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cillations using numerical methods, and found rich dynamical behaviours. In this paper,
we explore a further study on an established three-store model, which contains endoplas-
mic reticulum (ER), mitochondria and calcium binding proteins. We conduct bifurcation
analysis to identify two Hopf bifurcations, and apply normal form theory to study their
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Calcium dynamics model stability and show that one of them is supercritical while the other is subcritical. Further,
Stability we transform the model into a slow-fast system, and then apply the geometrical singu-
Hopf bifurcation lar perturbation theory to investigate the mechanism of generating slow-fast motions. The
Limit cycle study reveals that the mechanism of generating the slow-fast oscillating behaviour in the
gg;‘;‘/{al form three-store calcium model for certain parameter values is due to the relative fast change

in the free calcium in cytosol, and relative slow changes in the free calcium in mitochon-
dria and in the bounded Ca%* binding sites on the cytosolic proteins. A further parametric
study may provide some useful information for controlling harmful effect, by adjusting the
amount of calcium in a human body. Numerical simulations are present to demonstrate
the correct analytical predictions.
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1. Introduction

Calcium ions are very important and essential substance in cells, one of the main second messengers in the intracel-
lular signalling process [1]. Calcium ions control many cellular functions, such as neuronal differentiation [2], muscle cell
contraction [3], egg activation [4| and so on. The common changes of calcium ions concentration in cells are related to
oscillations [5], which has been found in experiments since 1980s [6]. After then many biologists continued experimental
studies in order to explain how the oscillations occur, while applied mathematicians paid attention to theoretical studies of
this phenomenon.

To understand the calcium oscillation, we first give a brief description of this phenomenon. There are several intracellular
compartments involved in the general scheme of oscillation process, such as endoplasmic reticulum (ER), mitochondria,
calcium binding sites, etc [7,8]. We call the ER, mitochondria and calcium binding sites as calcium stores in cell, among
which the ER is the largest one. Suppose one intracellular signal molecule is moving to the membrane of the cell. Then,
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G-protein coupled receptors (GPCR) on the cell membrane will combine with the signal molecule to activate a kind of G-
proteins called phospholipase C (PLC), and the PLC decomposes phosphatidyl inositol 4,5-bisphosphate (PIP,) into inositol
1,4,5-trisphosphate (IP3) and diacylglycerol (DAG) [9]. The IP3 is a vital substance in calcium oscillations, because the main
oscillation process is the release of calcium ions from the ER into cytosol, which is sensitive to IP; [10]. Moreover, the
IP; can activate IP; receptors (IP3R) on the membrane of ER leading to the calcium release [11]. Besides the IP3 release
channel on the membrane of ER, another release channel is controlled by ryanodine receptor (RyR) [12], which is activated
by cyclic ADP ribose. Opening of IP3R and RyR is also stimulated by calcium-induced calcium release scheme (CICR) [13],
implying that the changes of calcium concentration in cytosol leads to calcium release from ER. The process described above
is the release from ER. The efflux pumping from cytosol to ER is activated through the sarco-endoplasmic reticulum ATPase
(SERCA) [14], which is a substance on the membrane of ER and uses ATP hydrolysis to pump calcium into ER.

The uniporter on the membrane of mitochondria is a mechanism that responds to either membrane potential, stress or
ligand binding, and uptakes calcium into mitochondria [15]. The efflux channel from mitochondria is through Nat/Ca?* and
H*/Ca%+ exchangers, combined with a flux through the mitochondrial permeability transition pores (PTPs) [16].

Based on the general schemes discussed above, many mathematical models have been established, which can be classi-
fied into two types: either or not including the concentration of IP3 as a state variable in the model [17-20]. We may also
categorize them according to the number of calcium stores involved, yielding two calcium stores models [20-22] and three
calcium stores models [23-25]. Since different cells have different calcium oscillations, it is hard to determine which one is
better. In most of existing publications, numerical simulations are used to show rich dynamical behaviours such as regular
bursting, spiking, quasi-periodic bursting and chaotic bursting [26]. However, the general mechanism underlying these rich
dynamical behaviours remains open. This study will focus on two typical regular bursting oscillations: point-point bursting,
denoted as 1° (one large-amplitude oscillation without small-amplitude oscillation) mixed-mode oscillation, and point-cycle
bursting, denoted as 1°(s € Z*) (one large-amplitude oscillation with s small-amplitude oscillations between) mixed-mode
oscillation. Both the two regular bursting types contain slow-fast oscillations. The motivation of this study is to use bifurca-
tion analysis and geometric singular perturbation method to find out the mechanism of generating these two typical calcium
oscillations.

In particular, we modify a three-store calcium oscillation model to exclude possibility of chaos. We apply bifurcation
theory to show that the only possible bifurcation arising from the positive equilibrium of the system is Hopf bifurcation and
identify two Hopf critical points. Then we apply normal form theory to study the stability of limit cycles, indicating that
Hopf bifurcation is a source of the oscillation behaviour. In order to provide a further theoretical study on the oscillation
induced by Hopf bifurcation, we carefully compare the order of parameters and choose an appropriate parameter as a small
perturbation parameter so that the geometric singular perturbation method (GSPM) can be applied to investigate the slow-
fast motions, with the fast variable representing the free calcium concentration in cytosol, and the slow variable describing
the free calcium concentration in mitochondria and the bounded Ca%* binding sites concentration in cytosolic proteins. We
identify folded singularities and singular orbits, which can be classified as either folded saddle or folded focus depending
upon the eigenvalues at the singular points. The former can cause many small-amplitude oscillations travelling on a large-
amplitude oscillation, while the latter has only large-amplitude oscillation. Two examples are given to illustrate these slow-
fast motions.

The rest of paper is organized as follows. In Section 2, we present an established three-store model describing calcium
oscillations, and prove that the solutions of the model are well-posed and bounded. In Section 3, we analyze Hopf bifurcation
by using normal form theory and show some numerical verification. In Section 4, we first derive a dimensionless model and
then give a complete singular perturbation analysis to explain the mechanism of calcium oscillation. Moreover, we present
two examples to demonstrate the theoretical results. Finally, conclusion is drawn in Section 5.

2. Mathematical model and well-posedness of solutions
2.1. Mathematical model

In this paper, we consider a three-store calcium oscillation model, which was developed and studied numerically in [23].
As shown in Fig. 1, this model consists of three different calcium stores, the ER, the mitochondria and the calcium binding
proteins in cytosol. The ER has tree flux channels: Jpump, Jon and Jeqe. The Jpump denotes the transport of Ca** into the ER
by SERCA, the J., represents the Ca?* release from the ER to cytosol following the CICR, and the J;,4, denotes an additional
efflux channel from the ER to cytosol which is sensitive to IP3. For the mitochondria, there exist two exchange channels
between mitochondria and cytosol: Ji; and Jou. The J;,, describes active transport of Ca%* from cytosol to mitochondria
through a specific uniporter, and the J,, represents the Ca2* release from mitochondria to cytosol through Nat/Ca2* and
H*/Ca2t exchangers, combined with a flux through the mitochondrial PTPs.

