T Available online at www.sciencedirect.com _—
Journal of

el ScienceDirect Differential
oo 4 Equations
ELSEVIER Journal of Differential Equations 300 (2021) 786-813 _—

www.elsevier.com/locate/jde

Complex integrability and linearizability of cubic
Z»-equivariant systems with two 1:g resonant singular
points

Feng Li**, Yuanyuan Liu?, Pei Yu"*, Jinliang Wang ¢

& School of Mathematics and Statistics, Linyi University, Linyi, Shandong 276005, China
b Department of Applied Mathematics, Western University, London, Ontario, N6GA5SB7, Canada
¢ School of Mathematical Sciences, Heilongjiang University, Harbin, Heilongjiang 150080, China

Received 23 January 2021; revised 9 June 2021; accepted 8 August 2021

Abstract

In this paper, complex integrability and linearizability of cubic Z;-equivariant systems with two 1:q res-
onant singular points are investigated, and the necessary and sufficient conditions on complex integrability
and linearizability of the systems with two 1:(—q) resonant saddles are obtained for ¢ = 1, 2, 3, 4. More-
over, for general positive integer g, the complex integrability and linearizability conditions are classified,
and the sufficiency of the conditions is proved. Further, the linearizability conditions of cubic Z;-equivariant
systems with two 1:q resonant node points are also classified.
© 2021 Elsevier Inc. All rights reserved.
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1. Introduction

The Hilbert’s 16th problem is far from being solved after one hundred years since it was pro-
posed by Hilbert in the Second World Congress of Mathematicians, which has attracted many
mathematicians and promoted great progress of mathematics in the 20th century. As far as the
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lower bound of limit cycles is concerned, the best results obtained so far are H(2) > 4 and
H(3) > 13, where H(n) denotes the number of limit cycles bifurcating in planar systems with
degree n, see [3,13,14,27,30,33]. The symmetry property of vector fields of planar systems plays
an important role in studying the Hilbert’s 16th problem. Generally speaking, an efficient ap-
proach to obtain more limit cycles is to perturb symmetric systems which have centers as many
as possible.

If a system
T xey. Loy (L1)
- = X, ) - = X, ) .
dr O Y
is invariant under a real planar counter-clockwise rotation with angle 2%, it is called Zy-

equivariant. The Z,-equivariant system has been investigated intensively, and many significant
results on the number of limit cycles of polynomial differential systems were obtained, see for
instance [8,9,18-23]. In particular, the system (1.1) is Z,-equivariant if the following conditions
on the vector field hold:

X(_xv_y):_X(-xay)v Y(_-xv_y)z_y(xvy)’

under which (1.1) can be rewritten as (if it is of C°)

dx ad dy >
E=szk+1(x,y), E=ZY2k+1(x,y)- (1.2)
k=0 k=0

For cubic Z;-equivariant systems with two non-resonant singular points, there are four classes
of normal forms, see [17]. The first case of the systems has two elementary foci, and its bi-center
and bi-isochronous center problems have been considered in [6,26]. When the systems have two
isolated elementary foci at (1, 0) and (—1, 0), an example was first constructed by Yu and Han
[34-36] to obtain at least 12 small-amplitude limit cycles. Then, Liu and Huang [25] confirmed
the result with simpler expressions of the Lyapunov constants. Furthermore, in [26], a class of
Z,-equivariant cubic systems given in the form of

B (a + Dy +anx®y +anxy? +any?

o, =l y+axx“y+appxy” +aopsy’,

d 1 | (1.3)
d_i =-z%= b1y + §x3 + bo1x?y + bioxy* + bozy?,

was studied, and the first six focus values at (1, 0) of this system were obtained. Then, 11
center conditions were derived, and a complete study on bi-center problem was carried out to
obtain the necessary and sufficient conditions for the existence of the two centers. The bi-center
problem for some Z;-equivariant quintic systems was studied in [29], and the simultaneous exis-
tence of centers for two families of planar Z,-equivariant systems was investigated in [10]. The
isochronous bi-center problem for a cubic Z,-equivariant vector field with real coefficients was
considered in [6], and two real isochronous center conditions were obtained. For the complex
isochronous center problem of system (1.3) with two centers at (%1, 0), there exist two difficul-
ties: the first one is related to the computation of periodic constants, and the second one is in
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finding all linearizability transformations. In [16], these two difficulties were overcome and the
problem was completely solved, with 54 complex linearization centers being identified.
For the second and third cases, system (1.1) can be simplified to

du 1 1.3 2 2 3

— =——Au—a1v+ —Au’ +axju“v + appuv: + apzv’,

dt 2 2 (1.4)
dv 1 13 2 2 3 -
— =——u+ G —by)v+ —u’ + byju“v + bjpuv” + bgzv’,

dt 2 2

and

d 1 1
au =——Au+{1—ax)v+ —u’ +a21u2v +a12uv2 +a()3v3,

dt 2 2 (1.5)
v _ . 2 2 3

7 = (A —ba1)v+ by1u“v + brpuv” + bz,

respectively, which have two nilpotent singular points when A = 0. For the above two systems,
the integrability problem has been completely solved in [15] in which the bi-center problem and
bifurcation of limit cycles from the two nilpotent singular points were also studied. Moreover, a
new perturbation scheme was presented in [1] to prove the existence of 12 small-amplitude limit
cycles, which bifurcate from the two nilpotent singular points, and the center problem was also
studied.

For the last case, the cubic system can be written as

dx 1 1 3 2 ) 3
— =—zhx—any+ zMx’ +anx’y+apxy” +apy’,
dt 2 2 (1.6)
dy 2 2 3
i (A2 — b21)y + bo1x"y + broxy” + bozy”.
System (1.6) with A1 = 1 and A, = —1 has been investigated in [17], where sufficient and nec-

essary conditions on complex center and complex isochronous center were obtained. However,
some open problems still exist, for example, when (%1, 0) of system (1.6) are 1:g resonant sin-
gular points, namely, A; = 1, Ap = g, the conditions on integrability and linearizability have
not been obtained due to the difficulty of computing the saddle values and periodic constants
associated with 1:g resonant saddle points.

In this paper, we will focus on the integrability and linearizability problems of the cubic Z;-
equivariant systems with 1:g resonant singular points at (1, 0), namely, A1 = 1, Ap = g, where
q is an integer. Both cases for positive ¢, yielding two nodes at (%1, 0), and for negative ¢,
giving two saddle points at (£1, 0), will be discussed.

