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Abstract In this paper, we study the integrability and linearization of a class of quadratic quasi-analytic
switching systems. We improve an existing method to compute the focus values and periodic constants of quasi-
analytic switching systems. In particular, with our method, we demonstrate that the dynamical behaviors of
quasi-analytic switching systems are more complex than those of continuous quasi-analytic systems, by showing
the existence of six and seven limit cycles in the neighborhood of the origin and infinity, respectively, in a
quadratic quasi-analytic switching system. Moreover, explicit conditions are obtained for classifying the centers

and isochronous centers of the system.
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1 Introduction

The problem of characterizing the centers and isochronous centers of dynamical systems has attracted the
attention of many researchers. So far, regarding the family of polynomial differential systems, a complete
classification of the centers and isochronous centers has only been solved for quadratic polynomial systems,
or simply quadratic systems. Quadratic systems having a center were classified by Dulac [5], Kapteyn [10,
11], Bautin [2], Zotadek [35] and Yu and Han [34], while quadratic systems having an isochronous center
were characterized by Loud [25]. Centers of the cubic systems with homogeneous nonlinearities were
studied in [24,32], and the isochronous centers for such cubic systems were further investigated by
Pleshkan [29]. However, it is still far away from obtaining a complete classification of the centers and
isochronous centers for polynomial differential systems of degree three, and it is extremely difficult to
study these problems when the degree of the systems is increased. For example, consider the following
systems:

d—>5

F=A+i)z+(22) 2 (A*217 1 B2322 + 0227723 4 DZ°), d=2m+1>5, (1.1)
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i=iz+ (22)T (AZ%2 4+ B222%2 + OFY), d=2m >4, (1.2)
f=(\+i)z+ (22)7 (AP + B2 + C222 + D), d=2m+1>3, (1.3)
i=(A+1i)z+(22)7 (A2 + B2z + C52), d=2m>2, (1.4)

which have been investigated by Llibre and Valls [20-23], and the conditions on the centers and isochronous
centers were obtained. However, in these articles, the parameter d was restricted to making the systems
be polynomial systems.

Recently, switching systems have been widely used in modelling many practical problems in science and
engineering. A theory suggests that switching systems can be considered as a uniform limit of continuous
systems, and that the global dynamics of continuous models may be approximated by switching systems.
In fact, the richness of dynamical behavior found in switching systems covers almost all the phenomena
discussed in general continuous systems, such as limit cycles, homoclinic and heteroclinic orbits, strange
attractors. For example, Leine and Nijmeijer [13], and Zou et al. [36] considered non-smooth Hopf b-
ifurcation in switching systems. Bifurcation of limit cycles from the centers of discontinuous quadratic
systems was studied by Chen and Du [3]. Limit cycles in a class of continuous and discontinuous cubic
polynomial differential systems were investigated by Llibre et al. [18]. Bifurcation of limit cycles in dis-
continuous quadratic differential systems with two zones was considered in [19]. The Melnikov function
method has also been extended to study homoclinic bifurcation of non-smooth systems (see [4,12]). In
addition, some general efficient methods have also been developed to study non-smooth systems. Among
these methods, normal form computation for impact oscillators was given in [6], and a general method-
ology for reducing multidimensional flows to low-dimensional maps in piecewise nonlinear oscillators was
proposed in [28]. The center and isochronous center conditions for switching systems associated with
elementary singular points were discussed in [14].

More recently, quasi-analytic systems have also been widely used in modelling many practical problems.
By “quasi-analytic”, we mean that the system may be analytic for some parameters but not for some
other parameters. For example, an axis-symmetric quasi-analytical model was developed in order to
simulate the behavior of a remote field eddy current (RFEC) system during its operation (see [26]). A
quasi-analytical model for scattering infrared near-field microscopy has been designed for predicting and
analyzing signals on layered samples (see [9]). A simple quasi-analytical model was developed in [27] to
study the response of ice-sheets to climate. On the other hand, a general type of quasi-analytic systems,
described by

. s (E—=1)(A—1)
p=0r—y+> (@+y)) 7 Xp(ny),
k=2 (1.5)
. o o (r=D(-D)
g=z+y+y (P +y°) 2 Yi(zy),
k=2

where
Xp(z,y) = > Aapr®y’, Vi(wy)= Y Bapz®y’,
a+B=k a+B=k

has been studied by Liu [15] and Liu et al. [17]. As the special cases, quadratic quasi-analytic systems have
been studied in [16] and cubic quasi-analytic systems in [33]. In particular, generalized focal values and
bifurcation of limit cycles for quadratic quasi-analytic systems were discussed in [17]. Here, a quadratic
quasi-analytic system is defined by taking & = 2 only in (1.5). Similarly, cubic quasi-analytic systems
can be defined.

Similar to quasi-analytic continuous systems, in this paper, we propose to study the center and
isochronous center conditions for the following class of discontinuous planar systems:

. - G-DO-1)
F=0r—y+Yy (@+y) 2 F(xy),
h=2 y >0, (1.6a)
. (k=D)A=1)
g=z+y+y (@@ +y°) 7 Gi(xy),

k=2
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b=br—y+ > (@) F (2,y),
h=2 y <0, (1.6b)

[ee]
. (k—1)(A—1)
j=z+oy+y @ +y°) 2
k=2

Gy (z,9),

for (z,y) € R? where the two subsystems (1.6a) and (1.6b) describe dynamics on the upper and lower
half planes, called the upper and lower systems, respectively. For A > 0 (< 0), the linear terms in (1.6) are
the lowest (highest) order terms in these functions. Hence, when A > 0, the origin of (1.6) is a center or a
focus. When A < 0, System (1.6) has no real singular point in the equator of Poincaré compactification,
but the point at infinity is a center or a focus. Therefore, it is necessary to determine, for A # 0, whether
or not the origin (when A > 0) or infinity (when A < 0) is a center (or a weak focus). As a continuous
work of [14,15,17], we generalize the study to consider the center and isochronous center conditions of
quasi-analytic switching systems and hope to promote the research in this direction.