Thus, we have the following equations for the exchange channels:

Jpump = kpumpcaCyt,

2
]Ch — kch&
2 2
K3 + CaCyt

(Cagr — Cacye ),
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Fig. 1. Schematic presentation of the model (2.2).

Jieak = Kiear (Cagg — CaCyt)7

] | Cagy[
in = Kin S | .8 °
K8+ Cacyt

Cayie
Kz + Cayie

Note that in model (2.1), except for Jou, all expressions are taken from [23], while Jo,¢ is chosen from [24], which is based
on experimental results in [27]. There are five state variables involved in model (2.1): the free calcium concentration in
cytosol (Cagy,), the free calcium concentration in the ER (Cagg), the free calcium concentration in mitochondria (Cay), the
concentration of free Ca?t binding sites on the cytosolic proteins (Pr), and the concentration of bounded Ca?* binding
sites on the cytosolic proteins (CaPr). Consequently, we obtain a set of ordinary differential equations (ODEs) describing the
model:

Jour = Kout (2.1)

% = Jon +Jieak = Jpump + Jout —Jin + k-CaPr — k,CacycPr,
dCdiER - ﬁER Upump —Jer = Jieak) -
dcdatp U— +CacyPr — k_CaPr,
% — _k.CacyPr + k_CaPr, >

where pgg and py; are the volume ratios between the ER and cytosol, and between mitochondria and cytosol, respectively.
Ber and By represent the ratios of the concentrations of free calcium in the ER and mitochondria to the respective total
concentration of calcium, k, and k_ denote average kinetic constants of Ca?* binding to the buffer proteins and the reverse
process.

For model (2.2), in genearl we may assume the following two conditions hold.

A1. There is no calcium exchange between intracellular and extracellular, which means that the total calcium concentra-
tion Cay¢ remains a constant, i.e.,

Caror = Cacy, + PER Ca + Pt
:3 Mit

A2. There is no protein binding site exchange between intracellular and extracellular, implying that the total concentra-
tion of bounded and unbounded proteins Pry is a constant, namely,

L Cay + CaPr. (2.3)

Pr¢ot = Pr + CaPr. (24)

These two assumptions are reasonable since the calcium and protein binding sites transport across membrane is much
slower than the intracellular transport process [24]. Under (2.3) and (2.4), the five differential equations in (2.2) can be
reduced to three. In this paper, we select Cacy, Cap; and CaPr as state variables, and for convenience, introduce the new
variables:

X =Cacy, Y =Cayy, Z=CaPr.



P. Liu et al./Commun Nonlinear Sci Numer Simulat 52 (2017) 148-164 151

Table 1
Parameter values for model (2.2) [23,24].
Parameter  Definition Value
Cagor Total concentration of calcium 90 uM
Prio Total concentration of binding sites 120 uM
ken The maximal permeability of the CICR channels 4200 s!
Kpump The rate constant of the pump 20 s!
Kieak The rate constant for Ca>* leakage through The membrane of ER 0.05 s~!
Kkin The maximal permeability of the uniporters in the mitochondrial membrane uMs~!
ky The average kinetic constant of Ca** binding to the buffer proteins 0.1 uMs!
k_ The average kinetic constant of Ca?* unbinding from the buffer proteins 0.01 s7!
Kout The maximal rate of calcium flow through Na*/Ca?* and H*/Ca2* exchangers 1.9 uMs-!
PER The volume ration between the ER and the cytosol 0.01
Pmit The volume ration between the mitochondria the mitochondria and the cytosol 0.01
Brr The constant for relating the concentrations of free calcium in the ER to the total concentrations 0.0025
Buwmic The constant for relating the concentrations of free calcium in the mitochondria to the total concentrations ~ 0.0025
Ky The half-activation constant 5 uM
Ky The half-activation constant 0.8 uM
K3 The half-activation constant 31 uM
0.7 0.7
0.6 1 0.6 1
0.5 1 0.5
0.4 1 0.4 4
X X
0.3 § 0.3
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Fig. 2. Simulated time history for system (2.5) for (a) kg, = 1200; and (b) k., = 4200.

Solving Cagg from (2.3), Pr from (2.4), and substituting them into the first, third and fourth equations in (2.2), we obtain the
following 3-D ODE system:

dx X?

dr ~ kc”'KlZ +X2

[ﬂ” (Catggr — X — PMity _ 7y _ x}
PER Mit

+ Kioar [gil’: (Ctggr — X — PMity _ 7y _ x} ~ KpumpX

'Mit
Y X8
+ Kout Gy Kin K&+ X3 +k_Z -k X(Preo —2)
= fiX.Y,2),
@y Bui X8 Y B
E = Dt (km K28 X8 — kout K+ Y) = f2 (X, Y),
% = -k Z+k X(Prig —2) = f3(X,2). (2.5)

All the parameter values listed in Table 1, except koyt, are taken from [23], while ko is chosen from [24]. These parameters
vary depending on the types of cells. To study the complex intracellular Ca?* behavior, the parameter kg, is usually taken as
a bifurcation parameter, because the change of kg, corresponds to the change of inhibitor (i.e., Mg?*) and potentiator (i.e.,
ATP and caffeine) in cell, which can be changed by external stimuli [28,29].

In Fig. 2, two simulations are given to illustrate two typical oscillations for model (2.5), with k., = 1200 for Fig. 2(a) and
k., = 4200 for Fig. 2(b). Clearly, Fig. 2(a) exhibits a relaxation oscillation, while Fig. 2(b) shows a motion involving many
small-amplitude oscillations between large-amplitude oscillations.
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2.2. Positivity and boundness of solutions

Physically meaningful solutions must be non-negative and bounded. We have the following theorem for model (2.5),

Theorem 2.1. All solutions of the calcium oscillation model (2.5) are non-negative provided the initial conditions are taken non-
negative, and bounded.

To prove the above theorem, we need the following lemma.

Lemma 2.1. (Lemma 1 in [24]) The cone Rﬁ is invariant for the flow generated by the equation,

du
—_ = u
=W
if and only if the function f(u) is quasi-positive, ie. for everyi=1,..., N the function
fi(U],...,O,...,UN) >0,
where 0 stands at the i-th position and u; > 0 for j # i

Proof. Applying Lemma 2.1 to model (2.5), we have N = 3 and

Ber ( Pwmit ) Y
0,Y,2) = kjogk — ( Caror — Y-Z)+kou—+—s +k Z
fl ( ) leak OER tot ,BMit out K3 TY
Buic  X®
Pumie K8 + X8
f3(X’ Yv 0) = k+XPrtOI

It is seen from Table 1 that all parameter values are positive. For the first equation, since (2.3) holds, yielding Cassr —
%Y -7 = g—i’;CaER + X >0, implying that f;(0, Y, Z) > 0. It is easy to see that f,(X, 0, Z) > 0 and f3(X, Y, 0) > O for non-
negative initial conditions. Thus by Lemma 2.1, the positivity of solutions of model (2.5) is proved.

