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Abstract

In this paper, complete integrability and linearizability of cubic Z, systems with two non-resonant and
elementary singular points are investigated. First of all, four simple normal forms are obtained based on
the coefficients and eigenvalues of cubic Z; systems. Then, the integrable and linearizable conditions are
classified according to the four different cases respectively, and the problem is solved thoroughly for cubic
Z, systems with two non-resonant singular points.
© 2020 Elsevier Inc. All rights reserved.
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1. Introduction

Hilbert’s 16th problem has been proposed for more than one century, but it is still not com-
pletely solved even for the simplest quadratic polynomial systems. As far as the number of limit
cycles is concerned, the best results for this problem are H(2) >4 and H(3) > 13, where H(n)
denotes the number of limit cycles that a planar differential system with degree n can have, see
[1-5]. Bifurcation of limit cycles and symmetry are closely connected and symmetry plays an
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important role in the study of Hilbert’s 16th problem. Generally speaking, the basic idea, giving
rise to an efficient method, is to perturb the symmetric systems with maximal number of centers.
Consider the following planar system,

dx dy

g7 =Xy, o =Yxy),

which is called Z,-equivariant if it is invariant under a planar counterclockwise rotation of an-
gle 27”. As a class of special symmetric systems, Z,-equivariant systems have been investigated
intensively since they were proposed, and better results on the number of limit cycles for polyno-
mial differential systems were often obtained from Z,-equivariant vector fields, for more detail,
see [6—10]. In fact, it is difficult to compute higher-order focal values for an isolated focus. Thus,
it is hard to obtain more limit cycles in the neighborhood of an isolated focus based on the cal-
culation of focal values, and very few results have been achieved for higher-order polynomial
differential systems. Bifurcation of limit cycles at nilpotent critical points in a class of quintic
polynomial differential systems are investigated in [11]. In 2012, some new results were obtained
for Z,-equivariant planar polynomial vector fields [12]. A planar system is Z;-equivariant if the
following conditions hold:

X(=x,=y)=—X(x,y), Y(—x,—y)=-Y(x,y).

In other words, a Z;-equivariant planar system can always be written as

d

dx & Y o
EZkZ_OXZIVF](x’y)’ E:,;)Y2k+l(x’y)'

If a Z»-equivariant planar cubic system has two isolated elementary foci at (1, 0) and (—1, 0),
an example for this system with at least 12 small-amplitude limit cycles was first constructed by
Yu and Han [13-15]. Liu and Huang [16] confirmed their conclusion and gave some shortened
expressions of the Lyapunov constants for this system. Furthermore, in [17], a class of Z, cubic-
degree systems,

dx
i —(a1+ 1)y +a1x2y +a2xy2 +a3y3,
(1.1)
d_y = —lx —asy + lx3 +a4x2y +a5xy2 +a6)’3
dt 2 2 ’

was studied, and the first six focus values at (1, 0) of this system were obtained. Then, eleven
center conditions were derived, and a complete study on bi-center problem was carried out. The
necessary and sufficient conditions for the existence of bi-center were obtained. Further, study
on this system showed H (3) > 13, see [3-5]. Bi-center problem for some Z;-equivariant quintic
systems was studied in [18], and simultaneous existence of centers for two families of planar
Z,-equivariant systems was investigated in [19]. In 2017, the bi-isochronous center problem
for a cubic Zj-equivariant vector field with real coefficients was considered in [20], and two
real isochronous center conditions were obtained. For the complex isochronous center problem
at (£1,0) of system (1.1), there are two difficulties encountered in solving this problem: the
first one is the computation of periodic constants, and the second one is to find all linearization
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transformations. Recently, 54 complex linearization centers for system (1.1) were obtained in
[21].

In [22], bi-center problem and bifurcation of limit cycles from nilpotent singular points in
Z>-equivariant cubic vector fields were studied, and sufficient and necessary conditions were ob-
tained for two nilpotent singular points of the system to be centers. Moreover, a new perturbation
scheme was present in [22] to prove the existence of 12 small-amplitude limit cycles in cubic Z,-
equivariant vector fields, which bifurcate from two nilpotent singular points. The center problem
for Z>-symmetric nilpotent vector fields was also studied in [23].

In this paper, integrability and linearizability of cubic Zj-equivariant systems with non-
resonant and elementary singular points will be investigated. The rest of the paper is organized
as follows. In the next section, we present some preliminary results which will be used in the
following sections. In Section 3, four simple normal forms are classified based on the coeffi-
cients and eigenvalues of cubic Z, systems. Section 4 is devoted to study the integrability and
linearizability for the four cases. At last, conclusion is drawn in Section 5.

