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bic planar switching system is not correct. In this note, we add one more switching line
and use the same equations given in [5] to construct a correct Z,-equivariant cubic sys-
tem. Then, we prove that the new system can exhibit 15 limit cycles and therefore the
conclusion given in [5] still holds.
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1. Zy-equivariant switching systems

In this note, we correct an error in our previously published paper in Communications in Nonlinear Science and Numerical
Simulation [5]. In [5], an existing method is modified for computing the focal values and period constants of switching
systems associated with elementary singular points. With this method, a cubic switching system is constructed to show the
existence of 15 limit cycles under the assumption that the system is Z,-equivariant. However, we recently found that the
system presented in [5] is actually not Z,-equivariant, and it can exhibit only 8 limit cycles. In this note, we add one more
switching line on the y-axis, in addition to the one on the x-axis, and use the same equations given in [5] to construct a
Z,-equivariant cubic system. Then, we use the method described in [5] to prove that the new constructed system can exhibit
15 limit cycles. Therefore, the conclusion given in [5] still holds.

Consider the following planar system,

dx dy

at = X(x,y), at =
which is called a Zg-equivariant if it is invariant under a real planar counterclockwise rotation with angle 27”. So a planar
system is Z,-equivariant if the following conditions hold:

X(=x, =y) = X (x.y). Y(—x,-y)=-Y(x.y).

Y(x,y), (1.1)
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In other words, a Z,-equivariant planar system can always be written as

dx & d >
T =Y Xy =3 Vaa ). (12)
k=0 k=0
Thus, for a switching planar system, described by the following ordinary differential equations:
dx dx
a = Frey, = F @y,
dy y > 0), dy ¥y <0), (1.3)
-~ =Gt — =G
ar =6 &), ar =6 &),
which is a Z,-equivariant if it is invariant under a real planar counterclockwise rotation with angle r, namely,
Fr(—x,-y) =-F (xy), G(-x-y)=-G(xY). (1.4)

In particular, for a Z,-equivariant cubic switching system, given by
F(x,y) = oo + 10X + A1y + G20X* + a1 Xy + Agoy?
+030%> + a3 X°y + aXy” + Az’
G (x.y) = boo + b1oX + bo1y + baox* + b1 Xy + bozy?
+ b3oX? + by1X%y 4 b1axy? + bosy>. (1.5)

F~(x.y) = Aoo + A10X + Aoty + Azox® + A1 Xy + Aozy?
+A30x® + AnX*y + AppXy® + Aosy>;
G™(x.y) = Boo + B1oX + Bo1y + B20X* + B11Xy + Bozy?
+ B3oX? + By1x%y + Biaxy? + Bosy?, (16)
the conditions given in (1.4) yield
dgo = —Aoo, a0 = —Azo, an =—An, o2 = —Ae,
aio = Ao, Qo1 =Ao1, 30 =As0, G =4z, a2 =An,

boo = —Boo. b0 = —Bao, b1 =—-Bu., bez = —Bop.

bio = Bio. bo1 =Bo1, b3zo =Bso. by =B, bz =By, (1.7)
which is different from that of planar cubic continuous systems. Therefore, the planar switching cubic system given in [5],
% =8(x—x3) —y +3x%y — 2a,xy° — 2a3)°,
0),
% = =28y +x — x> — 2asxy* — 2a¢)°, >0
? =8(x —x>) —y + 3x%y — 2boxy? — 2b3)°,
dt (v <0), (1.8)
d—}t’ = =28y + X — x> — 2bsxy? — 2bg)°,

is not a Z,-equivariant system. Note that the equations given in [5] do not contain the small perturbation terms &(x — x3)
and 268y (8] « 1), which are added here to help better understand how two more small-amplitude limit cycles are obtained
around the singular points ( + 1, 0). In fact, the above system is Z,-equivariant if and only if

ay=by, az=b3, as=>bs, as=be,

under which the system becomes a continuous system. So for system (1.8) there can exist only 8 limit cycles rather than 15
limit cycles. More precisely, we have

Theorem 1.1. For system (1.8), when the singular point (1,0) is a 7th-order weak focus, the singular point (—1,0) is a 1st-order
focus. There can exist 8 limit cycles bifurcating from ( + 1, 0) with distribution 1U7.