As compared with bifurcations, the center and isochronous center problems of switching systems have
not received much attention. They should be considered carefully for switching systems because they are
closely related to the conditions on integrability and linearization. Freire [7] discussed the center problem
in a piecewise linear system. But it is much harder to solve the center or isochronous center problem for
nonlinear or piecewise linear systems because the classical methods for computing Lyapunov constants
and periodic constants are no longer applicable. Thus, new techniques are needed to develop.

In this paper, we study quasi-analytic switching systems mainly from two aspects. First of all, we
modify and improve existing methods to compute Lyapunov constants and periodic constants for quasi-
analytic switching systems. Secondly, as an application, we study a quadratic quasi-analytic switching
system and derive its center and isochronous center conditions.

The rest of the paper is organized as follows. In Section 2, we present a method to compute the return
map of System (1.6). As an application, a class of quadratic quasi-analytic switching systems is studied
in Section 3, and the center and isochronous center are classified by using our method. Finally, our
conclusion is drawn in Section 4.

2 Lyapunov constants of the quasi-analytic switching system (1.6)

Under the transformation of the polar coordinates

x=rXcosf, y=risind, (2.1)
(1.5) becomes
P = Ar (5 + Z gak+2(0)7'k>, =1+ Z Yraa(O)r®, >0, (2.2)
k=1 k=1

where ¢ (0) and () are polynomial functions in cosf and sin 6, given in the form of

wr(0) = cos0Xy_1(cosb,sinf) + sin 6Yy,_1(cos 0, sin §),
Y (0) = cos 0Yy,_1(cosf,sinf) — sin 0 X;_1(cosd,sinb).

Then, it follows from (2.2) that
dr | O+ S ona(0)rt
df 1+ 322  Yppa(0)rk’

Obviously, the polar coordinate form of the quasi-analytic system (1.5) differs from that of analytic
systems by only a constant factor A. It is easy to see that (2.3) is a special case of the following equation:

(2.3)

0 rZRk(H)rk, r>0. (2.4)
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By the method of small parameters of Poincaré, the general solution of (2.3) can be expressed as [1],
ie.,

r=70,h) = v(0)h*,
k=1

where v1(0) = 1, v(0) = 0, Vk > 2. Now, substituting the above solution r = 7(, h) into (2.4) yields

(2.5)
v, (0) = Ro(0)Q1,m(0) + R1(0)Q2.1m(0) + -+ + Ry 1(0) Q1. (0).
Thus, we may solve vy (#) one by one to obtain
fvl(@) — eﬁ;;? RU(‘P)dW,
0
w(6) =20(0) § Bi(om(oldp,
0 (2.6)
9
Um(a) _ vl(a)% 1(()0) 2, (SO) 1(80) ) (SD) d(ﬂ
0 vi(p)
Note that R(6) = Ad for (2.2). Furthermore, we define the successive function as
A(h) =727, h) — h,
and thus the critical point being a center must satisfy A(h) = 0, namely,
7(2m, h) = h.
Many methods have been developed to compute the successive function A(h) (see, e.g., [17]).
From the second equation of (2.2), we can also obtain
0
dd
t=T(,h) = / — ) 2.7
N A ShTNE )L, >0

which implies that the critical point being an isochronous center should satisfy
7(2m,h) =h and T(2m, h) = 2m.

However, the classical methods and formulas cannot be directly applied to a non-analytic switching
system due to discontinuity. We need to modify the existing methods to resolve this problem. Similar
to the return map defined for analytic switching systems (see [8]), the approach used in [8, Lemma 2.1]
can be extended to define the return maps for the quasi-analytic switching system (1.6). The basic idea
is briefly illustrated as follows (see Figure 1). First of all, we define the positive half-return map of the
upper phase of (1.6a). Then, by a transformation y — —y, the lower half phase could be transformed
into the upper phase, as shown in Figure 2. Furthermore, using a time reverse changing, the computation
of this transformed half-return map of the lower phase is replaced by computing the positive half-return
map of the following system:

i=dr—y—> (2 +7) T (2, —y),

i~ y >0, (2.8)

. (=DA=1 _

j=z+oy+y @ +y7) 7 Gz, ),
k=2
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Figure 1 Half-return maps for (1.6a) and (1.6b)
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Figure 2 The lower-half plane changed to the upper-half plane
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Figure 3 Vector fields of (1.6a) and (2.8)
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which is shown in Figure 3. Therefore, we only need to compute the two positive half-return maps

for (1.6a) and (2.8).
By defining the successive functions for (1.6a) and (2.8), respectively, as

Al(h):fl(ﬂ,h)fh and Ag(h):’lzg(ﬂ}h)*h,
then we obtain the successive function for the switching system (1.6), defined as
A(h) = A1(h) — Ag(h) = 71 (m, h) — To(m, h).

