(n) (YkaofnJrl’ T ’Ykaofl’ YN*ko)

n—1
_ o (N=1)
= E adY§0j£07ivk0+i when n < N — ko,
=0

(7)

and Lo = LS’JX for n > N — kg. Our approach

(n) (n=1)
is to choose the state decomposition (5) such that
L(S;L])V is an injective linear transformation. Then,
LS,N

(n) : : .
grade N. One can simply infer from our definition,

Lemma 3.6 in [Kokubu et al., 1996] and Lemma 2.10

in [Gazor & Yu, 2008] that for a parametric state

decomposition, associated with Eq. (5), we have
S, S,

Im(L(ngn) - Im(L(nTU) for any m,n € N.

The following example (with extra conditions
on degenerate spaces) illustrates the idea of how
we practically choose the state decomposition (5)

S,N .. . . . .
to make L(n) an injective linear transformation in

Sec. 3.

is called an nth-level state transformation at

];bscample 2.1. Recall the state transformation
L )
n

oV sker(LENY X (Lvok) — Ly defined

inductively by

7N

(n) (Ykaofnri»l; s 7YN7]<)0717 YN*ko)

n—1
= Z adyN_kO_iv,(fi)V_:) for n < N — ko, (8)
i=0

see e.g. [Gazor & Yu, 2008]. Following the formal
basis costyle we denote Eﬁ?fko for the unique com-

plement space associated with ker(IA/(Sl’iv), that is,

LR 4y @ ker(L(Y) = Lk,
Then,

k SoNy  LN—k
'CJ\?—ko + ker(L(l) ) = Wi,{)&) and

=S, k
T 257 = (L4 o]

= [ Lo o]

_ SN
=Im L(l) ,

where L‘(glfv follows Eq. (7). Note that V/W stands
for the quotient vector space associated with all the
cosets v + W, v € V, where W is a subspace of V.
Now assume v(ﬁ) = U%n) for any natural numbers m
and n, n > m. (This is only assumed in this exam-
ple and is not generally satisfied elsewhere in this
paper.) Thus, we have

spanp{v{™} C DM for n > m.

Note that ’D(,;ln) is the vector space span of all U(T,T)

which satisfy a certain degeneracy condition. Fur-
ther assume Im adv([fﬁ) £y = [’D(ﬁ),ﬁg] for all p,q.

Then, there similarly exists a subspace £ljf\?f,io_1 in

ker(ﬁfl’;v*l) satisfying

(o, £ ] = oo er (L5 )

such that L‘é;v is injective, i.e.
ko+1 SN rS,N—1
LN h 1 €™ ker(L(Q) ) = ker(L(l) ),
where 7 denotes PE?VPTO jection on the first compo-

S,N
nent. Hence, Im(L(Q) ) = Im(L(Q) ), and

k
[:D](COO)’ ‘C?\?jklofl]
= adv(:M(E?\?j;Ofﬁ = {0}
0

C spanF{v(JifV:ll)} - Q%Vfll) < '/VE\va:ll)'
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Thereby, the spaces Eﬁ?f,iofi C m(ker f)‘(gi’)N) Vi>1
can be inductively chosen to satisfy

£%’f,io_i @& 1 (ker I:ifl)) = 7y (ker I:é’)Nfl).

Therefore, [Ef\?f;‘o_n, @,(fi(f]m)] = {0} for any j < n,
m 2 j,

Im(Ly, ) = Im(Ly)) and  ker(L(Y) = {0}

for all natural numbers n and N.

This implies that the injective state transformation

L(Sn])V does the job in which f)fnj)v is expected to do

(ﬁfnj)v in a sense facilitates the elimination of terms
crossing its image) and thus, it is a good transfor-

mation adopted from f)fnj)v

We may use the notations

ZLs.i = Pspane{ X 11130, Yiisnyi b

L8 e = @ spanp{X;;,Y;;} and
i#j+1
Lre = ZLs,ne[[p]]-

Thus,

L =Ly DLy = @ffm ® @fHk
k=0 k=0

Furthermore, for any X;; € %g, we denote
Lx,, = D, gspang { Xijp™ |m, € Nb} and Ly =
@:jzospanﬁp{v = X;;p™ |m, € N, §(v) = k}. Sim-
ilarly the notations Zy;; and %y are also used.
The reader should note that .Zs g denotes the well-
known first level (classical) normal form space of
vector fields without parameters associated with
Hopf singularity. This is why % holds some prop-
erties similar to Z5py. Thus, the extension of
Proposition 2.6 in [Gazor & Yu, 2008] into multiple
parameters is valid here.

Note that Peng and Wang [2004] introduced a
tricky grading function on .Zs i (in our notations)
to manage the computation of normal form. Their
grading function can be expanded for our paramet-
ric normal form. This, however, should be imple-
mented on %y rather than .Z. In other words, we
have to carry out the computations in two phases.
As a consequence, it reduces the efficiency of com-
putation (for systems with parameters).

Remark 2.2. We now explain the analog of the con-
cepts between the near-identity maps of time and
parameter and that of the state. This also justi-
fies the notation of push-forward qbgT* and d)f/s*.
Let v(x) be a smooth vector field on M = R?
(or =C?),t = (1+Y7T(2))r a smooth near-identity
time rescaling, and ®,, the flow generated by & = v.
For any diffeomorphism ¢£T RxM —RxM
defined by ¢+ (t,z) = (t+tY T (x),x), we associate
a map ¢l which sends the vector field v(t,z) =
v(z) to the smooth vector field ¢L, (v) such that
the following diagram is commutative:
oL r
RxM——RxM
q)u(ac) l« l« <I)¢>€T*(v) (9)
M —— M.

id pp

Obviously, ¢L. (v) = (1+Y7)v and Q)d)’{/T*(U) is the

flow generated by @ = (1 + Y7 )v.

Now we unify the approach here with what is
well-known and common for the state maps and
then, express our notion for parametric maps. First
recall that the time one mapping @f,s generated
from the system @ = Y (V¥ being a smooth vector
field without any constant or linear terms) can be
considered as a diffeomorphism on M, i.e. q)f, s(x) =
®ys(t = 1,2) Vo € M. Then, O3, (v) satisfies
D, (t,x) = (I)q’f/s ) (t,@f,s (x)) for any t € R. How-

ever, we now define a new map qﬁf/s R x M —
R x M given by (;Sf,s (t,z) = (¢, <I>f,s (x)) as our dif-
feomorphism (to unify our approach with time map)
and thus, the diagram
¢ s
RxM—RxM
Dy | K P (10)
M — M
idpr
is commutative for any v(z) = v(t,z). It is easy to
see that ®3 (v) = ¢5.s,(v). Thus, ¢35 (v) follows
Eq. (3) and we use it throughout this paper instead
of <I>€ S*(v).

In all the above we could also consider v,Y”
and Y° as a formal parametric vector field
v=wv(z,pu), associated with a parametric time
rescaling and a parametric state change of state
variable, respectively. So, for the parameter maps
we assume M is a manifold of parametric state
space, that is, M = RP x R2 Thus, for any
smooth vector field Y (1) with no constant or
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linear terms, <I>$P : M — M, given by <I>$P (x,p) =
(z,u+YP(p)), is a diffeomorphism. Thus, we sim-
ilarly consider ¢¥.(t, (z, 1)) = (t,®Lp(z, 1)) and
define ¢, (v) such that

s
RxM—RxM
baow L L (1)
M — M
idpg
is a commutative diagram. One should note that
we could instead (but we do not) define ¥, as
the time one mapping generated from the system
ft = YP(u). This is a different near-identity param-
eter map from what we just defined above. We, how-
ever, believe that this does not help us in any way on
computation of parametric normal forms and may
even be sometimes misleading for the reader. This is
why we do not follow the later definition of param-
eter maps.

In order to present the parameter space, let
P! = F|[u]] be the integral domain of formal power

series in terms of u = (w1, ua, . .. ,up)T. Then, the
parameter space is defined and denoted by

PP =TFP[u]] = {v|v = (v1,v2,...,0m)"
where v; € PLvi1<j<p}

Let dgp (1) = >°F | nja for any n = (nq,no,...,
ny)T € FP and fix an order on By = {u ey
n € NPk < p}>2, such that the lower grade terms
(associated with d4p) are ordered in a sequence
before higher grade terms. Then B v is a formal

basis for 2P and PP = EB ,O,@ where 28 = FP.

Thus, any element from the space p + EBHZQQZTI{
is uniquely represented from (indeed, we only work

with) the vector space @n » Zh and thus we denote

P = @n o Ph. Recall that reparametrization
assoc1ated with p = v + Y? sends v(u) to

¢$P*(U(M))

— 1
Zk_ (v, YP) (YP e 2P v(p) € 2),
k=0

(12)

where Dl’j(v, YP) denotes the kth-order formal
Frechet derivative of v(u) with respect to

k times

t(YP yr, .

p=(p1, )" YT

Y

see also [Kuznetsov, 2004; Liao et al., 2007; Gazor &
Yu, 2008].