It remains to prove that the non-negative solutions of (2.5) are bounded. Let (X(¢t), Y(t), Z(t)) be a non-negative solution

and consider

V=X()+ Mty ey 4 z(p).
Mit

fZ(Xv 0, Z) = kin

Then, differentiating V with repsect to t and evaluating it along the trajectory of (2.5) yields
> (kleak + kch )Cator,BER

dl _ (Kiear + ken)Caror Ber v = <0 if ¥

PER
dt PER 50 if vy < (Kieakt ken)Catar Brg
PER ’

where V; is given by

2

X Ber (y | Pwit ]
Vi =k X+ (kep—5—— + 1 — (X Y+2Z)+X
1 = Kpump +(<ch K2 1 X2 + <Iecrk)[ ,OER( + i +2)+

n kenCarot e~ K7
pex K2+ XE

which defines a surface in the Ri space. Therefore, all positive solutions are attracted into the trapping region 2, defined
by
Q={X,Y,2)[X>0,Y>0,Z>0, V; <0}.

This implies that all solutions are bounded.
The proof of Theorem 2.1 is complete. O

3. Stability and bifurcation analysis

In this section, we choose parameter values from Table 1 except the bifurcation parameter k.. To facilitate symbolic
computation, we transform all the values in rational numbers. For convenience, we denote k., as «. Letting f;(X,Y,Z) =
X Y) = f3(X,Z) =0, we get the equilibrium, denoted as E = (Xy, Yy, Zp). Solving Yy from f5 (X, Yg) = 0 yields Yy =Y (Xp),
and Z; from f3(Xp,Zg) =0 gives Zy = Z(Xp), and then substituting these two solutions into f3(Xy, Yy, Zg) = 0 we obtain a
polynomial equation in Xy and « as follows:

f(a, Xp) = 560332800 — 11860377600X, — 3997040640X5‘
+ 3737894531250X(}2 + 23289062500001X(}2 - 24903680005X61
+ 10364853515625X3 + 93423496875000X(}0 - 474415104X3

+414594140625X]! — 99903602688X2 + 4482662400X?2
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Fig. 3. Bifurcation diagram for system (2.5) projected on the o — X plane, with the solid and dotted curves to denote stable and unstable equilibria,
respectively.

—4773281250000X]° — 1519124480a X3
+839382812500aX,! — 5966601562508
=0. (3.1)
Note that in the above calculation, we only take the numerator part of the expression, since the denominator is non-zero.

The bifurcation diagram based on (3.1) is shown in Fig. 3. To find stability of the equilibrium E, we calculate the Jacobian of
system (2.5) at E to obtain

flx fly flz
HNoxevozn =1 fox foy 0 |, (3.2)
fix 0 f3
which in turn generates the characteristic polynomial P(), o) = det(Al —J|g) = 0, where
P(h, ) = A3 + a1 (a)A% + ay (o)A + a3 (cx). (3.3)

According to Hurwitz Criterion [30], the equilibrium E is asymptotically stable if and only if all the roots of P(A, «) have
negative real part, or equivalently, if and only if all the Hurwitz arrangements A;(«), (i =1, 2, 3) are positive, where

Aj(a) =ai(a), Ax(a)=a(a)a(a)—as3(a), Asz(a)=a(x)Az(x)

Based on Hurwitz Criterion, we know that the conditions for a static bifurcation to occur from the equilibrium E are a3 (o) =
0, a;(@) > 0 and A,(x) > 0. To examine if a static bifurcation may arise from equilibrium E, we substitute Yy = Y (Xy) and
Zy = Z(Xp) into as(«r) to get a polynomial function of a3 («, Xy) = 0. Now combined with f(c, Xy) = 0, we eliminate o from
two polynomial equations to obtain a function «(Xp) and a resultant function S(Xp) = 0. Then, solving S(Xp) = 0 yields a
solution Xy = 17.14789348, which is substituted into o (Xp) = 0 to obtain a solution o = —14.56668978 < 0. Therefore, for
the parameter values given in Table 1, there does not exist physically meaningful static bifurcation from E.

To identify a Hopf bifurcation in general n-dimensional dynamical systems, the following theorem provides sufficient and
necessary conditions.

Theorem 3.1. (Theorem 2.2.1 in [31]) The necessary and sufficient conditions for a Hopf bifurcation to occur from an equilibrium
of general n-dimensional dynamical systems are A,_1 =0, a; > 0and A; >0 (1 <i<n-2).

To examine if a Hopf bifurcation may arise from the equilibrium E, we substitute Yy = Y (Xp) and Zg = Z(Xp) into A, () =
a(a)ay () —az (o) to get a polynomial function A, («, Xg) = 0. Then combined with f(«, Xp) = 0, we eliminate « from the
two polynomial equations to obtain the solution o = ¢ (Xp), and a resultant function H(Xg) = 0. Solving H(Xp) = O we obtain
solutions for Xy, which are substituted into «(Xj) to obtain solutions for «. Using Theorem 3.1, we have identified two Hopf
bifurcation points (ay,, Xy, ) = (473.83509348, 0.07443800) and (ay,,Xn,) = (4459.36206111, 0.26063065), both of which
are indicated in Fig. 3.

Moreover, we have the following result.

Theorem 3.2. The Hopf bifurcation corresponding to (ap,.Xy,) is subcritical, while the one corresponding to (oty,, Xy, ) is su-
percritical.
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Proof. We apply center manifold theory and normal form theory, and the Maple program developed by Yu [32] to system
(2.5) to analyze the Hopf bifurcations which occur at the two critical points. Suppose that the Jacobian matrix of a general
dynamical system, described by x = f(x, &), x € R", o € R, evaluated on an equilibrium at a critical point @ = «,, contains
a pair of purely imaginary eigenvalues + iw., and all other eigenvalues have negative real part. Then, the normal form
associated with a Hopf bifurcation, describing the dynamics on a 2-dimensional center manifold near the critical point, can
be written in polar coordinates as

r 5 do 5
=1V + 1" +...), =W+ To +T1° + ...

d

dt det
where u = o — . The coefficient v; is called the first-order focus value, which determines the stability of bifurcating limit
cycles: when v; < 0( > 0), the Hopf bifurcation is called supercritical (subcritical), and the bifurcating limit cycles are stable
(unstable).

