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Abstract

In this paper, we study the cyclicity of periodic annulus and Hopf cyclicity in perturbing a quintic Hamil-
tonian system. The undamped system is hyper-elliptic, non-symmetric with a degenerate heteroclinic loop,
which connects a hyperbolic saddle to a nilpotent saddle. We rigorously prove that the cyclicity is 3 for
periodic annulus when the weak damping term has the same degree as that of the associated Hamiltonian
system. This result provides a positive answer to the open question whether the annulus cyclicity is 3 or 4.
When the smooth polynomial damping term has degree n, first, a transformation based on the involution of
the Hamiltonian is introduced, and then we analyze the coefficients involved in the bifurcation function to
show that the Hopf cyclicity is [2"3+ 1 ] Further, for piecewise smooth polynomial damping with a switching
manifold at the y-axis, we consider the damping terms to have degrees / and n, respectively, and prove that
the Hopf cyclicity of the origin is [3l+§"+4] ([3"+321+4]) when [ >n (n > 1).
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1. Introduction

Periodic motions appear in almost all natural and engineering dynamical systems. Determing
the number of periodic solutions and their locations plays an important role in the study of dy-
namical systems. For example, in chemical reactions [18], it is important to determine what
may cause oscillation and what may destroy oscillation, and what affects the period and am-
plitude of oscillation. However, it is not easy to determine all possible locations, periods and
amplitudes even for the oscillations in a two-dimensional reactor. The relative open problem
in mathematics is the well-known Hilbert’s 16th problem [24], which considers the maximal
number of limit cycles, denoted by H(n), and their distribution in two-dimensional polynomial
systems. This problem is still not completely solved even for quadratic polynomial systems (i.e.,
for the simplest case n = 2). Many theories and methodologies have been developed for solving
the problem, and a lot of good results such as lower bounds on H(n) have been obtained, see a
recent paper [1].

In order to overcome the difficulty in solving the Hilbert’s 16th problem, researchers have
tried to study the relative weakened problems or weaker versions of the problem, for example,
studying limit cycles arising from certain special bifurcations, or focusing on systems with sim-
per forms. Anorld’s version of Hilbert’s 16th problem [2] is equivalent to studying limit cycles by
investigating the first-order Poincaré bifurcation of the following perturbed Hamiltonian system,

)'C:Hy(x»y)'FEP(X,)’)’ )"Z_Hx(xay)‘i‘EQ(X,Y)a (1)

where P(x, y) and Q(x, y) are polynomials of degree n > 2, ¢ > 0 is sufficiently small, H (x, y)
is a polynomial of degree n + 1 and has at least one family of closed orbits. Suppose the ovals,
parameterized by {(x, y)|H (x, y) = h, h € J} where J is an open interval, are periodic orbits of
system (1),—_q, forming a periodic annulus denoted by {I";}. The number of zeros of the Abelian
integral,

Ah) = 95 O(x, y)dx — P(x, y)dy, hel,
l-‘h

estimates the zeros of the return map that is constructed on the periodic annulus {I";,}. Therefore,
the zeros of A(h) provide the information on the persisting limit cycles of system (1) in the sense
of the first order Poincaré bifurcation when ¢ is sufficiently small, see [23]. Studying the zeros
of A(h) is so-called the weak Hilbert’s 16th problem, which has produced most of results on the
Hilbert’s 16th problem. However, even the weak version of the Hilbert’s 16th problem is still
very difficult to solve, and so far only the case n = 2 has been completely solved, see [8] and
references therein.

Smale [33] proposed a simple version of the Hilbert’s 16th problem based on the classical
polynomial Liénard system,

¥+ f)x+x=0, 2)

where f(x) is a polynomial of degree n. Lins et al. [27] proved that system (2) has at most [%]
limit cycles for n = 1, 2 and conjectured that the result is true for all » > 1. Li and Llibre [26]
proved that the conjecture is true for n = 3. However, in 2007, Dumortier et al. [17] proved that
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there exist systems which have at least [5] + 1 limit cycles for even n > 6. Four years later,
Maesschalck and Dumortier [11] proved that there exist systems that have at least [%] + 2 limit
cycles for n > 5. Maesschalck and Huzak [12] proved the results to n — 2 for n > 5, which
improved [%] + 2 for n > 9. In short, up to now, the sharp bound on the maximal number of limit
cycles of (2) is still unknown and the conjecture of Lins et al. is still open for n =4.

Recently, more interests have focused on the generalized Liénard system, which includes
many various types of oscillators,

X+ fO)x +g(x) =0, 3)

where g(x) and f(x) are polynomials with degrees m and n, respectively, usually called type
(m, n). In Newtonian mechanics, f(x) is the damping term and g(x) is the restoring or potential
term. The sharp bound on the number of limit cycles of system (3) depends on the degrees m
and n denoted by Hl (m, n), where L represents Liénard system. It is more difficult to determine
H (m, n) for the generalized Liénard system (3) than that for system (2), because of the nonlin-
ear restoring term g(x). However, even when system (3) has a simple form, it still plays a very
important role in studying limit cycles of general planar systems obtained from modifying (3),
see [25,32]. Further, system (3) can be applied to model real world oscillating phenomena, see
[10].

There are two different ways to study Hy (m, n). One way is to consider the limit cycles via
Poincaré bifurcation by assuming the damping term in the form of —ef(x)y. Then, system (3)
becomes a special form of (1),

x=y, y=—g(x)+ef(x)y, )

with P(x,y) =0, Q(x,y) = f(x)y and the Hamiltonian H (x, y) = % + fg(x)dx. The corre-
sponding Abelian integral is in the simple form,

I(h) = 515 F()ydx.
Ty

It is known that the sharp bound on the maximal number of zeros of I (%) on a periodic annulus
is the annulus cyclicity (for a concrete system) by Poincaré-Pontryagin-Andronov Theorem [23].
The cyclicity is denoted by Z (m, n) with L representing the Liénard system. However, even for
the simple form, it is not easy to determine the cyclicity Zj (m, n), which was only completely
determined for type (m,m — 1) with m = 2,3, see [13-16]. Type (m,m — 1) means that the
perturbation term —ef (x)y and the restoring term g(x) have the same degree. For type (5, 4)
of system (4) with symmetry, since there are only three perturbation terms, the Picard-Fuchs
equation method can be applied. It has been proved that 2 is the sharp bound if the unperturbed
system has a heteroclinic loop [3,4,37,44]. It becomes much more difficult when system (4)
is non-symmetric or has degree equal to or larger than 4, implying that I(#) has more than
3 generating elements. Thus, the dimensions of the Picdrd-Fuchs equation system and Ricatti
equations are higher, which makes it trouble in determining the intersection of the related planes
and surfaces. On the other hand, it has been shown that the Chybeshev criterion [19,31] can
be applied to bound Zp (m, n) for Abelian integrals with more than 3 elements, see [6,34,35,
40-42,45] for type (4, 3), but only an upper bound of Zj (4,3) was obtained for each system
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investigated in these papers. Recently, Sun and Yu [38] improved the results by introducing a
combination technique for two systems with a nilpotent singularity. There is no sharp bound
reported for non-symmetric type (5, 4) systems.

