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This paper is concerned with bifurcation of limit cycles in a fourth-order near-Hamiltonian
system with quartic perturbations. By bifurcation theory, proper perturbations are given to
show that the system may have 20, 21 or 23 limit cycles with different distributions. This shows
that H(4) > 20, where H (n) is the Hilbert number for the second part of Hilbert’s 16th problem.
It is well known that H(2) > 4, and it has been recently proved that H(3) > 12. The number
of limit cycles obtained in this paper greatly improves the best existing result, H(4) > 15, for

fourth-degree polynomial planar systems.
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1. Introduction and Main Result

One of the problems posed by Smale [1988] in his
Mathematical Problems for the 21th Century is
Hilbert’s 16th Problem [Hilbert, 1902]. The second
part of the problem is concerned with the number
and relative distributions of limit cycles of planar

polynomial systems. There have been many studies
on this aspect. If we denote by H(n) the maximal
number of limit cycles of a given system of degree n,
then, up to now, we only know that H(n) is finite,
and H(2) > 4 [Chen & Wang, 1979; Shi, 1980] and
H(3) > 12 [Yu & Han, 2004, 2005a, 2005b]. Zhang
et al. [2004] studied quartic perturbations to a cubic
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Hamiltonian system and obtained H(4) > 15. Li
et al. [2002] considered a Zg-equivalent Hamilto-
nian system to show that H(5) > 23 by using
the method of detection function. In this paper, we
prove H(4) > 20, which improves the best existing
result H(4) > 15.

In 1986, Roussarié proposed a method to study
the number of limit cycles appearing in the vicinity
of homoclinic loops with the aid of computing coef-
ficients in the first-order Melnikov function. Subse-
quently, the idea was further developed to obtain
more results (e.g. see [Han, 1997; Han et al., 1999;
Han & Zhang, 1999; Han & Chen, 2000; Han et al.,
2003; Han et al., 2004; Zhang et al., 2004a; Zhang
et al., 2004b; Han & Yang, 2005]).

A new approach was originated by Han [1997]
to find limit cycles near homoclinic loops, and was
further generalized in [Han & Zhang 1999; Han &
Chen, 2000] to study the cases of double homoclinic
loops or heteroclinic loops. The method consists of
three steps:

(i) find discriminate values to determine the sta-
bility of homoclinic loops or double-homoclinic
loops;

(ii) vary parameters to change the stability of these
loops in order to produce limit cycles; and

(iii) break the homoclinic loops to find limit cycles.

In this paper, we use this method to study the
following perturbed system:

4
t=yl—y*)(2—2)+e Z aijr'y’,
i+j=1
) 1)
y=-z(1-22%)(2—2)+e¢ Z bijr'y’
i+j=1

where ¢ is a small positive perturbation parame-
ter, and the coefficients a;; and b;; are treated as
parameters.

Our main result is stated in the following
theorem:

Theorem 1. System (1) can have at least 20 limit
cycles, i.e. H(4) > 20.

2. Proof of the Main Theorem

To prove Theorem 1, first rescale time by t —
t/(2 — x) in the region = < 2; then it follows from

(1) that
b= y(1 - )+ e Y]
(2)
y=—x(1—222) + EQ;(fZE,xy)’

where Py(z,y) = Y1, aga'y and Qu(w,y) =
Z?—f—j:l bija'y’.
When € =0, (2) is reduced to

=yl -y, §=—z(l-22%), (3)
which has nine finite singular points:
0(0,0), S1(0,1), S5(0,-1),

(35). #(59)
n(F). (=),

(). a()

among them S;, ¢ = 1,2,3,4 are saddles, while O
and A;, 1 = 1,2,3,4 are centers. The Hamiltonian
function of system (3) has the form

22 2 oyt gt
H(%Z/)Zg‘i‘?—z—? (4)

from which we obtain

1
H(O):()) H(SZ):Za 1=1,2,
1
H(S) =2, §=34
3
H(Ak)zga k:1>273>47

implying that
H(O) < H(Sj) < H(S;) < H(Ayp),
1=1,2 =34 k=1,2,3,4.

The level curves of the function H defined by
(4), H(z,y) = h, are divided into six categories,
described as follows (see Fig. 1 for the notations):

(1) T" (—oo < h < 1/8): the family of closed orbits
surrounding all nine singular points;
(2) IS = L1 U Ly with L1 U Ly = lim,_,- I
8
the heteroclinic loop surrounding the singular

points O, S1, So, A;, i =1,2,3,4;
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Fig. 1. The structure of the unperturbed system of (1) when
e=0.

(3) T (0 < h < 1/8): the family of closed orbits
Wthh surrounds only the center O;

(4) Ff = L3UL4 with LsULy = lim T': the hete-

hﬂg
roclinic loop surrounding the singular point O;
h j L )

(5) T7 (1/8 <h < 1/4), (=1)y >0, j =2,3: two
families of closed orbits;

(6) Ls, Lg, L7, Lg: four homoclinic loops, where
Lyy; surrounding A;, ¢ = 1,2,3,4, and L5 U
Lg =lim, - M L;ULg = lim, - It

4 4

(7) T} (1/4 < h < 3/8), (=1)'z >0, (=1)7y >0,
i,7 = 1,2: four families of closed orbits.

Here, I'" is defined by

y::t\/1+\/1+2x2—2x4—4h, S

_\/Hm \/Hm]
2 ’ 2

)

y:j:\/l—\/1+2x2—2x4—4h, z€e

or

_\/1—1—\/3—8/1 _\/1+«/1—8h]U[\/1+\/1—8h \/1+\/3—8h]
5 5 5 5

_ 2 _ 4
::t\/1+\/1 8’;”” 2 y€{—\/1/%—4h+1,\/1/g—4h+1],

1—+/1—8h+4y?—2
r ==+ \/ 8h + 4y y

,8, are given below.

L

[\

L

w
| |

/1
L4:y:—\/1— 5-1—2332—23:4,

5 i 4, y € [—\/\/%—4h+1,—\/mjt1] U [\/mﬂ,,/,/;_zmﬂl;

{y\/1+\/2—x4+$€[\/1+\f\/1+\f
{ \/1+\/T4+_x€[_\/1+f\/1+f

U y:—\/l—\/m,xe[_\/@,_\/glul\/; X
e

<[]
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Ls:y= \/1:|::c\/2(1—x2), x € [0,1],

Le:y=1/1+2y20—2%), zel-1,0],

L7:y= —\/1 +xy/2(1 —22), ze€[-1,0],

Lg:y= —\/1:&3:\/2(1—332), xz € 0,1].

Let Lj and Lj respectively denote the stable
and unstable manifolds near Lj after perturbation.
Then, as we know, the directed distance from L to
Lj; can be measured as

dk(Ev 0) =€ Nk'Mk(a) + 0(52)7 (6)

where N, >0, k=1,2,...,8, and § = (01,...,913)
is a vector parameter with
01 =aos, B2 =10y, 03=as, 04="Dos,
05 = as1, 06 =0b31, 07 =ax, 0O3= by,
09 = bo3, 010 =a21, 011 = aos,
012 = b1z, 013 = aio + bo1,
and
dx — P, d
M, (6) = Qa(z,y) ;«" 4 (@, y)dy
Ly, -
! k k
= 3" (4Way; + BWby), (7)
itj=1
where

A= LT sz/'ﬂww
ij T B A P T

L2
1<i4+j<4, k=1,2,...,8. (8)
With integration by parts, we have

xlyl 1 i1 ! ]
dy = ——— +
/LkQ—J:y j+1 Lk[Q—x 2—z)?

x y/tldz  for j > 0.

(5)
Furthermore, by (5), (8) and using a computer
algebra system such as Mathematica or Maple, we
obtain the explicit expressions for the coefficients
AZ(;) and BZ(; ) by computing the integrals along the
curve Lj. The accuracy in the numerical calculation
takes 20 decimal digits, as listed in Appendix A. For
k = 2, it is easy to show by using (8) and noticing
from (5) the opposite signs in the variable y of L;
and Ly that
BY _ (_1)j+1B(2)

vy (Y

2 _ i 4D
AP = (-1p4]).