Before applying the Maple program [32] to system (2.5), we need to transfer the equilibria to the origin and make the
Jacobian of the system in the Jordan canonical form. For the first bifurcation point (ap,,Xy,), we introduce the transfor-
mations: X; =X — 0.07443800, Y; =Y — 0.00000750, Z; =Z — 51.20765088, ;t=a — 473.83509348. Then at (0, 0, 0), using the
Taylor expansion of the transformed system up to third order, and further introducing the following linear transformation,

X1 0.05597993  —-0.01515741  —0.00036637 Xa
Y = 0.00000042 —0.00000633 0.00100010 Y, |
L Z —0.22625777  —1.01732823 0.01855946 Zy

into system (2.5) yields,

XZ [ f](X25Y2’227 I'L) :|

Yz (X2, Y2, 25, 1)
7 [3(X2. Y2, 25, 1)

where f;,i=1,2,3 are lengthy polynomials up to third order, omitted here for brevity.
Now, the Jacobian of system (3.4) evaluated at the origin is in Jordan canonical form:

0 we, 0
Jloooy=| —@y 0 0 ,
0 0 —0.15324213

in which wc, = 0.38241922. The coefficients vy and 7 can be obtained by using the formulas given in [33]:
1( 9fi df>
Yo = 2<axzau t Wou

_ 1( 0  0f
0= 2\ o X0

Now applying the Maple program [32] to system (3.4) (setting @ = 0) results in v; = 1.01766511 and 7; = —121.36968666.
Therefore, the normal form associated with the first Hopf bifurcation up to third order is given by,

) = 0.02844762,

= —0.00079828.

% = r(0.02844762 11 + 1.01766511 12 + - .. ),
dé )
4 = 0-38241922 - 0.00079828 11 — 121.36968666 1 + ... (3.5)

which shows vy > 0, indicating that the first Hopf bifurcation associated with the critical point Hy (o, , Xy, ) is subcritical.
For the second Hopf bifurcation point, similarly we apply the same procedure. Let X;=X — 0.26063065, Y=Y —
0.00000006, Z; =Z — 86.72495839, u=«a —4459.36206111. Then, introducing the following linear transformation,

X1 1.02526315 —0.35477053 0.71822809 X3
Y =| -0.02502722 —0.82998987 0.74825735 Y, |,
L 4 —0.31396442 -0.93717881  —0.28777169 Z

into the system (2.5) yields

X F(X3,Y2, 25, 1)
, [=| BX.Y2.Z.0) |, (3.6)
Z> B(Xa. Y2, 22, 1)

where the lengthy functions f;,i =1, 2,3 are omitted here.
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Fig. 4. (a) Numerical bifurcation diagram of system (2.5); and (b) Simulated time history of system (2.5) for k., = 473.7, converging to the equilibrium E.

The Jacobian of system (3.6) evaluated at the origin is in the Jordan canonical form,

0 W, 0
Jloooy=| -, O 0 .
0 0 —0.11911178

in which w¢, = 3.65233388. Then, similarly we obtain v, T¢, v; and 7 for the second Hopf bifurcation, yielding the follow-
ing normal form up to third order,

% =r(-0.00276114 n — 137.30341233 4. ),
do 2
€T 3.65233388 — 0.00036851 &« — 32.28641861 1 + - - -, (3.7)

which shows vy < 0, indicates that the second Hopf bifurcation associated with the critical point Hp(ap,, Xy, ) is supercriti-
cal.
This completes the proof of Theorem 3.2. O

To this end, we present some simulations to verify the analytical predictions. We use model (2.5) to perform the simu-
lations with the parameter values taken from Table 1, except kg, (o). To study dynamical behaviours, we show a numerical
bifurcation diagram in Fig. 4(a) from which we can see that oscillation amplitude jumps up around the subcritical Hopf
bifurcation point as « increases to cross the critical point, and disappears around the supercritcal Hopf bifurcation point.
For the supercritical Hopf bifurcation (consider it from larger values of k. decreased to smaller values of kg,), when kg,
passes the Hopf critical point, small oscillation happens, then with further decrease of k., the amplitude of oscillation sud-
denly jumps up. The mechanism of this “jump” phenomenon may be related to canard explosion which we will discuss in
next section. For the subcritical Hopf bifurcation, the trajectory solution converges to a stable oscillating motion due to the
boundedness.

Now, we vary kg, from small values to large ones, taken as k., = 473.7, 473, 84,4459 and 4460, with the corresponding
simulations shown in Fig. 4(b), Figs. 5, 6 and 7, respectively. When kg, = 473.7 < ay, = 473.83509348, the solution trajec-
tories converge to the equilibrium E, as shown in Fig. 4(b), while when kg, = 473.84 > oy, = 473.83509348, it becomes
unstable, and converge to a stable oscillating motion due to the boundedness of solutions (see Fig. 5). Fig. 6 shows simula-
tion for k., = 4459 < o, = 4459.36206111, indicating that solution trajectories converge to a stable limit cycle. The radius
of the limit cycle can be estimated from (3.7) as r ~ 0.00269833, which agrees well with that observed from Fig. 6(b). When
kep = 4460 > oy, = 4459.36206111, the solution trajectory converges to the equilibrium E. These simulations clearly verify
the theoretical results obtained in previous sections.

4. Geometric singular perturbation analysis

In the previous section, simulations have shown that near the two Hopf critical points, there exist fast-slow motions.
In this section, we apply the Geometric Singular Perturbation Method (GSPM) (e.g. see [34-37]) to give a more rigorous
analysis on model (2.5). The GSPM is now widely used on studying fast-slow motions, which combines theory of canard
cycles with a suitable global returning mechanism [38].
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Fig. 5. Simulation of system (2.5) for kg, = 473.84, converging to a stable oscillating motion due to boundedness: (a) time history; and (b) phase portrait.
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Fig. 6. Simulation of system (2.5) for k., = 4459, converging to a stable limit cycle: (a) time history; and (b) phase portrait.

4.1. Rescaling

First, in order to apply the GSPM, we need introduce a proper scaling to model (2.5), by defining new dimensionless
variables (x, y, z, t;) as follows:

X=wx, Y=pay Z=usz, t=[aly, (41)

where w1 and p, are typical calcium concentration scales in cytosol and mitochondria, w3 is typical concentration scale of
bounded Ca®* binding sites, and p4 is a time rescale. Substituting (4.1) into (2.5), we obtain the following dimensionless
system:

dx 2x2 )
AR A @<Camr — puyx — Dt sz—usz) - WX
PER Buit

fadt; — h K? + pu2x2

+ Kieak @ (Catot — M1X — My - M3Z> - X | = kpumpﬂlx
PER Buit
H2y w3
Kz +poy  "TKS 4+ ubx8
pady _ Bue(, _ MX® ko -2
padty — puie \ TKE+udx8 UK+ pay )

+ Kout + k_p3z — ki X (Preoe — [432),
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Fig. 7. Simulated time history of system (2.5) for k., = 4460, converging to the equilibrium E.