Another way to study limit cycles of the generalized Liénard system (3) is to investigate the
small limit cycles bifurcating from Hopf singularities. The exact bound on the maximal number
of small limit cycles due to Hopf bifurcation is usually called Hopf cyclicity. For convenience,
we denote the Hopf cyclicity of system (3) by HY (m, n), where s represents small limit cycles.
There are lots of results on H (m, n) which were obtained by computing Lyapunov coefficients.
In 2006, it was proved by Yu and Han [43] that H (4, n) = Hj (n,4) and Hj (5,n) = H*(n, 5)
for n =10, 11, 12, 13, and Hj (6, n) = H (n, 6) for n = 5, 6. Other exact values of Hj (m, n)
for some fixed values of m and n were summarized in Table 1 of [29]. We have noticed that
these results were mainly obtained by studying g(x) in the form of g(x) = —x + g, (x) with
deg g, (x) = m. In other words, they perturb a linear center. When the degrees m and n are not
fixed, two better lower bounds on H (m,n) were estimated in [29] and [22]. The averaging
method of order 1, 2 and 3 was applied in [29] to system (3) by assuming

(800 f) = (Y sbeh ). Y i),

k>1 k>1

while g(x) = gm(x) + egm(x) was taken in [22]. However, fewer results were reported on
H3 (m, n) for arbitrary values of m or n. Up to now, we only know that, see [7,30],

Hj (m,n) = —, if g(x) is an odd degree polynomial;

Hj (m,n) = —, if f(x) is an even degree polynomial;

NS S

-2
Hj (m,2n+1) = [mT] +n, if f(x) is an odd degree polynomial;

Hj 2m,2) =m, if g(x) = x + g.(x) with g.(x) being an even degree polynomial.

The above results were obtained with a strict assumption on f(x) or g(x). Moreover, in the last
three decades, few results were obtained with similar restrictions on the damping and restoring
terms. The main difficulty comes from analyzing the dimension of the related algebraic variety
of the set of the Lyapunov coefficients.

For fixed m = 2, it was proved respectively by Han [20,21], and Christopher and Lynch [9]
that

S (2, n) = S (n,2) = [2” + 1]

3

for all n > 1. When m = 3, it was proved in [9] that system (3) with g(x) = —x(2 +3x + 4bx?)
has the Hopf cyclicity at the origin,

3n+2
8

H} G,n) = Hy(n,3) =2 | 1=n=s0.
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Recently, Tian et al. [39] studied an equivalent system to the one in [9] by taking g(x) = —x(x —
2x + ax?), and proved that the Hopf cyclicity near the origin is

3n+2

Hi(3,n)=[ ]fornzlifa:%.
It should be noted that when m > 3, system (3) may have richful topological phase portraits due
to the complicated topological phase portraits of the system X + g(x) = 0, for example, there
may exist more than one singularity of focus type except the singularity at the origin. Therefore,
H3 (3,n) (n > 1) only includes the number of small limit cycles bifurcating from the origin.
For fixed m > 4, however, there are no results reported on the Hopf cyclicity for any type
(m, n) of system (3) with arbitrary n > 1 due to the difficulty arising from stronger nonlinear
restoring term g(x).
In this paper, we study a non-symmetric system (3) with m = 5. It has a unique singularity
of center-focus type and the undamped system (f(x) = 0) has a unique periodic annulus. This

periodic annulus is bounded by a non-symmetric heteroclinic loop connecting a degenerate sin-
4 .
gularity. We study the annulus cyclicity for f(x) =¢ > o;x' with & > 0 sufficiently small, for
i=0
which the damping term ef (x)y has the same degree as that of the undamped system. We also
study the small limit cycles near the origin and determine the Hopf cyclicity when the damping
term is an nth degree smooth polynomial or piecewise smooth polynomials. The system is given

in the form of
f=y y=re- 0 (et g)+ r0y 5)
9 2 9
where f(x) = fi(x) (i = 1,2, 3) with
F1(x) =elop + a1x + apx? + a3x? + agx?),

Hx) =) ax',
i=0

n
E ai+xl, x>0,

i=0

1
Zcxi_x’, x <0,
i=0

f3lx) =

where ¢ > 0 is sufficiently small, «; and oziﬂE are bounded parameters. The undamped system (5)
is a Hamiltonian system with the Hamiltonian,

2 2
X X
Ho =S+ -+

There is a family of closed orbits I'y, = {(x, y)|H(x,y) =h, h € (0, 2—14)}, which forms a unique
periodic annulus {I';} bounded by a degenerate heteroclinic loop, denoted by I'*. The hetero-
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Fig. 1. The phase portrait of the undamped system (5).

clinic loop connects a hyperbolic saddle (—%, 0) and a nilpotent saddle (1, 0), see Fig. 1. For
f(x) = f1(x), the associated Abelian integral is given by

Ah) = aoglo(h) + a1y (h) + ozl (h) + a3 I3(h) + as I (h), (6)
where
Ii(h):ygxiydx, i=0,1,2,3,4. (7)
I

As discussed above, the difficulty in studying the bifurcation of limit cycles of system (5)
arises from the non-symmetry, stronger nonlinearity of g(x) and the degeneracy, implying that
one has to consider more than 3 generating elements in the Abelian integral for studying the an-
nulus cyclicity, which requires more efficient computation in dealing with the damping terms and
their independence for studying the Hopf cyclicity. In fact, system (5) with f(x) = fi(x) was
first studied by Ashegh et al. [5], who claimed that there are at most three limit cycles bifurcating
from the periodic annulus by analyzing the first order Poincaré bifurcation, and the three limit
cycles can be obtained near the boundary of the annulus. The result implies that the cyclicity
of the periodic annulus is three when f(x) = f1(x). However, the result was questionable be-
cause there exists a discrepancy between the symbolic computation and numerical analysis. As a
matter of fact, two years later, Sun et al. [36] reconsidered the problem and provided a rigorous
proof, but only an upper bound was obtained. For convenience, the results obtained in [5,36] are
summarized in the following theorem.