1<i+4+j<4
Similarly, one can obtain the coefficients Ag-g) and
Bi(@ for £k = 3,4, which are also given in

Appendix A. Again, one may show that

(_1)j+1B(3)

1]
1<i+j<d4

() _ i 4(3) 4) _
Ayt = (1A, By =

The coefficients Ag?) and BZ-(]]-C) for £ = 5,6 are
similarly obtained, as given in Appendix A.
By noticing the signs of the variable y, we have

A = (AR, B = (-1 B,
(8 _ i A(5) (8 _ i+1 (5)
Aij = (_1)jAz‘j ) Bij = (—1)J+ Bij :

Having obtained the above coefficients, we
apply the implicit function theorem to obtain the
following result:

Lemma 1. There exist functions ¢;, i = 1,2,...,8, given by
¢1(e) = —0.9482145255580333186a9; — 0.8845352686769567293ap2 — 0.9130563646579089434a3

—2.553976385887009561a19 — 1.8964290511160666373a1; — 1.7690705373539134586a12
— 1.8261127293158178869a13 — 1.3106946977600911045a20 — 1.053524359675562086401¢
—1.0058295031590574797607 — 2.62138939552018220960,1 — 2.10704871935112417305
—1.375982918201171638803 — 2.091009654617619136b91 — 3.046359946483204281b¢2

— 4.237547958778344212bg3 — 5.8218181982751950966,4 — 0.08995697023324826691b1¢
—0.3847612352213102558b1; — 0.6140524078532661855b12 — 0.87816120291038011096,2
—0.17991394046649653382b29 — 0.7695224704426205115b2; — 1.228104815706532370965
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—0.02739940466656194586b39 — 0.250112983272176763205 — 0.0547988093331238917260, + O(¢)
= ¢1+ O(e),
pa(e) = —17.303560736033584701ag; — 34.607121472067169402a11 — 19.22531479235525726961
—16.661974516771106261ag3 — 38.45062958471051453805 — 33.323949033542212521a13
—1.6415862192624784410b1¢ — 3.2831724385249568820b2¢ — 55.591717841244960017bg2
—11.205579378931756961b12 — 22.41115875786351392260g — 106.2398666891493435404
—0.5b30 + O(¢)
= ¢3+0(e),
¢3(e) = —21.029432426536066268a1¢ + 51.096535044613654366a0; — 3.0408381251205152994 a2
+ 102.19307008922730873a11 — 0.58784092819649298548ag2 — 6.0816762502410305934611
+ 58.771041489446332281619 — 1.1756818563929859717a12 + 51.096535044613654370a3
+ 117.5420829788926645665 — 0.01319113212848592790507 + 102.19307008922730874a13
—19.998612940556157271bg; — 0.97919915316069730616b11 + 162.72765009272586546b02
—1.9583983063213946123b21 + 34.225102807435160540b12 — 3.5185626993750559749609
—0.195679112482102159750¢ + 68.45020561487032108005 — 0.022607656777653907303612
+ 325.4553001854517309264 + O(¢)
= ¢3+ 0(e),
¢4(e) = —0.15700016258914112771ap; — 0.31400032517828225540a11 — 0.1805809936294086298261¢
—0.15700016258914112771apz — 0.3611619872588172596305 — 0.31400032517828225542a13
—0.5bp2 — 0.10516068654568823797b12 — 0.2103213730913764759305 + O(¢)
=¢3+ O(e),
¢s5(e) = 77.147930708533360667a19 — 0.72395927570724844192a0; + 6.6246357994301813215a4
—1.4479185514144968980a11 + 1.8189585851884235854ap2 + 23.676092650885969462611
— 5.42457529253592230566010 + 3.6379171703768471702a15 — 0.72395927570724845643a03
—4.824926547428292172507 — 1.4479185514144968980a13 + 74.471007297766483464b91
+ 1.2707889778964269618b11 + 7.7549884818056573310b2; — 5.0574763794138570121b12
4 14.66321272880153124009 — 0.274084803645998311920¢ — 0.2658021737558694344005
—6.97585720694289706216012 + O(¢)
= ¢5+0(e),
oe(e) = —57.161330941360084203a1¢ — 1.4973284076028837810a¢; — 15.599632407329294122a2(
—2.9946568152057673922a11 — 5.6096858434823165209a02 — 5.2815643221879658798611
— 12.2408993927992746736019 — 11.219371686964633429a15 — 1.4973284076028837290a3
— 14.63387863963784275007 — 2.9946568152057673909a13 — 53.166357659436601899b¢;
— 7.6096858434823163689b11 — 2.260521440729320662009; — 12.503171524775478995b1
—22.09278293688570874509 — 0.5245442639524085995805 — 20.770971670897143467612 + O(¢)
= ¢+ O(e),
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¢7(e) = 114.02292912364458808a1¢ + 0.31457094046003529412a¢; + 13.390934363342234056a2
+0.62914188092007052541a1; + 4.1234357587619612664 a2 + 30.8643770749098675756011
+2.5716677881201287525610 + 8.2468715175239227008a12 + 0.31457094046003525850a03
+0.62914188092007051974a13 + 109.38917982135445238bg; + 4.1234357587619612991b1,
+10.288125691636622197by1 + 2.6267680525599752142b15 + 25.4526261546227973300,
+0.1102005288796928617805 — 1.57597679589794185216,2 + O(¢)

= ¢7+0(e),

¢s(e) = —2.8545320395281925080a01 — 5.7090640790563848388a1; — 23.3362563162255403296,¢
— 2.8545320395281925883a03 — 5.7090640790563851553a13 — 23.836256316225541297b15 + O(<)

= ¢g + O(e).

These functions satisfy dy = --- =di, =0, dg41 >
0 for 0 <k <7 ifandonly if0; = ¢;, j=1,...,k,
Ok+1 < Q41 for k= 0,5, and Oky1 > dpy1 for
k=1,2,3,4,6,7.

Proof. The conclusion follows from (7) and the
implicit function theorem with the help of symbolic
computation. Details are omitted for brevity. B

It is clear that for 1 < k < 8 there exist con-
nections L7,...,L; near Li,..., Ly respectively if
and only if d = -+ = di = 0 or equivalently
0; = ¢;, j = 1,...,k. Here, L], L5, L3 and L}
(resp. Lf, L§, Lt and Lf) are heteroclinic (resp.
homoclinic) orbits.

Next, we investigate the stability of the homo-
clinic loops L7, i = 5,6,7,8. Let S;. denote the sad-
dle points of system (1) near S;, and og; represent
the divergence at Sj.. Then, it is easy to show that

S1e = <%(b01 + boo + 09 + 94) + 0(62),

1+ i(am + ap2 + ap3 + 01) + 0(52))>

€
Soe = (5 (=bo1 + boz — b9 + 04) + 0(52)’

-1+ Z (—ao1 + ap2 — apz +01) + 0(52)>

and

€
o1 = Z(am + a2 + apz + 01 + 2a10 + 2a11 + 2a12

+ 2a13 + 2bg1 + 4bga + 609 + 8604) + 0(52),

€ 9
002 = Z(—am + ap2 — ag3z + 01 + 2a19 — 2a11 ©)
+2a12 — 2a13 + 2bg1 — 4bo2 + 609 — 86,4)
+0(e?).

Lemma 2. Under the conditions 0; = ¢;, i =
1,2,...,8, there is a function ¢g such that

oo1 >0 (< 0) if and only if g < g (> ¢9);
(10)

and under the conditions 0; = ¢;, i = 1,2,...,9,
there is a function ¢1g9 such that

o2 > 0 (< 0) if and only if 019 < @10 (> ¢10),
(11)

where

P9 = —4.4952218902927897264a1¢ + 0.17045188144336646370a9; — 0.55206683405617142902a2
+0.34090376288673292301a1; — 0.16907330695155856893a02 — 1.283521320918324805001;
+1.363615051546931717361¢ — 0.33814661390311716574a12 + 0.17045188144336646939a03
+0.34090376288673293721a13 — 4.3037251267404824963bp; — 0.16907330695155862003b11
—0.42784044030610832070b21 + 1.3636150515469317679b12 + 0.028879683418702851550012

+O(e)
= ¢3 + O(E)a
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$10 = —0.125a0; — 0.125a03 — 0.25a11 — 0.25a13 — bia + O(¢)

= 61+ 0(c).

Proof. Substituting 0; = ¢;, i = 1,2,...,8, into the first equation of (9), we have
001 = Z(4.44645730737001193376a01 — 4.41049541260565445072a0s + 4.44645730737001193377aps3

—117.26366440245523199368a10 + 8.89291461474002386753a11 — 8.82099082521130890144 a4
+ 8.89291461474002386753a13 — 14.40137584671537582611az + 35.5716584589600954701361

—33.4823101290244015480201; — 112.26822418540037130599bp1 — 26.0862905690329441286209
—4.41049541260565445072b11 + 35.57165845896009547013b12 + 0.753363813201965151400;2

— 11.16077004300813384934by; ) + O(£2),

which directly yields the function ¢g9. Then, substituting 6; = ¢;, ¢ = 1,2,...,9, into the second equation

of (9) results in

002 = i(—8.89291461474002386753a01 — 8.89291461474002386753a03 — 17.78582922948004773506a11

— 17.78582922948004 773506413 — 71.143316917920190940266;¢ — 71.14331691792019094026b;2 )

+0(e?).