In the following, we will construct a new cubic Z,-equivariant system with 4 switching lines and show that the method
described in [5] can still be directly used. To achieve this, consider a discontinuous planar system with 4 switching lines on
the x- and y-axes, described as follows:

dx
dt
dy
dt

=8(x—x3) —y + 3x%y — 2a,xy° — 2a3)°,
(x>0, y>0),
= =28y +x — x> — 2asxy* — 2ag)°,
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Fig. 1. Phase portrait of system (1.9), showing that ( + 1, 0) are centers of system (2.2) when a, = —b, = a3 = b3 = as = bs = ag = —bg = 1 and the origin
is also a center.

% =8(x —x>) — y + 3x%y — 2boxy? — 2b3)°,

dt (x<0, y=>0).
d—}t/ = =28y +x — x> — 2bsxy? — 2bgy”,

dx

— =8(x—x>) —y+3x%y — 2a,xy? — 2a3y°,
dt
d (x<0, y<0),
d—}t/ =28y +x — x> — 2asxy* — 2ag)°,
dx 3 2 2 3
d—:(S(x—x ) —y +3x°y — 2byxy* — 2bsy°,
t (x>0, y<0). (1.9)

% = —28y +x — x> — 2bsxy® — 2bgy>,

It is easy to verify that the above system is Z,-equivariant because it is invariant under a real planar counterclockwise
rotation with angle m, and that ( & 1, 0) are two singular points. It is interesting to note that the equations in (1.9) are
actually the exactly same as that in (1.8). The only difference is that we have added one more switching line on the y-axis.

Since Hopf bifurcation can always be considered in a small neighborhood of a singular point, we can restrict the Hopf
bifurcation in the neighborhood of the two singular points ( + 1, 0). Thus, the analysis can be carried out as the Hopf bifur-
cation occurs in a switching system from a switching line. This implies that the focal values at (1,0) of system (1.9) are the
same as that of system (1.8) at (1,0). However, since now system (1.9) is Z,-equivariant, we have 14 limit cycles bifurcating
from ( £ 1, 0) with 7U7 distribution.

When one of the conditions in Proposition 4.2 in [5] is satisfied, the singular points ( £+ 1, 0) are centers of system (1.9).
Simulations with the aid of P5 programme for different parameter values are given in Figs. 1 through 5 to illustrate different
cases when ( & 1, 0) are centers or fine foci.

In order to obtain one more small-amplitude limit cycle in the modified Z,-equivariant switching system (1.9), we need
to consider limit cycle bifurcation from the origin of system (1.9).

2. Computation of the focal values at the origin of Z,-equivalent systems

As shown in [5], one more small-amplitude limit cycle can be obtained from the origin due to Hopf bifurcation. Therefore,
the total number of limit cycles we can find from the system (1.9) is 15. However, the method used in [5] for computing
the focal values cannot be applied for the switching systems with two switching lines. Therefore, we need to develop a new
method.

For Z,-equivalent systems, it is obvious that any closed trajectory around the origin must be symmetric with the origin.
There are many methods for computing the focal values of smooth systems, and some approaches have been developed to
compute the focal values of switching systems with one switching line. However, there are very few methods developed so
far for computing the focal values of switching systems with more than one switching line or curve. The Melnikov method
is the main tool for studying such problems. Limit cycles bifurcating from a vertex in a non-smooth planar system was
considered in [1,2], and bifurcation of sliding periodic orbits in periodically forced discontinuous systems was studied in [3].
In [4], generalized Hopf bifurcation emerging from a corner in general planar piecewise smooth systems was investigated.
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Fig. 2. Phase portrait of system (1.9), showing that ( & 1, 0) are centers of system (2.2) when a, =ag =0, b, =as = bs = % bg = % and the origin is also

a center.