Theorem 1 (/5,36]). For system (5) with f(x) = fi1(x),

(i) there exist no closed orbits enclosing three singularities (—%, 0), (0,0) and (1,0) for all
possible bounded parameters (o, a1, a2, 03, 04) € RS;

(ii) A(h) has at most four zeros in (0, 21—4), and three zeros can be reached near the endpoints
of the interval (0, i), implying that there are at most four limit cycles bifurcating from the
periodic annulus for sufficiently small ¢ > 0, and three limit cycles can be obtained either
near the singularity (0, 0) or near the heteroclinic loop.

Therefore, it is still unknown whether the annulus cyclicity is three or four for system (5)
when f(x) = f1(x). In this paper, we will provide a rigorous proof to give a positive answer on
the exact cyclicity. This result is stated in the following theorem.
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Theorem 2. For system (5) with f(x) = f1(x), the Abelian integral A(h) has at most three zeros
in (0, %)for all possible (ag, a1, o2, @3, 04) € R, and this is the sharp bound, i.e., the cyclicity
of the periodic annulus is three.

In addition, we study the Hopf cyclicity of the unique center-focus singularity at the origin
for different types of damping terms. In particular, for smooth dampings, we have the result on
the Hopf cyclicity of the origin as follows.

Theorem 3. For system (5) with f(x) = f>(x), the Hopf cyclicity of the origin is [2"3—H]

When the damping term is a piecewise smooth polynomial in x of degree / and n, we have
the following result.

Theorem 4. For system (5) with f(x) = f3(x), the Hopf cyclicity of the origin is [W] if
nzlor[y%—"ﬂ] ifl >n.

The main mathematical tools that we will apply to prove Theorem 2 are asymptotic property
and Chebyshev criterion of the Abelian integrals {I; (h)}?zo. We will introduce three combina-
tions of related two Abelian integrals to obtain three new integral systems including a parameter,
and then apply the Chebyshev criterion to the new systems. The range of each parameter in the
integral system is then bounded via the algebraic property of the curves and number of zeros
of the algebraic system. The algebraic system is derived from the ratio of two Wronskians. The
ranges of three parameters give a bounded 3-dimensional parameter set on which the full Abelian
integral may have four zeros. A further analysis is carried out to exclude the possibility of 4 ze-
ros of the Abelian integrals. Properly combing the generating elements plays a crucial role in
obtaining the sharp bound, since directly applying Chebyshev criterion fails [5,36]. To prove
Theorems 3 and 4, we properly utilize the potential in the undamped system (5) to define an
involution, and then to introduce two transformations composed of trigonometric functions for
the two components of the involution. This makes it possible to analyze the independence of the
elements in algebraic variety, finally yielding the Hopf cyclicity for the smooth and non-smooth
damping system (5).

The rest of this paper is organized as follows. In section 2, we present some preliminaries,
which contain certain new theories and methods on Poincaré bifurcation and Hopf bifurcation,
and an extended Chebyshev criterion. We prove Theorems 2, 3 and 4 in sections 3, 4 and 5,
respectively. Conclusion is drawn in section 6.

2. Chebyshev criterion and local bifurcation theory
2.1. Chebyshev criterion

In this subsection, we briefly present the Chebyshev criterion developed in [19,31], which are
one of the basic tools for proving our main results.

Definition 5. Suppose so(x), s1(x), --- and s,,—1(x) are analytic functions on a real open inter-
val Q.
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(A) The continuous Wronskian of {sq(x), s1(x),...,si—1(x)} forx € Qs

s0(x) sp(x) e sim1(x)
Wlso(x), s1(x), ..., si—1(x)] = So(x) Sl(x) S"f{@ ,
Py sy s

where sl.(j )(x) is the jth order derivative of s;(x), j > 2.
(B) The set {so(x), s1(x),...,sm—1(x)} is called a Chebyshev system if any nontrivial linear
combination,

K0S (x) +K181(x) + -+ + Km—18Sm—1(x),

has at most m — 1 isolated zeros on €2, while W{sg(x), s1(x), ..., Sm—1(x)] 7 O is one suf-
ficient condition assuring {sg(x), s1(x), ..., Sm—1(x)} to form a Chebyshev system.

(C) The ordered set {so(x), s1(x), ..., Sm—1(x)} is called extended complete Chebyshev (ECT)
system if for each i € {1, 2, - -- , m} any nontrivial linear combination,

koS0 (x) +K181(x) + -+ k1851 (x),

has at most i — 1 zeros with multiplicities accounted.

Let Hx,y) =V(x) + % be an analytic function with xV’(x) > 0 and V(0) = 0. There
exists a family of closed ovals {I';} C {(x, y)|H (x,y) = h, h € (0, h*)} surrounding the origin
(0,0), where h* = H(3{I'y}). The projection of {I';} on the x-axis is an interval (x;, x,) with
x; <0< x,, forall x € (x7, x,)\{0}. V(x) = V(z(x)) defines an analytic involution z = z(x) for
all x € (x7, x,). Let

I;(h) = 35& (x)y*""~ldx, forh e (0, h*), (8)
Fh
where n* € N and &; (x) is analytic in (x;, x,),i =0, 1, ..., m — 1. Further, define
5i(x) 1= §i(x)  &(z(x)) ©)

Vi(x)  V'(z(x)

Then, we have

Lemma 6 ([19]). Consider the integrals 1; in (8) and the functions s; in (9). {Io, 1y, -+, L—1}
is an ECT system in (0, h*) if n* > m — 2 and {s¢, 51, - , Sm—1} is an ECT system in (x;,0) or
0, xp).

Lemma 7 ([31]). Consider the integrals (8) and the functions (9). If the following conditions
hold:

(@) Wlso,s1,...,si] does not vanish in (0, x,) fori =0,1,--- ,m — 2,
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(b)) Wlso, s1, ..., Sm—1] has k zeros in (0, x,) with multiplicities counted, and
) n*>m+k—-2,

then, any nontrivial linear combination of {ly, 11, ---,1,,—1} has at most m +k — 1 zeros in
(0, ™) with multiplicities counted. In this case, we call {Io, 1y, ---,1,,_1} a Chebyshev system
with accuracy k in (0, h™).