Parametric normal forms require reparametriza-
tion and parametric time rescaling alongside with
parametric change of state variable. Since the state
transformation is linear, the kernel terms can be
used in the computation of the simplest normal
forms via defining higher level state transforma-
tions. However, parametric transformations asso-
ciated with multiple parameters can be nonlinear,
see e.g. Remark 3.4 in [Gazor & Yu, 2010], and
thus the computation of parametric normal forms
is much more complicated. Indeed, for the case of
one parameter, D, (v(u),YT) = 0 (for YZ € P
and vp(p) € %) implies DZ(vk(,u),YP) =0
for any n > 1 and thus the parameter transfor-
mation is linear. Therefore, we assume that the
degenerate spaces for any Y € PV satisty the
condition:

k
n (@) Py _
Du<§ ol ,Y>_0
i=1

k

= D» (Z@Z(”,YP) —0 forallk, neN.
=1

(13)

Equation (13) can be satisfied by adding some
unfolding into the system wherever they are needed,
see [Murdock, 2008; Murdock & Malonza, 2009].
However adding unfolding to parametric systems
is not the purpose of this paper. Therefore, this
task is instead fulfilled by a smart choice of grading
function (i.e. a value for o) and assuming a certain
condition with respect to parameters. Then, this
condition is satisfied.

Assume there exists a parametric space
decomposition:

PV =p+ @ 2
=Pl & @PZH“’ for some [, € Ny,
such that
DM(CD%”),P};OC) C @g;of;i_aa) Vn <i and
(15)

Plhs1ya) = {0}

Vk € N,n € Ng. Here, P: denotes the space of
parameter terms of grade n intended to simplify

g(ka-{—n) oD <©(n)

ka+n
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system terms of grade n + 4, while PY denotes the
space of not usable parameter terms. Then for any
natural number k (k < ((N — ko)/«)) define

PN | oN-[F 0t (k—1)a
Ly P[%}a—w—z)a

(%)

N—k
@ @P[]Y\/ [ko] }0(4’0( P[JYV_ECO}Q Ll—)j]v’
by
LPN<Y YF YF )
(k)) [N ko k+2}a’.” [N kO} [N ko}a+a
k—1

D ( N ko i]oc’Y[P—N_kO-&—l—i]oc)’ (16)
i—0 «

and for k > (N — ko)/a let LY = LN, LY s
defined as a zero transformation for all N < kg + a.
We choose the parametric space decomposition (14)
such that L{;;V
and call it the kth level injective parameter trans-
formation at grade V.

We now construct the parametric time space
Z% similar to the parametric state space .Z as a
merely abstract concept (ring) without referring to
differential equations or even .Z. The link between
Z and £ is, then, represented via an Z-module
operation on . which indeed can carry out the
necessary changes made by a time rescaling into
the vector field representing the parametric system,
see [Gazor & Yu, 2010] for details. Let %y, =
{Z;|i € Ny} be an infinite sequence of distinct
algebraic objects (distinct from the elements of .Z)
and By = {Z;p™ |i € No,m € NJ}. Note that Z;
stands for z'Z* where z is a complex state variable,
see [Gazor & Yu, 2010]. Define a grading function
O : By — 7 by

54(Zep™) = 2i + |mla,

~.

is an injective linear transformation

1 €Ny, me Ng

We fix an order in a sequence on %4 such that
the terms of lower grades are in lower orders, and
for the terms with the same grade, the terms with-
out parameters are before the terms with parame-
ters Then, define the parametric time space Z =
@k oFer (where B4 = {ek}) and time space with-
out parameters #Zs = @Z oFZ;. % constitutes an
integral domain structure by the formula

o0 n

2129 = Z Zal(n_k)agken where

n=0 k=0
a7

Furthermore, #Z is a graded ring, that is, Z =
@2020%;{ and Zn,#n, < XnN,+N,- We natu-
rally define an Z-module product via the for-
mulas Zip™ Xy ™2 = X (i4m)(ipn) W™ ™2 and
Zipf™ Y ft™2 = Yiipm)(ipn) 0™ T2, Then, £ is
a torsion-free graded Z-module of type Z over the
graded ring Z, i.e. ZnN, LN, C $N1+N2, see also

[Gazor & Yu, 2008, 2010]. Let Z; = @k 1% By
Eq. (9), we have

gT*(v) —v+YTy forany YT € % and v € 2.

In this paper, the parametric time solution Y7V
is designed for eliminating system terms of grade
N, while parametric time terms of different grades
are used for this purpose (simplifying system terms
of grade N). Thus, we consider a fixed parametric
time space decomposition

o

RHr = @%Z and %; = R?Q%R?0+j
1= j=

(for some m; € Ny). (18)

Note that we denote R} for parametric time sub-
space of grade 7 designed for eliminating system
terms of grade ¢ + n while jo stands for the
parametric time subspace which is not usable in our
normal form computation. We assume R} and jo
follow the conditions

RrDW P for k <m, and

T o (DL ) = {0}
for any i € N, and k& € Ng.
(19)
Now, we define the nth level injective linear
time transformation L(T§V RN ko RJ\?JF;O 1D

ko+n—1
RyZ ko—n+1 Zn by
T,N /+,T,ko T ko+1 T ko+n—1
L(n) (Ykaonkaofp e ’Ykaoan)

for n < N — kg, (20)

n—
_ T,ko+i (N 1)
- ZY —ko—iVko+i

and L?;;V = L?;L]j for n > N — kg, see
also [Algaba et al., 2001; Gazor & Yu, 2008;
Yu & Leung, 2003; Yu & Chen, 2007]. For

any parametric time space decomposition (18),

1)

TN . e . .
L(ri) is an injective linear transformation and

(L) € Tm(L(Y,) ¥n, N € N. This, in a

sense, implies that higher level normal forms are
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simpler than lower level normal forms. Furthermore,

Im(L(T§V) = Tm(L(}}) YN > n and Im(L()) =

EE 0 ]RiOJZO zvl(cZJrzl)'

Now we are equipped with all the structures
that we need to establish our method. Let us recall
the fact that parametric normal form theory may
require a chess-like computation and therefore, we
anticipate all the future changes in high enough
levels (but yet finite) and based on this fact we
determine our transforation solutions. This, how-
ever, contradicts with the fact that the finite level
normal forms, and also that transformation solu-
tions are not unique in general. Furthermore, com-
puting transformation solutions are fundamental in
parametric normal form theory. Thus, we need to
establish a way to compute transformation solu-
tions uniquely. This signifies the recently introduced
notion of costyle by Murdock and Malonza [2009]
which determines a rule on how to uniquely deter-
mine transformation solutions. Then, finite level
normal forms are also unique although they are
yet far from being the simplest normal form. In
fact, we also used formal basis costyle (and style)
in our paper [Gazor & Yu, 2008] without notice.
The importance of costyle is indeed manifested in
parametric normal form theory. Therefore, we turn
to defining formal basis style and costyle here. We
call our style (costyle) formal basis style (costyle)
throughout this paper. In order to determine a
unique complement space 4 for W C V. we
instead choose the basis of .4". First choose an
element e,, from % with the least index which
is not an element of W. Then, inductively choose
elements from % with the least index mj; where
en, is not in W + spang{e,, |i < k}. Therefore,
A = spang{e,, |k < N} if it terminates at step
N; and otherwise .4 = spang{ey, |k € N}. This
procedure leads to the following proposition which
presents the formal basis style and costyle.

Proposition 2.3. Let L:V — YV be a linear trans-
formation on vector spaces V and V.

(1) Costyle: Assume V has a finite basis or a
finite formal basis, say By = {fi}. Then, there
exists a unique vector subspace C satisfying the
followinyg:

e For any v € V there exist unique vectors
w €V and ve € C such that v = w + v¢
and L(w) =0, i.e. V. =C @ ker L.

o By NC={fi,} is either a finite ordered basis
or a formal basis for C.

e For any f; € A there exist a unique vector

w € V and unique scalars a;,, iy, ..., 0y
(ny < 1) such that f; = w+ Z;VZI a;, fi, and
L(w) = 0.

(2) Style: If V has a formal basis B = {e,}22 1 or a
finite ordered basis B = {e, Y™V then, there

exists a unique vector subspace A C V' such
that

e V=LV)®N and BN N = {en,} is a
finite or a formal basis for N .

o For any e, € A there erist a unique vec-
tor w = L(w) (for some w € V') and unique
scalars by, by, ..., bn,, (nar < n) satisfying

~ M
en =W+ D ;1 bnylny-

In particular, when V- C V and L s the inclusion
map, N represents a unique complement space for
Viin V.