Fig. 3. Phase portrait of system (1.9), showing that ( + 1, 0) are centers of system (2.2) when a, = b, =3, a3 =0, as = bs = % ag = bg = —1 and the origin
is also a center.

Recently, limit cycle bifurcations in a class of perturbed planar discontinuous systems with four switching lines were inves-
tigated by using the Melnikov method [6]. In this section, we present a method for computing the focal values at the origin
of switching systems with two switching lines. Certainly, this method can be also used for computing the focal values at
the origin of smooth systems or switching systems with one switching line (Figs. 2-5).

The classical method to solve center problem is based on the computation of focal values, with the procedure described
as follows. With the polar coordinates transformation,

X =rcos0, y=rsinf, (2.1)
the general differential system,
dx .
ar =Xy Y Xk y) =X (% ),
J e (2.2)
F =X+ Y+ Y Ny =Y Y),
k=2

can be transformed to
dr 1
=6+ X aaor).

k=2
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Fig. 4. Phase portrait of system (1.9), showing that ( + 1, 0) are centers of system (2.2) when a; = b, = a3 =b; =as =bs = ag = bg = —% and the origin is
a first-order focus.

Fig. 5. Phase portrait of system (1.9), showing that ( & 1, 0) are fine foci of system (2.2) when a; = b, = -3, a3 = b3 =0, as = bs = % ag = bg = —1 and
the origin is a center.

do n
T 1+ g‘/fku(e)rk, (2.3)

where ¢ (0), ¥ (0) are polynomials of cosé and sin6, given by

@e(0) = cos0X;_1(cosO, sinf) + sinfY;_,(cos 6, sind),
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Y () = cosBY,_(cos b, sinf) — sinfX;_;(cosH, sinh).
From Eq. (2.3) we have
dr _ (8 + koo G2 (0)T)

A0 1+ Yk Vi (k-
whose expansion around r = 0 can be expressed in the form of

dr >
@ = TZRk(Q)T’(.
k=1
By the method of small parameters of Poincaré, the general solution of (2.5) can be obtained as

r=70.h) =Y v @)h,
k=1

where v1(0) =1, 1,(0) = 0, Yk > 2. Now, substituting the above solution r = (6, h) into (2.5) yields

v1(6) = Ro(0)v1(0),
5(0) = Ro(0)v2(0) + R (813 (0),

1/;11(9) = RO(G)le(Q) + Ry (Q)QZm(G) + -+ Rnq (H)Qmm(0>
Thus, we may solve v,(6) one by one, yielding

11(0) = efo Ro@)de,

P
12(0) = 2v1(0) fg Ry (@)1 (¢)dop.

: 9
Um(6) = 1y (9)%) R1(@)m(¢) +M+Rm71(¢)9m’m(¢)dq).

v1(9)

Furthermore, we define the successive function as
A(h) =7Q2m, h) — h,
which in turn gives the condition to define a center, as

#2m, h) = h.

(2.4)

(2.5)

(2.7)

(2.8)

(2.9)

Now, we consider Z,-equivalent switching systems with the x-axis and the y-axis as the two switching lines, which can

be written as
dx

E:Fl(xvy)!
dy x>0, y>0),
E—Cﬁ(x,}’),
dx
E:FZ(va)ﬂ
(x<0, y>0).
d—y =Gy(x,y)
dar =~ 2 Y),
dx
7=E(X,Y),
dy (x<0, y<0),
E—GI(XJ/),
dx
E:FZ(Xﬂy)v
dy (x>0, y<0).
EZGZ(X,Y),

(2.10)
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Fig. 6. Symmetry of a trajectory for Z,-equivalent systems.
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Fig. 7. A trajectory in the second quadrant reaches the point (—h, 0).