Similarly, the period constants for (1.6a) and (2.8) can be defined as

g dy
Ti(60.h) =
1) /0 L4 302 thosn(0) (0, )
g dy
0.h) =
i /o L+ 3000 ok (0)r2 (0, h)’

which in turn yield the period function for the switching system (1.6) in the form of

T =Ty(m,h) + To(m, h) = 2m + Y Tih".
k=1

(2.9)

(2.10)
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In particular, if the equations describing the lower half plane are given by

oo
. (k— 1)(>\ 1)
=0z —y+» (2" +¢°) Fy (x,9) = —y,
=2 (2.11)
. M
j=a+oy+d (@49 T Gilay) =

k=2

then we only need to compute Aj(h) and T7(6, h).
Based on the above results, we can define the focus values and periodic constants for the quasi-analytic
switching system (1.6).

Definition 2.1. A(h) can be written as

n

A(h) =Y ua(m) = v (m kahk

1

where Vj, is called the k-th-order focus value at the origin (or infinity) of the quasi-analytic switching
system (1.6).
Definition 2.2. T'(h) can be expressed as

T(h) = Ty(m, h) + To(m, h) = 2m + > Tih¥,
k=1

where T}, is called the k-th periodic constant at the origin (or infinity) of the quasi-analytic switching
system (1.6).
Having defined V}, and T}, we now describe the steps in computing them.

(1) Introduce the transformations: y — —y and ¢ — —t for the lower half plane.
(2) By means of the transformation of polar coordinates,

1 1.
xr=r>cosf, y=r>sinb,

n (1.6a) and (2.8), write the solutions for (2.8) and (2.10) as

r1 =7(0,h) = Zuk and TQ—Tgoh:ZUk
k=1

respectively, satisfying u;(0) = v1(0) = 1, ux(0) = v, (0) =0, Vk > 2.
(3) Solve ui(0) and vk (0).
(4) Compute the successive function for the switching system by the formula,

A(h) = Ay(h) = Ag(h) = Fi(m, h) — Fa(m, h).
(5) Compute the periodic constants for the switching system by the formula,
T = Tl(ﬂ',h) —l—Tg(ﬂ',h).

Obviously, the symmetry principle for continuous systems is no longer applicable for switching systems.
We need to redefine symmetry for switching systems in order to derive the center conditions of switching
systems.

Definition 2.3. If both (1.6a) and (1.6b) are symmetric with respect to the y-axis, then (1.6) is said
to be symmetric with respect to the y-axis. Furthermore, if the vector fields of (1.6a) and (1.6b) satisfy
F (2,y) = —F (z,—y) and Gy(z,y) = Gy (x,~y),

then (1.6) is said to be symmetric with respect to the z-axis.

So obviously, if (1.6) is symmetric with respect to the x-axis or the y-axis, then the origin of System (1.6)
is a center.
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3 A quadratic quasi-analytic switching system

In this section, we consider a quadratic quasi-analytic switching system to demonstrate the application
of the formulae and results obtained in the previous section. We will use our method to determine the
center conditions and isochronous center conditions of the system we will consider, given by

=1

=0 —y+ (22 +y?) "7 (agr® + ap1ry + agey?), 0
_ y >0,
U =x+0y+ (22 +1?) e (baox? + biyzy + bo2y?), (3.1)
T =dx —y,
) y < 0.
Y=+ 0y,

The case A = 1 (a polynomial system) has been studied in [8], which becomes a special quadratic switching
system. It is shown in [8] that the highest order of focus values for this special system is 5, and 5 small-
amplitude limit cycles are obtained. We want to extend the study to the case A # 1. However, when the
lower system is not in a simple form, even for general quadratic switching systems, it is very difficult to
determine the center conditions and isochronous center conditions. Thus, in this paper we focus on the
study of (3.1) for X\ # 1.

3.1 Center conditions and limit cycles for System (3.1)

We first study the center conditions and bifurcation of limit cycles in (3.1). It has been recently noticed
that Tian and Yu [31] studied a quadratic switching Bautin system and obtained 10 small-amplitude
limit cycles. Here, we want to show that (3.1) with A # 1 can bifurcate 7 limit cycles around the origin,
two more than those of the system with A = 1.

In order to consider the center and isochronous center conditions, and determine the number of limit
cycles bifurcating in the small neighborhood of the origin (or infinity), we need to compute the Lyapunov
constants and periodic constants. With the aid of a computer algebra system—Mathematica, we obtain
the following Lyapunov constants of (3.1).

The first three Lyapunov constants at the origin are given by

LO = 271'(5,
2

L, = _g(all + 2bo2 + bao) A, (3.2)
T

Ly, = —g[bzo((ho + ag2) + (2a20 + b11)(b2o + boz2)]A.