The rest of the paper is organized as follows. In the next section, we present some definitions
and lemmas which are needed to prove our main results in following sections. In section 3, the
cubic Z;-equivariant systems with 1:(—q) (¢ = 2, 3, 4) resonant singular points are studied, and
the integrability and linearization conditions are derived. Section 4 is devoted to studying the
integrability and linearization conditions for general integer g > 5, and a fairly general set of
sufficient conditions for the cubic Z,-equivariant systems with 1:g resonant singular points are
obtained. Finally, in Section 5, the linearization conditions for the cubic Z,-equivariant systems
with 1:g resonant node are completely solved.
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2. Preliminary

A polynomial differential system with its linear part in the form of the p:(—q) resonant saddle
point can be expressed in the form of

dz dw

- = g P ) ) - = T} 3 2'1

o =Pt Pw), qw + Q(z, w) 2.0
where p, g € Z*, z,w,t € R, P(z, w) and Q(z, w) are polynomials. By a time scaling t —
p~'t, system (2.1) can be rewritten as

dz dw
— = P —=—A 2.2
7 7+ P(z,w), P w+ 0(z, w), (2.2)

where A = £ € Q7. Related to the integrability problem, the only approach of finding the nec-
essary conditions of the integrability for system (2.1) or (2.2) is to compute the p:(—g) saddle
values, which is a natural generalization of the focal value computation [37].

Several classes of the system (2.1) or (2.2) have been studied. For the 1:(—2) quadratic
polynomial systems, the integrability problem was completely solved in [5,7,37]. For the Lotka-
Volterra systems, necessary and sufficient conditions for the integrability of the case A € N, that
is, the 1:(—n) resonant cases, were obtained in [5,37]. Some sufficient conditions were given
in [11] for general A, where the necessary and sufficient conditions for integrable systems were
derived for A = g and % with p € Z™". In [24], some sufficient conditions for the integrable
Lotka-Volterra systems with 3:(—q) resonance were given, and the integrability problem was in-
vestigated for the two particular cases, 3:(—4) and 3:(—5). The 1:(—g) resonant center problem
for certain cubic Lotka-Volterra systems was considered in [4].

In [2,11], for the complex polynomial differential system given in the form of

a + ia b dw _ _ w— ib w®z? (2.3)
ar ~ F* wpt W yr T4 apW L '
a+p=2 a+p=2

the saddle quantity and generalized period constant were defined and a computation method was
also provided.

Lemma 2.1. [2,28] System (2.3) can be transformed into the normal form,

dg S q Py dn S q Py
T =PEY_piE), —=—qn) @), (2.4)
i=0 i=0
by the unique formal series,
E=z+ Z ijzkwf, n=w+ Z dkjwsz, (2.5)
k+j=2 ktj=2

where po=qo =1, cky1.k =dk+1.4k =0, k=1,2,---.
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Let wo =t =0, ux = px — gk, @™ = prx + qr, k =1,2,---. Then, the saddle quantity and
generalized period constant are defined below [31,32].

Definition 2.1. For any positive integer k, w is called the kth singular point quantity of the
origin of system (2.3). If system (2.3) is a real planar differential system, then p; is the kth
saddle quantity. Moreover, the origin of system (2.3) is called a generalized complex center if
me=0,k=1,2,---.

Definition 2.2. For any positive integer k, tx is called the kth generalized period constant of the
origin of system (2.3), and the origin of system (2.3) is called a generalized complex isochronous
centerif uy =1, =0, k=1,2,---.

Remark 2.1. If system (2.3) is a real system, then the p; defined in Definition 2.1 is the “saddle
quantity of order k”, as defined in [37].

Integrability and linearizability were also discussed in [32]. Using the results given in [32] we
have the following lemma.

Lemma 2.2. System (2.3) is integrable at the origin if and only if the origin is a generalized
complex center, namely pur =0, k=1,2,---. System (2.3) is linearizable at the origin if and
only if the origin is a generalized complex isochronous center, namely uy =17 =0, k=1,2,---.

The normal form (2.4) can be simplified further when the origin of system (2.3) is a gener-
alized complex center or complex isochronous center. In particular, we have the following two
lemmas.

Lemma 2.3. The origin of system (2.3) is a generalized complex center if and only if there exists
a unique formal series (2.5) such that p; =q; (i =1,2,---) in (2.4).

Lemma 2.4. System (2.3) is linearizable at the origin if and only if there exists the unique formal
series (2.5) such that

s dn

a7 = Pé, a7 =1

namely, pi=qi =00 =1,2,---)in (2.4).

A new method for computing the singular point quantity was also presented in [32], which is
given below for convenience.

Lemma 2.5. For system (2.3), the following successive formal series holds:

oo
F(z,w) = Z cap?®wP =z9wP +ho.t,
at+p=p+q

where cgp =1, g rp =0, k=2,3,---, h.o.t. stands for high order terms satisfying
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dF >

L oS a ™,

dT |53 P
Ifrv=rm=-=ky-1=0, 4y #0, then 1 =p2 == -1 =0, Wy #0, and Ay, ~
Pqiim, m=1,2,--- where ~ represents algebraic equivalence.

In order to study linearizability, many methods were developed, for example, see [12]. Espe-
cially, the following result has been obtained for p =g =1 [28].

Theorem 2.1. [28] The origin of following complex analytic system,

dz = dw ad
_ k oy k
Jr=tanawt ) fiut, o =-w= ) g@ut,
k=2 k=2
or its symmetric system,
dZ ad k dw s k
Tr=t ) s, o =—w—buzw+ ) few),
k=2 k=2
is a complex isochronous center if
deg(fi) <k and deg(gk) <k —2. (2.6)

3. Integrability and linearizability conditions for cubic Z;-equivariant systems with
1:(—¢q) (g =2, 3,4) resonant saddles

In this section, we consider the integrability and linearizability conditions for cubic Z;-
equivariant systems with 1:(—q) resonant saddles when g =2,3,4. Thecase g =1 (i.e., A =1,
A2 = —1), which is called 1:(—1) weak saddle, has been solved [17], and the results are summa-
rized in the following two theorems.