Now we describe the approach applied in the
next section, which is essentially different from that
of generic Hopf singularity presented in [Gazor &
Yu, 2008]. By mathematical induction hypothesis,
assume that the (n — 1)th level parametric normal
form v(»~1) is obtained from a given formal vector

field v = v € 2. Now let
Lo = (Im(Ly) +Tm(L)) + Im(L(T)) & A7,
(21)

where A 7(1”) is the unique complement space
obtained from formal bases style, see Proposi-

tion 2.3. (Note that we can similarly define .4 {m)
via Li’z’)n, Lisn and L( y" for any m; thus we always
have </V§L) C </V§L) C </V§Ll) for any k£ > [.) Then,
there exist state solution Y57, parameter solution
Y P" and time solution Y7°" such that the combina-
tion of transformation maps ®,, = ¢£T7n* o ¢$Pm* o

¢)S/Sm* sends v Y into

MO, § ( (nfl))

Z”k’

k=ko

e o

for any k < n. (22)

Our approach here should not be confused with
that given in [Gazor & Yu, 2008]. The latter uses
chess-like computations beyond the grades while
we, here, may only permit the same grade chess-
like computation. Indeed, we need to compute all
the changes that may appear by applying the state,
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parameter and time solutions associated with a spe-
cific grade and then, determine our transformation
solutions. Therefore, in Sec. 3 we do not need to
compute any chess-like computation at all as we
only play with spaces, while in Sec. 4 we need to use
the same grade of such computations to derive the
necessary formulas for systematic development of
computer programs. Thereby, here compared with
[Gazor & Yu, 2008], the time solution Y7*" is just
aimed at system terms of grade n, while the method
used in [Gazor & Yu, 2008] is to eliminate not only
system terms of grade n but also grades higher than
n. Therefore, the time solutions Y7 and v(™ in
our method are completely determined at this stage
while in [Gazor & Yu, 2008] they still depend on
some unknowns at step n to be computed at the
later steps associated with higher grades than n.
These are very essential and one should deal with
them properly. It looks imperative to remark that
the system terms intended for elimination of grade
n are here eliminated in the nth level parametric
normal forms while the remaining terms may be
changed in the later steps, i.e. higher level para-
metric normal forms than n. Further, let us restate
that one may need to combine all these and apply
them to a more complicated singularity.

In order that already removed terms from nth
level normal form (nth level degenerate spaces) do
not reappear in later steps and also to obtain the
simplest parametric normal form, we ensure that
the following conditions are satisfied throughout
this paper:

(1) Each of the state, parameter and time
transformations have a clearly known and
specified responsibility in simplifying certain
terms of the system in light of the for-

mal basis style, ie. %, = Im(Lfn?) @

n—Fk, .

I (12) 6 LT R ol 1) o
lowing Proposition 2.3 (note that @ here
denotes the direct sum of vector spaces, i.e.
V =Vi® VW if and only if V1 NV5, = 0 and
V=V + Vh);

(2) Transformation solutions associated with grade
m simplify all the intended system terms for

elimination at the mth level, i.e. 33(751) = @(f:f),
for any k > m;

(3) The remaining system terms of grade m may
yet be changed even in levels that are higher
than m. Furthermore, and most importantly,
degenerate spaces stay invariant under our

computations, i.e. for any n,k,i(k < i), m =

n+k and | = na+ k — «, we have [Eil,@gf)] -

m ik m k i !

o0, Rio® c o0 p,@" P ) c D
and D c P ¢ P

(4) Unused transformation terms could not be

used to simplify any of the remaining sys-

~

tem terms, i.e. Ttk [Ei]’@gn)] ~ Jo},
n+k
+k
TRUD(V (@Slk )) = {0} and nglaﬁl") oDu(@%n)’

ch +1) ) = {0}, for any non-negative integers n
and k. Note that these are, indeed, assumed for
obtaining the simplest normal forms.

Note that {0}, C .Z is a convergent sequence
to a vector field v(®) € Z with respect to filtra-
tion topology. Furthermore, we use a unique costyle
and thus the transformation maps are unique and
according to Baider [1989], they can be combined
together and are indeed convergent with respect to
filtration topology imposed on the transformation
spaces. v(®) is called the infinite level parametric
normal form of v. The above arguments give rise to
the following theorem.

Theorem 2.4. Assume v € £ and there exist
degenerate spaces and accordingly the formal decom-
positions (5), (6), (18), (19) and (14) such
that they altogether satisfy the above conditions.
Then, there exist the formal near-identity maps
@gsm,q)gp,oo and <I>3T/T,oo which transform v into
v(®) = oL, odl, o®%, (v) € L. Besides,

Y T,00 Y P,oo Y S,00
() = Z;":ko v(noo), v(noo) € %, implies that vﬁloo) €

o c Y.

3. Parametric Normal Form for
Degenerate Nonlinear Center

We apply the method described in Sec. 3 to obtain
the parametric normal form for nonlinear center of
order Ny. Let v = v(© and

o0

o) = vy + Z al(fr)n Xijum
itj+r=2,m|=r,it+j>1
= k
+ Z bz(jr)nY;j:u’m7 (23)

i+j+r=2m|=ri+;j>1

where v*+t1) = @&, (v®)) VE € Ny, and &y is
a combination of near-identity transformations of
parametric changes of state variable, time rescaling
and reparametrization, see Eq. (22).
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We say that the nonlinear center v has an order
Ny at the origin (Ny € N) when

agl]fvll)ko =0 and ag%zﬂwoo 70
Vk < Ny, VN e€N.
(24)
Lemma 3.4 implies that the condition (24) holds

for N = 1 if and only if it is valid for all N € N.
When Ny = 1, the system is associated with generic

nonlinear center while Ny > 1 associates the sys—I

(spang{Yio}
spang{ X(ny+1)Nos Y(No+1)No }
SpaﬂF{Y(NOH)NOM
spang{ X;(_1)Hx )
(o)

Consider the parametric state space formal
decomposition

™ |r = |m[}

2No
=Ll e@L, (foranyneN), (27)
i=0
where
={0} (Vi,0#i#2Ny), L= Lpen,
(28)
ﬁiNo ={ve ZHn ’WXYIO@XX(NO-H)NO (v) =0},
(29)
and
Eg =72, (Ly, @ gX(NOH)NO )- (30)
|
Span[F{X i+1) Zl’[' Yv(z—l—l Z/’L ‘7’ - ’m’}
(N—l) N
1
spang ¢ | X(No+1)Np + %Y(NOH)NO
Sn,r = @ (No+1)No
spang{Y(ong+1)2n, 1™ |7 = [m}
{o}

Furthermore, | Z‘,@(n)] ={0} Cc®, n+k) Vn < m,

and ”@(”%)[ﬁk?@( )] =
n+k

number k and any n € Np.

S, S,
Tm(L3y) € Tm(LYy

in Eq. (8).

{0} for any natural
Finally, we have

]\)7) where ﬁf]’\,]\)f is described
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tem with a degenerate singularity. Now consider the
coefficient matrix

Ak — [a(k) where a(k) — g1

ij ]proa ij = Lii-1)e; (25)

When rankp(AM0)) is the same as the system’s
order (Np), we say v(®) has parametric dimension
Ny. Furthermore, v is said to have full parametric
dimension if p = Ny. From now on, set o = 2N+ 1.
Note that the nth level (and higher level) degen-
erate space of grade n throughout this paper is as
follows

when N = 0,
when N = 2Ny,
when N = 2Ny +ra, r #0, (26)

when N =2i+a—2, i < Ny, k<p,

otherwise.

|
Now everything is ready for describing injective

state transformations.
Lemma 3.1. Let N > 2N(],U(00) = Yo, v(kn) € @(:)
Vk <mn, and in particular for any n > 2Ny,

(n) o™

U2N0 (N0+1)N00X(N0+1)N0
(n) (2No)
+ b(N0+1)N00Y(No+1)No € QQNOO
(n)
where O No+1)NoO #0.
That is, v = v is of order Ny. According
to Egs. (27)-(30), L(S) is an injective linear

parametric state transformation and Im(LfN]\)/) =
Lren ® @ SNT where

if N—ra=2i, Ny<i#2No,

m

u™ | r = |m] if N—ra=2Ny, r#0,

ZfN —ra= 4]\[07

otherwise.

|
Proof. For any N < 2N,

(L) = [£%, v

Since Lu,n = mgy (ker(ad © ) = ker(Lfl) ), we

have ker(L‘(glN) = {0}. Be81des by Proposition 2.3

= Lie N,
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and Eq. (21), we obtain wacﬁN(v%V)) = 0. Since L% _, = {0} for any i (0 # i # 2N), L‘(gNA)T = L(S§V when
N < 2Ny, and for any N > 2N

N—
Im(LfJ’VJ\)f) = ZLHe,N @ [E?vNozNov”gNo V).

Now by the formulas:

N-1 N-1
[X(k+1)kav(2N0 = 2%k - No)aEN0+i)N00X(k+NO+1)(k+N0) 2NobEN0+i)NOOY(k+NO+1)(k+N0)
and
1
Y1yt Vong 1 = 2Ra{NG 1) o0 Y (k- N 1) (k4No)
and agx(;:i) NoO # 0, we conclude that L(]’V]\)/ is an injective linear transformation, and it is a bijective

transformation if and only if N # ra + 2Ny and N # ra + 4Ny for any r € Ny (indeed, this results from
0 # k # Ny). Therefore, for any N € N,