1 dz
— — = —k_z+ ky p1x(Preot — 2).
113 db; + Ky 1 X(Preot — 2)
8
In addition, in the above equations we set % =1, ’,ﬁ— =1, P’“’f =1 and ;i‘z‘ﬁ"’“f 1 to get
2
K
M1 = 2 =Kz, W3 = Pror, 3 i
ﬂle

and so the above differential equations become

Kofuic  dx ke K3X? I:,BER

PreocKs puic dti ~ Preoc K2 + K22 | pg

k
+ Kiear | Per (Camt ~Kox — DMty Prmtz> — Kyx
Prio

(Camt —Kox — PMit ey Prm[z> — I<2x:|
Mit

PER Mit
kpump kour Yy kin X8
— K>x - — +k_z—k . Kx(1-2),

Preqr > Prigc 14y Prige 14 x8 +Hax( )
dy Xy
dt] m-l+X8 out‘1+y,
dz  K3pwmie
— = —k_z+ k. IGx(1 - 2)].
dt] IBMit [ +A2 ( )]

Now, comparing the coefficients in the above system, we find that %% =5.3763 x 104 and ’;’re—t"o’; =4.1667 x 10~* are

much smaller than all other coefficients which are in the order of 10-2 ~ 102. Thus, we introduce a small perturbation
parameter € > 0 into the above system to obtain

dx kg,  K3x? Ber Pwmit
£— = —=—— t ¢ Caror — Kox — K- Prigez ) — Kox
dt1 (Prmt Klz + K22X2 + PER ( ot 2 Mit 3V~ Ha ) 2
kpump kot Yy ki X8
_ A k.z—k. Kx(1-2z
Prioe 2 Priqc 14y Prigc 14 x8 * +Kax( )
= f(x,y.z,¢),
dy x8 y
ar, = ey
dz _ K3p"”"[—l<,z+l<+1<2x(1 -2)] (4.2)
dt; Buit

System (4.2) is a singular perturbed system (a slow-fast system) with two slow variables (y, z) and one fast variable x.
The proper identification of the fast and slow variables in the three-store calcium oscillation model allows us to utilize the
GSPM to investigate the dynamical behaviour of the system in geometric structure that involves mixed-mode interaction
and complex oscillations.

To demonstrate the “jump” phenomenon with respect to &, we vary & from 10~% to 10~2 to obtain the numerical bifur-
cation diagrams, shown in Figs. 8, 9(a) and 9(b) for k., = 500, 3000 and 4200 respectively. It is seen from Figs. 8 and 9(b)
that “jump” points exist, at which canard explosions happen, while the oscillation amplitude shown in Fig. 9(a) changes
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Fig. 8. Numerical bifurcation diagram of system (4.2) for kg, = 500 (with other parameter value taken from Table 1).
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Fig. 9. Numerical bifurcation diagram of system (2.5) for (a) ks = 3000; and (b) kg, = 4200 (with other parameter value taken from Table 1).

smoothly. This is not surprising since k., = 500 and k., = 4200 are near the two “jump” points while k., = 3000 is located
at the middle smooth part, as shown in Fig. 4(a).

4.2. Layer problem

Further, introducing a time scale t; = €t into (4.2) yields

X =fxyze),
x8 y
y/ = 8(’(,’,11 X8 - kaut‘l +y>’
7 = e BPMI Lk ox(1 - 7). (4.3)
Mit

in which the prime denotes differentiation with respect to the fast time .
Letting € — 0 in (4.3) yields the equations describing the layer problem, which approximates the dynamics for the fast
variable x,
X = f(x,y.2,0),
y =0,
Z =0, (4.4)

Note that the slow variables (y, z) are considered as parameters in the layer problem. Then, we obtain the critical manifold,
which is defined as the set of equilibria of the layer problem:

So={(x.y.2) e R®| f(x,y,2z,0) = 0}. (4.5)
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Fig. 10. The critical manifold Sy for kg, = 4200 (with other parameter values taken from Table 1), consisting of two attracting sheets S¥, one repelling
sheet S, and two fold curves F* (in yellow color). (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

The graph of the critical manifold is shown in Fig. 10, which represents a S-shape surface. The fold curves L of S, are
precisely the set of points where the layer problem undergoes fold bifurcations:

F={(X,y,2)€R3 |fX(X7y’ZaO):O} (46)

where f; = af

It shouldafae noted that the condition given in (4.6) is necessary but not sufficient for fold bifurcation. Fig. 10 shows
two fold curves denoted as F* in yellow color for k., = 4200. The fold curves are important because according to Fenichel
theory [39] they divide the critical manifold Sy into attracting and repelling parts. Whether the part is attracting or repelling
is determined by the sign of fx(x,y,z,0)[s,. If fx(x.y.2, 0)[s, #0, Sp is called normally hyperbolic, and if fx(x,y,2,0)s, <
0 for (x, ¥, z) € Sq, then Sq is attracting. If fy(x.y,z 0)[s, > 0 for (x, y, z) € Sy, then S; is repelling. Normally, hyperbolic
disappears at fx(x,¥,z,0)|s, = 0. On this critical manifold Sy, there are two attracting parts denoted by St and S;, and one
repelling part denoted by S, as shown in Fig. 10. Hence, So = ST UF* US-UF~US;-

4.3. Reduced problem

Letting &€ — 0 in (4.2), we obtain the reduced problem which approximates the dynamics for the slow variables (y, z),

0=f(xy20),

) x8 y

y= kmm - koutm’

3 = Ks0mit [—k_z+ k, Kx(1 —2)], (@)
Buic

where the dot denotes differentiation with respect to the slow time t;.

The reduced problem is a 3-D differential-algebraic system. The first equation describes the dynamics which occur on
the critical manifold Sy, while the last two equations describe the slow motions along critical manifold. Note that y can be
expressed explicitly as a function of (x, z) through f(x,y,z,0) = 0, denoted as y = ¢ (x, 2).

To analyze the flow on the critical manifold Sy, we take a total time derivative of f(x,y,z,0) =0 to obtain

fx+ fiy+ fz=0,
and then project the reduced problem (4.7) onto the x — z plane. So, we have

8 .
_fx)'(:fy<k AN )+fZK3'OM”[—k_z+k+sz(l—z)],

"4 8 T+y Buit
. K3pui
7= 3 PMmit [—k,Z+ k+K2X(1 _2)], (4-8)
Buie
This system is singular along the fold curves, where fy = 0. The singularity can be removed by introducing a new rescaling
time s = —LX, which yields the desingularized reduced system:

= fylkntss —kaetly) + 528k z+ ki Jox(1 - 2)],

4.
= —fx—’(fg'n‘;’f“ [—k_z+k Kox(1 - 2)], (49)
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Fig. 11. Phase portraits of locally linearized slow flow of the desingularized system (4.9) near a folded node. The red solid line, the blue solid line and the
black dotted line denote the eigenvector, the trajectory and the folded curve, respectively. All trajectories in the shadow region, called funeral region, pass
through the folded singularity. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

where the dot denotes differentiation with respect to new time s, and y is given by y = ¢(x, z). The detailed lengthy expres-
sions of fy, fy, fz, and ¢(x, z) are omitted here for brevity.

The flow described by desingularized system (4.9) is equivalent to the reduced system (4.8) on the attracting sets S but
has opposite orientation on the repelling set S, since fy < 0 on S;.