Theorem 3.1. [17] When L1 = 1, Xy = —1, system (1.6) is integrable at (£1,0) if and only if
one of the following five conditions holds:

~ 1
Ci: =0, by =—=;
1: ax 21 3
3
Cy: az1 = —b12, aip =—3by3, by = —5

1 1 2
C3:ap = 5(1 +2b21)b12, ap3 = —36112(1 —2b21)b12, boz = 5012(1 +b21);
Cy:a21=0, ap3 =0, b1 =0, b12=0;
~ 1
Cs: ay =0, ain=0, bip=0, b3 =0, b3 = TR
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Theorem 3.2. [17] When L1 =1, Ay = —1, system (1.0) is linearizable at (£1, 0) if and only if
one of the following six conditions is satisfied:

51, 54, 55, (given in Theorem 3.1); and

~ 3
Cy: a1 =0, ain=0, ap3 =0, by =3 b1, =0, boz =0;

~ 1
C3: ay1=by2, ap3 =0, by = x bz = aiz;
53” a1 =0, a12=0, a3 =0, b;p=0, bp3 =0.
Now, we consider the case g = 2. We first derive the necessary integrability conditions based
on the computation of saddle quantities, and then prove that they are also sufficient. Further,

the necessary linearization conditions are derived by computing the periodic constants, and then
their sufficiency is also proved by using various different approaches.

3.1. Saddle quantities for a class of Zy-equivariant cubic systems with 1:(—2) resonant saddles

When A; =1, Ay = —2, system (1.6) becomes

dx 1 1 3 2 2 3

—— =—zX—ayy+ X +axx“y-+apxy +apy,

dt 2 2 3.1
dy ’

i (=2 = ba1)y + ba1x?y + bioxy* + bosy°.

To compute the saddle quantities of system (3.1) at (£1, 0), introducing the transformation,
z==£x — 1, into system (3.1) yields

dz 3 1

— =z4 =22+ 2anzy +any? + =22 + anz’y + anzy? +any’,

dt 2 2 32)
D 2yt 2byzy + biay? + by + biazy? + by’

ar y 212Y 12y 2127y 122Y 03y,

with the singular point (%1, 0) of (3.1) shifted to the origin (0, 0) of (3.2).

Theorem 3.3. The first seven saddle quantities at the origin of system (3.2) are given as follows:

1
= _5(44121 —3b12 — 2b12b21)g1,
(3.3)

8
o = _Eb21(1 + ba1)(4ar2 — 5bos + 2a12b21)g1 82,

and if by1 (1 +b21) #0,

1

H3 = —%(—1 + 6b21) (1 + 6b21)(5 + 6b21) (7 + 6b21)818283,
128 )

g = —mblza +4b21)(10 + 189b1 4 189b5,)818283,
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us

orifby =0,

or l:szl = _1)

32
=—— ap(17+1 1 150063
44286756”2( 7+ 10b21)(367 4+ 1500021 + 150005818283,

1
u3 = —5(126103 —38a12b12 +49bo3b12) 8182,

na =0,
221 )
ns = —ﬁ@alz — 5bp3)bi2(4arn + Thoz + 63b1,)8182,
ne =0,
2860165
= —(4ajs — 5bo3)b; ,
M1="1515 (4arn 03)b1,8182

1
U3 = _i(gaog — 6a12b12 +21bo3b12)g182,

g =0,
91 5
s = —M(Zalz — 5bo3)b12(2a12 + 3bo3 + 8b1,)8182,
e =0,
10659
w1 = m@dlz — 5b3)b3,8182-

Here, the polynomials g1, g» and g3 are given by

g1=1+2by1, g =3+2by, g3=(~10ap3+ anbiz2 —2a12b12b21)(3+ b21).

The following result directly follows Theorem 3.1.

Theorem 3.4. All the first seven saddle quantities at the origin of system (3.2) vanish if and only
if one of the following six conditions holds:

1
Ci: by = —5

Cy: =0, b)y =—-;
21 an 21 >

1 2
C3:ap = Zb12(3 +2bs1), boz = §d12(2 +b31), by = —3:

1 2 1
Cs:ax = Zb12(3 +2b31), boz = §a12(2 + b21), apz = —anbi2(2by — 1);

10

Cs: a1 =boz =ajp =b12 =0, (6b21 — 1)(6b21 + 1)(5 + 6b21) (7 + 6b21) = 0;

Ce: a1 =0, ap3 =0, b12=0, ba1(b21 +1)=0.
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3.2. Generalized complex center of system (3.2)

Theorem 3.3 implies that any of the six conditions in this theorem is necessary for the origin
of system (3.2) to be a generalized complex center. Next, we will show that these six conditions
are also sufficient.

3.2.1. Sufficiency of C1, C2, C3z and Cy4

Proposition 3.1. If one of the conditions C|, C,, C3 and Cy4 in Theorem 3.4 holds, then (£1,0)
of system (3.1) are generalized complex centers.

Proof. When the condition C is satisfied, system (3.1) can be rewritten as

d_x _ l _ 3 2 2 3
7 =5\ % +x° —2az1y + 2a21x7y + 2a12xy” + 2a3y” ) ,
p ) (3.4)
Y ( 2 2
& (=3 = %24 2b1oxy +2b )
dr 2)’ 12Xy 03y
which can be transformed to
d
d—L: =u+2auv — 2a21u2v + 2a12v2 — 45112141)2 + 2a12u2v2
+ 2(1031)3 — 6ao3uv3 + 6a03u2v3 — 2a03u3v3,
(3.5)
d_v e 2 2 2 2
i V(=24 b1pv + arjuv + ajpv” + byzv appuv bozuv
+ ao3v3 - 2a03uv3 + a03u2v3),
by
x2—1
u= s vV=2XYy.
x2 Y
Further, introducing v = z? into system (3.5) we obtain
du
i u—2a21 W? — u)z> + 2a1>(u — 1)%z* — 2a05(u — 1)°2°
A
=u+ )y fiwz,
k=2
d 1 1 1 (3:6)
< 3 5 2.7
— == —(b A — = b -1 — -1
7 z+2( 12+ Asu)z 2( 12+ bo3)(w — 1)z +2a03(u )z
A
=—z+ ng(u)zk.
k=2

It is easy to verify that deg( fx) < k, deg(gx) < k — 2. So according to Theorem 2.1, the origin of
system (3.6) is a complex isochronous center, which implies that the singular points (%1, 0) of
system (3.1) are generalized complex isochronous centers when the condition C; holds.
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If the condition C, in Theorem 3.4 holds, system (3.1) can be simplified as

dx 1
_d); =3 (—x + 7 4 2anxy? + 2a03y3> ;
dy 1 2 2
2 2y ( x* +2b1axy + 2bo3y

System (3.7) can be transformed into

d

ﬁ = u + 2a12v? + 2auv? + 2ap3v° + 2agzuv’,
dv

dT ~ —v(2 — biav + aipv” — bozv* + agzv?),

u=x>—1, v=2, t=0+wT.
X

Further, under the transformation v = z2, system (3.8) is changed to

du 4 6

T =u—+2ap(1 +u)z” +2ap3(1 +u)z°,

dz 1 3 1 s 1 7
22— 24 —bid® — = (a1 — bo3)Z® — ~agsz’
aT Z+ Sz 2(a12 03)2 5032

3.7

(3.8)