(L)) = {v e Ly |n (v) = 0} © Tpy (L, -1))-

gX(QN +1)2Ng GaiﬂX(z\rO-H)NO EBgY(NO-H)N ON,2NoVan,

This proves the claimed equation Im(L ( N)) Lre N ® @T 1 S Ny
Next, it is easy to verify that ad 2o (@ ) {0} C 53 n+k) Vn < 2Ny, and 7 ix) oadcu( n)) = {0}

n+k
Vk,n € Ny. Since ady,,-Zy = {0},

oo
) (N-1)
ker(adv%gl)) = @]Span{X(No+1)N0Mm \ I lm|a + 2Ny, m € Nj}
n=
°
® @Span{Ym,u,m |n = |m|a, m € Nj}
n=0
and
o
adx,,(w) =0 if and only if w € @ span{X10u™, Xo1 p™, Yiop™, Yor ™ | m € Np 1,
|m|=0
we have L(S]\)[ = L(QN +2) VN > 2Ny + 2. Recalling |
that (N=1) _ ,(N-1)
adCX(N0+1)N0U2N0 = b(N0+1)N00Y(2N0+1)(2N0)
P
(N-1) _
ach(N0+l)N0/Lm Z A10ps, X0k =ad (w1 U(QJX[0 1)’
k=1 U\([Lll))NOOY(NOH)NO
2N0a(N0+1)N00
P
= Z C“lou 2N0 = DX(No+1)No ™ e we finally obtain
S,N - (N-1)
=ad Yov pX(No+1)N0 Im (L(zN +1)) - gHC,N ©® ad[;fvl\’_oQNO%No
St WXHW ek
*(No+1)Ng0 =1Im (L‘(S;%OJFU) VN > 2Nj.
implies The rest of the proof is straightforward. W
S,N S,N
Im (L(2N0+2)> = Im(L(2NO+1)) VN > 2Ny, Now its time to describe the contribution of

and noticing that

time rescaling. For this purpose, we need to pro-
vide a parametric time space decomposition to
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clearly specify the contribution of each time term in simplifying system terms. Therefore, we consider the

parametric time space decomposition

©0 N—-1
Ry —1+@%N, Zn =RE © P Ry, (31)
N=1 =0
where
N —2i
R = spang {Zi,um‘r = 2]\[07_’_21 where 7,7 € Ng, 1 < N()} , (32)
N — 4N,
R2No = spang { Znopu®r = ————2.r€Ngp, RE={0} Yk, 0#k#2N,, (33)
0 2Ny + 1
and
RY = spang { Z; N =20 herei,r € Noyi> Nob YN eN (34)
N — Spallg ZM 2N0+1 where 7,7 0,2 0 .

The above decomposition leads to the following lemma, stating how further time rescaling can simplify the

system along with state transformations.

Lemma 3.2. Assume the hypothesis m Lemma 3.1 holds and vy,

(n)

1s obtained via formal basis style as an

element of the complement space to L( ’) Then, we have

reNp,m

~

o D

{r,k,m|k<No,k & reNg,meNh}

Further, assume follows Eq. (26). Then,
RN — (0} Vn 0<n<2N0,R2N°’D( Jcpl )
and ikt (RYD My = {0} Vk,n € N,.

Proof. The proof is straightforward based on the
Z-module structure of .# and the definition of L7

(N)
and thus, is omitted here. W
ith
4 T
Denote e} for (0,..., 1 ,...,0)" € F". The

following lemma presents the parameter space
decomposition.

Lemma 3.3. Assume

(No)
UQNO 142k = Z“ 1: Ve Xk(k—1) i

for all N > Ny and k < Ny, and ranky(AN0)) =
No, where ANO) s defined by Eq. (25). Then,
there exist matrices Bnyxp,Cpxp and a permu-
tation 0 € S, associated with a parameter space
decomposition

T N
@ Spanpg {X(2N0+1)2N0Nm + bEN3+1)N003/(2N0+1)2N0M

spang {Y(kﬂ)kﬂm

m| _ N 4Ny
2No + 1

N — 2k
r=— 5.
2N + 1

No—1
4 _ pU 2No+1+21
P oeNo+k = PakNg+k @ @ PorNoik » k=2,
=0
(35)
for which
p—No
U
PornNo+k = @ 2 kNOHgC 60(1) and
2No+142i _ 1 To ‘
PQkao—i—k ’@%No—&-kB z+17 0 <@ < Ny,
(36)

such that the following conclusions hold:

k k .

(1) Im(ng’)) = {0} for any k < 4Ny, and Lgc’) is
an injective linear transformation for any nat-
ural number k.

(2) Letk:Qi—i—QTNg—i—r r>1and 0 <17 < Npy.
Then, we have Im(L(k)) = spang{ X 11);u™ |
m € Nj}.

N-1),S ‘ .
(8) Dy(0ing it ais Phiiga) = {0} Vi, 0 < i < No.

If ’D%n) follows Eq. (26) and p = Ny, then



Int. J. Bifurcation Chaos 2010.20:3487-3515. Downloaded from www.worldscientific.com
by UNIVERSITY OF WESTERN ONTARIO WESTERN LIBRARIES on 07/25/12. For personal use only.

3502 M. Gazor & P. Yu

Du(i?%n),?gk]\,ﬁk). = {0} Vk,n € No. (This ag.](\;ojl)ei = ag-vo). Since the system has parametric
condition is essential for obtaining the simplest  dimension of Ny, there exists a matrix Cpy, such
parametric normal J;%“mﬁzz . that CAMN0) = 0, n, while rankg(C) = p — Np.
(4) Poineir = D2t Porno k. © Popng s Therefore, there exists a permutation 6 € S, such

that rankF(spanF{Ceg(i) |i < No}) =p— Np. Con-
Proof. Since a = 2Ny + 1, for any k < 4Ny + 1 we  sider N = 2rNg + 2k 4+ r — 2, where 1 < k < Ny
have Im( b k) {0}. Note that gzp 0, when and r > 1. According to parametric space decom-

( L 2No—1+2k PN

—_ 1 0 L }

N # 2kNo + k Yk € Ny. Let Byyxp [bgjzvo>] I%ismofn (35), only P5, % contributes to L.
be the Moore-Penrose pseudoinverse of matrix A ererore,

and thus, BAWNo) = INyx Ny, Where In,xn, denotes Lf];’ 7?%5”\/]% ijzk — Dy

the identity matrix and A% = 161 in which
v pxNo | 4 ] | where P%%%Ojj% ﬁér No +TBTe]kVO. Then,
PN ~ P _ (N-1) P
L(N) <Y2TN0+T> - DH(U2N0 142k Y2rN0+r> (by Eq' <16)>

N,
= (ai) o o Y2 ) Xiemry, (by Ea. (25))

where ((a;)?_, (b:)'_) = SP_, aib; Ya;,b; € F. Thus, LY (YP ) =0 if and only if

(N) 2rNg+r
N
0= ([a;(g(;?) e ]f:l7Y§’N0+r>
= ([a,(c](\gjzl)e_]i:l,YQTNOJFTBTe,]CV% (since Y27~N = Y2TNO+TBTe;€VO)
N
= <|:a/l(g(k?31) ]z 17B ek >YérNo+r
- No)
= Z b( YéTN0+T
= Yorng ir (due to BAWNo) = 1),
Thus, L( 1’\,) is an injective transformation. On the other hand,

Z U(k=)m X k(=)L = Z A (h—mXr(r— )™ (en®,en®)  (BANO) =)

meNh meNp

T
= Z O‘k(kfl)m<e]]gvoaA(N0) BTe}o ™) X 1)

P
meN;

= Z (AN e oy 1ym B e ™) X1y

P
meN;

= <[ (N;f Desli=1s Z (o 1)mB e 1 >Xk(k1)

meN)

B ~1),8
=Dy ”2N0 142k Z A (—1ym BT ey
mENp

_LfN];/ Z akk 1)m B eNO m

meN)
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Then, spang{ Xj;—1)p™ |m € Ni} € Im( (N)) Further, since

. +p—1 . m
dims (P31 = (711 = dim s (™ m € ),

we have Im(L (NJSZ) = spanp{ Xj(,—1 4™ | m € Nj}. Moreover,

No p—No
No)
<ZU2N0 1+2@7,P§JkNo+k:> - Z <[a§(i01)el]§)17 @ ‘yékN0+kCTe§(j)> Xi(ifl)
i=1 j=1
No p—No
T 1
- Z Z 1,(1 1 Yey iz, C ea(j)>'@2kN0+kXi(i—l)
=1 j=1

= {0}.
In particular, Du(@%n),’ngNo_Fk) = {0} when p = Ny (Vk,n € Ny), and

3503

2No+1+2k) 152No-+1-+42i 1 2r No+r+2k ,
D (9(2N00+1+2k)’7)27“](\)70+7” l) - 5Zka(k—1)‘@2rNo+r c @éT’;VO(L’T’:>2k) ) vk 7& 2.
Thus D,(®4",Pi,) € DL v < i, Finally,
p—No

2No—1+2i
@P2k;]\?o+k+ 'O PNk = EB PhinorxB el & @ Phiny1CT e 0(i)
ii

i=1

=1

p
_ 1 p
= Z P 2k No+kE;

=1

_ 14
- ‘@216N0+k’

since

p—No
S
if and only if a; =b; =0 Vi, j.
The proof is complete. W

The following two lemmas provide us with a
tool for determining the order of a parametric non-
linear center and its parametric dimension.

Lemma 3.4. Let g, (v(®)
any k < Ny,

= Y9, and assume for

Wfk (U(O)) E gHJC’ WspanF{X(k+1)k}(v) = 0’ a’nd

Tspang{X(Ng+1)Np } (U(O)> = aX(No+1)No>

where a # 0. Then, the order of the parametric sys-
tem v\9 is Ny. In addition, we have

7rSPFMIIF{Xu\ro+1)No}<U(OO)) = aX(No+1)No-

Proof. By Lemmas 3.1 and 3.2, we know that

under these conditions aggll)ko and agif,()) +1)NoO do

not change in the normal form computation. Thus,

for any N € N, aggll)ko = 0 Vk < Ny and
e

A(Np+1)Ng=0 = @ 0. N

Lemma 3.5. Let Ny-order nonlinear center v(9) ¢
£ represent a system with parameter dimension
Ny. Then, for any k > Ny, A = AK) = ANo) [y
particular, if 7o, () € ZLu i Yk < Ny, then Ng =
rankp(A()) = rankp(A®)) = rankp(AM) VE € N.