2. Preliminary results

In this section, we present some preliminary results taken from [24], which will be used in
next section. Consider the following system,

dz ad
d_T =z + Z a(xﬂzawﬂ = Z(Zv U.)),
a+p=2
2.1
dw >
=W ) b == Wiz w),
a+p=2
which can be changed into
dx >
=yt Y Awpry =Xy,
a+p=2
2.2)
dy

o0
D 3 mpn =,
a+p=2

by the following complex transformation,
z=x+1iy, w=x—iy, T=it, i=+—1.
Systems (2.1) and (2.2) are called adjoint systems. The origin of system (2.1) is called a weak

saddle in complex domain, and the origin of system (2.2) is called a complex focus (center).
Moreover, with the transformation,

x=rcosf, y=rsinb,

system (2.1) can be transformed into
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d zZ —zW do VA w
Lot _Ree), S =YETET

dr _ a9 — O 0 23
d 2r d 27w o9, @3)

where

. o0 00
R(r,0) = % Z Z [amz;e"(o‘_’s_l)(9 — baﬂe_i(“_ﬁ_l)g] rk,
k=1 a+p=k+1

| & ) ' ‘
O =143 D [ape™ 1 4 byge= @A ]k,
k=1 a+p=k+1

For sufficiently small constant /4, the solution of system (2.3) with initial condition r|g=0 = h
can be written as

r=FO.h)=h+Y v@®h",

k=2
and denote
f o ap
19, h) = _— .
7t )./®vwwxm
0

In [24], the definitions of complex center and isochronous center of system (2.1) were given
as follows.

Definition 2.1. For sufficiently small constant £, if
7rQ2m,h)=h,

then the origin of system (2.1) is called a complex center.
If the origin of system (2.1) is a complex center and

TQ2m, h) =2m,
then the origin of system (2.1) is called a complex isochronous center.

Studying the center problem of system (2.1) is equivalent to considering the integrable prob-
lem in the neighborhood of the origin. Similarly, the isochronous center problem of system
(2.1) is equivalent to its linearizable problem in the neighborhood of the origin. However, for
a concrete system, it is difficult to find its first integral and the linearization transformation. An
efficient method to prove the sufficiency of integrable and linearizable condition is to find in-
variant curves. For some special systems, the following theorems can be used to determine the
complex isochronous center.

Theorem 2.1. If there exists a regular integral in the neighborhood of the origin of system (2.1)
and Z(z,w) = z¢(z), where ¢(z) is analytic in the neighborhood of z =0 and ¢(0) = 1, then
the origin of system (2.1) is a complex isochronous center.
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Proof. When the conditions hold, system (2.1) can be rewritten as

dz dw
— =z , —=—-—W(z,w). 2.4
o7 29(2) T (z, w) 24

Because z = 0 is a solution of (2.4), in the neighborhood of the origin, system (2.4) has a first
integral

F(z,w) =2G(z, w),
where G (z, w) = w + h.o.t. is analytic in the neighborhood of the origin. Z—; = 0 shows that

dG

— = —¢G. 2.5
T @ (2.5)

Based on (2.5), it is easy to check that there exists a linearization transformation of system (2.4)

Z Z

é:zexp/ ﬂdz, n=G(z, w)exp/ Mdz
) 720(2) ) 29(2)

in the neighborhood of the origin, so the conclusion holds. O

Similarly, we have
Theorem 2.2. If there exists a regular integral in the neighborhood of the origin of system (2.1)
and W(z, w) = wy(w), where Yr(w) is analytic in the neighborhood of w =0 and ¥ (0) = 1,

then the origin of system (2.1) is a complex isochronous center.

Theorem 2.3. Suppose that the origin of system (2.1) is a complex center and there exists an
analytic function in the neighborhood of the origin, given by

n=v¥(, w)=w+ho.t,
which satisfies

dn
ar ~ "
then the origin of system (2.1) is a complex isochronous center.

Similarly, we have the following theorem.

Theorem 2.4. Suppose that the origin of system (2.1) is a complex center and there exists an
analytic function in the neighborhood of the origin,

& =¢(z,w) =z+h.o.t,
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which satisfies

dg
d—T—S,

then the origin of system (2.1) is a complex isochronous center.

Now, consider the following autonomous complex systems,

dz dw

d_T =z h.O.t., d_T = —wf(w), (26)
and

dz dw

T z8(2), T w +h.o.t., 2.7)

where f(w) and g(z) are power series with non-zero convergence radius and f(0) = g(0) = 1.
The functions on the right-hand side of the above differential equations are assumed to be analytic
in the neighborhood of the origin. Then the following results directly follow from Theorems 2.3
and 2.4.

Corollary 2.1. If the origin of system (2.6) is a complex center, then it is a complex isochronous
center.

Corollary 2.2. If the origin of system (2.7) is a complex center, then it is a complex isochronous
center.

3. Normal forms of Z,-equivariant cubic systems

Consider the cubic Z-equivariant system,

dz _ 3 2 2 3_
a7 =apz +agiw +azpz’ + a1z w + appzw’ +apzw’ = Z(z, w),
(3.1)
dw
T —biow — bo1z — baow® — byyw?z — bpwz* — b3z’ = —W(z, w),

where z, w, T are complex variables and ay;, by; are complex coefficients.

Suppose that the functions on the right-hand side of system (3.1) have no common factors. Let
(zo, wo), which is not the origin, be an isolated singular point of system (3.1), then (—zg, —wp)
is also an isolated singular point of system because system (3.1) is Z, equivariant.