Therefore, ¢19 can be obtained by a direct application of the implicit function theorem.

This completes the proof. MW

Furthermore, according to [Han & Chen, 2000]
or [Han et al., 2003], we can easily obtain the fol-
lowing lemma. (The detailed proof can be found in
[Han & Chen, 2000].)

Lemma 3. The stabilities of the homoclinic and
heteroclinic loops related to L, k = 5,6,7,9, are
determined as follows.

(i) If o0; > 0 (<0), ¢ = 1,2, then the homoclinic

loops L3, o, and Ly o1 = 1,2, are unsta-
ble (stable) inside, while the double-homoclinic
loops L3, 9; U Ly, o, 0 = 1,2, are unstable

(stable) outside.

(i) When 0; = ¢;, i = 1,2,...,10, the integral
$1: (P + Quy)/(2 = 2) + Pi/(2—2)’Jdt =
o1k(0,€) converges finitely to o14(0,0) =
1, [(Pro + Quy)/ (2 — 2) + Py/(2 — x)?]dt.

(iii) Ly is stable (unstable) inside if o1,(60,¢) <
0 (>0), k = 5,6,7,8, and the double-

homoclinic loop L U L§ (resp. Ly U L)
|

is unstable (stable) outside if o15(0,¢) +
01,6(075) >0 (7’68]). 01,7(075) + 01,8(075) < O)

If oo, =0, k=5,6 (resp. k =17,8), we obtain
o11(0,0) = CPagy + CPagy + CFags + CFags

+CEar + Ciboz + CFars
+C b + CFays + C gy
+ Oy + CWagy + W0y, + CWayy
+CWag0 + W agy + W ay,
+C%) (2az0 + bur) + Cff) (3az0 + bar)
+ ) (dago + bs1) + O (2az; + 2012)
+ O (3az1 + 2b22) + O (2420 + 3b1z),

where the explicit expressions of the coefficients
™ are given in Appendiz A.

]
Under the conditions 6, = ¢;, i = 1,2,...,10,
we then have

01,8 = 0.00638703115173034319ap2 — 0.49870153362917956314a10 + 0.01277406230346068638a12
—0.01303028330817343931azy — 0.1548260736698047544961; — 0.48899287639922767186b¢;
+0.00638703115173034322b11 — 0.076644373820764117976015 — 0.05160869122326825150b2;

+ O(e),
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01,5 = 0.00638703115173034319ap2 — 0.49870153362917956314a10 + 0.01277406230346068638a12
—0.01303028330817343931asy — 0.154826073669804754496011 — 0.48899287639922767186b01
+0.00638703115173034322b11 — 0.07664437382076411797615 — 0.05160869122326825150b21
+O(e).

It is noted from the above expressions that the dominant parts of o1 5 and o1 g are identical. However, they
are not necessarily the same. More precisely, there exist functions

¢11 = —3.2210435994957385703a19 — 0.084160781187043311932a9¢ + 0.041252942739811646696a2
+0.082505885479623484127a19 — 3.1583367375323100755b91 + 0.041252942739811548451b11
—0.33333333333333388736b21 — 0.495035312877741577136012 + O(¢)
= ¢1; +O(e)
and
é11 = ¢f; +O(e)
such that

{0'1,8 >0 (< 0) if and only if 911 < lel (> ¢11), (12)

015 >0 (<0) if and only if 611 < @11 (> ¢11).
Then, substituting 011 = ¢11 into o1 5 yields
o15=0 if ¢11 = du,
o15=0() = o015 <0 if 11 > @11,
o15 >0 if p11 < 1.
Similarly, under the conditions 6; = ¢;, 1 = 1,2,...,11, we obtain
o1,7 = —0.00192480494518933452a02 + 0.72785265305612861333a19 — 0.00384960989037866905a12
—0.00384960989037866904 a2y + 0.72881505552872328059b9; — 0.00192480494518933452b11
+ 0.02309765934227201418612 + O(e),
01,6 = —0.00192480494518933452a02 + 0.72785265305612861333a19 — 0.00384960989037866905a12
—0.00384960989037866904 a2y + 0.72881505552872328059b9; — 0.00192480494518933452b11
+ 0.02309765934227201418612 + O(¢),
and there exist functions
12 = —31.511965878034014787a1y + 0.16666666666666741067azy + 0.083333333333333151562a02
+0.16666666666666659498a12 — 31.553632544700673329b¢; + 0.083333333333333659427b11 + O(¢)
= 01, +O(e)

and A similar treatment by substituting 615 = ¢15 into
9512 = ¢y + O(e) 01,6, we have
such that 16 =0 if dip = ¢~)12’
017 >0 (< 0) if and only if 815 < 13 (> d12), )
| 7 ; =0(e) = if
{01,6 >0 (< 0) ifand only if 615 < p12 (> P12)- 91,6 (€) o16 <0 if g12 < P12,

(13) o6 >0 if g2 > i
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When the conditions 6; = ¢;,i = 1,2,...,12
hold, we can apply the same method described
above to find the divergence after perturbation at
the saddle point Ss. near S3(1/v/2,0) as

diV(Sgg) = m@alo + (8\/5 — 2)&20

+ (12 — 2v2)011 + (8V/2 — 3)63
+(8 = 2v2)bor + (4V2 — 2)b1y
+ (4 — V2)ba1 + (2v2 — 1)8]
= 20.96728078517308628507c613 + O(£2).

Similarly, the divergence at the saddle point Sy
near Sy(—(1/+v/2),0) after perturbation is

div(Sye) = m Bato — (8V/2 + 2)asg

+ (12 +2V2)011 — (8V/2 + 3)63
+ (84 2V2)bo1 — (4v2 + 2)byy
+ (44 V2)bar — (2V2 + 1)6]

= —16.54967115762177314318¢<60,3
+0(e%),

which is negative for fixed 613 > 0 and small € > 0.

Denote the eigenvalues of the system at the
saddle points Si.,i = 1,2,3,4 by A1, \i2 (where
i1 <0< AiQ), and let Yi = |/\11|/)\12 When 613 > 0
and € > 0, it is not difficult to show that

_ sl A
Az2 A2

=1—3.123721724276512087870 3¢
+0(%) < 1.

V374

Next, by the result given in [Han & Zhang,
1999] or [Han & Yang, 2005], we obtain

Lemma 4. If 0; = ¢;, i = 1,2,...,12, then for
O3 > 0 and ¢ > 0 small, the heteroclinic loop
L} U L% is unstable outside, while the heteroclinic
loops L3 U Ly, L7 U L3 and L3 U L) are unstable
inside.

This is a direct result of Cherkas [1968], and so
the proof is omitted.

Now we consider the boundedness of the pos-
itive orbit pf of system (2) starting from B(bp,0)
with by € (1/v/2,2). Let B*(b*,0) be the first inter-
section point of pg with the line y = 0, x > 0 after

B. We may fix B such that H(B) = —3, and thus
we have

H(B*) — H(B) = eM + O(¢?), (14)

in which

Qa(z,y)dx — Py(x,y)dy

M =
-3 2—x

= Do1azo + Dozair + Dozb1 + Doabho
+ Dosai2 + Dogaos + Do703 + Dos0s
+ Dogbl7 + Dipars + D1161 + Di2bio
+ D13bao + D14b11 + D15bo2 + D16bso
+ D17b21 + D1gbi2 + D190y + Do
+ D210¢ + Daoblg + Da3t12 4 Dasly,

where D;; are listed in Appendix A.
Therefore, under the conditions 0; = ¢;, i =
1,2,...,12, we use symbolic computation to obtain

M = 25505.617129962931878306936013 + O(¢),

div(0) = % (a10 +bo1) + O(e?)

= % 913 + 0(52),

. 9
le(AlE) = m 40/01 + 40/()2 + 40/03 + 491

+ 8a1g + 8ai1 + 8aiz + 8ais
+(8V2 — 2)ag + (8V2 — 2)019
+(8V2 — 2)0; + (12 — 2v2)61y
+ (12 — 2v2)05 + (8V2 — 3)63

+2(4 —V2) <601 + 2bg2 + 309 + 464

b1 3012 boy
+—=+ V2 + = + =

o)

= 0.33876078460172253203¢615 + O(£2),

. 3
le(AQE) = — [—4&01 + 4ago — 4aps

(4—v2)?