Proof.  Since v1) € L, v € Zyy and agkll)ko

0 Vn and £ < Np. Then, based on our method,
Lemmas 3.1 and 3.3, agf) may only be changed via
time rescaling. It is evident that the impact of time
rescaling associated with time space decomposition
(31)-(34) on v may only add a multiple scalar of
the columns j = 1,2,..., Ng — N to the columns

j=N+1,N+2,...,Ny at each step associated
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with N. Obviously, this does not change the rank
of A,
The proof is complete. W

Roughly speaking, Lemma 3.4 indicates how to
determine the order of a system while Lemma 3.5
provides a tool to verify whether or not a paramet-
ric system has parameter dimension Ny. However,
if the hypothesis 74, (v) € Ly Vk < Ny fails, the
claims in these two lemmas are not necessarily true.
In the following, we present two counter examples
to illustrate this.

Example 3.6. For the case of Lemma 3.4 in which
the hypothesis does not hold, consider the vector
field v(© = Yy — X1 + Yag — X9 + Yao. Since
Tspang{ X1} (v0) # {0}, one may naively expect v(°)
to be associated with generic Hopf singularity. How-
ever, executing our Maple program we obtain the
following infinite order normal form:

v =Y — Yo + 1Y32 — X320 + §X54;
2 12
which is a degenerate system. Indeed, the origin is
a weak focus of order two for v(9) and thus the men-
tioned hypothesis in the lemma cannot be ignored
even for the nonparametric systems.

Example 3.7. Consider the system w® = Y0+
X10,u,1 + X1 + Y20,u,2 + X39, where the hypothe—
sis in Lemma 3.5 is not satisfied. Executing our
Maple program on this system yields the parametric
normal form (up to grade 9):

w(®) = Yig + Xiop1 + 6Xo1p1 — Xoipie + Xao

214
+Y32<4— 34 — 9 M2t )

which is associated with an order-2 nonlinear cen-

ter. Since A(®) = (é _01) and rankpA(>®) = 2,

w© has full parameter dimension. However, A1) =

((1) 8) and rankpA) = 1. Thus, it does not

lead to the conclusion of rankpA(®®) = rankpA®),
because X1; = mg (w(o)) being in Zxe 1 violates
the hypothesis 7, (W) € L 1.

The following Lemma facilitates the com-
putation of Ny during parametric normal form
computation.

Lemma 3.8. Assume ag?ﬂ)io =0Vi<k. Then
(k—-1),8 _ (k-1)
Ak+1)k0 = Yk+1)k0
: (k—1) (k—1)
-1 -1
- Z U go—nt1)n0P (n41) (k—n)0? (37)
n:(],n;ég
and furthermore, aEZ;BkSO = agivll)ko VN,N > k.
Proof. By Lemma 3.1, we have
o a([%]) b([%})
Yok — — V4 —L X
Z i—j—1 j+j+17i J

i+j=k+1, 410

X _
Let ¢X(k+1)k = Tspanp{X(kt1)r} © adX(k—n+1)n ° T,
Y _
and VX ey = Tspane{X(es 1y} © adyjy i1y © TZ-
. . X _ X
It is evident that Im<wX(k+l)k> = Im(z/JX(kH)k °

Tspang{X;;}) and
Im(’(/}}/((k+1)k) = Im(’(/}}/((k-%l)k ° ﬂ—spa‘nﬂr{}/ﬁ})

= SpanIF{X(kJrl)k}

if and only if i = n+ 1 and j = k — n, for some
n # k/2. Then

k—1
Tspanp{ X (41} © ady s <U( )>

k
= Z *QGEZ::L)JF1)nobgi;11))(k_n)oX(k+1)k-
n=0,n#%
(38)
Further,
[Y5F vq0] = > - G%DXM - b%])ym
it j=k+1, j+ 170
and thus
Tspang { X (s 15} © adf,sﬁk(Ym)
k
= Z 2agi;11))(k—n)0bEZ::z)le)noX(kH)k'
n=0,n£%
(39)
Therefore, by Egs. (38) and (39) we have
s o = ks o
k
- Z agziill)nobgiﬁ))(k—nm'
n=0,n#%
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(k—=1),8
(k+1)k0 (k <
Ny) may not be changed by time rescaling or
reparametrization. The proof is completed. W

Lemmas 3.2 and 3.3 imply that a

Now we are ready to state our main result of
this paper.

Theorem 3.9. Consider a formal parametric No-
order nonlinear center v with parametric dimen-
sion Ny. Then, v can be transformed to (in terms
of the complex variable z)

(2i+a) Sitlzi (2No) »No+15No
1z+z:az_~_1)zelc Z g+ ay z

+ Zbiﬁi’fm NotLzNo (40)

where i < No,k < p,m € Nf, and the coef-
ficients are expressed in terms of the coefficients

i (2No) __(No-1)
of 0O In particular, a(NOil)NOO = a(NE+1)Noo o
(No—1) (No—1)

>

n=0,n N0 @ (n+1)(No—n)0’(No—n+1)n0

Proof. Based on Lemmas 3.1-3.5 and Theorem 2.4,
the proof (except the last part) is straightfor-
ward and thus, the details are omitted here.
Equation (37) in Lemma 3.8 proves the last part
of Theorem 3.9. N

Note that the parametric normal form of non-
linear center for system (40) is essentially differ-
ent from what is discussed in [Yu & Leung, 2003;
Yu & Chen, 2007; Gazor & Yu, 2008]. This, how-
ever, is a consistent alternative form. Theorems 3.9
and 1.3 from [Chow et al., 1994] implies the follow-
ing theorem.

Theorem 3.10. Assume the hypothesis of Theo-
rem (3.9) holds for v and p = Ny. Then, there exist
e and a neighborhood U of the origin such that for
lu| < e, v(u) has at most Ny limit cycles in U.
Furthermore, for any j,1 < j < Ny, and a neigh-
borhood U* of the origin, there are § and an open
subset G from {u|0 < p < 8} such that 0 € G and
v(p) has exactly j limit cycles in U* for any p € G.

Normal form theory is also concerned with the
uniqueness of normal forms, e.g. see [Kokubu et al.,
1996, Theorem 4.2] and [Gazor & Yu, 2008]. Indeed,
the common notion of uniqueness of normal forms
implies that the unique normal form is the simplest
normal form. In this regard, we have the following
theorem which is similar to that of [Kokubu et al.,
1996; Gazor & Yu, 2008].
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Theorem 3.11. Let p = Ny > 1 and

U—Y10+Zza1]

=1 j=1

i(i—1)M T ANo X(No+1)No

+Yno+1)No | Bvo + Z > bwp™ |, (41)

jm|=1 m

where rankg([a;;]) = No and An,Bn, # 0. Assume

that

TS 3 R

=1 j=1

i(i— 1)IUJ]

+ AMOX(MoJrl)M

+}/(M0+1)M0 BNO + Z ng/’bm ’ (42>

m|=1 m

where 1o, My € Ng and that there exists a permuta-
tion 0 of {S, P, T} with

)

S _ S

=2V
n=1

Y5 e %),

P= v (vl eam),

and
P=2 Y0 (V) €%,
n=1
0 0 0(S
such that w = d’y(ej;)m* o qsy(;?z,)* o gby(e()s)*(v). Then,

iop =0, My = Ny and ¢, (v—w) =0V N < 4Ny. In
addition, assume Tspans { X (ng+1)xg m|m€Np}(YS) =
0 and mru (YI) = 0 Vn € N, where RY is given
by Bq. (84). Then, v = w,Y' = 0,Y" = 0, and
Y¥ € ker(ad,).

Proof. Clearly, v is an Ny-order parametric non-
linear center with full parametric dimension and
ip = 0. Proposition 2.6 in [Gazor & Yu, 2008]
implies that %,, C ker(ad,), since v € L. With-
out loss of generality, we assume that ¢ is an iden-
tity permutation. Since w = £T* o (;5513* o ¢f,s* (v),
we have
T (W — U) = ady§ (Yl()) + Y{Ym = 0.

Obviously, Y7 = 0, and thus Y} € ker(ady,,) =
Zpa. Then, T4 (w) =Y{ = 0.
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Consider N < 2Ny and

WfN(
N=ki

}: Mmﬁsm0+ywm%

Z Y7 adkst (43)

ki+j=

Then by induction on N, we easily have Y € Py Vi < N, and Y& = 0 only if 2My # N # 2Nj.

7
Furthermore, My = Ny and Wspanm{X(N0+1>N0}(w)

Similarly, for 2Ny < N < 4Np, we obtain

Z k|adYSY10+ Z

N=ki N=ki+2Ngy

7rgN

+YRYio+ Y 2N T Loy (V

+ Z EYTadksﬂ'gQN

ki+j=N—2N,

Therefore, Yﬁ, € LN VN < 4Np.