Without loss of generality, let zg # 0, wg # 0 (otherwise, let z =7 + w', w =7/ — w’).
Further, let zo = wg =1 (or let z = z'z9, w = w'wy). Then,

agr = —(aio + azo + az1 + aiz +ap3),

(3.2)
bo1 = —(b1o + b3o + b21 + b12 + bo3).

The Jacobian of system (3.1) evaluated at (1, £1) is
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0Z 0Z
9z dw
aw aw
0z ow/ 1 41
aio +3a3z0 + 2az1 +aix — a0 —azo +aiz + 2ap3
( bio+b30 — b1z —2boz  — b1o — 3b3o — 2b2) —b12>'

Jo=

In order to reduce the difficulties in the following analysis, we discuss how to transform
system (3.1) to a simple new system by linear transformations. In the new system, the Jacobian
evaluated at the two singular points become simple and the number of parameters is reduced.

Denote

A = a3+ az1 + a2 + aps,

B = b3 + b2y + b12 + bos.

Suppose the two eigenvalues of the Jacobian Jy are A1 and X,. The two singular points are
elementary which yields that AjA, # 0. Then, there are four cases for system (3.1):

Casel: A4+ B#0, A # X\

Case2: A4+B=0, A #X\;

Case3: A+B#0, AMi=r=X;

Cased: A+B=0, AMi=Xx=A.
3.1. Case1: A+ B #0, A1 # A2

When A + B #0, by using
trace(Jo) = A1 + A2, det(Jg) = A1Ag,
we get

(2A —22)(2A — A1)

= — 2 —_ ,
ap A+ B) + ap3 + a2 — azp) .
2B+ 2)(2B + A1) '
bio=— 2b b12 — b3p).
10 AL B + (2bo3 + b12 — b3o)
Then, introducing the linear transformation
24 — A\ ( )
=7——@Z—w
u Z 2(A n B) Z s
(3.4
N 2B+ Ay ( )
v=w+ ———(z2—w),
2(A+ B) :

into system (3.1) yields the following system,
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O G+ 2B by G —w)
dT_ 4 1 w ) 1 4 1)(Z w
1 3 1 2
+Ell(z+w) —g(b1+b4)(z+w) (z—w)
1 1
+§m—mm+wm—wﬁ+¢m+mm—wﬂ
3.5)
B G+ + 2y — by — i)z~ w)
dT_ 4 2(Z w ) 1 4 2)(Z w

Lo S Lo 2
+% 2z +w) _§( 1 —ba)(z+w)(z —w)

1 1
+§m+mm+wm—wf+¢m—%m—wﬁ

It is not difficult to verify that (1, 1) are two isolated singular points of system (3.5). Because
the determinant of the Jacobian of transformation (3.4) is given by

du Ju
Al —A
det dz odw _ M 2 £0,
Jdv Jdv 2(A+B)
dz Jdw

indicating that the transformation (3.4) is non-degenerate, and so the Jacobian at (1, 1) be-
comes

Remark 3.1. When 1| = 1, A, = —1, the transformation (3.4) was used in [17] and [21] where
cubic Z; equivariant systems with two real focus were studied.

Then we have the following result.

Lemma 3.1. Suppose (£1, 1) are isolated singular points of system (3.1), and the two eigenval-
ues of the Jacobian evaluated at the two singular points are L1 and L, and (A+ B)(A1 —X2) # 0.
Then, the Jacobian Jy at the singular points (1, +1) is given by J;.

By (3.2) and Jy = Ji, the number of parameters in (3.1) is reduced by half, from 12 to 6.
The following result directly follows from Lemma 3.1.

Theorem 3.1. Suppose (+1, £1) are isolated singular points of system (3.1), and the two eigen-
values of the Jacobian at the two singular points are Ay and Ay, and (A + B)(A1 — A2) # 0, then
system (3.1) can be transformed into system (3.5) which has only 6 independent parameters. (The
variables 7 and w are still used for simplicity.)

In fact, system (3.5) can be further simplified.
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Theorem 3.2. By
z=x+1iy, w=x-—iy, T=it, 3.6)

system (3.5) can be changed into

dx 8 8 ;3 2 5 3
—=—sx—(ar+wy+sx’ +ax’y +axy  +azy”,

dt 2 2 37)
J .
d—)t/ = —%x 4+ (8 —ag)y+ %x3 +a4x2y +a5xy2 +a6y3,

where the coefficients of system (3.5) and (3.7) have the following relations

i 1
d=—=(A A2), =—(A1 — A2),
2(1+ 2), M 2(1 2)

ay =by, az = b3, as = bs,
ar» = —iby, a4 = —iby, ag = —ibg.

The Jacobian of system (3.7) evaluated at (%1, 0) is

«_ (8 —n
()

Remark 3.2. The (£1, 0) of system (3.7) are strong foci if § # 0, and weak foci when A1 = —X».
The integrability conditions of system (3.7) were completely obtained in [17].