2.2. Hopf bifurcation theory for Liénard system

Computing and analyzing the Lyapunov coefficients of Poincaré map, which is locally con-
structed around a foci, is the classical method to study Hopf bifurcation of general planar
differential systems. However, it is not an easy task for computing the Lyapunov coefficients,
which are needed to analyze the algebraic varieties in order to determine Hopf cyclicity. For Lié-
nard type system, one equivalent method to computing the Lyapunov coefficients was developed
in [20,21], which is summarized as follows.

Consider the system of the form,

Xx=P@(y)—Fx,n), y=-gXx), (10)

where 7 is an n-dimensional parameter vector, P(y), F(x,n) and g(x) are analytic satisfying
P’(0)g’(0) > 0, F(0,n) = g(0) = P(0) =0 and F,(0,n*) =0 for some n* € R". These as-
sumptions assure that the origin is a center or focus of system (10) for n chosen from a very
small neighborhood of n*. Then, one can construct the Poincaré map locally around the origin,
which has the following expansion,

o
P(r,8) = vi(nr', for|r| < land|np—n*| <1, (11)
i=1

where v; () € C*. An isolated positive zero of P(r, n) near r = 0 corresponds to a small limit
cycle of system (10) due to Hopf bifurcation. Therefore, it only needs to study the sharp upper
bound on the maximal number of isolated positive zeros of P (r, ) for studying the Hopf cyclicity
of a focus or a center. Particularly, we have the following expansion of the bifurcation function
for the generalized Liénard system (10),

F(z(x),m) — F(x,m) =Y _Bi(px', for0<x <1, (12)
i=1

where z(x) is the involution defined by the potential G (x) = f g(x)dx with G(z(x)) = G(x). It
was proved in [20,21] that,

vy = N1(B1)By,

v2; = O(B1,B3,---, Byj—1),

v2j+1 = N2j+1(B1)Baj+1+ O(B1, B3, -+, Bzj—1),
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where Nj1(B1) € C*°. Therefore, we only need compute B; and analyze its algebraic variety
{B; =0} for all i > 1 to study the Hopf cyclicity. The following Lemma [21] states the criterion.

Lemma 8. Consider system (10) and the expansion (12). Suppose there exists k > 1 such that
F(Z(-x)a 7']) = F(-xa 7']), sz+1 = 0»
for j =0,1, -,k and there exists some n* € R" such that

Byjy1(n*)=0, j=0,1,--- ,k,

d(B1, B3, -+, Bay1)
ank
an n=n*

=k+1.

Then, the Hopf cyclicity of system (10) at the origin is k.

Liu and Han [28] extended the theory to study Hopf bifurcation of the following piecewise
nonsmooth Liénard system,

13)

G 3) = (P(y)—FT(x,n),—gT(x), x>0,
’ (P(y)—F~(x,n),—g (x)), x<0,

where 7 is an n dimensional parameter vector, P(y), g¥(x) and F¥(x) are analytic and satisfy
P(0) = F(0,n) = g*(0) =0,
and
(F{(0,7%)* = 4P"(0)(g)'(0) <0,
for some n* € R". Similarly, one can construct a Poincaré map expanded for » near n* as

d(p.m) =vi(mp +va(mpe*+--+vjmel +--, 0<p<LL,
and the bifurcation function similar to (12) is given by
e .
F™(z(x).m) — Fr(x,m =Y Bj(nx/, (14)
j=I

for 0 < x < 1, where z(x) is the involution defined by G*(z(x)) = G~ (x) with G*(s) =
[ g% (s)ds. Liu and Han [28] gave that,

vi(n) = Wi(n)By,
vi(m=W;n)B; + O(|B1, B2,---, Bj—1]),

where W; € C* and W; > 0 for B small. The following lemma gives the Hopf cyclicity.
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Lemma 9 ([39]). Let k positive integers satisfy ri < ry < --- < ry and form the ordered sequence
{r; }{;1' If the following items are verified:

@ Bj(m)=0for0=<j<ry;
(i) Bj(m) = OBy, By, -+, Brs(j)) where ry(j) =max{rs; < j};
(iii) there exists some n* such that By, n*)=0for0<j<kand

anka(Brls Brzv Tt Brk)

=k,
an n=n*

then the Hopf cyclicity of system (13) at the origin is k — 1.
3. Proof of Theorem 2
In this section, we prove Theorem 2. We divide the parameter space for .A(%) to obtain a cube

which is the only set for .4 (%) to might have 4 zeros on & € (0, ﬁ). As it was shown in [36] that
I1(h) = I (h), therefore, A(h) is spanned by

{Io(h), 11 (h), I3(h), I4(h)}.

Hence, it only needs to analyze the set {Io(h), I1(h), I3(h), 14(h)}.
2
We write V (x) = H(x, y) — %. Then,

V) - V(@)
X =2 B

v(x,z):= 0

defines the involution z(x), x € (0, 1) on the period annulus. We have the following result.

Lemma 10. The following equations hold:

8h31;(h) = gﬁpi 0)yldx=T;(h), i=0,1,3,4,

Ch

x'gi(x)

where p;(x) = 22680(1+20)° (r— )12’

in which each polynomial g;(x) has degree 18.

Y242V (x)
2h

Proof. First, multiplying /; (h) by =1 yields

831 (h) = &]5(2V(x) +y2)3x ydx

I
= §l§8xiV3(x)ydx + 95 12x'V2(x)y dx (15)
'y ry

+y§6xiV(x)y5dx + %xi)ﬂdx, i=0,1,3,4.
Ty I
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Then, applying Lemma 4.1 in [19] to (15) to increase the power of y in the first three integrals to
7 proves the lemma. 0O

Without loss of generality, we assume that o4 = 1 when a4 # 0. Further, introduce the fol-
lowing combinations:

T34(h) = }5 (a3x3 + x4>de,

Ty

Tia(h) = 515 (ozlx +x4)ydx, (16)
Ty

Toa(h) = 515 (ao + x4> ydx.
1WA

Then,

A(h) = aolo(h) + ay Iy (h) + Z34(h)
=aplo(h) + azl3(h) +Z14(h)
=a1l1(h) +azl3(h) + Zpa(h).

The following lemma directly follows Lemma 10.