For higher Lyapunov constants, we have two cases.
Case (A) bgy # 0. For this case, L3 is given by
2

L3 = 7ﬁ)\{[6a20b02(2a20 + bll) + 620(3(130 + 4b32)](>\ + 6) + 14b20 [3a20(2a20 + bll) + 2b20b02}}'

Then, there are three sub-cases in computing L;, ¢ > 4.
Case (A1)  agg[7ba + bo2(A + 6)] # 0, for which we have

_ a20b2o AT
B 1536[7620 ~+ boo ()\ + 6)]
X {3&%0(/\ + 6)2 — 28b20[7b20 + bog()\ + 6)]}

(a) If b20 = —ibog()\ + 3), then

Ly

5 [4b20 + boz()\ + 3)] [12[)20 + on()\ + 9)]

Lo bed(A+3) ;
° T 3243240(A — 1)27 "
ﬂ'bog)\g()\ + 3)2
Le = — 5 /2;
5308416a20 (A — 1)
boa A(A
L7 = XA +3) f3

© 6788231049600a2,(\ — 1)
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where
f1 = (3868a3, — 2909a3,b2, — 1085b3,)A\° + (34320a3, — 5962a3,bas — 1085b5,)A* + 2(41274a3,
+ 3162a3,b3y + 3563b35) N> — 6b2,(2937a3, + 259b2,) A + 24302, (83a3, — 35b2,) A + 5103b,,
fo = [(4a3y — Th3o)A? + 2(24ady — Thiy) A + 3(48a3, + Thiy )]
x [(196a3q + 25a30b3s + 4bga) A2 — 202, (53a3, + 4bas )\ + 81lazybas + 4bgs],
f3 = 5605, (A — 1)*(\ 4 3)(1027505\* + 4260363 — 14985542 + 551124\ + 1476225)
+ 128a5,A\°(9756302\* + 20309273113 4 13987044092 + 3748721013 + 2969005833)
— 4aSybZa A3 (A — 1)(488213167\° + 3344141799 + 596192742)\3
— 120288073142 + 57678458859\ + 102228640299)
+ a3bSy (A — 1)3(24084923)\° — 1850127480\ — 6861739149\
4 1283638536% + 11199899889\% — 5507145936\ — 10721822175)
— 3agbga (A — 1) A (192786817 + 2736149472)\° + 4596112377\*
— 12782671128\ — 13724853597\ — 2481265224\ — 22052498589).

(b) If b20 = 7%()02()\ + 9), then

> T 4169880(5A + 9)3 7
Thoa A3 (A +9) .
L6 = - 4f27
143327232a20(5\ + 9)
boaA(A + 9 .
L7 = 02 ( ) 5f3a

B 183282238339200a§0(5)\ +9)
where

f1 = (43092a3, + 52305a3,b2, + 867503, ) A + (38653243, + 597639a2,b3, + 86980b¢,)\°
+ 9(45900a3, + 56538a2,b2, — 837Tbas) At — 162(5202a3, + 68961a2,bay + 11720b3,) A3
— T29b3,(47283a3, + 6887bay ) A\* — 1771472, (159a3, + 28b3,)\ — 1594323b;,,
fa = [(108a3, + 35b2,)A? + 54(24a3, + b2, )\ + 3888a2, + 56702,
x [(11772a5, + 15255a30b3, + 2300b0,)A* + 24(1035a5, + 2256a30b5s + 2200, A
— 18(2034a3, + 13479a3,b2, + 1036b55) N> — 259203, (417a3, + 25b2,)\ — 12393b2, (81a3, + 4b3,)],
f3 = 27993643, (X — 1)\°(38218052\* + 790049163\% + 59400167492 4- 19219084137\ + 22987749699)
+ 5605, (A + 9) (5 + 9)*(4362337A\° + 301281\* — 20129886\ — 60022134)\% — 143311923\
— 39858075) + 324a5,b2, A% (5 + 9)(12357727123\° + 2282122043005 + 1303142758287\*
+ 688198402656\% — 17536030592607\2 — 57374137182060\ — 55078300245699)
+ 3a30b%, (5X 4+ 9)3(5875349809\" + 758715287135 + 173810927169\° — 698576296239\
— 3526727842629\ — 8234719793325\% — 10205502265773\ — 2605402788525)
+ 27a5,bga A5 + 9)2(15822388201\7 4 2551442641536 + 1105548667713\° — 1017555100407\
— 18518298666957\3 — 51274399423149\% — 74254559009373) — 56058065936181).

(c) If a3, = 28b20[Tbo0-+bog AE6)] 4}y following hold:

3(A+6)2
12853
Ly=——"20 X\ —1)(2\ = 9)(5)\ + 16),
L¢=0,
12807, 3 5
L; = A = 1)(2) — 9)(1587)3 — 826367 — 527988\ — 838080).

© 692835(\ + 6)6
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Case (A2) ag =0, under which L3 is reduced to

8b20bo2
Ly = ——— 2 \[Thag + bo2 (A
3 105 [7b2o + bo2 (A + 6)],
and higher Lyapunov constants are
7Tb3 b11

Li=— 22 \XA-1(BA+9
Ls= — i A = 1)(2X — 9)[9b35 (5X + 16) (X + 6)% + 49b7, (27X + 50)]

57 7 108153045() + 6) 02 1 ’

7Tb3 b11

L= — ————222 X\ —1)[363,(\ + 6)%(562)\% + 5085\ + 13365

6 59006976(\ + 6) (A = 1)[8box (A + 6)°( + + )

— b?2,(600740% — 6615\ — 235935)],
12803,

A\ — 1)[405b¢, (21 — 9) (A + 6)*(1587A* — 82636 — 527988\

Lz = 231084662834025(\ + 6)3
— 838080) 4 441b2,b7, (X + 6)%(2699488\* 4- 1664883\ — 12695418)\% 4- 64285812\
4 193185000) + b1, (17594187058\% + 24560280388\ — 109958232048\ — 10609846128\
+ 343997992800)].