3.2. Case2: A+ B =0, A1 # A2

Suppose (£1, 1) are isolated singular points of system (3.1), and A + B =0, A # A3, then
(3.2) holds. From A 4+ B =0 and (3.3), we have

bio = a0 +ai2 +2az1 + 3azo — b1z = 2by1 — 3b30 — A1 — A2,
1

byz = 5(—21)12 —2by1 — 2b3p — A1),
1

ag = E(—2(112 —2a31 —2a3p + A1).

Then, system (3.1) can be transformed into the following system,

dz 1 1 3
_ = = —)\, f— 7 — _)\'
a7 > 1z—ai(z w)—i—2 12

+a12%(z — w) + a2z(z — w)> + a3z — w)°,
dw 1 1 (3.8)
— =——Miz— (a1 — 1) (z — -z :
T Sh1z (@1 —as+212)(z —w)+ Fhz

+ (a1 — a4)z2(z —w) + (ap —as)z(z — w)2

+ (a3 — ag)(z — w)?,
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by the following transformation,

n aio +aiz +2ax +3azp — A

"= Al — A2 (€ =w). (3.9)
aio +aix +2az1 +3az — A '
v=w+ (z — w).
Al — A2

Because the determinant of the Jacobian of transformation (3.9) is

ou Jdu
det 0z dw =1,
dv dv
0z Jw
implying that the transformation (3.9) is non-degenerate. Obviously, (£1, £1) are isolated ele-
mentary singular points of system (3.8), and the Jacobian of (3.8) evaluated at the singular points

(£1, £1) are
. MM 0
2= (/\1 — A2 A2>'

So we have
Lemma 3.2. Suppose (£1, 1) are isolated singular points of system (3.1), and the two eigen-
values of the Jacobian of the system evaluated at the two singular points are A1 and A, with
A+ B =0, A # Ap. Then, the Jacobian Jy at singular points (1, £1) is given by J.

Based on Lemma 3.2, a similar proof to that for Theorem 3.1 leads to the following theorem.
Theorem 3.3. Suppose (£1, £1) are isolated singular points of system (3.1), and the two eigen-
values of the Jacobian evaluated at the two singular points are Ay and Ly, with A + B =0,
A1 # Ag, then system (3.1) can be transformed into system (3.8) which has only 6 independent
parameters.

As a matter of fact, system (3.8) can be further simplified.

Theorem 3.4. System (3.8) can be changed to

dx 1 1 3 2 2 3
ﬁ=—§>»1x—a1y+§k1x +aix“y +axxy- +azy’,

(3.10)
D _ (g — an)y +aaxy +asxy? +agy?
o7 = (A2 T aa)y +aaxTy +asxy” +aey”,

by

xX=z, yYy=z-—w. (3.11)
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The Jacobian of system (3.10) evaluated at (&1, 0) becomes

3.3. Case3: A+B#0, A1 =Xy
Suppose A1 = Ay = A, when A + B # 0, (3.3) becomes

= (ZA_A)2+(2 + )
ap = 2(A+ B) ap3z — di2 —dasop),

(2B +1)?

bio=— — "
0="%A4+8B)

+ (2bg3 + b1 — b3p).

Consider the following transformation

24— A
u=z— ———(2—w),

TR (z —w), (3.12)

V= ——
2(A+ B)

which is non-degenerate because the determinant of the Jacobian of transformation (3.12) is

du Ju
—1
det| 00w |1
dv v 2(A+B)
dz Jdw

It is easy to prove the following theorem.

Theorem 3.5. Suppose (£1, £1) are isolated singular points of system (3.1), and the two eigen-
values of the Jacobian evaluated at the two singular points are A1 = Ay = A, with A+ B #0,
then system (3.1) can be transformed into the following form,

du

—:—lku—a1v+lku3+a1u2v +a2uv2+asv3
dT 2 2 ’
(3.13)
B Lt = ago+ 2t o + asuv? + agr?
— =——u —ag)v + —u” + aqu”v + asuv- + agv”,
aT > 4 5 4 5 6

by the transformation (3.12), which has only 6 independent parameters. Moreover, (£1,0) are
isolated elementary singular points of system (3.13), and the Jacobian evaluated at the two sin-

gular points (£1,0) is
A0
J3 = ( 1 )») .

Remark 3.3. When X # 0, the two singular points (%1, 0) of system (3.13) are elementary node
points, they are integrable and linearizable. When X = 0, system (3.13) has been studied in [22],
with six integrability conditions obtained, three of them are center conditions of system (3.13).
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34. Cased: A+B=0, A1 =X\
Suppose A + B =0, A1 =i, = A. Denote
s = —2bo3 + b1o — b1z + bao,
and
trace(Jo) =2x, det(Jo) = A2,
which yield that

aip =—aiz — 2ax —3azp + A+,
bio = —b1p —2by1 —3b30 — A+,

1

ao3 = =5 (2a12 +2az + 2a30 — 1),
1

bo3 = =5 (2b12 +2b21 + 2b30 + 1.

So the Jacobian of system (3.1) evaluated at (£1, 1) can be written as

A+s —5
JO_( s k—s)'

9037

Obviously, if s =0, Jo = LE. System (3.1) is a special case of system (3.5) when A} = Ay = A.

If s # 0, we consider the following transformation
u=z, v=siZz—w),

which yields the following result.