= Ay X,

1
adys URZN NO

p=2No+1

(N0+1)N0 .

FY Y A
p=2No+1 N= m+p :
Z YN pﬁg ) EY adYSYm

ki+j=N

Z Z EYTadksﬁng(?}).

p=2Nop+1 ki+j=N-—p

(44)

Now based on mathematical induction we claim Y¥ € 7 ker(ad,) for any i < 2Np. Recalling that

Ty oadys 0 Tgyy (v) =0 ifand only if Y7 € spanp{ X (np+1)No M} @ Tz LH iy

and assuming YZS € g ZLri Vi €N, we have

T, oadys 0Ty, (v) =0 if and only if Y e

For i = N — 2Ny, since

Ty O WYS,N@U - U)

- ¥

kp=N—2Ng

1
k
" x © adYg RUEZIA (v)

+ Ty (YiTﬂ-D%NO (v))
= Ty 0 adys o My (v) (47)
and

Ty © Mg (W — V)

1
k
= E : HWYY © adYg T Long (v)
kp=N—-2Noy

+ Tk (YiTﬂ-a%NO (v))
=Tz © ade © T LN, (v), (48)

our claim Y? € 74 ker(ad,) holds for any i < 2Np.
By Eq. (47), for N = 4N, we have

T
0= 7rfs,xadYgNo UEZI <U> + TLs x (YQNO T LN, (U)>

=Ty (YgNOANoX(No—I—l)No ),

(45)
€ spanp{Yiopu™ |i = ra, m € NJ}. (46)
|
and thus, Y2TN0 = 0. Therefore, m¢yv = Tg,w
VN < 4Nj.
Assume ﬂSpanF{X(N0+1)NONm}<Y]%) = 0 and

wR%(YJE) = 0 for any N,7 € Ny and m € NJ.
Then Y4TN0 = 0, and thus Eq. (48) is satisfied for
N = 4Ny. This implies YQSN0 € ker(ad,).

Now we prove that Y € spang{Zy,u™|N =
2Ny + ra}, Y& oy, = 0, Y € Lun, Yy_on, €
ker(ad,), and Y[p Ny = = 0. By induction hypothesis,
for N > 4Ny we have

—v)

= adys Y] ad T v
ygYiotadyg | may, (v)

7T_$N<'w

+Y Y10 + Y ong T, (V)

ZZ%

=1 j=1

T Ty ODM

«

Z’L llu’]?Y[ }

(49)

Since Ty (W —v) = 0, we have YR € Lun.
In addition, ﬂspanF{y(k+1)k#m|k7gN0}<w —v) =0
implies Y% € spang{Zy,u™|N = 2Ny + ra}.
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On the other hand, Tspang{ X (2 1 17285 4™} oT g (W —
0 for m € Njj and Vr € Ny results in
Y _yn, = 0. From the formula 7.g, om gy (w—v) =
0 and Egs. (45) and (49

v) =

), we obtain Y]%_QNO El

—v)

OZWgXOWgNi(w

= ng (adYSN~—2NO
i

3507

Further, Tspang{Yip41)nu™} ©

0 Vn # Ny implies Yz%szo S

T (LH,N-2N, )-
Ty (w —v) =
ker(ad,).

Assume N = ka+2Ny—1 and N; = ka+2i—2
where i < Ny. Then,

(by induction hypothesis)

© TZan, (v) + Ylj\;i—2N07T-i"2No (v))

+7T$NioDu Zzaw i(i— 1MjaY[N]a
=1 j=1
=Ty ZZCLU i(i—1 ,uJ,Y[N]a (proved above in induction)
i=1 j=1

No
= Ty, (Z([%‘]?;l,Yf%]a>Xi(i_1)>

i=1

= <[aij]§:17yf)%}a>Xi(ifl)~
On the other hand,

rank]F ( [aij])

imply Ypﬂ]a = 0. Thereby, w = v.

[
The proof is complete. W

4. Computation and Additional
Formulas

In this section, we discuss some important points
appearing in practical computations, and then
derive necessary formulas (not derived in the previ-
ous chapter) for implementation.

The first point is that it is imperative to com-
pute all amplitude coefficients of the infinite level
parametric normal form of an Ng-order paramet-
ric nonlinear center. On the other hand, compu-
tation of parametric normal form consumes much
more efforts than normal forms without parameter.
Therefore, it is at our advantage to postpone
computation of terms involved with parameters.
This is why we choose a = 2Ny + 1 for an
Nyp-order parametric nonlinear center. By this
approach many of the parametric terms are elim-
inated by time and state maps in phases before it
comes to computation of parameter maps. Thereby,
it greatly increases the efficiency of symbolic
computation.

(by derivative formula)

= N() and <[aij]§:17Y[pﬂ}a> =0 Vi < N()

The second point is that the choice of a =
2Ny + 1 in theoretical results is based on knowing
the order of the system before determining the value
for . This is, however, not a practical approach
as we do not know the order of the system in
advance of the normal form computation. Thus, we
need to evaluate the order in the process of com-
putation; as a result, the value for o has to be
computed during the parametric normal form com-
putation. Indeed, we initially set the value o = 3
(i.e. as if Ny = 1) and in the process of compu-
tations we update the value of a according to the
obtained information about the system under para-
metric normal form computation. Now one should
recall that any change in the value of «a results in a
significant change in grading structure and thus its
computation. Therefore, we need to carefully illus-
trate our approach such that it does not hamper our

computations. By Lemma 3.8, Ny and ag )+1) NoO
are determined when N = Ny. Then, it is pos-
sible to process the normal form computation as
usual. It, however, is important to notice that we are
recursively seeking for the order of the system via

Formula (39), while the grading function depends
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on Ny. Thus, the grading structure changes as Ny
grows; indeed for any Ny > Ny we have

N
{v = ka | v € fk((;z(No))}

k=0

N
D {v => v |u € .zk@g(zvo))} . (50)
k=0

where . = @fk(é #(Np)) denotes the new formal
decomposition associated with Ny, i.e. the grad-
ing structure associated with the grading func-
tion 8¢ (Np). This facilitates us to freely truncate
unnecessary terms associated with grading func-
tion 0. (Np). As a consequence of set inclusion (50),
some terms in certain grades may be also associated
with a higher grade when N increases to higher
numbers. However, the most important point is that
all of these terms (with increased grades) include
parameters and thus they are eliminated at a step
N greater than 2Ny + 1. Hence, no term reappears
in normal form computation once it is eliminated.
Therefore, this change of grading structure does
not hamper the computation of parametric normal
forms in our approach.

Our final point in this section deals with the
fact that computing the image of the state transfor-
mation consumes much more computational efforts
than time rescaling. Hence, it is vital (for an effi-
cient computation) to use time rescaling rather than
parametric state change of variable whenever it is
feasible. Therefore, in this section the space E?VN %o No
is further restricted and some formulas are derived
accordingly. Note that v(kn)’s denotes the homoge-
nous terms of grade k of the nth level normal formI

(¥+No) 3
ySN _ a (k4+No—+1)(No+k)0“N,2k+2No
= 2(No — k)a (No) (k+1)k T+

A(No+1)No0

5 +No])
Py st

i+j=N—-2Ny, j+1#i k=1

where N < 4N0, 5N,N = 1, and 5N,2k+2N0 =0 if
N # 2k + 2Ny.
When N = 4N, all the terms with grades less

than 4Ny in vN=1) include parameters, except Y7,

oNo) (No) .
(N2+1)N00X(N0+1)N0’ and b(N2+1)N00Y(No+1)Nov see
Lemma 3.2. Since

zgﬂk +

once the state transformation map associated with

n+1th level is applied, i.e. v(kn)’s = ngqbf/s’nﬂ*v(").
Accordingly, (wzn ,b(gz;ls, S;?EQS’P etc. are denoted.

Therefore, we have v("):SPT = y(n+1)

Parametric state variable 4.1 (see Lemma 3.1).
Note that ¢ynn,(n < 2Nog,n € {S,P,T}) does
not change terms of grades less than n. In fact
¢ys.n, only affects the terms of grade n as well as

(3N _

the grades higher than 2n — 1. Therefore, a WO =

N
2N b([z]) — pWV-D) (V) 0(0 < N < 2Ny),

70 Y150 ijO0 UN
and
L5 S (5D
YS’N — 150 Y. i70 X
o E:, ,ifjfllf+j+1—i’7
i+j=N+1,j+15#i
(0 < N <2Np),
while
(2No) (2N)
U2Noo - (Noj—l)NOOX(N0+1)N0
(2No) (2No)
+ b(N00+1)N00}/(N0+1)N0 (a(Noil)N()O % 0>
We assume
(n) (N
A(No+1)No0 — (N2+1)N00 #0  (n = No),

which has been proved in Lemma 3.8.