Case (A3) by = —1bp2(6 + A), for which L3 becomes

2&2 b02
Lo = 2220702 A () 2
and higher Lyapunov constants are given by
Thoe AN = D(9+5X) 15 15 oo
La= - B2,A2 1 202(2 B
! 43904(6 + \) [a20b52 A" + 2630 (2020 + 1)
+12a90(17b3, — 49a3y — 49a20b11) + 2111 (4b3, — Tazobi1)],
Ly = 18920002 5 03 4 0)7x 4 12)( 4 2)(A 1 6)
° 7~ 105105 :
Tazobip A\ + 6)
Le = M%%W[Q(M%ago + 15375bg,)A* + 3(29792a3, + 165045b5,)A°

— 18(279104a3, + 37917b3,)\* — 27(130144a3, + 103149b3,)\ + 1620(1568a3, + 891b3,)],
Ly = 2050bozy 6o
245 '

Case (B) by = 0. For this case, we have

2(a11 + 2bo2)

Li==="75—""%

L= - Mo )y

L= — W(sam —9b11) A(A +6),

L, = — W(zsa& + 36b2, — 36a0abi1 4 2763)A\ + 3)(\ +9),

Ls = %[27()11(27@& + 12063, — 60ag2b11 + 35b7,) — 128a02(10ag, + 27b5,)]

X A+ 2)(A +12)(2A + 9),

. 7Tb02(2a20 + b11)
28311552
+ 108003, (3ady + Tha, — 453, (5602 — 27b11)]

< A+ 3)(A + 6)(A + 15)(2A + 3).

L = [16(143ag, + 594a2,b5, + 243b3,) — 288agabi1 (11ak, 4 45b3,)

1209
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Note that in the above computations, Lp_1 =0, k =1,2,...,6 have been used in computing Ly.
Now, by carefully analyzing the above Lyapunov constants, we obtain the following result.

Theorem 3.1.  For (3.1), maximal siz small-amplitude limit cycles can bifurcate from the origin and
mazimal seven small-amplitude limit cycles can exist in the neighborhood of infinity. Moreover, the first
seven Lyapunov constants at the origin (or infinity) of (3.1) wvanish if and only if one of the following
conditions is satisfied:

(i) 0 = a11 = bao = b2 = 0;
(ii) 6 = bag = a11 + 2bga = b11 + 2a99 = 0;
(iii) 6 = ag0 = boz = a11 + bao = b11 + a2 = 0;
(iv) 6 = A =1 = ap2 = az0 = bo2 + bzo = a11 — bzg = 0;
(v)

0 =A—1=2a11by + 3&%0 — ngo = 2by1 + Bagg = 0,
80,02[)%0 + ago (8()30 - 3a§0) = 46021720 — 3(1%0 + 4b§0 = 0,

9
O0=A\— 5 = 12@11b20 + 270,%0 — 4b%0 = 4b11 + 11@20 = 0,
32&02[)%0 + 3asg (8[)%0 — 9@%0) = 24bgabsy — 27@%0 + 161)%0 =0.

Proof.  First of all, note that § = 0 is a necessary condition for all cases in order to get limit cycles
bifurcating from the origin (or infinity), under which Ly = 0.

We start from Case (B) in which bog = 0. It is easy to see that for this case all L;, i = 2,3,...,6
contain a same factor bpa(2az9 + b11). Thus, L; = 0,4 = 2,3,...6, if by2(2a2 + b11) = 0, implying that
the maximal number of limit cycles that can be obtained is two. When bog = bgo =0, Lo =0and L; =0
yield one solution: a7 = 0, which gives the condition (i). If byg = 2as9 + b1 = 0, then Ly = 0, and
Ly = 0 requires aj1 + 2bga = 0, which yields the condition (ii).

Case (A3) in which by = —2bg2(6 + A) is simple since it is assumed that bag # 0 and so by # 0. It is
also assumed that agg # 0 for this case, yielding L3 # 0, implying that three limit cycles can be obtained
since one can choose appropriate values of ay; and byy to set L1 = Ly = 0.

Next, consider Case (A2) in which asg = 0. Maximal 5 limit cycles may be obtained by choosing bgs # 0,
and setting b1 = 0 (so Ly = 0), byg = 0 (so Ly = L3 = 0), and a11 +2bg2 = 0 (so L; = 0). If bgo = 0, then
Ls =Ly =---= L7 =0. Furthermore, setting L; = Lo = 0 we obtain ay1 + bag = b11 + ag2 = 0, which
is the condition (iii). Another possibility for this case is to set A = 1, given Ly = L5 = Lg = Ly = 0.
Furthermore, letting Ly = Ly = Lg = 0 yields aga = boa+bag = a11 —bap = 0, leading to the condition (iv).

For Case (Al)(c), it is noted that A = 1 or A\ = § yields Ls = L7 = 0 (Lg is already equal to zero).
L, =0 gives bgy = —1 5 (@11 + bz) which is substituted into

a2 28b20 [7b20 + bog ()\ + 6)]
20 3(\ +6)2

to obtain 2aq1b9g + 3a§0 — 2b%0 =0 for A =1, and 12a11by + 27a§0 — 4b§0 =0 for A\ = %. Then, for the
condition (v) for which A\ = 1, using a3, = %bgo(bgo + bo2) to simplify Lz = 0 yields 2by1 + bazg = 0, and
again using the expression of a3, as well as by = —gago to simplify Ly = 0 we obtain 8agy + a0 (863,
— 3a3,) = 0. Finally, using a;; = % to simplify L; = 0 results in 4bgabag — 3a3, + 4b3, = 0.
Summarizing the above results leads to the condition (v). Following the same procedure, we can obtain
the condition (vi).