(3.14)

Theorem 3.6. Suppose (+1, £1) are isolated singular points of system (3.1), and the two eigen-
values of the Jacobian evaluated at the two singular points are .1 = Ay = A, with A+ B =0.

Then, when s # 0, system (3.1) can be transformed into the following system,

_M—__l)L + (1 —ay) +_1A3+ 2 + 2+ 3
= v a U+ auv aszv,
3 u ai > u 1u u 3
dv

a7 =A—ag)v+ a4u2v + a5uU2 + a6v3,

by the transformation (3.14), which has only 6 independent parameters.

(3.15)

It is easy to verify that the transformation (3.14) is non-degenerate because the determinant

of the Jacobian of transformation (3.14) is
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ou Ju

dz ow
det =— 0.
€ v dv s 7

dz ow

Obviously, (£1,0) are isolate elementary singular points of system (3.15), and the Jacobian
evaluated at the singular points (£1, 0) is

|
J4= ( 0 i ) .
Remark 3.4. When A =0, (£1, 0) are not isolate singular points in system (3.15) which yields
that A # 0 in system (3.15), so systems (3.13) and (3.15) can not be transformed with each other.

4. The integrability and linearizability of cubic Z, systems with non-resonant singular
points

Now, we consider the Z-equivariant cubic system (3.1) with two finite singular points and
the two eigenvalues of Jacobian of the system evaluated at the two singular points (%1, 0) satisfy
:\\l = —1. Without loss of generality, let A = 1, Ao = —1. There are two types of systems: one is
(3 5)|a,=1,1,=—1 and the other (3.10)[,=1,3,=—1. The system (3.5)|x,=1,1,=—1 can be changed
into (3.7)[s=o,u=1 by the transformation (3.6). The center problem of system (3.7)|s—o,;,=1 has
been solved completely in [17], while the linearizability problem of this system in real domain
was investigated in [20], and two isochronous center conditions were obtained. Recently, the
linearizability problem of system (3.7)|s=0,.=1 in complex domain was studied in [21], and 54
complex isochronous center conditions were obtained.

So, the integrability and linearizability problem for Cases 1 and 3 has been completely solved,
while the problem for Cases 2 and 4 are still open. In the following, we first summarize the results
for Cases 1 and 3 for convenience, and then study the two open cases.

Theorem 4.1. [21] The origin of system (3.5) is a complex center if and only if one of the follow-
ing 11 conditions holds:

(C): biy=—bs, bs=0, bs= _lez;
(C2): by =0, by =0, be=0;
(C3): 3(b1+bs5)(2+2by — b3 +2bs5 + 2b1b5)
+ 2b4(2by + b1by + 2bs + babs + 2bsbs) =0,
be — %(—bz —2b1by + 2by — 2bybs + 2bsbs) =0,
2(1+b1)(b1 + bs)* +b3(1 +2by +2bs) =0, by +bs #0;
(Cq): —2b4s(14+bs5) —b2(24+b1+b5)=0, bz —2(1+b1)(1+b5)=0,

1
be — g(—bz —2b1by + 2by — 2bybs + 2bsbs) = 0;
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—1
(Cs): b]=7(2+3b£>, by =ba, by=—bj(1+bi+bs), bg=bs(1+b3);

(Co)t bi= - B+56]). by=sbi by= b}
1 2 1 2
bs=g(=8+b}),  be=ba+b));
1 ) 1 -1 5 2
(C7): bi= 5 (=3241503),  ba= b, by = o bi(64 = 15b)),
1 2 =3 2
bs = ﬁ(_96 +17b3), be = Eb4(4 —by); @D
1 ) 1 -1 5 2
(Co): bi =55 (=50+2105). b= zhi. by = T725b3(250 — 63b)).

1 —1
bs = — (=200 4+ 39b3), be = — b4 (35 — 9b2);
5 50( +39b}), be 25 4( 9b});

—1
(Co) : b]=7(2+3b3>, by =by, by =—bi(1+b3+bs), bg=>bs(1+b3);

1 —1
(Cr0): br=5(=8+ 3b3), by= — b,

b—_—3b24—b2 4b b—lb 4+ b2 + 8bs):
3= 16 4 ( 5 +4bs), 6—84(+4+ 5);

—1 —1 —1
(Ci1): by=—==(B2—15b3), by=—hy, b3= —2@%(832 — 495b2),

32 4 51
bs = 1(160 11163), be= Ly (76 — 45b3)
>T 32 RO T o

Theorem 4.2. The origin of system (3.5) is a real isochronous center if and only if one of the
following two conditions holds:

Li: bj=-3, by=0, b3=0, by=0, bs=-9, bg=0;

3 1 3
Ly: by=—=, b=0, b3==, by=0, bs=—=, be=0.
2 1 5 2 375 4 5 > 6
Furthermore, complex linearizability conditions of system (3.5) were also obtained in [21].
For Case 3, it is easy to know that the two singular points (£1, 0) are degenerate nodes if
A # 0, and they are integrable and linearizable. When A = 0, the integrability problem has been
solved in [22], with the integrability conditions given below.