Lemma 11. The following equations hold:

8h3Tsa(h) = &Ig(as,% (x) + pa(x))y’dx 2 Tsa(h),
Ty

8h3Ta(h) = 515 (@1p1(6) + paCe)yTdx 2 Fra(h),
I

81> Toa (h) = 515 (@0p0() + pa )y dx 2 Toa(h).
Lh

Now, let

li(x) = (%)(x) — (%)(z(x)), i=0,1,3,4. ;
Oli/Oi+P4)(x)_<(¥iPi+P4 17

Listr) = (=57 =

), i=0,1,3.

Then,



9236 X. Sun, P. Yu/J. Differential Equations 269 (2020) 9224-9253

T =S8 = [ (4 ceon] x 5

d 0 0 d
T Lia(0) = - (Lia() + (L () x & i=0,1,3,
x 0z dx

dx

where j—fc =— fj‘ 88 . A direct computation yields
Wikl = 11340xz(2x+(lx)7_(§c)ivlo)(l)g’(z2)z+1)7 —D5’
Wihl= 155 (zxﬂ(ﬁ&Zfﬁ'é’i’z?wuz-ws’
Wllo. hil = 128595600x222(z—1)(3)(;(_2Zz)—3i-vlv)0113((xx,i)1)30(2x+1)l3wo(x,z) ’
Wllo, 131 = 128595600x212(z71)gf);ZZz)ile)O%((xxyi)l)”(Zerl Cwo(x.2)’
Wllo. la] = 128595600x222(z—1)gﬁézz)i‘)l‘/)()l43(()();i)l)30(2x+1)'3w0(x,z) ’
Wi, 3] = 30(x_2)3‘1z13(x’1)30 3 > 4o

128595600 (z— 1) 0 (2 2+ 1)1 (x— 1) 2x+ 1) P (x.2)

Wllo, I, 3] = w*x3z3(x—1)45(zgfc:rzl);zv(ili(lx)zé)(zz+1)lgwg(x,z) ’
Wllo, 11, L34] = w*x3z3(X_1)45E;;j_)16)‘l/¥?;i,lz)’f53()2Z+1)lSwg(x’Z)7
Wllo, I3, L14] = w*x3z3(xf1)45E)Zc;i)f)ll/g(lz(i’lz)’%l()21+l)lgwa(x,z)’
Wiy, Iz, Loa] = (=0 Wo(x.2.00)

w 3B —DPRx+D)B-DP2z+DBwd(x,2)’

where z = z(x) is the involution as defined by v(x, z) =0, w* = 729137052000, wo(x, z) =
2x +4z — 3, Wy, W1, Wor, Woz, Woa, W13 and Wy13 are polynomials of degrees 40, 39, 78, 80,
81, 77 and 115, respectively, and the polynomials W3, W, and W have the degrees 116, 118
and 119, respectively.

We claim that the Wronskians are well defined for x € (0, 1), because wg(x, z) does not vanish
for x € (0, 1) by showing that the resultant between v(x, z) and wo(x, z) with respect to z has no
roots for x € (0, 1).

The following result indicates that we only need to discuss the case when o4 # 0.

Proposition 12. When aq =0, A(h) has at most 2 zeros in (0, 21—4).

The proof of Proposition 12 relies on symbolic computation for verifying the non-vanishment
of Wronskians W{[ly], Wlly,l1] and W[y, !, I3] according to Lemma 7. Since the symbolic
computation and verification are straightforward, we omit the proof here for briefness.

To prove Theorem 2, we need to show non-vanishing of certain denominators and numerators
of the related Wronskians in (18) for x € (0, 1). Taking the numerator Wy (x, z) of the Wronskian
Wllo, I1], for example, we only need to prove that the 2-dimensional system {Wy;(x, z), v(x, 2)}
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does not vanish on {(x,z)| — % <z <0 <x <1}, because z in Wy1(x, z) is determined by
v(x,z) =0, and z(x) € (—%, 0) when x € (0, 1). To do this, we apply triangular-decomposition
and root isolating to {Wo1 (x, z), v(x, z)} to decompose the nonlinear system into several triangu-
lar systems, and then isolate the roots of each triangular-decomposed system. Since all roots of
these triangular systems are the roots of the original system {W;(x, z), v(x, z)}, we only need
to check if these decomposed systems have roots on {(x, z)| — % < 7 <0< x < 1}. This idea has
been successfully applied to determine the zeros of Abelian integrals, see [34—36,38,45]. Instead
of the triangular-decomposition method, one may also use the interval analysis [41], which com-
putes two resultants between Wy (x, z) and v(x, z) with respect to x and z, respectively, yielding
several two dimensional regions. Finally, one verifies if Wy;(x, z) vanishes on these regions by
determining the intersection points of the curves Wy (x, z) and v(x, z), see [41] for details.

By applying the triangular-decomposition and root isolating to the numerators of the Wron-
skians, we obtain the following result.

Lemma 13. All of the Wronskians, W{lpl, W[l1], W[lo, 11, Wllo, [3], Wllo, l4] and W[l1, 3], do
not vanish for x € (0, 1).

Next, we investigate the last three Wronskians in (18). Their numerators have the forms,

Wis(x, z,a3) = a38(x, z) — S1(x, 2),
Wi(x, z,a1) =alS§(x, 7) — Sf(x, 2),

Wo(x, z, 00) = 0S5 (x, 2) — ST (x, 2),

where S;, 7, Sf, Sg, ST and S7, are polynomials of degrees 116, 115, 118, 115, 119 and 115,
respectively. Wi (x, z, o;) =0 (for i = 3, 1, 0) defines three functions,

Si(x,2) _ Sjx.2)

St (x, 2)
soox ) =— ; =
S2(x,2) S5(x,2)

ao(xv Z) - S*(x Z) ’
2 I

az(x,z) =

and their derivatives,

daz(x,z) duos(x,z) dz §1(x,z)
+ X =

Ol3(xyz): ax BZ a - §2(X,Z)’
T
-~ daq (x, day (x, d §(x, 2
ai(x,z) = 13( Z)+ 1 2) X_Z:~§t( )’
x 9z dx  §5(x,2)
_ dag(x.2) | Bao(.2) dz _ Sjer,
ap(x,z) = ao(x, 2) + %o, 2) x 22— 1.2

ox 0z dx g;(x,z)'

Each of the denominators S(x, z), S;(x,z), 83 (x,2), gz(x,z), S'g(x,z) and g’i“(x,z) does
not vanish for x € (0, 1), because they do not have common roots with v(x, z) for (x,z) €
0,1) x (—%, 0), verified by triangular-decomposition and root isolating. Hence, all of the func-
tions a; (x, z) and @; (x, z) (i =3, 1, 0) are well defined for x € (0, 1).