(3.9)

According to Theorem 2.1, the origin of system (3.9) is a complex isochronous center, and so are

the (£1, 0) of system (3.1).
If the condition C3 in Theorem 3.4 holds, system (3.1) can be reduced to

d 1

d_); = (—2x +2x3 4+ 3b1ay — 3b1ax%y + danxy® + 4‘103)’3) )
d 1

d_f = —gy (—5 +15x2% — S5bioxy + 2a12y2) )

(3.10)

which has an invariant curve, f] = y, admitting an integrating factor, F = y’%, and hence the
origin of system (3.10) is a complex center, implying that (£1, 0) of system (3.1) are generalized

complex centers.
If the condition Cy4 in Theorem 3.4 holds, system (3.1) can be rewritten as

L ox+ 1003 — 15 10b12b21y + 15b12x>
2 20 X X 12y 12021y 12X7Y
+ 1012621 X%y + 20a12xy? — 2a12b12y® + 4ainbiabary?),
d 1
d—f == 2y(=10—5hy + 5by1x% + Shiaxy + 4apny’® + 2aibar ).

@3.11)

By computing the invariant algebraic curves of system (3.11), we get a first integral of the system,

given by
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_2(2+b
Mz = fi fy 200 g2,
where
2 4
fi=y, fH=2x—-bpy, f=—2+2x +§a12y.

Hence, the singular points (£1, 0) of system (3.11), i.e., the system (3.1), are generalized com-
plex centers. O

3.2.2. Sufficiency of Cs

Proposition 3.2. If the condition Cs holds, then the singular points (£1,0) of system (3.1) are
generalized complex centers.

Proof. When the condition Cs in Theorem 3.4 holds, there exist four sub-cases, as listed below.

1
Ci:ay=by=an=bp=0, by =—;

6
2 1
Cs:an =bp=ap=bp=0,by=-
(3.12)
C3: ayy =bpy=an=bin=0, by = -5
Ci:an=bp=an=>bp=0, by = e
When the condition C51 holds, system (3.1) can be rewritten as
d.x 1 3 3 dy 1 2
75 o 2 . o=oy(=13 : 3.13
7 2( X +x° +2ag3y’) - 6y( +x2) (3.13)

which admits a first integral My = f 13 f[ls f56, where

fa=6x+apy’, fs=-91+91x* +26ap3xy’ + 2ad;)°.

Thus, according to Theorem 2.1, (1, 0) of the system (3.13) are generalized complex centers,
and so (%1, 0) of system (3.1).
When the condition C 52 holds, system (3.2) becomes

dz 1 2 3 3 dy 1 ’
=_(2z43221+7342 , —=——y(12+2z4+7°),
dt 2( . ¢ ¢ a03y") dt 6y( 2429

which can be transformed to

dz 1 2 3 6 dw 1 2
—=-2z+3z 7 2 , —=——(124+22 , 3.14
o 2( 2+ 32477 + 2ap3w>) T 12( +2z4+ 729w ( )

by y = w?. Further, with another transformation,
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z2+72)

1
¥=—r—"""2, Y=(1+2)ow,
21+22° 7 1+
system (3.14) can be brought into
dx JURY dy ~ 1 ~ ~
- =% +an( — 4% +43%)3%, d—f =¥+ Zan(¥ - DY, (3.15)

which has a complex isochronous center at the origin by Theorem 2.1, and so the origin of system
(3.2) is a generalized complex isochronous center, namely, the two singular points (%1, 0) of the
system (3.1) are generalized complex isochronous centers.

When the condition Cg holds, system (3.2) can be rewritten as

dz 1 5 3 3 dy 1 5
=_—(z4+32+7342 , —=——y(12+14z+77°),
dt 2( ‘ ‘ . @03y”) dt 6y( ¢ )
which can be transformed to
dz 1 5 3 6 dw 1 5
= _(2z4+322+7342 , —=——(12+14z+7 ,
dt 2( ¢ ‘ ‘ do3w’) dt 12( ¢ 2w

by y = w?. Further, the above system is changed to

d - - vy ~ 7 - "
T =FoapQF -1 2 =5+ can@¥ - D',
under the transformation,
~ 2(z+2) ~ 7
X=—"——, =w(l +2z2)s.
21+22 7 1+

Thus, according to Theorem 2.1, the origin of above system is a complex isochronous center,
implying that (1, 0) of system (3.1) are generalized complex isochronous centers.
When the condition Cg‘ holds, system (3.2) can be rewritten as

dz

1 dy 1
= -2z 4322+ 722 +2a03y>), — =—-y(12+ 10z +57%), 3.16
I 2( 7+ 32"+ 27 4+ 2a03y”) r 6y( + 10z + 5z°) (3.16)

which can be transformed to

dZ 1 2 3 6 dw 1 2
M—) 3 - 2 s — =——(12+10 5 y
7 2( 7432+ 727 4+ 2ap3w°) T 12( + 10z 4+ 5z°)w

by y = w?, and can be further changed to

a5 N vy -5
d—f:x—am(zx—l)“yﬁ, d—f=—y—6ao3(2x—1)3y7s

by the transformation,
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2(z+2) ~

5
¥=—oT2  F—w(l +7)s.
20+22 7 ( )

Therefore, the origin of above system is a complex isochronous center by Theorem 2.1, that is,
(£1, 0) of system (3.1) are generalized complex isochronous centers. O

3.2.3. Sufficiency of Ce¢

Proposition 3.3. If the condition Cg is satisfied, then (£1,0) of system (3.1) are generalized
complex centers.

Proof. When the condition Cg in Theorem 3.4 holds, there are two sub-cases, namely,

Cfl,: a1 =0, a3 =0, bip =0, by =0;

(3.17)
C(%I anq =0, ao3 =0, b12=0, b21 =-—1.
When the condition C g holds, system (3.2) is simplified to
dZ l 2 2 dy 2
<2 _a ( - ) & (2= bosy?). 3.18
5, =+t 52 +any 7 y(2—=bozy”) (3.18)

It can be shown by finding the invariant algebraic curves of system (3.18) that there exists an
inverse integrating factor for the system,

1 Y (—4a12+5b
M3=yz(1+z)3g14( @23b03)

s

where

1
(1 —bozy») 3, if b3 #0,

81 =
exp(—y?), if bo3 =0.