Because of the symmetry in Z,-equivalent systems, we only need to compute the half return map for the upper half
plane. If the trajectories from (h, 0) can reach (—h, 0), the trajectories is a closed orbit because of the symmetry, see Fig. 6.

We note that it is difficult to compute the trajectories in the second quadrant with the initial condition (0, yg), associated
with the origin. But we can compute the trajectory in the second quadrant which reaches (—h,0) by transforming this
trajectory to the first quadrant, as shown in Fig. 7.

The main steps in the computation can be summarized as follows:

1. Introduce the transformation: x - —x, t — —t into the equation in the second quadrant, see Figs. 8 and 9.
2. For the two systems in the first quadrant, we define the successive function as

L (T L (T
A(h)zn(j,h)—rz(j,h). (211)
Definition 2.1. Define

n

Ah) :Z(uk(%) —uk@))hk:évkhk, (2.12)

k=1

where V, is called the kth-order focal value at the origin of the switching system (2.10).
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2L

Fig. 8. The trajectory in the second quadrant (see Fig. 7) is transformed to the first quadrant with x — —x.

2L

Fig. 9. The transformed trajectory (see Fig. 8) changes its moving direction with t — —t, leaving the point (h, 0).

By using this method for system (1.9)|s_q, the first focal values at the origin is obtained as
Vl = %(—4(13 — 4(15 + 4b3 + 4b5 — (az + 3(16 + b2 + 3b6)7'[)

When the two singular points ( & 1, 0) are 7th-order weak focus of system (1.9), the origin of the system is a first-order
weak focus. Therefore, the total number of limit cycles we can find from the system (1.9) is still 15.

Remark 2.1. This method described above can be used only for computing the focal values of the origin of Z,-equivalent
smooth systems or switching systems with one or two switching lines. It cannot be used to compute the focus values
around, for example, ( £+ 1, 0).

As an example, consider the following switching system with one switching line,

dx
dt
dy
dt
dx
dt
dy
dt

3
=-y+y*+ ixzy + apxy? + dosy? + asox* + az1x’y,

(y=>0),
=X+ bozyz — X3 + buxyz -+ b03y3 -+ b40X4 -+ b31 x3y,

3
=-y-y'+ EXZJ’ + apxy? + agzy? — agx* — az %3y,
(y <0). (2.13)

=X — booy? — X% + b1oxy? + bo3y® — baox* — b31x%y,
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By using the half-return map method (see [5]), the first eight focal values are obtained as
8

)\.1 = §b027
1
Ay = Z(au + 3bo3)7,
4
A3 = 5(031 + bao).,
1
Ay = —§(3b03 + 2bozb1z 4 bao) 7,
2
As = ﬁb03(—3 + 36003 — 48440 + 34b1z + 24a03brz + 24b1, — 12b3y),

1
Ag = —@bgg (3 + 2b12)(—39 + 60ag3 + 90ay4g + 79b]2 + 60003b12 + GOb%Z)Tl’,

A7 = 281?13031703 (3 +2b12)(—1563 — 1752a93 + 25921)63 +296b,
+480ag3b1 +480b%,),
As = —gz‘;wbm (3 + 2b12) (21195 + 81, 252093 — 144002, — 6480b2,

+28,152b1; + 9528ag3b12 — 10, 080ags by + 25, 920b3 b1z
+20, 408b%, — 6720a03b?, + 3360b3;)7,

If we use the new method developed in this notes, we obtain the first eight focal values as %Ak, k=1,2,...,8. This is
clear that because the new method only computes the half part (one quadrant) of the above focus values which are for the
up-half plane.

Summarizing the results in this section and previous section, we obtain the following theorem.

Theorem 2.1. For the Z,-equivariant system (1.9) with two switching lines at the x-axis and the y-axis, there exist 15 small-
amplitude limit cycles around ( &+ 1, 0) and (0,0) with the distribution 7U1U7.

Therefore, the conclusion given in [5] for the existence of 15 limit cycles for Z,-equivariant cubic switching systems is
still true.
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