+ 4601 + 8ayg — 8ai1 + 8ais — 8ais
+ (8V2 — 2)agy — (8v/2 — 2)01¢
+(8vV2 —2)07 + (12 — 2v/2)61,

— (12 — 2v/2)05 + (8V2 — 3)63
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+2(4 — \/5) <b01 — 2bgo + 309 — 4604

bi1 3012 bar
+—= = V2 + — + =
V2 2Ta T2
6
— 6 +
NG ﬂ
= 0.33876078460172253203013 + O(£2),

div(Ase) = [4001 + 4agy + 4agz + 461

g
(4+V2)2
+ 8a1g + 8ai1 + 8aie + 8ais
— (8V/2 + 2)az — (8V/2 + 2)b10
— (8V2 4+ 2)07 + (12 + 2v2)611

+ (12 4 2v2)05 — (8V2 + 3)63
+2(4+V?2) (bm + 2002 + 3609 + 46,

b11 G 3012 | b
% + 2

5
405 — 5
2 ﬂ
= —0.00453974461065986637=013 + 0(52),

div(Aye) = [—4(101 + 4agz — 4agz + 461

g
(4+v?2)?
+ 8a10 - 8(111 + 8CL12 - 8(113
— (8V2 4 2)agy + (8V/2 + 2)610
— (8V2 4 2)0; + (12 + 2v2)01;

— (12 +2V2)05 — (8V2 + 3)63
+ 2(4 + \/5) <b01 — 2bgo + 309 — 4604

b 30 b
4 \/ohy, — 2012 21

_|_ =
f V22
6
—fe — 2>
)
= —0.00453974461065986637<013
+0(g?), (15)

where A;. are the focus points of system (2), located
near the centers A;, i = 1,2,3,4 of system (3).
From the results given in [Han & Chen, 2000] or
[Han & Hu, 2003], we know that the stability of the
homoclinic loops L}, k = 5,6, 7,8, are determined by
the first saddle value when o4 j, = 0. In the following,
we give the first-order saddle value obtained by using

the method of [Han & Hu, 2003] with a straightfor-
ward computation. Denote by Ry ; the first saddle val-
ues of the saddle points Sj. of the system (2), j = 1, 2.
Then, we have the following results.

Lemma 5. Assume 0; = ¢;, i = 1,2,...,12.
Then,

(i) Rij = Roe + O(g?), j = 1,2, where Ry =
—9.105056013; and

(i) further assume o1 = 0, k = 5,6, then if
L3 o; and Ly o; (j = 1,2) are oriented clock-
wise, they are stable (unstable) inside while the
double-homoclinic loop Ly 5;UL} o, is unstable
(stable) outside when Ryj > 0 (< 0); if L3, o;
and L ,; are oriented counterclockwise, then
the conclusion is reversed. (See [Han & Chen,

2000, Han & Hu, 2003).)

Proof.  We only prove for Ri1, since a similar proof
can be applied to obtain Ris. Let T be a reversible
matrix such that det(T) = 1, and TDT ! =

diag(A11, A12), where D = (0(Py, Q4)/0(x,y))(S1¢),
and A11; > 0 > Ao are the eigenvalues of D. Let

B (1 o )
- \B 1+a8)’
Then, it follows from (2) that
1
Py (S1e) = 1 [(%1 + ap2 + ap3 + aps)

+ —(a10 + a1 + a1z + a13)] €+ 0(52),

N =

1 1
Py (S1e) = =2+ (-0601 - 5%2 + §ao4>€ +0(e?),

1
Q4z(51e) = =1+ ~ [(501 + bo2 + boz + bos)
1 2
+ §(b10 +b11 + b1z +b13) | € + O(e7),
1 3 5
Qay(51c) = §b01 + boz + 5503 + 2bgs | € + O(£7),

1
A1 = V2 + g[am + ag2 + ap3 + aps + 2a1g

+2a11 + 2a12 + 2a13 + 2bg1 + 4bpo
+ 6bo3 + 8bos + V2(2a01 + ag2 — aps
—bo1 — boz2 — bog — bos — 2b19

— 2by; — 2b12 — 2b13)]e + O(e?),
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which describes the dynamic behavior of the system

1
iz = V2 + §[a01 + a0z + ao3 + aos + 2419 near the origin in the (u,v)-plane. Here,

+ 2(111 + 2a12 + 2(113 + 2b01 + 4b02 3 3e
(—ao — 2V2a01 — aps

Moy = —
+ 6bo3 + 8bos — V2(2a01 + ag2 — aos
—bo1 — bo2 — bog — bos — 2b1
— 2byy — 2b1y — 2b13)]e + O(?).

A straightforward calculation shows that
1

13
o= ——-——
22 16v2
+ bo2 + bo3 + boa + 2b19 + 2b11
+2b13 + 2b13) + O(e?),

:_\/§+<ﬂ_&+@_&
& 8 2v/2 8 42

(2a01 + a2 — aps + bo1

ap3 o4 o4 aio aiy

8v2 128
—V2a02 — ap3 — ags + V2a04 — 2a10 — 2a1;
— 2a19 — 2a13 — 2bo1 + V/2bo1 — 4boa

+ \/§b02 — 6bps + \/§b03 — 8bos + \/§b04
+2v/2019 + 2v/2b11 + 22015 + 2\/5513)

€
+ —(4ag; — V2ag1 + 3ags — 2V 2a
32\/5( 01 01 02 02

+ dagz — 3V 2a03 + Tags — 4V 2a04 + 2a1g
+2a11 — 2V2a11 + 2a12 — 4V 2a15 + 2a13
— 6\/5(113 + 4dagg + 4ao1 + 4ase + Sbyy

— 25v/2bg1 + Thoa — 27/ 2boz + 9bos

e
8 8 44/ 2 4 4
\/_ — 31\/5[)03 + 11bgg — 37\/5[)04 + 6b1g
b b b
-l-%—k%—%—%—% —2V/2b1g + 10b11 — 2v/2b11 + 14b15
—2v/2b19 + 1813 — 2v/2b13 — 4V/2by
_ bo2 3boz b3 b _ boa /5 3 )
4\/5 4 4\/5 04 4\/5 —4+/2by1 — 4 2b22)+0(€ ),
3 €
bio b11 b1 b13 9 mi1 =5 — _[(8 + 3\/5)&()1 + (4 + 3\/5)&02
V2 2v2 2v2 22 €+ 0, 2P
\/_ + 8(103 + 3\/5(103 + 20(104 + 3\/5(104 - 8a10
1 2¢e
1 + Oéﬂ = 5 + 3—2(CL01 + an2 + ans + anq + 2(110 + 6\/§CL10 — 8(111 + 6\/5@11 — 8(112 + 6\/50,12
+ 20,11 + 20,12 + 2(113 - 2b01 - 8(113 + 6\/5(113 - 16(120 - 16a21 - 16(122
— 4bps — Gbos — Shos) + O(22). +106v/2bg; + 104v/2bg + 94v/2bg3
) ) . + 76V 2bos + 8v/2b10 + 8v/2b11 + 8V/2b1o
Now, employing a linear transformation in the
form of + 82013 + 16v/2byg + 161/2bo;
(u) . (:c - x1> +16V/2bg2) + O(£?),
v) y—u)’ 27 €
Moy = ——V2 4 — (33 — 32\/5)%1
where 16 128[

g
xr] = 5(601 + bo2 + bog + boa) + O(e?),

(3
Y1 = 1 =+ Z(U/Ol + ap2 + a3 + a/04) + 0(62)7

into system (2) yields

3
iL:/\ll ’LL—FZ Z mjlujvl +O(\u,v\4) s
k=2 j+l=k

3
V= —)\12 —v + Z Z njlujvl + O(|’LL,7)|4) 5
k=2 j+l=k

+ (29 — 19v/2)agy + 21ags + 6v/2a03 + 9aos
+55v2ag4 + 66a19 + 66a1; — 4vV2a1;
+58a19 — 8v/2a19 + 42a13 — 12v/2a33

+ 24agy + 24as; — 8V 2as91 + 24ass
—16v/2a92 + 48as3y + 48az; + 58bg;