Time rescaling maps are sufficient to eliminate
the terms in the form of Y{;i1)ur (0 < i < Np)
and Y(;11); (No < i), see Lemma 3.2. Therefore,

E2N°2N0 = 7x(ZLH k-2n,) is defined for the target
terms of X(;,1y; (No < i < 2Np). So,

([rend) ([rem])
7750 170
2 s ph G
i+j=N+1, j+1 J J
([5+])
ijey X, -
i1 ij ks

71—spanﬂr{X(21\70-¢-1)2N0}
oady(Yio + aEN )+1)N00X(No+1)No

N,
+bEN8)+1)N00Y(No+1)No) = {0},
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S,AN, 4No—1 3No) ,(4No—1 3N, 4Ny—1
we have ﬁbpanF{X(2N0+1)2N0}(Im(L(4N ;’)) = {0}. Wherea(‘jo0 ) — (UOO),I)(UO0 ) b(ijoo), (ije;i) ) =

Therefore, LS4N0 = LS4N0 £ZNO , =10} (i #0), a(.?’.NO) and b(4N° N _ b(.?’.NO)

see Lemma 3.2.

1 (4No) (1 ijey (4N 1.5 ijey >
an Obviously, ,/V4N0° ’ = spanp{X(an,+1)2Np>
G AR Yonotnenet = 725 (Lrany)-
YR = Z Z %Y;juk Finally, consider the case in which N > 4Nj.
i+j=2No j+1i k=1 I T Lemma 3.2 indicates that the terms in the form of
(3N0) X(2N0+1)2N0Mm7 }/v(QN0+1)2N()Iu'm are eliminated with
ijen time rescaling associated with grade N = 4Ny +
+ j+1— XW Hk 2r Ny + r. Thus, it is sufficient to consider
(3No) EZNOQN = {v € nx(ZLu,n-2n) |
+ > 0y, (v) =0 Vr € N}
T 11 Tepan my (V) = re
i+ jmANoT L, j 1o 1 —7—1 spang{ X (v, +1)Ng ™}
(3N0) in order to kill the terms X 1y;u™ (No < i, N =
biio M 2 + 2(r + 1)No + r) and X(;41y; 2Ny < i,N =
JH1—i 2i + 2Np). By Lemma 2.3, the general solution to
the homological equations of state variable is
([¥)+m) J([2]+%)
YS’N = Z Z ;]ini._lyzy/l + WTXiij
{i,4,r€Nog | i+j+r2No+r=N+1, j+1#i} meN] J
([#)+m)
(No+k+1)(No+k)m
{k,r€No | 2(k+rNo)+r=N—2No, k#No} |m|=r ( 0= )a(N0+1)N00
(1Z]+No) 1) ,((Z]+No) N—1) |
where awm = (mm ,bmm = b(ijm , see

T,0 T,2N 7,0 T, 2N, 1),S,P
(VR0 + Y200 ) = Yol + Yo he ol S,

(N )57P _ ( - )7S:P
where UsN, = a(N0+1)N00X(N0+1)N0 +

Lemma 3.2. Consequently,

£y = spanp{ X (ny+1)Noi T |k =2No + 2rNg + 7}

N-1),5,P . .
P o bEN0+i)N00§/(No+1)No' It is obvious that our
Oz (Lan)- (52) reparametrization maps do not directly change
(n) (n) ) _
Time rescaling 4.2 (see Lemma 3.2). Let %(No+1)No0 and b(N +1)NoO0* Further, v)"* = 0 for
1 <k < 2Ny, g, (YI3N) = 0 for N < 4Ny,
TN 2Ng
Ly : R — s and Topang(zy,} (YY) = 0 for N < 4No. There-
(2No) _ (n)
yT0 310, fore, aly, 11)1\,00 = O(No4+1)No0 # 0 Vn > 2Ny and
N N 70 - p(2N0) _p@No-)
0 (No+1)NoO ~ “(No+1)NoO° en,
where N < 2Ny, and U(o) = Yi0. Then, Im(L(T]\’[])V) = T.N
T2y (Im(L N ))
spanp{Y{x41)x | 2k = N} and ™)
N
= spang { Yang+1)2n, [No = —}
T.N _ _p(2k=1),S { 0 4
D span]F{Y(Hl)i | N = 22}
where b*) = pPR=DSP A N = 2k. Moreover,

(k+1)k0 — Y(k+1)k0

Im(L;a0) = {0} and Y72+t — yT2No — 0 v <

Ny. Now assuming 2Ny < N < 4Ny, we have

@ spang{Y{;y1y;x™ | my € N,
N =2i+ 2Ny + 1},
While
0 2N,
(N) PRy ©RNSan, = ZN Tx (Im(L(TN];[)) = spanp{ XNyt 1)2n3, | IV = 4No}-
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Note.that we .hav'e assumed spang() = {0}. Thus, ., q yT4No — “(a g%g)ﬂ 2N00/a(?\/]§0+)1)N00)ZN0
the time solution is
BZsn,. Here, '3 = N0 )SP and B e
TN+ (2No) 2No- 0 AaNg+1)2N00 = Y(2Ng+1)2N,0 2
v Z b(z+1 zekZi,UJka F is to be determined. Because Ei%g = {0} and
2Ny _ (2No) L (ANo=1),8,P ..
o i = sz, o, = Mt
yTN — b( il)NOZ (4Ny # N € N,), not necessarily equal to b/ il)N > = b(No?f—l)NOO
o (2No) 4 (4N0)
(unlike a(NO(jrl)NOO (No(jrl)N o) Therefore,
pANo—1),5,P _ (2No) X b(2No) %
YaNg & (No+1)No0 (No+1)No + (No+1)No0~ (No+1)No>
(3No) _ j(4No—1),5,P 4Ng) _ 4Ny—1),8,P
b(2N2+1)2N00 - (2N8+1)2N00’ o) = ¢YT74N0*(U( o=1) )s
and thus
(3N0) (2No)
T ANo)Y _ (3No) 42Ny +1)2N5 0% (No+1)No0
Tspang{Y(2ny +1)2n, } © ¢YTv4N0*<U( 0)> = |0+ b(zNgH)zNoo - (2N2) - - YNy +1)2N0-
& (No+1)No0
Hence,
a(3N0) a(3N0)
T,ANy _ (2No+1)2No0 (3No) (2No+1)2No0 , (2Np)
L TS ZNo = | Pang1)2M00 T TNy C(Not1)No0 | Z2No (54)
(Ny+1)No0 @ (Ny+1)No0
: (4No) . (2No) (3No) (2No)
leading to b(N00+1)N00 = b(NOO+1)N00 — (a(2N8+1)2N00/a(N0°+1)N00) Thus, we have that for N > 4Ny,

L3y Ry @ RSy, — L

(YTO +YT2N0 )'_> YJY\;,OU(()O) YTQ];[J({TOU(2NO 1)’

AN 2N
where U(;Kf)o = U(QNOO) aENOOJr)l)NOOX(No-H)No + bEN0+)1)N00Y(N0+1)N0 Vm,m > 4Ny. So,

4
7, (In(L(g))) = SpanF{b(No+)1)N00Y(2No+1)2N0Mm |7 € Nym € Nij, N = 4Ng + 2rNo + 7}
@ SpanF{Yv(iJrl)i:u’m | (,L + T)(Z - NO) 75 Oa m e Nga N =2i+ 2TJVO + T}a
while
Ty (Im(L(TN])V>) = spang{Xan, 1 1)28, W™ | N = 4No + 2rNo +r,m € Ni, r € N}.

Similar to Eq. (54), one can obtain the solution of time rescaling associated with N > 4Ny by using the
following formula:

(N-1),S,P (2No)

—a b
TN _ (2No+1)2Nom (No+1)NoO ([ |+No)
Yy = Z Z (2No) Zno + L (2N0) (2N0+1)2N0m
r=No e mENg &(No+1)No0 &(No+1)No0
o B3No)
@No+1)2No0 (N—-1),5,P  ,([5]+No) 7 m
(2No) 2 Y(2Nyg+1)2Nom — Y(2No+1)2Nom | #2No | H
“(No+1)Noo
5]

+ Z Z Z z+1 )im Zip™ (55)

1=0,No#1#2Ng p— €Ny mENO

2N +1
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(N-1),8,P ([51+No)
(2No-+1)2Nom @ (2No+1)2Ngm*

RiD C Dy VE<i&n eN.

where a Note that

5. Systems Without Parameters

In this section, we present the simplest normal form
for systems without parameters. We will not give
a detailed proof on the uniqueness of the simplest
normal form (56) since the method presented in the
previous sections has to be modified, and Peng and
Wang [2004] have already obtained it by a differ-
ent approach, see also [Gazor & Yu, 2010, Corol-
lary 6.1]. Assume the system is already described
in a classical normal form, Peng and Wang [2004]
have provided some recursive formulas for practical
computation, see Lemma 4.10 from [Peng & Wang,
2004]. Independently, our results obtained in the
previous sections are modified and efficiently imple-
mented using Maple to compute the simplest nor-
mal form of such systems. Note that the approach
described in this section is different from that of
other sections for computing the parametric normal
forms.

Corollary 5.1. For any system of nonlinear center

with no parameter,
|

SpaﬂF{Y(Hl)k}

Oy =
SpanIF{X(ZNoJrl)ZNo}

{0}

and adﬁgfjo (Do) adspanﬂT{X(n+1)n}(@2k> =
spang{Y (i nt1)(kn)} for 0 < k& < No and Ny <
k + n. The latter equation implies that at step
N = 2(Ng + n), when the state solution is
used to eliminate the terms of grade N, some
already eliminated terms of the form Y 1 1)(k4n)
at lower grades may appear again. However,
noticing the formulas adY(k+n—N0+1>(k+n—N0>©21 =
{0} VI < Ny and ad)/(k+n7N0+1)(k+n7N0)©2N0 :l

NP>

{i,j€Ng | i+j=N+1, j+15#i}

+ 2.