This indicates that the origin of system (3.18) is a complex center under the condition C!, and
so (£1, 0) of system (3.1) are generalized complex centers.
When the condition Cé holds, system (3.2) can be rewritten as

dz 1 2 2
— =—(1 2 2 ,
o 2( +2)Q2z+z° 4+ 2a12y°)
d
e = y(=2+bp3y? — 2z — 7%,
dt
which can be transformed to
— = -3 1 ,
7 z+2(z+z)z+a12( + 2w
dw 1 bo3
aw o tuo 2y, D03 s
o w 2w( z+27)+ 5 w
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by y = w?. Further, the above system can be changed to

i
d—x =% —ap (% — 1%,

d; (3.19)
="+ 3 <2a12+b03>< 142%)%,

by the transformation,

~ 2z+2)
X=——, =w(l+2).
2ror PV
Therefore, according to Theorem 2.1, the origin of system (3.19) is a complex isochronous center,
and so is the origin of system (3.2), which means that (£1, 0) of system (3.1) are generalized
complex isochronous centers. O

Summarizing the above results we have the following theorem.

Theorem 3.5. The origin of system (3.2) is a generalized complex center if and only if one of the
six conditions in Theorem 3.4 holds. Namely, (£1,0) of system (3.1) are generalized complex
centers if and only if one of the six conditions in Theorem 3.4 holds.

3.3. Generalized complex isochronous center conditions for system (3.2)

We have shown that the origin of system (3.2) is a generalized complex center if and only
if one of the six conditions in Theorem 3.4 holds. In the following, we study the generalized
complex isochronous center problem of system (3.2) by considering the six complex center con-
ditions one by one. Namely, the linearizable problem of system (3.2) will be considered.

3.3.1. Conditions Cy and C»

When the conditions C; and C; in Theorem 3.4 hold, we have shown in the above proof for
Proposition 3.1 that the origin of system (3.2) is a generalized complex isochronous center, that
is,

Proposition 3.4. If the conditions C1 and C» in Theorem 3.4 are satisfied, then the origin of
system (3.2) is a generalized complex isochronous center.

Now, we consider other conditions in Theorem 3.4.

3.3.2. Condition C3
When the condition C3 in Theorem 3.4 holds, a direct computation shows that the first three
periodic constants at the origin of system (3.2) are given by

105 415701
T = —Tblz, Dlg=0 = —1344a12, T3|1=r,=0 = 3

aos. (3.20)

It is easy to see that when the condition C3 holds, the first three periodic constants at the origin
of system (3.2) are zero if and only if the following conditions hold:
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C3—1: a1 =ap=ap3=b1p=>bp3=0, by =-3. (3.21)
This leads to the following proposition.

Proposition 3.5. The origin of system (3.2) is a generalized complex isochronous center if and
only if the condition C3z_1 in (3.21) holds.

Proof. The necessity has been proved. To prove the sufficiency, we note that when the condition
C3_1 holds, the system (3.2) is reduced to

dz 1 dy 2
_— - ] 2 N _ = 2 6 3 3
7 2Z( +2)2+2) T y(2+ 6243z

which has a linearization transformation,

E=y2’2+2)° n=yz1+2*'Q+2),
and hence the conclusion is true. 0O

3.3.3. Condition Cy4

When the condition C4 in Theorem 3.4 holds, we can similarly discuss the generalized com-
plex isochronous center at the origin of system (3.2). With the aid of computer algebraic system
Mathematica, it is not difficult to get the first two periodic constants at the origin of system (3.2),
given by

1
T = §b12(—1 +2b21)(1 +2b21)(3 + 2by1),

32
Tlq=0= Emzbzl(l + Db21)(—=1+2b21)(1 4+ 2b21)(3 + 2b71).

Thus, under the condition Cy, the first two periodic constants given above become zero if and
only if one of the following six conditions is satisfied:

1
Cs_1: a1 =biz, ap3 =0, boz =aiz, by = X
Csn: a21=0, ap3=0, bp3 =0, a;2 =0, b;2=0;
Cis: an=—b — i, bos = —~anbz, byt = —=
4-3: an = 3bi, apy = zan, boy = —zanbn, by =-7:
2 1 3 (3.22)
Cigq: a2 =0, ap3 = —galzblz, bz = —3a12, by = —5

4
Cs_5: a1 =0, ap3 =0, b3 = 3412, b1p =0, by =0;
2
Cs_6: a21=0, ap3 =0, bp3 = 3412, b1p=0, by =—1.

Obviously, the conditions C4_3, C4—4, C4—5 and C4_g are contained in the conditions C1, C3,
C61 and Cg, respectively. When one of the conditions Cy, C, and Cg holds, we have proved that
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(£1, 0) of system (3.1) are generalized complex isochronous centers. So we only need to prove
the sufficiency for the conditions C4_1, C4—> and C4_5.

Proposition 3.6. The origin of system (3.2) is a generalized complex isochronous center if one of
the conditions C4_1, C4_2 and C4_s holds.

Proof. When the condition C4_; holds, system (3.2) becomes

dz 1

— =74 =Qany? +4b1ayz 4 2a12y*z 4 322 4+ 2b12yz* + 2°),

dt 2

p | (3.23)
d—f = —2y+5yQbuy + 2a12y® 422 4 2b1ayz + 22,

which has a linearization transformation,

wl—

E=f12 n=wif

in the neighborhood of the origin of system (3.23), where

fo=2—biy+2z, and f7=2a;py* + 10z +52°.

So the origin of system (3.2) is a generalized complex isochronous center under the condition
Cyq_1.
When the condition C4_» holds, system (3.2) can be rewritten as

dz_ ] (1+22+2) @ _ (=24 2by1z + b212?)
dt_zz 4 <), dl—y 213 213 ),

which can be transformed to
3, 13 dw

dz 1 2
—=z+ +-77, —=-w+=-2buz+>b w,
5 oityi s T 2( 212+ b2127)
by y = w?. Thus, by Theorem 2.1, the origin of above system is a complex isochronous center,
and so the origin of system (3.2) is a generalized complex isochronous center if the condition
C4_5 holds.