— 75v/2bg1 + 116bgs — 71V 2bgs + 150603

— 63v/2bgs + 136bos — 51v/2bgs — 150v/2b1g
+8b11 — 150v/2by1 + 16b1y — 142v/2b15

+ 24b15 — 126V/2b13 — 24v/2by
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niy =

np2 =

ni2 =

+ 16b91 — 247/ 2bgy + 32b99 — 247/ 2bys
— 48\/5()30 — 48\/51331] + 0(52),

3v2
8

+ 3ag3 — 4V2a03 + 3aps — 7V 2a04

+6a19 4+ 4V2a10 + 6a11 + 4v/2a11 + 6a12
+ 4\/§a12 + 6a13 + 4\/5@13 + 8\/§a20

+ 8v/2a91 + 8v/2a99 + 106by;1 — 3v/2bg1
+104boa — 3v/2bgy + 94bo3 — 3v/2bo3

+ T6bos — 3v/2bgs + 8brg — 6v/2byo + 8byy
—6/2b11 + 8b1g — 6v/2b12 + 8b13 — 6v/2b13

+ 16b20 + 16b21 + 16b22] + 0(52),

3

+ 16a03 + 9V 2a03 + 28a04 + 13v/2a04 + 8aqg
— 6v2a10 + 8a11 + 2v/2a11 + 8ars + 10v2a1s
+8a13 4 18V2a13 + 16a9 + 16a91 + 16a90

+ 8bo1 + 94v/2bg1 + 16bgs + 961/ 2bgy + 24bo3
+ 106v/2bo3 + 32bg4 + 1241/ 2bgs + 8v/2by
+16b11 + 8v2b11 + 32b12 + 8V/2b1o

+48b13 + 8V/2b13 + 16v/2byg + 16V/2bo;
+16v/2bs] + O(£?),

+ é[(S — 10\/5)@01 + (83— 5\/5)@02

27
V24 © (33 + 32v2)ao1 + (29 + 19v2)as

128
+ 21ags — 6v/2a03 + 9aos — 55V 2ags + 66a10
+66a11 + 4v/2a11 + 58ayz + 8V 2a1s + 42a13
+12v/2a13 + 24agg + 24az1 + 8V 2az,

+ 24a99 + 16v/2a99 + 48a30 + 48az; + 58bo;
+ 75V/2bo; + 116bga + 71v/2bg + 150003

+ 632003 + 136bo4 + 51v/2bgs + 150v/2b1g
+ 811 4 150v/2b11 + 16b1o + 14212015
+24b13 + 126V/2b13 + 24v/2bgg + 16ba;
+24v/2ba; + 32bgg + 24v/2bgy + 48V/2bs3
+48V/2bs1] + O(£2).

Substituting above expressions into the formula
for RH,

Ri1 = ma1 + ni2 — mogma1 + np2nit

(see [Han & Hu, 2003]), we get

£

32

+ 30a11 4+ 32a12 + 30a13 + 12a90 + 12a9;

+ 12a99 + 24as3p + 24as31 + 20bg1 + 52bg2

+ 84bgs + 104bgy + 4b11 + 8b12 + 12013

+8ba1 + 16b22 ) + O(£?).

Hence, when 0; = ¢; (i = 1,2,...,12) hold, we have
Ri1 = —9.10505072585004452646013¢ + O(£?).

R11 = (15(101 + 16@02 + 15(103 + 120,04 + 24(110

With a similar procedure, we obtain
Ri = —9.10505072585004452646013¢ + O(c?).
This completes the proof of Lemma 5. M

We are now ready to prove Theorem 1.

Proof of Theorem 1. The proof includes two main
steps: (I) to show the existence of five basic limit
cycles; and (II) to generate more limit cycles by
employing proper perturbations to change the sta-
bilities of homoclinic or heteroclinic loops.

(I) The existence of five basic limit cycles.
Assume that the conditions 6; = ¢;, i = 1,
2,...,12, 013 = a10+bp1 > 0 are satisfied, and
€ > 0 small.

(1) From Egs. (14) and (15), we have M > 0
and so H(B*) > H(B), which implies that
b* < by and hence the trajectory p} of sys-
tem (1) is bounded for x < 2. Then by
Lemma 4, we know that the heteroclinic
loop LjUL35 is unstable outside. Thus, by
the Poincaré-Bendixson theorem, there at
least exists a big stable limit cycle, denoted
by LC? UL+ Which encloses all the 9 singu-
lar points.

(2) It follows from Eq. (15) that div(O) =
(1/2) e 013+0(£?) > 0. Further, by Lemma
4, we know that the heteroclinic loop L3 U
L} is unstable inside. Therefore, there at
least exists a stable limit cycle inside the
heteroclinic loop LU L}, named LCZ).

(3) Tt is seen from Lemma 5 that Rio < 0 and
thus the double homoclinic loop L7 U Lg
is unstable outside. Further, by Lemma 4,
the heteroclinic loop L3 U L} is unstable
inside. This indicates that there at least
exists a stable limit cycle inside the hete-
roclinic loop L3 U L}, called LC€7UL8'
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Fig. 2. The distribution of the 23 limit cycles of system (1) for Category (A).

(4) Again by Lemma 5, we know that both the
two homoclinic loops L% and Lg are stable
inside. However, it is seen from Eq. (15)
that div(As:) < 0 and div(A4) < 0,
implying that both the two focus points
As. and Ay are stable. This implies the
existence of two unstable limit cycles,
located inside the homoclinic loops L7
and L%, respectively, which are denoted by
LC%3 and LC%4.

The above discussions show that there at least
exist five limit cycles, with the distributions as
shown in Fig. 2(a).

(IT) More limit cycles generated by perturbations.
Perturbations are employed to generate more
limit cycles, in addition to the above five limit
cycles. According to the values of o075 and
016, there are 13 cases.

o15=0, o016=0;
o155 = 0, 01,6 > 0;
o155 = 0, 016 < 0;
o15>0, o016=0;
015 <0, o016=0;
01,5 > 0, 01,6 > 0;
015 < 0, 016 < 0;
01,5 > 0, 016 < 0,

NN AN N N N N

0 ~J O U = W N~
— N N N S S S

015+ 016 =0;
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(9) o155 > 0, 016 < 0, 015+ 016 > 0;
(10) o015 > 0, 016 < 0, 015+ 016 < 0;
(11) 015<0, 016>0, o15+016=0;
(12) o015 < 0, 01,6 > 0, o15+ 016 > 0;
(13) o15 < 0, 01,6 > 0, 015+ 016 < 0.

It should be noted that the system must follow
one and only one of the above 13 cases.

It is easy to see that the two cases (4)
and (5) are “symmetric” with the two cases
(2) and (3), producing the same number of
limit cycles. Similarly, the three cases (11)—(13)
are “symmetric” with the three cases (8)—(10).
Furthermore, it can be shown that the three
cases (1), (2) and (6) have the same number
of limit cycles; the two cases (8) and (9) have
the same number of limit cycles; and the three
cases (3), (7) and (10) have the same number of
limit cycles; So we only have three categories,
described as follows.

(A) (015=0, 016=0) or (015=0, 016>
0) or (01,5 > 0, 01,6 > 0)
= 23 limit cycles;

(B) (015 > 0, 016 < 0, 015 + 016 = 0)
or (01,5 > 0, 016 < 0, O15+ 016 > 0)
= 21 limit cycles;

(C) (0175 = 0, 01,6 < 0) or (0175 < 0, 01,6 <
0) or (0175 >0,016<0,015+016< 0)
= 20 limit cycles;

This shows that system (1) must at least have
20 limit cycles, i.e. H(4) > 20.

In the following, we give a detailed anal-
ysis for category (A), and then briefly discuss
the other two categories (B) and (C).

(A) In order to prove this category, we
shall apply perturbations step by step, start-
ing from perturbing the homoclinic loops L7
and L. The details are given in the following
eleven steps, where the notation = stands for
“becomes” or “implies”.

(a) Fix 613 > 0, perturbing 6015 from ¢i2
such that 0 < 619 — ¢12 < 613; then the
homoclinic loop o017 = 0 = o017 > 0
(by Eq. (13)); the limit cycle L% stable
inside = unstable inside (by Lemma 3);
LC%3 unstable (stability unchanged); =
one stable limit cycle, denoted by LCIL’f,
is generated between the homoclinic loop
L7 and the limit cycle LC%3.

This limit cycle is shown in Fig. 2(b).