System (4.9) has two types of singularities, one is folded singularity defined by

fx(x,¢(x,2),2z,0) =0,

RS (x,2) Ks pwmie _
fy <k’“l T k"”tl P2 +fz B [—k-z+ ki Kx(1 —2)] =0, (4.10)
and the other is an ordinary singularity defined by
x® P (x.2)

Kin 118 Kout T1é(x.2) 0,
Ks owmie B
——[-k-z+ ki K:x(1 —2)]=0. (4.11)

Buit

The ordinary singularity defines the equilibria of the desingularized system (4.9), while the folded singularity does not
mean any equilibria in the reduced problem, but defines a special set of points where both sides of the first equation of
(4.8) become zero, which implies that x is finite and non-zero at the folded singularity. This allows trajectories to move
across the fold curve in finite time, and such solutions are called singular canards. The following definition [34] is needed
to classify the folded singularity.

Definition 4.1. Suppose the point (x*, z*) satisfies the folded singularity condition (4.10). Denote the Jacobian matrix of
the desingularized system (4.9) evaluated at (x*, z*) as J|x ,+). Let A1 and A, (with |A;] < |A;]) be the eigenvalues of the
Jacobian matrix. Then the signs of the eigenvalues A; and A, can be used to classify the singularities into three types: a
folded node with two negative real eigenvalues, a folded focus with a complex conjugate pair of eigenvalues, and a folded
saddle with two real eigenvalues having opposite signs.

In the folded node case, the trajectories of the slow flow that lie along the eigenvectors passing through the attracting
sheet to the repelling sheet of the critical manifold with nonzero speed in slow time, yield singular canards. Fig. 11 depicts
the geometry of a generic folded node, with associated trajectories. It is seen from Fig. 11 that the orientation of eigenvector
and the direction of trajectories on the repelling part are opposite from standard node. All trajectories in the shadow region
(see Fig. 11) pass through the folded singularity called funeral region, and bounded by strong eigenvector and folded curve.
Mathieu [36] studied the folded node case theoretically and gave the following theorem. For the folded focus case, there
does not exist singular canards (see Corollary 3.1 in [37]).

Theorem 4.1. (Theorem 2.3 in [36]) For the slow-fast system

x=gx,ze),
z=f(x,z,¢),

where x e R",z € R™, with ¢ > 0 sufficiently small, and for a folded node case, letting @ = A,/Aq, in which A corresponds to
the weak eigenvector and A, to the strong eigenvector.

(A) If m < 1, the singular canard corresponding to the strong eigenvector can always be perturbed to a maximal canard. If
=1 ¢ N, then the singular canard corresponding to the weak eigenvector can also be perturbed to a maximal canard. These two
canards are called primary canards.
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Fig. 12. The critical manifold Sy and a singular orbit " for model (4.2) with kg = 4200 (and other parameter values are taken from Table 1), projected
onto the z — x plane. The critical manifold Sy consists of two attracting sheets S¥ (blue solid line), one repelling sheet S, (red dashed line) and two fold
curves F* (black dashed line). The singular orbit contains four segments, two fast segments I'r;, and two slow segments I's;,. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)

(B) Suppose k > 0 is an integer satisfying 2k +1 < u=1 <2k +3 and u~=1 % 2(k + 1). Then, in addition to the two primary
canards, there exist at most other k canards, which are called secondary canards.

4.4. Construction of singular orbits

Based on Theorem 4.1, we know that the folded node can produce small oscillations. Moreover, with a suitable global
return mechanism, folded node can also generate mixed-mode oscillations (MMOs).

In this section, in order to well understand the “jump” phenomenon in model (2.5), we construct singular orbits for
system (4.2) to show a global return mechanism, yielding slow-fast motions. The singular orbit I" consists of four segments,
as shown in Fig. 12. The first segment 'y starts from the lower fold curve F~, where a rapid evolution happens along
the flow of layer problem (4.4) to the upper attracting critical manifold S;. Once arriving on S}, the second segment Iy
begins. The trajectory moves along the flow of the reduced problem (4.7) until it reaches the upper fold curve F*. On the
fold curve F*, the reduced problem is singular. If the singularity is a folded node, the trajectory crosses the fold curve in
slow time from attracting sheet S} to the repelling sheet S,, inducing small oscillations. Then, after finite time in a rotation,
the trajectory jumps down to the lower attracting manifold S, . If the singularity is a folded focus, the trajectory jumps down
directly to the lower attracting manifold S; without rotation [35,36]. The jumping down is the third segment I'y, which is
described by the reduced problem. Then the flow of layer problem takes over until reaching the lower fold curve F~, which
consists of the fourth segment I'g,. This formed singular orbit I" characterizes a large-amplitude oscillation.

Having constructed the singular orbits, we now turn to the study of the oscillatory behavior of model (4.2). As men-
tioned in Section 2, there are two typical slow-fast oscillations which may occur in our model, one is 1 MMOs (i.e., one
large-amplitude oscillation without small-amplitude oscillations), the other is 15 MMOs (i.e., one large-amplitude oscilla-
tion carrying s small-amplitude oscillations). In next section, we will present two examples to illustrate the mechanism of
slow-fast oscillations.

4.5. Examples

Example 1. 15 MMOs. It follows from Theorem 4.1 that a folded node can induce small oscillations when the trajec-
tories move across the folded singularity. As an example, we take k. =4200 to show how the mechanism works for
15 MMOs. Fig. 13(a) shows a singular orbit which contains two folded singularities. To identify them, we use (4.5) and
(4.10) to calculate the folded singularity points to get P; : (x,z) = (0.33532165, 0.71869963) on the upper folded curve, and
P, : (x,z) = (0.10832623, 0.71242882) on the lower folded curve. The eigenvalues evaluated at these two folded singularity
points are:

For P,: Xy =-0.01205194, A, = —1.15842838;
For P,: X1, =0.26619241 + 0.17515246i,

According to Definition 4.1, P; is a folded node while P, is a folded focus. Folded focus can not induce singular canards.
Consider the singular orbit as shown in Fig. 13(a), and suppose that the orbit starts from P, since P, is an unstable focus,
and jumps up to the upper attracting sheet S{ labeled by A. Here we define § to measure the distance from A to the strong
eigendirection (the blue line in Fig. 13(a)) [36]. 6 > 0 means that the point A is in the funeral region, otherwise it is outside
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Fig. 13. (a) The critical manifold Sy and a singular orbit I for model (4.2) with k., = 4200 (and other parameter values are taken from Table 1), and
(b) the simulated time history.
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Fig. 14. (a) The critical manifold Sy and a singular orbit I" for model (4.2) with kg = 1200 (and other parameter values are taken from Table 1), and
(b) the simulated time history.

the region. If 6 < 0O, the trajectory will never cross the fold curve to reach the repelling sheet, but directly jumps down
to the lower attracting sheet. In our case, the trajectory along the reduced flow goes to the folded node P; due to 6 > O,
yielding singular canards in which the trajectory crosses the folded singularity from S} to S, in finite speed and in finite
slow time till attracted by S;. Then, the trajectory moves fast to jump down to the attracting sheet S; and continues along
the reduced flow to reach P,, forming a singular orbit.

The number of singular canards or the rotation near P; can be estimated by using Theorem 4.1. For P;, u~ 1=
96.11967670, we have k = 47, implying that at P; there exist at most 47 secondary singular canards and two primary sin-
gular canards [37], and thus the maximal number of small oscillations is 49. Fig. 13(b) shows the simulated time history,
from which we can see that MMOs appear, showing large-amplitude oscillations and many small oscillations between them.
A more clear picture can be viewed in a zoomed box (see Fig. 13(b)).