Now we come to Cases (Al)(a) and (Al)(b). First note that for these two cases, bga # 0 since it is
assumed bog # 0. Therefore, instead of considering the equation Ly = Lg = Ly = 0, we consider the
polynomial equations f; = fo = f3 = 0 for Case (Al)(a) and fi = fo = f3 = 0 for Case (A1)(b). In
order to obtain the maximal number of limit cycles, we need to find the conditions such that L; = 0,
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1=0,1,...,k—1, but Ly # 0. Actually, setting L; =0, i =0,1,2, 3,4, we obtain two sets of solutions
6=0,
b
bao = —% (A+3),

b
all = % ()\—5),

(3.3)
_ azg A — bgp(A — 1)
ap2 = )
6(120
buz_@dV+2u+6yw@Q—UQ+$
60,20()\ - 1)
for Case (Al)(a), and
0=0,
b
bao = —5 (A +9),
_ bo2
a1 = ﬁ()\ ].5)7 (34)
%r:_%%MA+£ﬂ+%ﬂA—$®A+%
18&20(5/\ + 9) ’
b — a2o(9A2 — 45\ + 162) + b3, (A + 9)(BA + 9)
e 18a20(5A + 9)

for Case (A1)(Db).

Note that the functions fi, fa, f3 and fi, fa, f3 are homogeneous polynomials in a3, and bZ,. So we
may introduce b2, = ka2, (k > 0) into these polynomials. Note that f and f, have two factors, and one
is linear in k and one is quadratic in k, given as follows:

f2 = —aSy faa for
= —aS [T\ — 1)(A +3)k — 4N +6)?][4(X — 1)%E% + (XA — 1)(25\ — 81)k + 196)?]. (3.5)
We first solve fa, = 0 to obtain k = 7(;1917%, which is then substituted into f; and f3 to yield
1296a3
fi= —%(A —1)(2X — 9)(5) + 16)(A + 3)2,
4 8
fo= — PR (1220 - 9) (A + 3°C,
where
Cs = (15873 — 82636\ — 527988\ — 838080). (3.6)

Since (A — 1)(A + 3) # 0, the only solution satisfying fi = 0 and f3 # 0is A = —15. When A = 2,

L;=0,i=0,1,...,7, but it is easy to verify that this is a special case of (vi).
16

Moreover, for the solution A = —=2,

aég 7é 0 for a0 7é O7

dﬁtﬂl)det{a(LSaLa)] 8384103915264

Ak, \) 78125

implying that seven limit cycles can bifurcate in the small neighborhood of infinity.

For the second factor fop, we eliminate k from the two equations f; = fo = 0 to obtain the solution
for k,
AN (6337TA\2? + 27872\ + 27783)

k= —
(A — 1)(1721A% — 2045\% — 38097\ — 45927)
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and a resultant equation

Riz = AN+ 1)(A — 1)(397378\% + 36967973 4 1276083572 + 19311435\ + 10762227) = 0,

which has three real solutions: A\ = —2.59473685---, —1.58363608--- , —1, but none of them yields
k > 0. Hence, there are no solutions from fa, = 0 to generate seven limit cycles.
When the conditions in (3.4) are satisfied, similarly, we can use b3, = I;ago to find that

f2 = aSo faa for

= aSo[T(A+9)(BX + 9)k + 108(\ + 6)2][4(5A + 9)%(23A2 — 30\ — 153)k?

+ 9(BAL + 9)(339A% + 593X — 6459\ — 12393)k + 10822 (A — 1)(109X + 339)]. (3.7)

Solving faq = 0 to obtain k = —%, and then substituting it into f; and fs yields

~ 3499243

fi= —T%O(A —1)(2X — 9)(5) + 16)(A + 9)2,

~ 17061120a8

fs = —T%(A — 1)2(2A — 9)(5A + 9)2(\ 4 9)3 Cs,
where Cj5 is given in (3.6). Since (5A + 9)(A +9) # 0, the only solution satisfying f; = 0 and f3 # 0
is A = —%6. A=1and A = % are not the solutions since they yield k£ < 0. For the solution A = —15—6,
we have

7&0 for a0 #O,

Ls, L 42770479149974791
det(.J) = det [6(5»6)}:_30 77047914997479168 |,

(i, \) 78125 20

implying that seven limit cycles can bifurcate in the small neighborhood of infinity.
For the second factor fs;,, similarly we eliminate k from the two equations f; = 0 and fa;, = 0 to obtain
the solution for k,

36A2(A — 1)(223M% + 81203 — 12795012 — 778680\ — 741393)

e
(A 4+ 9)/(6419A6 + 3156415 — 1363197A* — 48060723 + 2043670512 + 88888428\ + 81310473)

and a resultant equation

Riz = A\ — 1)(A — 9)(5X + 9)(8397602)% + 84616511\ — 1494342124A7 — 167064056166
+ 16325397720)\° + 375950483190\ — 756410507892\3 — 10202463072792)>
— 22941003813786) — 15945065065773),

which has four real solutions: A = —12.38286360--- , —8.54108488--- , 1, 9, 13.13951523 - - -, but all of
them yield k < 0. Thus, there are no solutions from fQ(, = 0 to give seven limit cycles.