{keN| 2k=N—2No,k%No} 2(No

spang{ X (n+1)No» Y(No+1)No

3511

(1) [Peng & Wang, 2004, Theorem 4.7] there exists
a natural number Ny such that the system can
be transformed to the simplest normal from:

U(OO) = YIO + ANOX(N0+1)N0

+ Aang X(2Np+1)2N,

No
+ ZBi}/(i—H)ia An, # 0,

i=n

(56)

where only state change of variable is used.
(2) When time rescaling is also used, the simplest
orbital equivalence is

v(®) = Yo + ANo X (No+1)No

+ Aang X (2np+1)2N0s ANg # 0. (57)

Proof. Note that the degenerate spaces are differ-
ent from the parametric system. For part (2) of
Corollary 5.1, the degenerate spaces are still invari-
ant and thus Eq. (56) can be easily obtained by
excluding parameters from (and some adjustment
on) Lemmas 3.1 and 3.2. However, for part (1)
of Corollary 5.1 the degenerate space ®,, is not
invariant and thus a modification in the state space
decomposition (and as a result on the state solution
Y9N is required to keep them invariant. Indeed,
for all N € N we have

for N =2k,1 < k < Ny,
when N = 2Ny,
if N =4N,,

otherwise,

(58)

|

spang{Y{(x+n+1)(k+n)}, We may properly choose the
term  Y(xin—Not+1)(k+n—N,) 1B the state solution
YN to make the degenerate spaces invariant and
thus, the normal form computation is carried out in
a forward process.

In order to obtain the results for the unique
normal form of Ny-order nonlinear center, without
using time rescaling (part (1)), we need to also use
the terms in the form of Y(; 1), in the state map.
Therefore, let

(N=1) (N-1)
) bijO
Yi; Xij
i—j—1 ]+j+1fi J
“E%ili)f 1)(No+k)0
ot+k+ o+
~ k)a(Nfl) Xkt 1)k (59)

(No+1)No0
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and
YS,N _ Z 7b2%0_+11)6+1)(N0+k)0Y
2 — (ke |2 o) oka EN0+3)N00 (k+1)k-
Then, Y(f) and Y(SQ)N affect the system in two

phases, respectively. Splitting this to two phases
in principle is not necessary; however, this phe-
nomenon for systems without parameter does not
significantly reduce the efficiency of computation.
Therefore, the corresponding formulas for one phase
computation are omitted. Finally, uniqueness fol-
lows from a similar argument in the proof of
Theorem 3.11. N

Note that the origin is said to be a weak focus
of order Ny for the vector field v when v satisfies
Corollary 5.1, see p. 385 in [Chow et al., 1994] for
more details.

6. Illustrative Examples

We have efficiently implemented the formulas
derived in Secs. 3 and 4 using Maple. We now
present the examples taken from [Yu & Leung, 2003;
Yu & Chen, 2007] to give a comparison to illustrate
the applicability of our results. The following exam-
ple is the generic nonlinear center which has the
order of one. Therefore, it only needs one parameter
in the correct place to be a full parametric dimen-
sion. Indeed, Yu et al. chose the parameters in such
a way that the presented system is full paramet-
ric dimension and thus our results can be simply
applied to this example.

Example 6.1. We execute our Maple code on the
example of generic nonlinear center of order one
with one parameter taken from [Yu & Leung, 2003,
Section 4.1] for A = 1, B = 2 + p. The system is
described by

pX10 — pXo1  pYao + pu¥oo
2 4
1Y11 + Xoo — Xoo

1
- X
+ 5 +2 30

3X12 —3Xo1  Yo1 + Yo
+
8 8
~ Xo3 + Y30 + Yo3
8

Yio +

in our notations. Our Maple output for the normal
form up to grade 8 is

1 3 5
Yio + =pX10 — = Xo1 — — Y
10+2,u 10— gA2 = o ¥o
1 1699877
Yo — — 2y 1
516721 ~ 20005200 120 (61)

which is an order one nonlinear center with full
parametric dimension (i.e. rankg(A(*)) = 1), see
Lemmas 3.4-3.5. By Theorem 3.9, this system can
be transformed into (in terms of polar coordinates

p,0)

o _ (L1, 3

ar P\t T gr

0 5 1

w __2p L 2

dt 72" " 216M”
16998775 o

2 3k+2
Z by

Yu and Leung [2003] presented something which
only differs with ours in the phase equation, their
phase equation is,

200952001

iR s T
b . 62
" 37324800" Z (k+1)k (62)
However, this does not affect the bifurcation

analysis of the system since the amplitude equa-
tions are identical. Therefore, our result is con-
sistent with the result in [Yu & Leung, 2003],
where a bifurcation analysis for this system is also
given.

Generally parametric systems may have more
parameters than required to be full parametric
dimension. Our Maple program can obtain the para-
metric normal form of such systems as well. As men-
tioned before, the above example only needs one
parameter to have full parameter dimension. How-
ever, if we add an extra (not necessary) parame-
ter to the system, its parametric normal form can
yet be computed with our Maple program. We
consider the same example as in [Yu & Leung,
2003] in Sec. 4.1 for the case of A = 1+ p; and
B = 2 + po which is a generic nonlinear cen-
ter (order one) with two parameters (one extra
than required to be full parametric dimension). For
this case our code yields the normal form up to
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grade 8 as
1 3
Yio+ | gp1 — p2 | X1o — 5 X1

2 8

(5 L w1+ 19u9 1699877

72 216 209952001
3112603

. 6896297
5248800 2

Fk2 + eoieg00 2

Thus, by Lemma 3.5 we have rankp(A(>)) = 1. If
we set po = 0 in B of the original system and in
the above normal form (i.e. before and after nor-
mal form computation), either of these, lead to the
parametric normal form and the original system for
one parameter case (see Eq. (61)), as expected. This

In order to test our Maple program for systems
of nonlinear center of higher order with multiple
parameters, we again take an example from [Yu &
Chen, 2007].

Example 6.1. Consider the nonlinear electric cir-
cuit described by Yu and Chen [2007]. It is easy
to see that their system, by a time rescaling, (see
Eq. (57) in Sec. 4.2 of [Yu & Chen, 2007]) can be
transformed to:

5 20

By =29 — g1 — —(p1 + p2)T2
3 9

5
- §ﬁ1(3$1 + 419)?

shows that the output of our code for two param- 5 500 (63)
. . . . 3 3
eters is consistent with the single parameter. Suc- + —F2(3x1 + 4x9)° + — (315,
cinctly stated, if we have more parameters in the J )
system than its parametric dimension, then there is . 5 125 3
no problem in computing parametric normal form T2 =~ gH2t2 — ?ﬁ&x?’
of the system with our Maple code.
I or equivalently
5 5 5 10 10 5
Yio — 6M1X10 + 8M2X10 + 6M1X01 - 5(#1 + p2)Y10 — 5(#1 + p2)Yor + 6M2X01
1625 625 125 5 5 35 35 1625
—Y —Xo1 — —Y11 — = —Xpp——Yg— —Yp——X
T T Tzt T g T g g e T gt T e T ey A
1625 5 2255 1255 5
—Y] —Yp3 — —— —X —Y- 64
T gor 2T g 08 T 1968 T 10680 T grp 80 (64)

in our notation (where 5 = 1/4,82 = 2/27 and
B3 = 1/6). This system is nonlinear center with two
parameters.

By executing our Maple code we obtain the
parametric normal form up to grade 8, given by

5
Yio — = (11 — p2) X0

6
9557795 86585885
(2343168“’1 7029504 “2>‘X51
44140625 399447272359079
2519424 %2 " 1372609069056 X
Let
5 5
6 6
B = and
9557795 86585885
2343168 7029504

() =2 ()

|
Then the above system is equivalent to (since

det B # 0)

44140625
Y; X X —— X
10 + V1 X10 + V2 X9 + 2519424 32
399447272359079

1372609069056

32-

Therefore, rankp(A(°)) = 2 infers from Lemma 3.5.
This and Lemma 3.4 confirms the fact that the sys-
tem is of order two and is of full parametric dimen-
sion. By Theorem 3.9 and using a time rescaling and
then representing it in polar coordinates to com-
pare our result with that of [Yu & Chen, 2007],
we obtain

dp 3 (., 440625
at 5P\ TP T ostg40 P
(65)
do_ 3 (|, 399447272350079 ,
it~ 5 1372609069056
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The normal form given by Eq. (61) in [Yu & Chen,
2007] is
dp do
—0Jd, + —0
TR
5 44140625 4>
p

3
~ 5 <V1 T T YT

3, 2811217217
5 " 439344000 ”

+> 5. (66)

Since the amplitude equations in (65) and (66) are
identical, these two system of equations result in
the same bifurcation and stability analysis.

7. Conclusions

Formal decomposition method is presented and
applied through a notion of invariant spaces. This
method intends to compute the simplest parametric
normal form of systems with multiple parameters.
The simplest parametric normal form of any system
of nonlinear center with full parametric dimension
is obtained via this method. Maple programs have
been developed to compute the simplest paramet-
ric normal form and also the order of such systems.
Examples are provided to illustrate the applicabil-
ity of our results.
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