Example 2. 19 MMOs. To see 1° MMOs, we choose k., = 1200 as an example to depict a critical manifold of system (4.2),
as shown in Fig. 14(a) in which a singular orbit is formed with two folded singularities appearing on the two fold curves.
In this example, the two folded singularities are obtained from (4.10) and (4.5) as P; : (x,z) = (0.45150663, 0.64267178) on
the upper folded curve, and P, : (x,z) = (0.14314289, 0.61820441) on the lower folded curve. The eigenvalues of the system
evaluated at these two folded singularity points are:

For Py: Ay =-0.03034533, A;=-2.39949156;
For P,: A, =0.08274715 £ 0.03240994i,

It is easy to see that P; is a folded node while P, is a folded focus. Similarly, we consider a trajectory starting from the
unstable folded focus P,. Then it rapidly jumps up to the landing point A on the attracting sheet S;, but for this case, the
point A is out of the funeral region, meaning that the trajectory does not pass P, and so no singular canards appear. Hence,
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after arriving at the point A, the trajectory follows the reduced flow to reach the folded curve, and then jumps down to the
lower attracting sheet S;. Further, it follows the reduced flow to the point P, to form a closed orbit. The simulated time
history is shown in Fig. 14(b), indeed indicating a relaxation oscillation.

5. Conclusions

In this paper, after a brief introduction on the general scheme of the cell process involved in calcium oscillations, we
select a three-store calcium oscillation model and modify a term to exclude possibility of chaos. Then we prove that this
system is well-posed with non-negative, bounded solutions. We show that this model has typical relaxtion oscillation as
well as mixed oscillations, and explain how they happen, based on bifurcation theory and geometric singular perturbation
method.

In order to reveal the mechanism of oscillating behaviours of the model, we apply bifurcation theory and choose the
maximal permeability of the CICR channels, kg, as a bifurcation parameter. We have shown that the only possible bifur-
cation arising from the positive equilibrium of the system is Hopf bifurcation. We use linear analysis to identify two Hopf
critical points, and then employ nonlinear analysis with normal form theory to study the stability of limit cycles. This study
indicates that Hopf bifurcation is a source of the oscillation behaviours. To give a further theoretical investigation on the os-
cillation induced by Hopf bifurcation, we compared the order of parameters and introduced a small perturbation parameter
& so that the geometric singular perturbation method (GSPM) can be applied. The resulting dimensionless slow-fast system
contains one fast and two slow variables. The fast variable is associated with the free calcium concentration in cytosol, and
the slow system describes the changes of the free calcium concentration in mitochondria and the bounded calcium concen-
tration on the cytosolic proteins. We identified the folded singularities and singular orbits, and presented two examples to
illustrate the slow-fast motion in oscillations.

With the help of GSPM, the study given in this paper reveals that the mechanism of generating the slow-fast oscillating
behaviour in the three-store calcium model for certain parameter values is due to the relative fast change in the free calcium
in cytosol, and relative slow changes in the free calcium in mitochondria and in the bounded Ca%* binding sites in cytosolic
proteins. A further parametric study can be performed to identify the parameter regions where such slow-fast oscillations
may happen and thus may provide some useful information for controlling harmful effect, by adjusting the amount of
calcium in a human body. Moreover, for those parameter values which are not close to the Hopf critical points (see Fig. 9(a)),
we may apply the method developed by Zhang, et al. [40,41] and Yu, et al. [42] to identify a different type of slow-fast
oscillations, and thus will give a more accurate global picture on this slow-fast oscillation phenomenon.

Acknowledgements

The authors gratefully acknowledge the support of the National Natural Science Foundation of China (51479136), the Key
Project of Tianjin Natural Science Foundation (13]JCZDJC27100), the Project of Tianjin Youth Foundation (13JCQNJC04200), and
the National Science and Engineering Research Council of Canada (No. R2686A02). The first author also gratefully thanks to
the support from Chinese Scholarship Council (CSC201506250037).

References

[1] Clapham DE. Calcium signaling. Cell 1995;80:259-68.
[2] Pinto MC, Tonelli FM, Vieira AL, Kihara AH, Ulrich H, Resende RR. Studying complex system: calcium oscillations as attractor of cell differentiation.
Integr Biol 2016;8:130-48.
[3] Cheng H, Lederer W], Cannell MB. Calcium sparks: elementary events underlying excitation-contraction coupling in heart muscle. Science
1993;262(5134):740-4.
[4] Stricker SA. Comparative biology of calcium signaling during fertilization and egg activation in animals. Dev Biol 1999;211(2):157-76.
[5] Allen GJ, Chu SP, Harrington CL, Schumacher K, Hoffmann T, Tang YY, et al. A defined range of guard cell calcium oscillation parameters encodes
stomatal movements. Nature 2001;411(6841):1053-7.
[6] Cuthbertson KR, Cobbold P. Phorbol ester and sperm activate mouse oocytes by inducing sustained oscillations in cell ca*. Nature 1985;316:541-2.
[7] Qi H, Li L, Shuai J. Optimal microdomain crosstalk between endoplasmic reticulum and mitochondria for ca?* oscillations. Sci Rep 2015;5:7984.
[8] Schuster S, Marhl M, Hofer T. Modelling of simple and complex calcium oscillations. Eur ] Biochem 2002;269(5):1333-55.
[9] McNamee HP, Ingber DE, Schwartz MA. Adhesion to fibronectin stimulates inositol lipid synthesis and enhances pdgf-induced inositol lipid breakdown.
] Cell Biol 1993;121(3):673-8.
[10] Berridge M]J, Irvine RF. Inositol trisphosphate, a novel second messenger in cellular signal transduction. Nature 1984;312:315-21.
[11] Dawson A. ip3 receptors. Curr Biol 2003;13(11):pR424.
[12] Fill M, Copello JA. Ryanodine receptor calcium release channels. Physiol Rev 2002;82(4):893-922.
[13] Kobayashi S, Somlyo AP, Somlyo AV. Guanine nucleotide-and inositol 1, 4, 5-trisphosphate-induced calcium release in rabbit main pulmonary artery. ]
Physiology 1988;403:601-19.
[14] O'neill SC, Miller L, Hinch R, Eisner DA. Interplay between serca and sarcolemmal ca?t efflux pathways controls spontaneous release of ca?* from the
sarcoplasmic reticulum in rat ventricular myocytes. ] Physiol 2004;559(1):121-8.
[15] Kirichok Y, Krapivinsky G, Clapham DE. The mitochondrial calcium uniporter is a highly selective ion channel. Nature 2004;427(6972):360-4.
[16] Numata M, Petrecca K, Lake N, Orlowski ]J. Identification of a mitochondrial na*/h* exchanger. ] Biol Chem 1998;273(12):6951-9.
[17] Harvey E, Kirk V, Osinga HM, Sneyd ], Wechselberger M. Understanding anomalous delays in a model of intracellular calcium dynamics. Chaos
2010;20(4):045104.
[18] Riickl M, Parker I, Marchant ]S, Nagaiah C, Johenning FW, Riidiger S. Modulation of elementary calcium release mediates a transition from puffs to
waves in an ipsr cluster model. PLoS Comput Biol 2015;11(1):e1003965.
[19] De Pitta M, Goldberg M, Volman V, Berry H, Ben-Jacob E. Glutamate regulation of calcium and ip3 oscillating and pulsating dynamics in astrocytes. ]
Biol Phys 2009;35(4):383-411.