Theorem 4.3. [22] The two singular points (£1, 0) of system (3.13) are integrable if and only if
one of the following conditions holds:
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Ii: Ay =—Bj, A3z = %21412312, A, = m;
L: A3=0, Aip=0;

Iy: Ay = % Az = % By = _49A%2;

I: Bip= _3;%2, Azp = —%, A = —322?:;;:?2;
Is: Ay = Z;A?jz’ Az =—A},. Bin= %A%z

For case 2, when AjA; > 0, the singular points (£1, 0) are node points, they are integrable
and linearizable. When A1A2 < 0 and A; : Ay # 1 : —1, the singular points (%1, 0) are strong sad-
dle points, they are also integrable and linearizable. When A1A> = 0, the singular points (£1, 0)
are degenerate singular points, we do not consider them here. The difficult case about the in-
tegrability and linearizability of system (3.8) is A; = 1, A = —1, namely, the singular points
(£1, 1) are weak saddle points. Now, we study the integrability and linearizability of system
(3~8)|)»1=1,)»2=71 .

4.1. Saddle quantities of a class of Zy-equivariant cubic system with two weak saddle points

When A1 =1, Xp = —1, system (3.8) becomes
j—;z—%z—al(z—w)+%z3+a1z2(z—w)
+ apz(z — w)* + az(z — w)°,
dw 1 1 5 )
ﬁ:—iz—(al—az;—l)(z—w)—i-iz + (a1 —ag)z"(z —w)
+ (a2 = as)z(z = w)* + (a3 — ag) (z — w)°,

which can be further transformed into the form,

& a4 =2 +axty +any? +asy’,
dT 2 2 42)
dy )

7 =—(+a)y+ asx*y +asxy* +agy’,

by the transformation (3.11).
Next, in order to study its integrability conditions of system (4.2), we compute the saddle
values at (£1,0). Let

u=x-—1, v=y,

under which system (4.2) becomes
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d 3 1

—u=u+—u2+2a1uv +a2v2+—u3+a1u2v+a2uv2+a3v3,

dT 2 2 43)
ﬂ——v—i—Za 2 2 2 3

ar = AUV + a5V0” + aqu”v + asuv” 4+ agu”.

Then the singular points (%1, 0) of system (4.2) have been shifted to the singular point (0, 0) of
system (4.1).

Theorem 4.4. The first seven saddle values at the origin of system (4.3) are
w1 = —2a1 + as + 2aas,

4
Wy = _§a4(2a2 + 2axa4 — 3ag) g1,

1
U3 = ﬁ(3a3 — 108a3a§ — Tazas — 10azasas — 36612614%“5
+ T2azajas + 12asae)g182.

32
M4 = ——asas (3 + 4a4)g1g2837

81
s = o905 (1458 + 3662a2a4 + 24048a2a] + 1749642 + 2187a6)g1 8283,
ne =0,
_ 1 (—a3 + Sazas)
n7 = 409605 as aas)818283,

where
g1=142as, gr=342a4, g3=-—3a3— aras—+ 2arasas.
The following two theorems directly follow Theorem 4.4.

Theorem 4.5. The origin of system (4.3) is a seventh order weak saddle if and only if

1 3 2 1 2
a) = 5(15, a) = —5(805 +a()), az = _§a5(56a5 + 15@6),

as =0, as(4a2 + ae) # 0.

Theorem 4.6. The first seven saddle values at the origin of system (4.3) are all zero if and only
if one of the following six conditions holds:

1
Ci:a =0, =—=;
1 al a4 3
3
Cy: a1 =—as, ap = —3ag, a4 ==z

1 1 2
Ci3:a1= 5(1 +2a4)as, az = —gaz(l —2a4)as, ag = gaz(l +ay);
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Cs:a1=0,a3=0, as =0, a5 =0;

1
Cs:a1=0,a;=0, a4=6, as =0, ag=0;
1
C6: a1=0, a2=0, a4=—g, a5=0, a6=0.

4.2. Complex center conditions of system (4.3)

Theorem 4.6 implies that the origin of system (4.3) is a complex center if one of the six nec-
essary conditions in the theorem holds. Next, we prove that these conditions are also sufficient.

Theorem 4.7. The origin of system (4.3) is a complex center if and only if one of the six conditions
in Theorem 4.6 holds.

Proof. The necessity of these conditions have been shown in Theorem 4.6. So we only need to
prove sufficiency. First, consider the condition C, under which system (4.3) can be rewritten as

d 3 1
d_’;" =u+ 5u2 +a2v2 + 5u3 —+—a2uv2 +a3v3,
dv

dT

(4.4)