We have the following lemma.
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Lemma 14.

(1) a3(x,z(x)) is decreasing from (0, —%) to a minimum (x", a;) and then increasing to
(1, —3);

(ii) a1(x, z(x)) is increasing from (0, 0) to a maximum (x¥, ozf) and then decreasing to (1, 2);

(iil) ag(x, z(x)) is decreasing from (0, 0) to a minimum (x*, oz(’)“) and then increasing to (1, —%),

where
99571576491449 49785788245729
xT,xi,x*e[ , ]
140737488355328° 70368744177664
1/1013
and
P [ 34214---40352 55559"'02475]~[ 3.4312932408, —3.4312932406]
%317 12885.--98125°  16191---11584] 7 T ’

1/1010
+ [31388---59375 16836---18911
194249 . ..82976° 50552 - - - 20000
1/1010
r 66176-.-98433  53977-..21875
L 72854...59040" 59424 ...65344
171011

] ~ [3.3303719012, 3.3303719013],

] ~ [—0.90833169736, —0.90833169731].

Proof. We only prove case (i), since other two cases (ii) and (iii) can be similarly proved. A
direct computation shows that

3 5
)}i_lj})as(x,Z(X))=—§, )}i_)mla3(x,z(x))=—§.

On {(x, 2)| —% <z<0<x<1}, §1 (x, z) and v(x, z) have a unique common root %, zH e DT,
where

5 [ 99571576491449 49785788245729]
140737488355328 " 70368744177664
[_ 32492637936074023 129970551744296065]
72057594037927936°  288230376151711744 1

xt is the unique simple zero of &3(x, z(x)) by verifying that %53 (x, z(x)) has no zeros on
[19490577317547868%9515%987 ?33233?13%;‘%23]. Therefore, x' is tlje unique critical point of «3(x, z(x)), and
thus the monotonicity of o3 (x, z(x)) in (O, x") J&", 1) can be easily determined by comparing
the values of a3(x, z(x)) at x =0, xTand 1 as —%, —3.4312932408 - - - and —%, respectively.
Alternatively, using

. d . 147
lim —(a3(x,z(x))) = ——= <0,
-0+t dx

lim &3 (x, =0, d
xir&az(x z(x)) an 25

X
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we know that o3 (x, z(x)) is monotonically deceasing in (0, x") and monotonically increasing in
", 1)

It can be further shown that the resultant between
to z has no roots over the interval

88i(x.2) (X 2) (i =1,2) and v(x, z) with respect

[99571576491449 49785788245729]
140737488355328 " 70368744177664

by Sturm’s Theorem. Hence, S;(x, z) (i = 1, 2) reaches its maximal and minimal values on the
boundaries of D. A direct computation yields

. 21275---15705 _
minS) (x,z) = — 20D 0.154565249238,
o 1376410976
20094 . ..34375
Si(x.2) =— ~ —0.154565249236,
max §1(x. 2) = = 13000 54592
i 8y (x, 2) = 2003109375 ) 01045770906
min = =~ ().
o 2 T 59119 .. 40896 :
14098 ...51625
max Sy (x, z) = ~ 0.045045770908.
D7 31297...78144

Then, we obtain

min S (x, z) maxSi(x,z)
Df Dt

min Sy (x, z)’ max Sy (x, 2)
Df Df

a;' = oc3(xT, z(xT)) IS

_ [ 44214 ---40352 55559~--02475]
- 12885---98125" 16191---11584
1/1010

A~ [—3.4312932408, —3.4312932406]. O

Note in the above proof we have used symbolic computation which gives the exact expres-
sions using rational numbers, demonstrating the accuracy of our analysis. It is also noted that
the critical point (T, az3(xT, z(xT))) divides the curve {(x,a3(x,z(x)))|0 < x < 1} into two
simple segments (curves). Each point on the two segments corresponds to a simple root of
Wis(x, z(x), a3(x, z(x))), while xT is a root of multiplicity 2. The following lemma follows from
Lemma 14.

-3, [-3.-2) and
(—o0, 053) U[—g, 400), Wlly, L1, L34] has 2, 1 and O roots with multiplicities counted, respec-
tively.

Lemma 15. For x € (0,1), when a3 is located in the intervals [oe3,

Combining Lemmas 13 and 15 and applying Lemma 7, we have the following result.

Proposition 16. A(h) has at most 4, 3 and 2 zeros in (0, 24) when a3 belongs to the intervals

[oz;r,—%), [—%,— ), and (—o0, a3)U[ 5,—i—oo) respectively.
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Similarly, we have

Proposition 17. A(h) has at most 4, 3 and 2 zeros in (0, ﬁ) when a1 is located in the intervals
(2, a}t], (0, 2], and (—o0, 0] U(ait, +00), respectively.

Proposition 18. A(h) has at most 4, 3 and 2 zeros in (0, ﬁ) when ag belongs to the intervals
[aa‘, —%), [—%, 0), and (—oo, a(’)“) (IO, 400), respectively.

Define
D= {(ao,al,ag)lao € [af‘;, —%), a) € (2,0{%], asz € [a;i., —é)}
Then, Propositions 16, 17 and 18 imply that
Proposition 19. A(h) may have 4 zeros only if (ag, a1, a3) € D.
Finally, we prove that .A(h) cannot have 4 zeros when («g, o1, @3) € D. First, we have

Lemma 20. For € (0, 57), the following holds:

(1) the generating element Iy(h) is positive;
(2) the ratio 5‘ Eh; is increasing from 0 to 110,

3) the ratio 13% is increasing from 0 to 28, and

(4) the ratio %Z; is increasing from 0 to 1120

Proof. By Green formula, (%) = ¢y, vdx = [[ dxdy, where O represents the region bounded
by ', (a periodic annulus), and therefore, Ip(h) > 0. The non-vanishing property of W[lo],

Wllo, 111, Wllo,I3] and W[y, l4] proved in Lemma 13 implies that ?EZ; % and I (h) are

monotonic in (0, ﬂ). By the expansion of A(k) near h = 0 (see the formulas given in [36]), we
have

Il(h) — lim L) . I4(h)
hHO Ip(h) h—0 Io(h) fHo Io(h)

Taking the limit as 7 — 55 ylelds

ny xSy oA

24 _

1m = lm = =—,
h— Io(h) h— A 561";, ydx gSrL ydx 10

2

3
Ly %xydx Ir ) xvdx

24

m ——-
h— 2 Io(h) h & ¢, ydx ¢, vdx
2




X. Sun, P. Yu/ J. Differential Equations 269 (2020) 9224-9253 9241

and

4

d

Lty 4% x*ydx 4%%1x !

lim = lim = = .