Summarizing the above results obtained for Cases (A1)(a) and (A1)(b), we conclude that there exist two
sets of infinite solutions such that (3.1) can have seven limit cycles bifurcating in the small neighborhood
of infinity.

Although we cannot obtain seven limit cycles around the origin of (3.1), we may find an infinite
number of solutions for six limit cycles which bifurcate in the small neighborhood of the origin, which is
still better than the five limit cycles obtained in [8]. To find the solutions, it needs L;, i = 0,1,...,5,
but Lg # 0. Thus, we only need to solve f; = 0 (or fi = 0). Let b2, = ka3,, and f; = 0 becomes
f1 = — a%O[A2k2 + Alk + Ao], where

Ay =T(A = 1)2(A + 3) (1552 — 243),
Ay = A\ — 1)(2909\3 4 8871A2 + 2547\ + 20169),
Ag = —4X3(967A2 4 8580\ + 20637).
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We want to find the solutions satisfying k& > 0 and A > 0 (A # 1). It is easy to show that f; = 0
has a unique positive solution for k& when A > 9,/3/155, and does not have the solutions when 1 < A
< 94/3/155. When A € (0,1), A; <0,:=0,1,2, and

A= A2 — 44, A
= —81A%(1 — \)*(311721\° + 3409519A* + 14178654\% + 255964342 + 14511609\ — 5022081),

which is positive for A € (0, 0.23512585), leading to that f; = 0 has two solutions for k and each A chosen
from this interval. Hence, there exists an infinite number of solutions for k satisfying f; = 0 when

A € (0, 0.23512585) U (9+/3/155, o).

These solutions do not yield fo = 0, since in the above we have already shown that f; = fo = 0 does
not have the solutions satisfying £ > 0 and A > 0. This indicates that for Case (Al)(a) there exist an
infinite number of solutions for the existence of six limit cycles around the origin of (3.1). Similarly, for
Case (A1)(b), we can prove that f; = 0 has two positive solutions for £ when A € (0, 1) and one positive
solution when A € (1, 5.132341426), implying that for Case (Al)(b) there also exist an infinite number
of solutions for the existence of six limit cycles around the origin of (3.1).

The proof is completed. O

Note that the conditions (i)—(vi) given in Theorem 3.1 yield L, =0, ¢ = 0,1,...,7, implying that they
are necessary conditions for the origin (or infinity) of (3.1) to be a center. In the following, we will show
that these conditions are also sufficient for the origin (or infinity) of (3.1) to be a center. We have the
following theorem.

Theorem 3.2.  The conditions (1)—(vi) given in Theorem 3.1 are necessary and sufficient for the origin
(or infinity) of (3.1) to be a center.

Proof.  The necessity has been shown in the proof of Theorem 3.1. Hence, we only need to prove the
sufficiency. First note that for all the six cases, the lower-half plane is same (as ¢ = 0), described by

t=-y, y=z, y<O0.
This system has a first integral Ho(x,y) = 22 + 32, which is an even function of z (i.e., symmetric with

the y-axis). Thus, in the following, for each case we only list the equations for the upper-half plane.
When the condition (i) holds, the equations for the upper-half plane of (3.1) become

(-1
&= —y+ (ag0x? + apey?®)(z* + y*) =,
(Ae1) y >0, (3.8)

y=x+bnaye®+y*) 7,

which is symmetric with the y-axis, so the origin (or infinity) is a center.
When the condition (ii) is satisfied, the equations for the upper-half plane of (3.1) can be rewritten as

(=1)

i = —y + (a202? — 2boawy + agay?)(2? +y?) 7,
(-1

y >0, (3.9)
g =z — (2a90 — booy)y (2* +y*) "7,

which has an integrating factor 2A(z? + y?) 0 Then, (3.9) becomes

-

2 2
i= —g)\y(xQ +9?) 2 + g)\((JLQOxQ — 2boay + ag2y?),

.2 a-yn 2
Yy = g)\x(:ﬁ +yH) e — g)\(QazofE — bo2y)y,

which has a first integral,

Hy(2,y) = 6A(2% +42) "7 + 2A(A — 3) y[3(az07 — boay) + agay?).
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It is seen that H; is an even function of 2 when y = 0, so the origin (or infinity) of (3.1) is a center (see,
e.g., [14, Theorem 2.2]).
When the condition (iii) holds, the equations for the upper-half plane of (3.1) can be rewritten as
. (1)
&= —y — (baow — aoey)y (z* +¢*) "7 ,

A=1

Y =+ (baoz — agay)z (x> +y*) "7,

y > 0. (3.10)

It is easy to see that (3.10) has a first integral,
Hy(2,y) = (@* + %)%,

which is an even function of z, so the origin (or infinity) is a center.
When the condition (iv) is satisfied, the equations for the upper-half plane of (3.1) become

T = —y + baory,
. 20 y > 0. (3.11)
y=z+ (b20x2 + b1y — bzon)a

It can be shown that (3.11) has a first integral,

Hs(z,y) = (baoz — 1)[baox + 1+ 12(b1y — 7)y]*[baoz + 1 + 12(by1 + 7)y] 1~

a:ﬂ v =1/b?, + 8b3,.
’Y(’Y‘}’bll)’ 11 20

Hj3(z,y) is an even function of x when y = 0 because Hz(x,0) = b3,2% — 1, so the origin is a center
(see [14]).
When the condition (v) holds, the upper-half plane has a first integral

where

Hy(z,y) = (2baoz — asoy — 2)*[4(baox + 1)* — (daso + 12a20b20)y + (3a3, — 8b30)y?],

which is an even function of x when y = 0 since Hy(z,0) = 16(1 — b3,22)2. So the origin is a center
(see [14]).
Finally, when the condition (vi) is satisfied, the equations for the upper-half plane of (3.1) become