2

1
= —v(l +u—asv—+ Eu — asuv —aﬁvz),

which can be further transformed into

d

ﬁ = (1+28) [ (@2 + asmy® + (1 + 2 + 2a3n)g |,
“4.5)
d

ﬁ = —(1 +28)y[1 — asn + (a2 — as)n* + a3n’],

by

¢ (1+1> v
=u —u), = .
2 g 14+u

System (4.5) has an inverse integrating factor,

]
—2as + (az — 3ag)n + 2a3n2

Ml(gv 77)2(1"‘25)67(17/ — — 2 3
J 1 —asn+ (a2 —ag)n” +aszn

which implies that the conclusion is true for the condition Cj.
If the condition C5 in Theorem 4.6 holds, system (4.3) can be simplified to

d 3 1
ﬁ =u-+ Euz —2asuv — 3a6v2 + §u3 — a5u2v — 3a6uv2 —|—a3v3,
dv

ﬁ=

4.6)
vl +3u a5v+2u asuv — agv” ),



F Lietal. /J. Differential Equations 269 (2020) 9026—-9049 9043

which is a Hamilton system, having a first integral,

3 1 1 1
Fr = v(u + Euz — asuv — a6v2 + §u3 - Easuzv — a6uv2 + Za3v3>.

When the condition C3 holds, system (4.3) can be rewritten as

32 4 (1 4 2aasu + an®
o7 Ut U as)asuv + av
15 1 2 2, 1 3
+§M +§(1+2a4)a5u v+ aruv +§(—1+2a4)a2a5v , 4.7)
dv_ 2 i 2, 2 3
a7 = v+ 2a4uv + asv® + aqu”v + asuv +3(1+2a4)a2v ,

which has a first integral

1 1
P = v(u + Euz + gazvz)(l +u — asv) 20+

and so the conclusion holds under the condition C3.
If the condition C4 holds, system (4.3) is simplified to

d 1 d
d_; =1+ u)(u + 5”2 +a2v2), d_; = —v(l — agv?). (4.8)

By finding invariant algebraic curves of system (4.8), we get an inverse integrating factor for
system (4.8),

$(=2a+3
M3=(1+M)3g12( ar+ (16)’

where

1
(1 —agv®)%, if ag#0,

81 =
exp (—vz), if ag=0.

This indicates that the condition Cy is sufficient.

When the condition C5 holds, system (4.3) can be rewritten as

du 3, 134 3 dv 1 1,
—_— = — — —_— = - — —Uu — — 49
dT ”+2” +2” +asv’, dT v<1 376" ) *+9)

which admits an inverse integrating factor

My = gzgg_z,

where
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1 1 1 1
g=u+ Euz + Za3v3 + Za3uv3 + %a%vﬁ,
13
g3=1+u+§a3v ,
and so the conclusion is true for the condition Cs.
Finally, when the condition Cg holds, system (4.3) becomes
d 3 1 d 1 1
ﬁ:u+§u2+§u3+a3v3, ﬁz—v(l—i-gu—i-guz)- (4.10)
By using the transformation,
u2+u) 1
= —F, = ] 3 s
S e 1w
system (4.10) can be brought into
d¢ 2 3 dn 1 4
— = 1-2 S === —az(1 =2 . 4.11
a7 § +as( £) a7 77+3a3( &) (4.11)

According to Theorem 2.7 in [24], the origin of system (4.11) is a complex center, so the con-
clusion is true for system (4.3) under the condition Cg.

This finishes the proof of Theorem 4.7. O
4.3. Complex isochronous center conditions of system (4.3)

Having obtained the six conditions in Theorem 4.6 under which the origin of system (4.3)
is a complex center, we now consider the complex isochronous center conditions under the six

conditions. We have the following theorem.

Theorem 4.8. The origin of system (4.3) is a complex isochronous center if and only if one of the
following nine conditions holds:

Ci, Cr—1, C3-1, C3-2, C3_3, C3_4, C4, Cs, Cs,

where the conditions C1, C4, Cs and Cg are given in Theorem 4.6, and

3
Cr1: a1=0,a,=0, a3=0, a ==z, as =0, ag =0;
1
Ci_1: ai=as, a3=0, a4 =3, a5 =a;
Cio: a1=0,ay=0, a3=0, as =0, ag =0.

Proof. First, consider the condition Cj. It is easy to verify that system (4.4) has two invariant
algebraic curves:

fi=v,
H=04u)? —as(l +u)*v+ (@2 — ag)(1 + u)v? + azv’,
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which satisfy

dfi dfa
—:h s —:h ,
T 11 T 2f2
where
[ 2
h1=—1—u+a5v—§u + asuv + agv~,

3
hy =3u +asv + Euz + asuv + (ap + 2a6)v2.

Since the origin of system (4.4) is a complex center under the condition Cj, there exists an
analytic inverse integrating factor M;(u, v) in the neighborhood of the origin, which satisfies
that

M,(0,0) =1 aMy _ M
1 ’ - b dT - 3 17

where

h3y =2u + 2asv + u® + 2asuv + (ay + 3a6)v2.

Let

¢ =fifaM;",
then, it follows from above discussion that

dg
— =(h1+hy —h3), =—C. 4.12
a7 (h1+ha —h3)¢ ¢ 4.12)
According to Theorems 2.3 and equation (4.12), we have shown that the conclusion is true for
the condition Cj.
Next, consider the condition C». A direct computation gives the first three periodic constants
of system (4.6) at the origin:

11 =16as, 12|y=0=192a¢, T3|¢;=r,=0 =480as3.