(b)

Fix 613 > 0 and keep 615 as perturbed
as in (a), perturbing 617 from ¢1; such
that 0 < ¢11 — 011 < O12 — ¢P12; then
o18 =0 = o018 > 0 (by Eq. (13)) the
homoclinic loop L stable inside = unsta-
ble inside (by Lemma 3) the limit cycle
LC% , unstable (stability unchanged) =
one stable limit cycle, denoted by LC}:’S,
is generated between the homoclinic loop
L} and the limit cycle LCY,.

This limit cycle is depicted in

Fig. 2(b).
First, under the assumptions 015 = 0 and
o016 = 0, similar to the discussions for

L7 and Lg, we have, before perturbation,
that the double homoclinic loop L U L§
is unstable outside due to Ry; < 0 (by
Lemma 5). On the other hand, by Lemma
4, the heteroclinic loop LU L3 is unstable
inside. Thus, there exists one stable limit
cycle, LC‘Z;U Lz» inside the heteroclinic loop
L7 U L3. Furthermore, since before pertur-
bation we assume that 015 =0 and 016 =
0, thus by (12) and (13) the perturbations
given in (a) and (b) simultaneously gener-
ate two stable limit cycles: LC3 , inside the
homoclinic loop L%, and Lth inside the
homoclinic loop Lg, because the two homo-
clinic loops Lf and L{ change their sta-
bilities from stable to unstable (while the
focus points Aj. and Ao, are kept unstable,
see Eq. (15)).

Now, fix #13 > 0, and keep 612 and
f11 as perturbed above, perturbing 6qg
from ¢q1 such that 0 < 619 — ¢190 <
|911 — ¢11|; then 001 = 0 = 00,1 < 0
(by Lemma 2); the two homoclinic loops
L% and Lg unstable inside = stable inside
(by Lemma 3); the two limit cycles LCS )
and Lth stable (stability unchanged); =
two unstable limit cycles, LC}:’5U between
the homoclinic loop L and the limit cycle
LCil, and LCIL’GU between the homoclinic
loop L§ and the limit cycle LCiQ. Under
the same perturbation for 6y, the dou-
ble homoclinic loop L U Lg unstable out-
side = stable outside (by Lemma 3); and
the limit cycle LC€5UL6 stable (stability
unchanged); thus = one unstable limit
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cycle, LC}:’BUU L, between the double homo-

clinic loop Li U L§ and the limit cycle
LCS, .

The six limit cycles generated in this
step are shown in Fig. 2(c).
This step is similar to the second part of
step (c¢). Fix 613 > 0, and keep 6;, i =
10,11,12 as perturbed above, perturbing
Oy from ¢g such that 0 < Oy — @9 <
‘010 — gf)lo‘; then 00,2 = 0 = 00,2 < 0
(by Lemma 2); the two homoclinic loops
L7 and Lg unstable inside = stable inside

(by Lemma 3); the two limit cycles LC}:’f
and LC}:’f stable (stability unchanged); =
two unstable limit cycles, LC%?U between
the homoclinic loop L7 and the limit cycle
LC}:’f, and LC%BU between the homoclinic
loop L§ and the limit cycle LC}:’S. Under
the same perturbation for 6y, the dou-
ble homoclinic loop L7 U Lg unstable out-
side = stable outside (by Lemma 3);
the limit cycle LC‘ZNL8 stable (stability
unchanged); = one unstable limit cycle,
LC}:’7UUL8 between the double homoclinic
loop L% U L§ and the limit cycle LC?_ ;.
The three limit cycles are shown in
Fig. 2(d).

Fix 613 > 0, and keep 6;, i = 9,10,11,12
as perturbed above, perturbing fg from ¢g
such that 0 < |03 — ¢g| < |09 — ¢, under
which the homoclinic loop L is broken.
There are two subcases:

(Oé) If 0 < o3 (i.e. Mg < Oordg < 0), then
as shown in Fig. 3(a), a stable limit
cycle, LC%EU L+ 18 generated inside the
unstable limit cycle LClL’ﬁJ Ls:

(ﬂ) If 6 > ¢g (1e Mg > 0 or dg > 0),
then as shown in Fig. 3(a), a stable
limit cycle, LC%’S, is produced outside
the unstable limit cycle LC%’SU.

Hence, this step generates one limit cycle.
Fix 613 > 0, and keep 6;,7 = 8,9,...,12
as perturbed above, perturbing 67 from ¢~
such that 0 < |67 — ¢7| < |03 — ¢3], under
which the homoclinic loop L7 is broken. As
shown in Fig. 3(b), one stable limit cycle,

LC?}f, is produced outside the unstable
limit cycle LC%’U.
7

(2)

Fix 613 > 0, and keep #;,¢ = 7,8,...,12
as perturbed above, perturbing fg from ¢g
such that 0 < |0s — ¢g| < |07 — ¢7|, under
which the homoclinic loop Lg is broken.
There are two subcases:

(a) If 65 > b6 (i.e. Mg < 0ordg < 0), then
as shown in Fig. 3(c), a stable limit
cycle, LC%’SU L 18 generated inside the
unstable limit cycle LC]LL’E)UU Lo

(ﬂ) If 6 < ¢ (1e Mg > 0 or dg > O),
then as shown in Fig. 3(c), a stable
limit cycle, LC%{?, is produced outside
the unstable limit cycle LC}:’6U.

So one limit cycle is generated in this step.
Fix 013 > 0 and keep 6;,¢1 = 6,7,...,12
as perturbed above, perturbing 65 from ¢5
such that 0 < ¢5 — 05 < |0 — ¢¢|, under
which the homoclinic loop L is broken. As
shown in Fig. 3(d), one stable limit cycle,
LC%S, is produced outside the unstable
limit cycle LC}:’5U.

The four limit cycles obtained in the
steps (e)—(h) are depicted in Fig. 2(e).
Fix 013 > 0 and keep 6;,¢ = 5,6,...,12
as perturbed above, perturbing 64 from ¢4
such that 0 < |04 — ¢4| < |05 — ¢5|, under
which the heteroclinic orbit L} is broken.
There are two subcases:

(a) If 04 < ¢4 (i.e. My < 0ordy < O),
then as shown in Fig. 3(e), an unsta-
ble limit cycle, LC%4UL2, is produced
outside the stable limit cycle LCE7U L

(ﬂ) If 6 > ol (i.e. Mg > 0 or dg > 0),
then as shown in Fig. 3(e), an unsta-
ble limit cycle, chw Ly 18 produced
outside the stable limit cycle LCg.

This step generates one limit cycle.

Fix 013 > 0 and keep 6;,¢ = 4,5,...,12
as perturbed above, perturbing €3 from
¢3 such that 0 < ¢3 — 03 < |94 —
¢4|, under which the heteroclinic orbit
L3 is broken. As shown in Fig. 3(f),
one unstable limit cycle, Lngu Ly
is produced outside the stable limit
cycle LCESULG.

Fix 613 > 0 and keep 0;, 1 = 3,4,...,12
as perturbed above, perturbing 65 from ¢o
such that 0 < 0y — g3 < |03 — @3], under
which the heteroclinic orbit L3 is broken.
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As shown in Fig. 3(g), one unstable limit the heteroclinic orbit Lj to break. The
cycle, Lng 1,» 18 produced inside the sta- process is similar and omitted here.
ble limit cycle LC7 ;..

Note that this limit cycle can also be  Summarizing the results obtained so far in the two
generated by perturbing 1, which causes  steps (I) and (II) for one case of Category (A) gives

Fig. 3. Distribution of limit cycles: (a) for step (e); (b) for step (f); (c) for step (g); (d) for step (h); (e) for step (i); (f) for
step (j); and (g) for step (k).
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Fig. 3. (Continued)

the following 23 limit cycles when 015 = 0 and
o6 = 0: LCY, LCY,, LCS ., LCS, LCS, ;.
LCp?, LepY, Ley?, eyt Lerl, Lepl.
LCPS e LCY ., LCS,, LCpY, LCy?, ey,
LC}JGU’ chsULG’ LckiLgﬂ LC%’SUL(;’ LC%;:,ULN

LC%QULI. These 23 limit cycles are shown in

Fig. 2(f), where for certain, we choose 03 < ¢s,
O > ¢ and 04 > ¢4.

The other two cases of Category (A) can be
similarly discussed to obtain 23 limit cycles.