. 1 7
&= —y+ 5o (@ %) § [96ax0b3ea” — 8bao(2Ta3, — 4b30)wy + 9azo(9a3 — 830)y”],
9652,
(3.12)
p=at gy (2% + y?) 5 [24b%,2° — 66az0bs0y + (2703, — 16b3,)y7),
20
which has a first integral
9a2
H5 (I7 y) = 2 2 202 3
64b3,(9a3, + 16b3,) (22 + y2)2
X {4096b30 + (4b20$ — 3&202/)4[819%0(1‘2 — y2) — 3a20(8b20x — 3&203})?}}(3)2 + yQ)%
+ 128630y (4baow — Bazoy) (24azobaoz — 9adoy + 16b30y) (22 + y*) ).
Since - 5 61
H(x,0) — _28861202520(2 + 22055 || )7
(9a3q + 16b30) | [*
Hs(z,y) is an even function of x when y = 0, and hence the origin is a center (see [14]). O

Combining the results in Theorems 3.1 and 3.2, we have the following theorem.

Theorem 3.3.  For (3.1), the highest order of focus value is 7.
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3.2 Isochronous centers of (3.1)

Having established the center conditions in the previous section for (3.1), we now discuss the isochronous
center conditions for this system.

First, by a direct computation, we can show that under any of the conditions (ii)—(vi), no isochronous
center can exist because these conditions cannot lead to all periodic constants vanishing. When the
condition (i) holds, the periodic constants are obtained as

2
=3 (@20 + 2ap2 — b11),

™
To = Eagz [2@20)\ + a02(3/\ + 5)],

2‘182 2
=—-——=(\-1
T3 105 ( )7
37Ta§2 9
= — 1
T4 1024 (A YA+ 3),
_ 2a32 2 2
3 6
76 T902__ (A2 _ 1)(1190\2 + 8817\ + 13898),

= 4587521024

Therefore, we have the following theorem.

Theorem 3.4.  The origin (or infinity) of (3.1) is an isochronous center if and only if one of the
following conditions holds:

(I) a11 = bo2 = bag = ag2 = b11 — azp = 0;

(I) A =1 = a11 = bo2 = bao = b11 + 2ap2 = azo + 4agz = 0;

(III) A+1=uai1 =bgs = byg = b11 — 3ag2 = azg — ag2 = 0.
Proof.  The necessity can be easily proved by setting the periodic constants 7, = 0,7 = 1,2,...,6.
To prove the sufficiency, we consider three systems under three conditions (I)—(III). First, consider the
condition (I). When this condition holds, the equations for the upper-half plane of (3.1) can be written as

&=~y + anr?(2? +y%) "7, (3.13)
. (A—1) .
Y =z + agzy(z® +y?) T
A simple calculation gives % = 1, so the origin (or infinity) of (3.1) is an isochronous center.
When the condition (II) is satisfied, (3.1) becomes
&= —y — agz(4x? — y?),
) y >0,
Yy=x— 2@02$y, (314)
= —y,
. Y y < 0.
y=ux,
This system has a transversal system
& =z — 4daga zy (1 — apay),
_ ) y >0,
U=y — ao2y*(3 — 2a02y), (3.15)
T =ux,
. y < 0.
Yy=1y,

So by [30, Theorem 2.1}, the origin of (3.1) is an isochronous center.
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When the condition (III) is satisfied, introducing the transformation
_ 2 2\—2 _ 2 2\—2
u=z(@"+y°)75, v=yl@®+y) 3,

into (3.1) yields

1

U=—v— 3 apz (u* + 10u?v? — 30?),
1 v >0,

— 2 2
v =u-+ §a02(5u — Tv*) uv, (3.16)
U= —v,

v <0
0 =u,

The upper-half plane has an inverse integrating factor
V(u,v) = (u* + 1)2)2]‘7%,

from which a first integral can be obtained as

2 | .2
H(u,v) = v

5 I

1 _5
I8+ 16ap2(u? + v2) [uf, *du

where
fr = 9[1 + 2ag2 v(u? — v?) + alyv? (u® 4 v?)?).

Thus, this system has a transversal system

24,2
u=u(3— 9a32v3)71; tv ,
6
7 H(U7’U) u2 + ,U2 v > 07
V= ’U(3 + 9a02u211 — 3a02v3)17, (3 17)
f7 H(u,v) '
U= u,
v < 0,
V=,
implying that infinity of (3.1) is an isochronous center. O

4 Conclusion

In this paper, quasi-analytic switching systems have been considered. A modified and improved method
for computing the return maps of quasi-analytic switching systems is presented. In particular, a quadratic
quasi-analytic switching system is investigated using this method. The center and isochronous center
conditions are explicitly derived. Compared with the special case A = 1 for which five limit cycles are
obtained around the origin (see [8]), we have shown that there exist an infinite number of solutions of
A >0, A # 1 for the existence of six limit cycles around the origin, and two solutions for the existence of
seven limit cycles for A = —%, which bifurcate in the small neighborhood of infinity of the system. This
shows that the dynamics of quasi-analytic switching systems is more complex.
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