Obviously, when the condition C; holds, the first three periodic constants at the origin of system
(4.3) are zero if the condition C>_; hold. This proves the necessity.

Next, we show that the condition C,_; is also sufficient. When the condition C»_; holds,
system (4.6) becomes

d 1 d 1
ﬁ = Ju(l+ 0+, ﬁ = —5 @+ 6u+ 3.

Then the sufficiency directly follows Corollary 2.2.
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When the condition C3 in Theorem 4.6 holds, similarly we use system (4.7) to discuss the
complex isochronous center at the origin. With the aid of Mathematica, it is not difficult to obtain
the first two periodic constants of system (4.7), given by

71 =2(—=142a4)(1 + 2a4)as,

16
Tl =0 = ?azcm(—l +2a4)(1 +2ay).

It is easy to see that when the condition C3 holds, the first two periodic constants at the origin of
system (4.7) becomes zero if and only if one of the four conditions

O a0 a2 11
3—1 - al ] a3_ 3 a2a59 a4_ 27 a6_ 3a25

C3z: ay=as, a3=0, ag= 7 d6=az;
2
C3_3: a1=0,a3=0,a4=0, a5=0, ag= e

Cig: a1=0,a;=0, a3=0, as =0, ag =0,

holds.
Now, we prove these conditions are also sufficient. When the condition C3_; in Theorem 4.8
holds, system (4.7) take the form of

du 3 1 2

ﬁ =u-+ Euz +a2v2 + §u3 +a2uv2 — §a2a5v3,
(4.13)
dv (1 n n 1, 1 2)
— =V u—asv+ -u" —asuv — -axv’|,
dT S HETRH

which has a linearization transformation in the neighborhood of the origin of system (4.13), given
by

E=fafg . n=vfs ' fe.
where
1 1
fa=u+ Euz + gazvz,
fs=14u—asv,

2
fe=1 +2u +u® + gazvz.

When the condition C3_; in Theorem 4.8 holds, system (4.7) becomes

d 3 1
a =u-+ —u2 + 2asuv +a2v2 + —u3 +a5u2v +a2uv2,
dT 2 2

4.14)
dv (1 1, 2)
—=—v|\l—-u—as5v— -u" —asuv —av”),
dT 5 ) 5 2
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which has a linearization transformation,

E=fafs? n=vfi !

in the neighborhood of the origin of system (4.14).
When the condition C3_3 in Theorem 4.8 holds, then system (4.7) can be changed into

d 1 d 2
d_;t" =1 +u)(u+ 5u2+a2v2), d—; :—v(l - 56121)2)

Then the conclusion for this condition follows Corollary 2.1.
When the condition C3_4 in Theorem 4.8 holds, system (4.7) can be rewritten as

Do (14 2a), 2=
ar e T M) ar T Y

and so the conclusion is true by Corollary 2.1.

For the condition C4, we use Theorem 2.1 or Corollary 2.2 to show that the origin of system
(4.8) is a complex isochronous center if and if it is a complex center.

Now, consider the condition Cs, under which system (4.9) can be rewritten as

which can be further transformed into a linear system by the linear transformation,

=1
E=fifsh n=vfy,
where

1 1 1 1
f7 =u-+ §u2 + 1031)3 =+ 2(13’/”)3 + %a§v6’

1 3
fg=1+u+§a3v.

Finally, when the condition Cg holds, system (4.3) becomes (4.10). By the transformation,

u(2+u) 1
= = (1 3v,
3 2atme " (14+u)3v
system (4.10) can be brought into
d& 23 dn 1 4
o7 =5 +a1-26) o7 = 1+ za1 =26 (4.15)

According to Theorem 2.7 in [24], the origin of system (4.15) is a complex isochronous center,
and so the conclusion is true for system (4.10) under the condition Cg.

However, the conditions C3_3 and C3_4 were contained in condition C and C4 respectively.
The proof is complete. O
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4.4. Integrability and linearizability of system (3.15)

To end this section, we consider integrability and linearizability of system (3.15), namely, the
case 4. We point out A # 0 in system (3.15). Otherwise, suppose A = 0, then system (3.15) can
be rewritten as

du

T =1 —-apv+ aluzu + azuu2 + a3v3,
ﬂ = —a4v + a4u2v + a5uv2 + a6v3
dT ’

for which the two singular points (%1, 0) are not isolated singular points. So we always suppose
A # 0. That is, the (£1,0) of system (3.15) are degenerate nodes, which are integrable and
linearizable. Namely, for Case 4, if the two singular points (%1, 0) are isolated singular points,
they are integrable and linearizable.

5. Conclusion

In this paper, integrability and linearizability of cubic Z, systems with non-resonant and el-
ementary singular points are investigated thoroughly. Based on the coefficients and eigenvalues
of cubic Z; systems, four simple norm forms are obtained. Then, for each of the cases, the in-
tegrable and linearizable conditions are classified. We briefly summarize the existing results for
Cases 1 and 3, and then completely solved the integrable and linearizable problem for Cases 2
and 4. The integrability and linearizability of cubic Z, systems with resonant singular points are
left for future study.
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