Next, we briefly discuss Categories (B) and (C).
Note that the two large limit cycles enclosing all the
nine singular points and the 12 limit cycles below
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VLGl

Fig. 4. The distributions of the limit cycles of system (1): (a) 21 limit cycles for Category (B); and (b) 20 limit cycles for

Category (C).

the heteroclinic orbit L3 are not changed for Cat-
egories (B) and (C). Therefore, we do not need to
repeat the steps (a), (b), (d), (e), (f), (i), (j) and
(k). Also, note that the analyses in the steps (g)
and (h) are not changed for (B) and (C). Conse-
quently, we only need to consider the step (c) for
Categories (B) and (C). The number of limit cycles
from Part (I) and all the steps but (c) in (II) is:
54+1+1+3+1+1+1+1+14+1+1=17.

(B) There are two cases in Category (B). We only
discuss the second case: 015 > 0, 016 < 0, 015 +
o16 > 0, since the first case: 015 > 0,016 <
0, 015 + 01,6 =0 can be similarly discussed.

First, under the assumptions, we know that
before perturbation, the double homoclinic loop
L: U Lg is unstable outside by Lemma 3. On the
other hand, by Lemma 4, the heteroclinic loop
L7 U L3 is unstable inside. Thus, there exists one
stable limit cycle, LCE5U L¢» inside the heteroclinic
loop LT U L3.

Furthermore, since before perturbation we
assume oy 5 > 0, the homoclinic loop LF is unsta-
ble inside by Lemma 3, and div(A4;.) > 0 indicating
that the focus point Ai. is unstable. This implies
that there exists one stable limit cycle, LCi ,» inside
the homoclinic loop Lg.

Now, fix 13 > 0, and keep 612 and 01 as per-
turbed above, perturbing 01 from ¢19 such that 0 <
010— P10 < |011—¢11]; thenog; =0 = 091 <0 (by
Lemma 2); the homoclinic loop L unstable inside
= stable inside (by Lemma 3); the limit cycle LCS .
stable (stability unchanged); = one unstable limit
cycle, LCIL’;], between the homoclinic loop LF and

the limit cycle LCY .- Under the same perturbation

for 019, the double homoclinic loop LfU Lg unstable
outside = stable outside (by Lemma 3); the limit
cycle LCE5U 1, Stable (stability unchanged); = one

unstable limit cycle, LClL’gJ L’ between the double

homoclinic loop LfUL{ and the limit cycle LC§5UL6'

The number of limit cycles generated in this
step is 4, as shown in Fig. 4(a), and thus the
total number of limit cycles for the whole system
is 21.

(C) Finally we discuss Category (C). There are
three cases in this category. We only discuss the
second case: 015 < 0, 016 < 0, which gives 015 +
01,6 < 0. The other two cases can be similarly
discussed.

First, under the assumption, we know that
before perturbation, the double homoclinic loop
Lz U L§ is stable outside by Lemma 3, and by
Lemma 4, the heteroclinic loop L] U L3 is unsta-
ble inside. So we cannot conclude that limit cycles
exist inside the heteroclinic loop L] U L3.

Similarly, before perturbation we assume oy 5 <
0 and 016 < 0, by Lemma 3, the two homoclinic
loops L and Lg are stable. Further, note that
div(Ai;e > 0 and div(Ag. > 0, implying that the
two focus points Aj.) Ag.) are unstable. Therefore,
again we cannot conclude that limit cycles exist
inside the homoclinic loops L and Lg.

Now, fix 613 > 0 and keep 612 and 617 as per-
turbed above, perturbing 01 from ¢1g such that 0 <
b10 — 010 < |011 — ¢11]; then 091 =0 = 001 >0
(by Lemma 2); the two homoclinic loops L} and L§
stable inside = unstable inside (by Lemma 3); the
two focus points Aj. and As. are unstable (stabil-
ity unchanged); = two stable limit cycles, Lth
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inside the homoclinic loop L%, and LCi2 inside the
homoclinic loop Lg.

Under the same perturbation for g, the double
homoclinic loop L U Lg stable outside = unstable
outside (by Lemma 3); the heteroclinic loop L} U L3
unstable (stability unchanged); = one stable limit
cycle, LC‘Z5U Lg» outside the double homoclinic loop

tULg. The number of limit cycles generated in this
step is 3, as shown in Fig. 4(b), and thus the total
number of limit cycles for the whole system is 20.
The proof of Theorem 1 is complete. W

3. Conclusion

In this paper we have studied perturbations to a
special fourth-order near-Hamiltonian system and
shown that the system can have at least 20 limit
cycles. That is, H(4) > 20, which greatly improves
the best existing result, H(4) > 15.
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Appendix A

In this appendix, the coefficients A;;, B;j, C;; and
D;;, used in the proof of Theorem 1 are listed.

A.1. Coefficients A;; and Byj

(1)_ 1 xr
Al —/L1 [2—x+(2—x)2 ydx

= —1.8108497019006027028

1 y2
AW — _/ dx
2, 22
= —0.6723139651693518469
2z 22
AW — / d
SR A P e el R
= —0.92932382454164407491
1 1 T
AV 1 / 2
2, 2_1’+(2—$)2 v
= —1.3446279303387036939

1 y3
AL — / dz
2 3, 2-n)?

= —0.62716336629241648628

3x? a3
Ay :/ d
30 Ly 2—$+(2—JL‘)2 v
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1 [ 2z 2 ]
A(l):_/ 2d
x5 ) e ooV

= —0.74698195457313706197

1 1 T
AL — _/ 3d
273, 2 s 2oV
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4
w_1[ v
Aps _4/1:1 (2_:6)2(11;
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423 xt
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40 I, 2—J:+(2—x)2 yax
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2
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Bﬁ) :/ 23? da
Ly x

= —0.27280783485452399596

3
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2
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1 — T

= —0.54561566970904799191

2
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279 ), PRyl
— —0.55368380100020418417
1 [ 1 z ]
A(5) — _/ 3d
12 31 _2—x+(2—1‘)2_y .
— —0.50414975848955427734

4
AR = —/ S
03 4 Ls (2 —.’L')2 v

= —0.25627208044780896678

4z3 x?
A5 = / d
0 Ls 2_93+(2—$)2 e

= —0.56879291632144951064

G 1 322 3 9
Az _Q/Ls [2—x+(2—x)2 yrde

= —0.55200723473061258746

1 [ 2z 2 ]
A<5>:_/ 34
22 Ls _2—x+(2—1‘)2_y v

= —0.54424711693056142773

1 ! x ]
AR = - /L + yide = AP
5

PEFRNCESE
= —0.51254416089561793355

5
G _ 1 (]
A04 = 5/L5 (Q—x)Qdm

= —0.26798467867216414957
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Ly ¢ — &
B(5):/ y dx
o1 L52—ZC

|
[a)
—_
D
(@)
3
[\
—_
w
)
oo
~J
Ne)
T~
(@)
S
0]
-
(@)
o)
D
w

= —0.12162688386911588660

2.9
ng):/ ;ydaz
L

54— X

= —0.30361055139342361162

= —1.3722945009136730621

1 x
46 _ /
0= 2= T v

= —0.15145489041876868053
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1 y?
A(G):—/ Y
", e

= —0.072106210815176617223

2
6) 2x T
A2 ‘/LG [2—x+ <2_$>2} ya

= 0.19359380824306263479

(6)_1 1 T 9
An _2/L6 [2—x+(2—fc)2]yd$

= —0.14421242163035323445

3
© 1 Yy
A02 = 3/L6 (2—x)2d$

—0.071042665976278002421

322 x3
A(6):/ d
LI A i Gy ] R

—0.20074563916803626038

1 2x x?
A(6):—/ 2
Y P P v ol Kl

= 0.18297967753032521404

1 1 T
A(ﬁ):—/ 3d
NS M P e R

= —0.14208533195255600484

4
© 1 Yy
A03 —4/]:6 (2—33)2d$

= —0.072106210815176617223

3 4
6) 4z €T
Alg ‘/LG [2—x+ PR

= 0.19795592282423237721

1 [ 32 ]
A(6):—/ 2
sl Le _2—x+(2—1‘)2_y v

= —0.18940101220914535279

1 [ 22 2 ]
A = —/ 3d
2 3 Le _2—x+(2—1‘)2_y v

1 T
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© _1 [ ] 1oa, 40
A13_4/L6_2—x+(2—1‘)2_yd$ Ajy

= —0.14421242163035323445
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1 y5
A — _/ d
=5 ) 2-a)2 L

= —0.075082115905511149430

Bi((?):/ 2”3 dr=0, i=1,...,4

= —0.19309496640180809453

(6) _/ xy
By = ——dx
1 Lg 2—x

= 0.11031365627698380680

= —0.54237334438080080947

3
B<6>:/ Y
31 L62_x

= 0.053137103173875329894

2,2
Lg

— X

= —0.13839271303771342916

3
Lg Z

= 0.30741051138403976192

4
(6)_/ Y
B, = dz
04 L62_x

= —0.73432521446602219001

A.2.