When the condition C4_5 is satisfied, system (3.2) can be rewritten as

dz 1
o =z4+ 5(322 +23+ 2a1zy2 + 261122y2),
(3.24)
_ - —d - ,
di Y gy

which can be transformed to

dz 1

— =74 =322+ 22 + 2appw* + 2apz0Y),
dt 2

dw n 2 5

—_— = —Ww =ajnpuw,

dt 5 12
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by y = w?, and can be further changed to

dx @ 0 4 dw N 5
—=X—-a X — w, —_— =W —dapnpw,
dt 12 dt 571
under the transformation,
~ z2(z+2)
X=———.
2(1 +2)2

Thus, according to the Theorem 2.1, the origin of above system is a complex isochronous center,
implying that the origin of system (3.2) is a generalized complex isochronous center under the
condition C4_5. O

For the condition C4_4, we have an alternative to prove the sufficiency. When the condition
C4—4 holds, system (3.2) can be written as

dz 1 4

— =z 4 =Qanny’ — canbny’ +2a12y°z +32° +20),

dt 2 5

y 3 (3.25)
Y aiz o 2

A b —y*—3z+b - =2°),

5y =V ybny + =yt =324 biayz — 520

which has a linearization transformation,

E=fify. n=—wfifsfy
in the neighborhood of the origin, where
f7=2a12y* + 10z + 522,

fs =5+ 2a1y* + 10z + 522, (3.26)
fo=2—-bny+2z,

and so the origin of above system is a generalized complex isochronous center.

3.3.4. Condition Cs

Proposition 3.7. The origin of system (3.2) is a generalized complex isochronous center if the
condition Cs in (3.12) holds.

Proof. There are four subcases: Cg‘, k =1,2,3,4. The proofs for the three subcases ck , k=
2,3, 4 have been given in the proof for Proposition 3.2. So we only need to prove the case C 51
When the condition C 51 holds, system (3.2) can be rewritten as

dz 1

7= §(2z + 322 4+ 22 + 2a03y%),
dy 1 2

— =—y(—=12+2z2 s

o 6y( +2z+2%)
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which can be transformed to

dz 1

E = 5(22 + 322 + Z3 +2a03w6)7
dw 1

e (—12427+4 72

- 12( +2z+ 2w,

by y = w?. Further, the above system can be changed to

d¥ . s 4y _ -1
—=X—a —2ap;3xy°, —=-yY+ —a ,
dt 03y 03Xy dt y 6 03y

by the transformation,

72(z+2) ~

1
X=——- =w(l+2z2)" 6.
20+22 7 ( )

Hence, according to Theorem 2.1, the origin of the above system is a complex isochronous center,
and so the origin of system (3.2) is a generalized complex isochronous center. O

3.3.5. Condition Cg

Proposition 3.8. The origin of system (3.2) is a generalized complex isochronous center if the
condition Cg in (3.12) holds.

Proof. There are two subcases C61 and Cg. The proof for the case Cé has been given in the proof
for Proposition 3.3.
When the condition C, é holds, system (3.2) can be rewritten as

dz 1

- ( 12 2)’
T (1+2) z+2z +apy
= = 32— b3y,
ar ¥( 03Y")

which can be transformed to

dz 1

— = -Qz4322 4+ +2a(1 + )w?,
dt 2

dw boz s

dr 2

by y = w?, and can be further changed to

X _ % - Hw*
—=x—ap@x-Hw’, —=-w-—w",
dr 12 dr 2

by
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~ z(z4+2)
X=—"-—7F.
2(1+z2)2

So according to Theorem 2.1, the conclusion is true. O

Since the conditions C4_3, C4—4 and C4_5 and C4_¢ are contained in Cy, C5 and Cg, respec-
tively, we directly have the following theorem.

Theorem 3.6. The origin of system (3.2) is a generalized complex isochronous center if and only
if one of the following conditions holds:

Ci, Co1, Csoq, Cy4q, C4, Cs, Ce.

3.4. Integrability and linearization conditions for cubic Z,-equivariant systems with 1:(—3)
and 1:(—4) resonant saddles

In this subsection, we present the results for the 1:(—3) and 1:(—4) cases without proofs for
brevity, since the proofs are similar to that for the 1:2 case.
When A; =1, Ap = =3, system (1.6) becomes

dx 1 1 5 2 ) 3
aT —Ex —axy+ Ex +axnx~y+appxy” +aopsy,

(3.27)
dy

T = (=3 = ba1)y + ba1x?y + bioxy? + bosy°.

Theorem 3.7. The two singular points (£1, 0) of system (3.27) are generalized complex centers
if and only if one of the following six conditions holds:

D : (b21 + %)(bﬂ + %) =0;

D;:ax =0, by = —3

1 2 9
D3 :ay = —8b12(5 4+ 2b31), bpz = 7a12(3 +bo1), by = _E;

1 2 1
Dy:az = —6b12(5 +2b21), boz = 5012(3 +b1), apz = ia12b12(2b21 —1);

Ds :axy =bpz =a1p=b12=0,
(=14 6b21)(1 4 6b21)(5 4 6b21)(7 4 6b21) (11 4 6b21)(13 4 6b21) =0,

Dg:ax =0, a3 =0, bi2 =0, by1(b21 + 1)(b21 +2) =0.

Theorem 3.8. The two singular points (£1,0) of system (3.27) are generalized complex
isochronous centers if and only if one of the following seven conditions holds:
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Dy, D>, Ds, Dg (in Theorem3.7), and

9
D3—1: an =bin=boy =an=ap=0,by =~
| (3.28)
Dy—y: a1 =biz,a03=0,bo3 = a1z, by1 = X
Dy : az1 =0, a3 =0, bp3 =0, a;p=0, bj2=0.
When A =1, A, = —4, system (1.6) becomes
dx ! I 3 2 2 3
aT = _Ex —ay+ Ex +axx°y +anxy” +apsy’,
(3.29)
dy

T = (=4 — ba1)y + ba1x*y + bioxy? + bosy°.

For system (3.29), we have the following two theorems.

Theorem 3.9. The two singular points (£1, 0) of system (3.29) are generalized complex centers
if and only if one of the following six conditions holds:

E;: <b21 + %)(bZI + %) (bzl + g) =0;

E>:ay =

Ez:ap =

Ej:ap =

Es:ay =

7
0, by =—3

1 2
§b12(7 +2b31), boz = §a12(4 +ba1), by =—6;

1 2 1
§b12(7 +2b21), bpz = 5012(4+ ba1), apz = %01217]2(2[721 —1);

boz = a2 =b12 =0,

(=146b21)(1 4+ 6b21)(5 + 6b21) (T + 6b21)(11 + 6b21)
X (13 4+ 6b21)(17 + 6b21)(19 4 6b21) = 0;

E¢:ax =

0, ap3 =0, b12 =0, ba1(b21 + 1)(b21 +2)(b21 +3) =0.