I Iy(h) - 951" ydx S’EFL ydx 1120
7

Proposition 21. A(h) < 0 for («g, a1, a3) € D.

Proof. When (xg, @1, ®3) € D, by the results obtained in Lemma 20, it is easy to show that for
he (0, 3p),

hoy I | )
(o er iy < Toay * Ty
) | L(hy
< (o e mm> * o) 0
0.

A(h) =

L, L )1 "
2t of 10 " 1120/ °

A

<
So A(h) has no zeros for (ag, o1, a3) € D. O

Proof of Theorem 2. Combining Propositions 12, 19 and 21 proves Theorem 2. O
4. Proof of Theorem 3

Taking the transformation, y =y — f(f Sf2(s)ds, X = x, reduces system (5) to the following
form, after dropping the tilde,

1
i=y—F(,9), y:x(x—l)3(x+§>, (19)
where
X n o N
F(x,5)=—/fz(S)ds=—' erllxl+] =Zyix’
i=0 i=1
withN=n+1,y=—tai_yforl <i <N,and 8= (y,---,yn) e RV.

In order to prove our main result on the Hopf cyclicity, we first introduce some known results.

Lemma 22 ([39]). The following equalities hold for any constant v € R,
Q)
n
/ sinf (0 + v)sin(i0) =0, if i > k;

-7
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(ii) 7
/sink(e +v)cos(if) =0, if i > k;

—7T

(iii) .
k—1
/sm @ +v) sm(k@)— il T COs (kv—Tn), ifkeNT;

—7T

@iv) -
T k—1 . +
cos (9 + v) sin(kf) = —— sin (kv — Tn), ifke NT.
—7T
As discussed above, there exists an analytic involution z(x) for the potential of the undamped

system (5), defined on the periodic annulus by v(x, z) = 2x242x74272—3x—37=0. Next,
we introduce

x=0(00)= % + ? sin(@) + %cos(@), (20)
then
z=0(-0)= 1 - ? sin(@) + lcos(@) 21

Let J; = ©F(—6) — ©%(9), and K, = ©%(—0) + ©K(8) for k € N*. Then, we have the following
lemma, which establishes a key success step in deriving the Hopf cyclicity.

Lemma 23. For any k € N, we have

k k
Jk(0) =) ciisin(i0), Ki(0) = Gicos(io), (22)
i=1 i=1
where ci; = 0 for i satisfying i mod 3 =0, ¢y = —2,{1—_2 cos (1%[ — %n), Chk = 2,3—_2 sin (1% —

kzln)

Proof. It is obvious that ®(6) can be expressed as a linear combination of sin(if) and cos(if),
i=1,2,---,k. Then, we have the formula (22) because Ji(#) is an odd function and K () an
even one. By (20), we have

O) =+ +sin@+ %)
= = — Sin —).
* 2 6

By theory of Fourier series, we have
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T T

Crk = % / O%(—0) sin(k)do — % / O (0) sin(k6)do
1 7 k . 1 7 k .
= / O (=) sin(—k0)d () — — / 0% (6) sin(k6)do

T

2 k .
= / Ok ) sin(k0)do

-7

T k
2 | B TN .
z_;/Q :cg%suf(mrg)) sin(k0)do.
g s=0

Applying Lemma (22), we obtain

T
2/_k(9+n) in(k6)d6 1 (kn k—1 )
Ckk = —— | sin —)sin =———cos({— — —m).
=TT 6 2k=2 6 2

-7

Similarly, we have

zkkzé / ®k(—9)cos(k9)d9+% / ©"(6) cos(k0)d6
2_5/ k(—@)cos(—k@)d(—9)+%/@k(G)COS(kQ)dQ

T

-2 / Ok (0) cos(k8)do
T
—TT
2 Tk 1 -
~x / (Z Ci Sk S @+ g)) cos(k6)do.

Zx s=0

It follows from Lemma (22) that

g
L2 1 kr k-1
G = = / sin (6 + 2) cos(k0)d6 = 5 sin (= — ——).
-

A direct computation shows that

(~)(u + 2?71) =0O(—u).
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Then,

2
®k<u + ?”) — @*(—u) fork e N*.

Further, fori =3j <k, j=1,2,---, [%], we can show that

A
/4

/@k(e)) §in(3/6)d6 = / o (u n ZT”) sin (3j(u + 2?ﬂ))du
O (u+ 2—”) sin (3ju)du

3
O (—u)sin (3 ju)du

= / O (—u)sin (3ju)du.

—TT
Therefore,

Mg

Ck3j = % / (®k(—u) — ©%(0))sin (3ju)du=0.

-7

The proof is complete. 0O

Proof of Theorem 3. It only needs to prove that the cyclicity of system (19) at the origin is
[21\/—1]
T |-

By Lemma 8, we construct the following power series

N
Fx)—Fx) =Y nE —xH=>" Bix', (23)
k=1 i1
for |x| <« 1, where z(x) is the involution defined by v(x, z) = 0. We have two goals aiming at
proving our result on the Hopf cyclicity. One goal is to prove the following relationship between
the coefficients in F(z(x)) — F(x),

Byj+1=O0(B1,B3, -+, Bon+41l), j=N*"+1, 24)
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where

Another one is to show that

0(By, B3, .-+, Bon+y1)
nk

=N*"+1.
a(yls Y2, 7J/N)

9245

(25)

First, substituting the trigonometric transformations (20) and (21) into F(z(x)) — F(x), we

have
N N ~
Fz(0) = F(x) =Y %O (=0) —00)) =Y _ nJi(0) := F(0).
k=1 k=1
By Lemma 23,
N N k N
FO)=) mdi®) =) v ) cusini6) =) bisin(i6),
k=1 k=1 =1 i=1
where
N
Z kckla
k=1
and

b =0 fori satisfying i mod 3 = 0.