http://dx.doi.org/10.13039/501100001809
http://dx.doi.org/10.13039/501100006606
http://dx.doi.org/10.13039/501100000038
http://dx.doi.org/10.13039/501100004543
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0001
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0001
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0002
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0002
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0002
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0002
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0002
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0002
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0002
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0003
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0003
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0003
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0003
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0004
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0004
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0005
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0005
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0005
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0005
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0005
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0005
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0005
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0005
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0006
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0006
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0006
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0007
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0007
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0007
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0007
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0008
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0008
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0008
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0008
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0009
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0009
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0009
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0009
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0010
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0010
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0010
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0011
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0011
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0012
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0012
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0012
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0013
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0013
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0013
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0013
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0014
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0014
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0014
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0014
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0014
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0015
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0015
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0015
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0015
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0016
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0016
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0016
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0016
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0016
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0017
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0017
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0017
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0017
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0017
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0017
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0018
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0018
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0018
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0018
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0018
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0018
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0018
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0019
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0019
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0019
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0019
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0019
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0019

164 P. Liu et al./Commun Nonlinear Sci Numer Simulat 52 (2017) 148-164

[20] Churchill GC, Galione A. NAADP induces Ca®* oscillations via a two-pool mechanism by priming ips-and cadpr-sensitive ca’* stores. EMBO ]
2001;20(11):2666-71.

[21] Tesarik J, Sousa M. Calcium oscillations in human oocytes mechanism of calcium oscillations in human oocytes: a two-store model. Mol Hum Reprod
1996;2(6):383-6.

[22] Berridge M]J. Cytoplasmic calcium oscillations: a two pool model. Cell Calcium 1991;12(2):63-72.

[23] Marhl M, Haberichter T, Brumen M, Heinrich R. Complex calcium oscillations and the role of mitochondria and cytosolic proteins. Biosystems
2000;57(2):75-86.

[24] Szopa P, Dyzma M, Kazmierczak B. Membrane associated complexes in calcium dynamics modelling. Phys Biol 2013;10(3):035004.

[25] Dyzma M, Szopa P, KaZmierczak B. Membrane associated complexes: new approach to calcium dynamics modelling. Math Model Nat Phenom
2012;7(06):167-86.

[26] Perc M, Marhl M. Different types of bursting calcium oscillations in non-excitable cells. Chaos Solitons & Fractals 2003;18(4):759-73.

[27] Mazel T, Raymond R, Raymond-Stintz M, Jett S, Wilson BS. Stochastic modeling of calcium in 3d geometry. Biophys ] 2009;96(5):1691-706.

[28] Ji Q Lu Q, Yang Z, Duan L. Bursting ca?* oscillations and synchronization in coupled cells. Chin Phys Lett 2008;25(11):19-38.

[29] Endo M. Calcium-induced calcium release in skeletal muscle. Physiol Rev 2009;89(4):1153-76.

[30] Hinrichsen D, Pritchard AJ. Mathematical systems theory I: modelling, state space analysis, stability and robustness. Springer-Verlag; 2005.

[31] Zhang W, Wahl LM, Yu P. Conditions for transient viremia in deterministic in-host models: viral blips need no exogenous trigger. SIAM ] Appl Math
2013a;73(2):853-81.

[32] Yu P. Computation of normal forms via a perturbation technique. ] Sound Vib 1998;211(1):19-38.

[33] Yu P, Huseyin K. A perturbation analysis of interactive static and dynamic bifurcations. IEEE Trans Autom Control 1988;33(1):28-41.

[34] Vo T, Wechselberger M. Canards of folded saddle-node type i. SIAM ] Math Anal 2015;47(4):3235-83.

[35] Wechselberger M. Existence and bifurcation of canards in R3 in the case of a folded node. SIAM ] Appl Dyn Syst 2005;4(1):101-39.

[36] Desroches M, Guckenheimer ], Krauskopf B, Kuehn C, Osinga HM, Wechselberger M. Mixed-mode oscillations with multiple time scales. SIAM Rev
2012;54(2):211-88.

[37] Wechselberger M. A propos de canards (apropos canards). Trans Amer Math Soc 2012;364(6):3289-309.

[38] Roberts A., Widiasih E., Timmermann A., Jones C.K.R.T,, Guckenheimer J.. Mixed mode oscillations of the elnifio-southern oscillation. ArXiv preprint
arXiv 2015;1511.07472.

[39] Fenichel N. Geometric singular perturbation theory for ordinary differential equations. ] Diff Eqns 1979;31(1):53-98.

[40] Zhang W, Wahl LW, Yu P. Conditions for transient viremia in deterministic in-host models: viral blips need no exogenous trigger. SIAM ] Appl Math
2013b;73(2):853-81.

[41] Zhang W, Wahl LW, Yu P. Viral blips may not need a trigger: how transient viremia can arise in deterministic in-host models. SIAM Rev
2014;56(1):127-55.

[42] Yu P, Zhang W, Wahl LW. Dynamical analysis and simulation of a 2-dimensional disease model with convex incidence. Commun Nonlinear Sci Numer
Simulat 2016;37:163-92.


http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0020
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0020
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0020
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0021
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0021
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0021
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0022
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0022
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0023
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0023
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0023
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0023
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0023
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0024
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0024
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0024
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0024
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0025
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0025
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0025
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0025
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0026
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0026
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0026
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0027
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0027
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0027
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0027
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0027
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0027
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0028
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0028
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0028
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0028
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0028
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0029
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0029
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0030
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0030
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0030
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0031
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0031
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0031
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0031
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0032
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0032
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0033
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0033
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0033
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0034
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0034
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0034
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0035
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0035
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0036
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0036
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0036
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0036
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0036
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0036
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0036
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0037
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0037
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0038
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0038
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0039
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0039
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0039
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0039
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0040
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0040
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0040
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0040
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0041
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0041
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0041
http://refhub.elsevier.com/S1007-5704(17)30124-7/sbref0041

	Mixed-mode oscillations in a three-store calcium dynamics model
	1 Introduction
	2 Mathematical model and well-posedness of solutions
	2.1 Mathematical model
	2.2 Positivity and boundness of solutions

	3 Stability and bifurcation analysis
	4 Geometric singular perturbation analysis
	4.1 Rescaling
	4.2 Layer problem
	4.3 Reduced problem
	4.4 Construction of singular orbits
	4.5 Examples

	5 Conclusions
	 Acknowledgements
	 References