Theorem 3.10. The two singular points (£1,0) of system (3.29) are generalized complex
isochronous centers if and only if one of the following six conditions holds:

E\, Ey, Es, Eg (inTheorem3.9), and

E3_1: a1 =b1p=byz =ai2 =ap3 =0, by = —6;

| (3.30)
E41: a1 =b12, a3 =0, bps =ay2, by = X
Es: a1 =0, ap3 =0, bp3 =0, a;2=0, b12=0.
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4. Integrability and linearizability conditions for cubic Z;-equivariant systems with
1:(—¢q) (g > 5) resonant saddles

Finally, for general positive integer g > 5, we consider the integrability and linearizability
conditions for cubic Z;-equivariant systems with 1:(—g) resonant saddles. When A1 =1, A, =
—q (g = 95), system (1.6) becomes

d.x 1 1 3 2 2 3
—— =—zXx—ay+ 7x +anx"y+apxy  +apy,
dt 2 2 .1
dy '
i y(—q + b1ay + bosy* + 2b21z + b1ayz + b1z,
which can be transformed into
dz 1
o= + 5(zcnzy2 +2a03y> 4 dax1 yz + 2a1y*z + 32° + 2a21y2° + 2°),
4.2)
D (g —ba)y + baxy + by + bz’
e q 21)Y +021x7y 12Xy 03Y"
byx==4z+1.

For a concrete g, we can compute the saddle values and periodic constants, from which the
necessary conditions for integrability and linearizability may be obtained. However, for general
positive integer ¢, it is difficult to obtain a consistent formula for the saddle values and periodic
constants. Therefore, necessary conditions for general integer ¢ are difficult to derive. The fol-
lowing slightly general sufficient conditions for arbitrary integer g > 5 are obtained following
the pattern of the results given in Section 3.

Theorem 4.1. The two singular points (£1, 0) of system (4.1) are generalized complex centers if
one of the following six conditions holds:

Gll(bm-%%)(bu-%§><bn-%§>-~(bm-%2q£_3)==&

2g -1

Gy =0, by =— ;
2% azl 21 >

1 2 3
G3: ax = Zbu((%l — 1) +2b21), boz = Y 1012(61 +b21), boy = _761;

1 2
Gy ax = Zblz((%l — 1) +2b31), bz = 3 ain(g + bay),

+1
1
T Qg+ 1)
Gs: a1 =boz =aip=b12=0, (=14 6b21)(1+6b21)
X (5 +6b21) -+ - (11 + 6b21)(13 + 6b21) (17 + 6b21)[(4g + 3) + 6b21] = 0;

Go: a1 =0, ap3 =0, b1 =0,

aos ainb12(2by; — 1);

b1(b21 + 1) (D21 +2)(b21 +3) -+ -[b21 + (¢ — D] =0.
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Proof. To prove this theorem, we will apply either Theorem 2.1 for some conditions or other
approaches such as finding invariant algebraic curves for other conditions. Although Theorem 2.1
can be used to prove complex isochronous centers, we in general can only claim complex center
since some of the conditions are proved not using Theorem 2.1.

When the condition G in Theorem 4.1 holds, let by = —%, k=1---q—1.Then, system
(4.1) can be rewritten as

dx 1 3 2 2 3
o = 3 (—x +x” —2a21y + 2a21x°y + 2a12xy” + 2a03y ) )
dy 1 2 2 2
=Y 1 =2k +2q — x° +kx” +2b1axy + 2bo3y~ ) ,

which can be transformed into

=u—+2ax(1 — u)kuv +2(aip + apz (1 — u)kv)(l — u)Zkvz,

du
dt
dv k-1
==+ v{(1 =) v[biz +az (=1 + 2k)u

+ (1 = w)*v(bos + arn(=1+2k) +agz (—1 + 2k)(1 — w)*v) ]},

by

Further, introducing v = z4 into the above system we obtain

du

a Y +2a51(1 — w)*uz? +2(1 — u)* 229 (a1 + ap3 (1 — w)¥z9),
dz 1 k—1_q kq

5 =F + 51{(1 —u) " 2 bia + az (=14 2k)u + (1 — u)*z9 (bo3

+ap(—1+2k) + a3 (—1 +2k) (1 —w)¥z9)]}.

Since for a fixed k (1 <k <q — 1) it is easy to verify that the condition (2.6) in Theorem 2.1
is true under the condition G, the origin of above system is a complex isochronous center,
implying that (£1, 0) of system (4.1) are generalized complex isochronous centers under the
condition G.

When the condition G» in Theorem 4.1 holds, system (4.1) can be rewritten as

= X+ x 2a17x 2a03y” ),
It ) 12Xy 03

1
i —Ey (1 —x2 4 2qx2 —2baxy — 2b03y2) ,

which can be transformed to
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du
— =u+2(ar2 +apzv) (1 + u)v?,
dT
Jv 4.3)
— = —qv — v(=b1v + av? — bozv* + ap3v?),
dT
by
u:xz—l, v:X, t=w+1T.
X
Further, introducing v = z7 into system (4.3) yields
du 3 3
— =u+2ap(l +u)z7? +2ap3(1 +u)z?,
dT
dz | “4.4)
— = —z+ —z2(b1az? — (a12 — b3) 7> — ap37°9).
dT q

Thus, according to Theorem 2.1, the origin of system (4.4) is complex isochronous center when
the condition G is satisfied, implying that the conclusion holds.
If the condition G3 in Theorem 4.1 holds, system (4.1) can be simplified to

d 1

ax _ 2 <_2x +2x3 +3b1oy — 3biox?y + dapaxy? + 4ao3y3> )

dt 4 4.5)
dy 1 2 2 .
Pl (—5 +15x° = 5bipxy + 2a12y ) .

It can be shown that system (4.5) has an invariant curve f; = y, which admits an integrating

1
factor, F1 =y~ 7. So the origin of system (4.5) is a generalized complex center.
When the condition G4 in Theorem 4.1 holds, system (4.1) becomes

dx 1

M (—gx—24° 342023 4+ b 3b
— 261(261“)( gx —2q°x +qx> 4+ 2q°x> 4+ biay + 3b12qy

+2b12g%y — biax*y — 3b1ogx?y — 2b12g*x%y

+2a12gxy” + 4a12q7xy* — 2a12b12y” — 6a12b12gy°), (4.6)
dy 1

=— ———y(—q—2¢>+3qx> + 6¢*x> - 2b
- 2(2q+1)y( q —2q” +3gx” +6q°x 12Xy

— 4b1pgxy + 2a12gy?).