Coefficients C;;

1
o) _ ]{ y da
0 L 2= 2)2y(1— )
— —0.27062440691906989025
2
-1
c®) :7{ Y dx
2 i 2—2)%y(1—y?)
— —0.34408388504791177672
3
-1
o) _ j{ y dz
0B, 2= 2)%y(1—y?)
— —0.27062440691906989025

4
—1
ob) :7{ L4 d
o) ey — )

= —0.073451323478381935977

5) 2y — 1) (5)
e = 2
Cos /‘é @)yl - ) = 2

= —0.54124881383813978050

(5) 4(y—1)—2.1‘y
002‘74 @ o2y )™

— —3.8339907354217363027
2(y* - 1) (5)
o) — 7{ dx = 2C,
0 (2—2)2y(1—y?) 0
— —0.68816777009582355345

) [ 6(y*—1)—3zy’
008‘7{ 2 o2yi- "

= 60 = —6.045264459001518869
2(y° — 1) (5)
c® = 7{ dz = 2C
9 (2—2)2y(1—y?) o1
— —0.54124881383813978050

8(y3 — 1) — 4wy
o _ 7{ da
0 T 2= 2)%y(1 —y?)

= —7.6679814708434726054

o) _ j{ — dz
U 2= 2%yl —y?)
— —1.5568840353872070710
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2
) = f{ . d
2T e—ayi-)

= 1.17360803764554678314

3
o) = f{ & d
B ey -)

= 0.98582305584301228711

2
0(5):7{ Y d
W ey -)

= 1.0414266675296379476
4

o) = f{ & d
LI (R R R

= 0.86624981433682597440

3
o) :7{ Y d
6 ey —)

= 0.88416192370682143063

0(5) _ % x2y2
T oy 2—2)2y(1 — ¢?)
— 1.00570640452133258383

o) :7{ . d
8 ey —)

= 1.9401600331288673589

dx

2
o :7{ . d
I S G T Y b

= 1.36139301944808127917
3

) — f{ . d
0 L C—ayi-)"

= 1.10539629734919859981

P — f{ e d
S (GRS R R

= 1.7100664402158187941

2
C“’):f Y ___dq
2= e—ayl-)

= 1.1986914113524544646

2
c) :7{ e d
2B )L eyl —)

= 1.6481343612880328885
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—1
0(6):7{ Y d
0 ), @yl -y

= —0.073701031786839426197

2
-1
o) :j{ Y d
2 = ), eyl -y

= —0.094092034718746070540

31
cs) = 7{ Y dr = C})
0 T (2—2)2y(1 —y?) o1
— —0.073701031786839426197
4
-1
cl9 27{ J dz
0 e (2—2)2y(1—y?)
— —0.018364589509361730273

©) 2y —1) o A(6)
Cos = jig (2—a)%y(1 - yQ)dx =2Co1

= —0.14740206357367885239

Ay —1) —2ay
cs® = f{ d
L PO e ) R

= 0.37383564553882314165

(6) 2(y* - 1) (6)
= = 2
Cor (£6@—xFM1—wf“ Coo

= —0.18818406943749214108

2 _ 1) — 2
Lo _ j{ 6(y” — 1) —3ay”
Lg

(2 —2)%y(1 —y?)
— (.4044232882769730308

©) _ 2(y° — 1) ()
Coo = jig (2 —z)2y(1 — yQ)dx = 2o

= —0.14740206357367885239

8(y3 — 1) — day?
c© :7{ d
U N G P SR

= 0.7476712910776462833

c® — 7{ — d
n L ey -

= 0.37627030733798153177

2
c® — 7{ . d
2 ey

= 0.21391670802908000746
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3
oy :7{ . d
B a2y -)

= —0.15817898534140728165

2
oy :7{ Y d
R AR PR bt

= 0.18639344742172855059

4
c® :7{ x dx
B e 2= 2)2y(1 — ¢?)

= 0.129006968065014802060

3
c :7{ Y d
6= F a2y -)"

= —0.13858813401990722827

2,2
oY :7{ oY d
T a2y —)

= 0.17901618408429384456

oy :7{ . d
8 . oy —)

— —0.96645732270504307100
2
C(G) :7{ * dx
Y T 2—2)y(1—y?)
— 0.58601240139956729658
3

s :7{ . d
0" L ey -)"

= —0.44536493874782936537

o :7{ e d
O RO R

= —0.85503322010790939703

2
cl :}1{ Ty dx
2 i, -2yl —y?)

= 0.51137502886336432945

2
cs :7{ e d
I (PRI G RY R

= —0.82499984847726014722

+1 6)
clD = j{ i de = —C}
o0 T 2221 —y?) o1
2
+1 6)
cs) = f{ Y dz = C|
2 Jn, 2221 —y?) 0

3
+1 6)
o\l — 7{ L4 dz = —C}
B I 2= 2)%y(1—y?) 03
|
ci) = 7{ Y dz = C
0 L, (2—2)2y(1—y?) 04

7 2(y +1) A6
Cos' = /‘é PR R

(M) _ Aly+1) —2xy _(6)
W=, T

2(y* — 1) (6)
o\ — 7{ de = C
0 L, (2—2)%y(1—y?) 07

o _ f 6 —1)— 3wy’ (6)
W=, o o

7 _ 20 + 1) A6
Coy ‘72 @)y ) = o

m_ J 8@ +1) —day’ (©)
W=, o

c = f{ — dz =9
UL, 2 -yl - y?) H

2
) = f{ i dz = C9
2oL, - )2yl - y?) 1

) = f{ - dr = C3)
B L, - )2yl - y?) b
oD = f{ - dr = —C\9
oL, 22yl —y?) H

4
P = f{ - dr = CY
YL, 2 -2yl - y?) 1
3
) = f{ . dr = —C\Y
L, -2yl —y?) 0

2,2
D = f{ - dr = CY
L, 2yl - y?)

cly) = f{ - dr = C9
B L @2yl —y?) '

2
cy) = f{ = dr = C\9)
YT, @2yl —y?) o

3
o _ 7{ de — C©)
S ) R

8
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o :7{ Ty de — —C©
I A O ) R
2
C(?):y{ 7y de — —C©
2 I, -2yl —y?) -
2
cs) = }[ oLl dz = C)
B, -2yl —y?) %

o - 7{ 2(?/2 - _c®
s (2

—x)?y(1 - y?)
o8 = f s = )
' = ?és e —2353)53111z y2) e = =iy
- W
-4 @ x)gyfl —te =G
R4 o e = o8

A.3. Coefficients D;;

15 1,

D()l:% Y dac—l—?! 4 2 dy
— -3 2—.1‘

= 59.80947180355010918

My —
D02 = f J xydy =0
s 2

— T

1
—y —r+y—-3yt—=
D03:% d$+% 2
r-s2—=x -3 2—x

= —206.92075515187769842

D04—% _Jj ydy—O
=

3

32—
2 _
D%Zf eyt
-3 2—
.3
Doﬁz% Y dy:()
- 2—x
29 3 A

2
4 ST+ -y —x
D07:7{ Y d:li-l—?! 8 4 dy
F*SQ—LE -3 2—x

= —122.04411604341146734
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.2
DOSZ% wydy:O
-3

2—x

32—

2y — 3
Dm:]{ oy o
-3 2—1’

—a2y?
Doy = y{ dy = —90.67342899190338470
r

y? -y
l)uzzj( dy = —39.88149871954244962
-3 2—.’,13'

Dlng * dr =0
-3 2—x

2
Dlng r dr =0
-3 2—x

2—x 32—x

—43.65090577238874003

2
Dlgz% Y dx =0
F*SQ—IL‘

3 2
Dw:f) Y M+6f Ly
r-s2—x r-3s2—=x

= 115.49814630805972235
4
D20 = f * dx =0
T

1 2
—§y +x7y —y2
D17 :% —£— dx +% dy
-3 T

32—
3 z:J:—I—ly2
Dglz% yra ydl’—i-% udy
-3 2—x -3 2—x

= 9.96398654200382978

2,2
D22=j{ Y de =0
1‘*—32 XT

3
D%:f)'w dz = —41.02399435959070939
-

3 — T

4
8
D24:% Y dl’+% ydy:()
F*SQ—IL‘ F—32—$
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