By computing the invariant algebraic curves of system (4.6), we obtain a first integral for system
(4.6), given by

—2(q+b
M3=f1f10 @ 21)flql,
where
fi=y, flo=qgx —bny, fir=—1-2q+x>+2gx*+2a2y?,
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which indicates that the origin of system (4.6) is a generalized complex center under the condition
Gy.

When the condition G5 in Theorem 4.1 holds, we let by = —%, k=1---q — 1. Then,
system (4.2) can be rewritten as

dz 1 2 3 2
(2743 2 )
ar 2<z+z+z+ao3y
dy

1
&= "y (6g — 22+ 4kz — 22 +2k 2),
ar 6y<c1 Z+4Kkz — 77+ 2Kz

which can be transformed to

d 1
4 =— (ZZ + 372 +Z3 + Zao3w3q) ,
dt 2
dw | @a.7
S = —w (69 — 22+ 4kz — 22+ 2k2),
ar 64 w ( q Z+4kz — 27+ 2kz
by y = w?. Further, with the transformation,
22+2) 2%-1
U=———, v=w(l+z) 3,
2(1 +z)? 1+
system (4.7) can be changed to
d
d_btt =u +ap3(1 — 2u)* 103,
4.8)

@ =—p— M(] —2u)kypdatt,
dt 3q
which shows that the origin of the above system is integrable according to Theorem 2.1, implying
that the origin of system (4.8) is a complex isochronous center and so the conclusion is true.
When the condition Gg in Theorem 4.1 holds, let by; = —(m — 1), m = 1---¢q. Then, system
(4.2) can be rewritten as

dz 1

EZE(Z+1)(22+22+26112)’2)’

dy 2 2 2
E:—y(g—Zz—l—ZmZ—Z +mz —b03)’>,

which can be transformed to

dz 1

i 5(1 +2)(2z + 2% + 2anw*),

d 1

d_lf =—-w+ —w(2z —2mz +22 —mz? +b03w2"),
q

by y = w?, and can be further changed to
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=u+ap(l —2u)* 12,

4.9)
_ 2w —bos = 2a0m ) ome2 2g41

du
dt
dv
dt
under the transformation,

z(2+2) 2m=1)
u=——>, v=w(l+z) ¢
2(1 + 2)? 1+

This shows that the origin of system (4.9) is a complex isochronous center according to Theo-
rem 2.1, and so the conclusion is true. O

Furthermore, we also have

Theorem 4.2. The two singular points (£1,0) of system (4.1) are generalized complex
isochronous centers if one of the following seven conditions holds:

Gi1, Gy, Gs, Gg (inTheorem4.1) and
3q
G3—1: a1 =bip=bo3s =app =ap3 =0, by =—6,b21 = -5
1 (4.10)
Gy_1: a1 = b1z, ap3 =0, boz = a1z, by = X

Gy: a1 =0, a3 =0, bp3 =0, a;p=0, b12=0.

Proof. According to Theorem 2.1, as one of the conditions G1, G», G5 and G¢ holds, the origin
of system (4.2) is a generalized complex isochronous center. So any of the conditions G, G2,
G5 and Gy is sufficient such that (£1, 0) of system (4.1) are generalized complex isochronous
centers.

When the condition G3_1 in Theorem 4.2 holds, system (4.2) can be rewritten as

dz 1 dy q 2
R 1 2, —_ = == 2 6 3 ,
7 2z(z+ Wz +2) o 2y< + 62+ z)

which can be transformed to

dz 1 dw 1 5
Z—EZ(1+Z)(2+Z), E——w—iw(6z+3z ),

by y = w?. Further, introducing the transformation,

z2+72)

u=—"""" v=w(l+2z)>,

2(1 +2)? (1+2

into the above system yields
du dv
——u, —=-u, 4.11
dt ! dt Y “-11)
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which implies that the origin of the above system is linearizable.
When the condition G4—1 in Theorem 4.2 holds, system (4.2) becomes

dz 1
— = —Qapw? + 2z + 4bpwz 4 2apw?z + 3z 4+ 2bpwz’ + 2°),
dt 2
4 1 4.12)
d_)t) = Ey (—Zq +2b12y + 2012)’2 +2z+2bppyz + Zz) .
It can be shown that system (4.12) has three invariant algebraic curves:
fi=y, fo=q-bow+qz, fiz=2any*+2(1+29)z+ (1 +29)2°,
which admit a first integral F' = f12 f172274q f123q , and a linearization transformation,
-2 _1 —é
§:f12f13 , n=w qf]z .
When the condition G4—; in Theorem 4.2 holds, system (4.2) can be rewritten as
@ _1 inery, 2o ( 4 2byiz+b 2)
dt_ZZZ z ) dt_y q 212 + 02127 ),
which can be transformed to
dz 1 dw 1 5
=z 247), — =—w+—-w2b b217%), 4.13
o 22( +22+2) o w—i—qw( 212+ b2127) (4.13)

by y = w?. Further, with the transformation

722+ 2) _2y
Uu=———, v=w(l+z g,
2(142)2 (1+2)

system (4.13) can be changed to the linear system (4.11).
The proof is complete. O

Although we cannot prove that the conditions given in Theorems 4.1 and 4.2 are necessary,
we have the following Conjecture, based on the results for the cases g = 1, 2, 3, 4.

Conjecture 4.1. The two singular points (£1, 0) of system (4.1) are integrable if and only if one
of the six conditions in Theorem 4.1 holds, and moreover, they are linearizable if and only if one
of the seven conditions in Theorem 4.2 holds.
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5. Integrability and linearizability conditions for cubic Z,-equivariant systems with 1:q
resonant nodes

Cubic Z;-equivariant systems with two Aj:(nA1) resonant nodes can always be written as

— =—zMXx —ay+ zAx” +axx’y +apxy” +apy,
dt 2 2 .1

d
d_i = (nA1 — bo1)y + barx?y + braxy® + b3 >,

which can be further changed to

dz 1 2 2
i E(Mlz +4daxzy + 2anz°y + 2a1y

+2a12zy* +2a03y° + 3122 + 1z, (5.2)
dy

0 =ymi +2br1z + b2112 + b2y +bi2zy + 1703)’2
byz==4x—1.
The following theorem directly follows Corollary 1.6.1 in [28].

Theorem 5.1. The origin of system (5.2) is linearizable, and therefore if a cubic Z-equivariant
system has two resonant nodes, it is linearizable.
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