We have the following expansion of F () for 6 near m,

N .
F©) =Z sin(if) = Zb Zcos(tn)(( D7 _j2j41(9 _ i+

]
i=1 i=1 j=0 2j+ Dt
N .
~ (=D’ ,in 2j
bi(—1 — At — )il

Z:: ) Z (2j+1)! ( )

1/ )
= (2(.+)1), 24100 —m)>H,
j=0
where
N

Bajy1= Z(—l)ii2j+ll;i.
i=1

(26)

27

(28)

(29)

(30)

€29
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By (20),0 —m =x + O (x?) for |x| < 1. The equalities (23) and (30) show that

-/~ ~ ~ ,
BZj+1=m32j+1+0(|31333,'”,BZj71|), Jj=0, (32)
which implies that
~ —1 .
Brjt1 = mszH + O(|By, B3,-++, B2j—11), j=0. (33)

Therefore, it only needs to prove the following result in order to reach our first goal.
Byjy1=0(B1. Bs, - Baye ), forj=N*+1. (34)

Note from (27) and (29) that F (0) should be a linear collection of N — [%] functions sin(i@),
where i € S, which is the ordered sequence,

S={1,2,---,N}/{i mod 3 =0} ={m1,ma, -+ ,mp=q1}.
Note N — [%] = N* + 1, and so the equality (31) guarantees the matrix equation
(B1, B3, Baney1) = (= 1)" by, (= 1) by, (=1)"¥* 41Dy, )M, (35)

where Mg is an (N* + 1) x (N* + 1) matrix with Mlp[i, j] = mizj_l. A direct computation shows
that

N*+1
detMo= [[ mi [] m—md 0.

i=1 1<i<j<N*+1
Then, we have that
Ezj.H =0, for0<j<N*
i£ and only if I;i =0 for i =my,my, -+, my*41, which implies that I?(Q) = 0 if and only if

Byj11 =0forall 0 < j < N*. Thus, (34) holds.
Finally, we need to prove that

0(B1, B3, -+, Bon+41)

rank =N*+1. (36)
(Y1, V2, 0+ s YN)
The equation (32) gives the following matrix equation,
(B, B3, -+, Boy+ws1) = (Bi, B3, -+, Bon+ )M, (37)

where
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i * 1 *
S
M, = . )
O DV
QN*+1D)!
and
N* :
—1)/
detM; = [ =D
i @i+ D)

It follows from (28) and Lemma 23 that

(517527055355490"“ 751\/):()/1’ )’2»)/37 V4,"' a)/N)MZ»

where
c11 0o 0 O 0
1 ¢ 0 0 0
a1 ¢ 0 0 0
Mo=1 ¢y cin 0 cuy 0 |-
: : 0
et cn2 0 cng -+ enN
which is an N x N triangular matrix with the 3 jth column being zero for j =1,2,---, [%]
Then, we can delete all 3 jth columns and rows in M, and assume azj=0forj=1,2,---, [%]
Therefore, we have the following result, by similarly using the ordered sequence S,
(Eml ’ Em23 ) EmN*+1) = (J/ml s Vmas =t s VmN*+1)M3v (38)
where
C11 0 0 0 0
1 c» 0 0 0
c41 c42 C44 0 0
M5 = 51 c52 Cs4 Css 0 J
0
Cmysir,1 Cmysi1,2 Cmysgpd Cmyxgr5 0 Cmysgpmysg
with
1 kmr k-1
D | TR S QSO C
k=my,my, ,my* k=my,my, . mpyx4
NE 1
=372 [1 —52 70

k=my,ma, ,myxq}

by Lemma 23.
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Combining (35), (37) and (38) completes the proof for (36). With the reached two goals, we
have proved our result on the Hopf cyclicity by Lemma 8. Therefore, system (19) has the Hopf

cyclicity [ 1] so it is [2"+1] for system (5) with f(x) = f2(x). This completes the proof of
Theorem 3. O

5. Proof of Theorem 4

We only prove Theorem 4 for the case [ > n, and the other case [ < n can be similarly proved.
Like (19), we can rewrite system (5) as

. _ ., _ px _ 113 l
x=y—F(x,8), y=x(x—-1) x+2, 39
where
Lo
_ — i+l
F (x,S):—/Za s ==Y —aratt ZV,
i=0
and
X n n
F+(x,5):_/zai+slds=_z i z+ l+] Zyl+ i
o i=0 i=0
; _ _ + 1 4+ .
with L=1+1,N=n+1,y _—Tai_lforzzl,and
S=(n vt v e RVEE,

Proving Theorem 4 is equivalent to showing that the Hopf cyclicity of system (39) is
[3L+2N 1

We have the bifurcation function of system (39) for 0 < x < 1, given by

L N
Fz(0) = F(x)=F~(z(x) — Fr0) =)y e =)yt

k=1 k=1 (40)

L
=Y [ x) = x5 + e () + 5],
k=1

where
M ]<k<N M ]<k<N
b_ 2 9 — — 9 _ 2 9 — — 9
k= _ ex = _
n N<k<L, n N<k<L.

We again use the transformations (20) and (21) to obtain with Lemma 23,
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M=~

F(z(x)) = F(x)= ) brJi(0) + e Ki(0)
k=1
L k k
= Z (b chi sin(if) + ex Z &ki cos(ih)),
k=1 i=1 i=0

i=0 i=N+1

—_

Il
.MZ

where

L L L
bi=Y bicki, é0=) exlro, & =) ek,
k=i k=1 k=i

for1 <i <N and

1 < T .
R;(0) = > Z (cij sin(j6) + &j cos(j6)),
j=N+1

forN+1§i5L,Withl§,~:0ifimod3:0for1§i§N.Wehave

N L v i
a=-Ya- Y% Y
i=1

i=N+1 j=N+1
by F () =0. Then,
1<i<N N L
F@O)= > bisini0)+ Y é(cosi®) — D+ Y v Ri(O),
i mod 370 i=1 i=N+1
with
1| d
Ri@©)=3 D" (cijsin(j0) +Gij(cos(jO) — 1)), N+ 1<i <L.
j=N+1
We define the parameter vector
V:(515525547557577"' 7517”' 7éN7 V]Q_H, V1;+2’ e ,VE),

which has the dimension L + N — [%] Thus, we can show that

ov

rank :L—}—N—[%]

8(bl’b2"”5bNael562"”aeN’ylg_i_lv""yE)

N L
bisin(i0) + Y "&cos(i) + Yy Ri(0) :=F(0).

9249

(41)

(42)
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by a similar proof for (38). Then,

K ov L+N [N] 43)
ran = - =
8(y1+,...’7/]_\|;7y1_’...7...,J/L_) 3
F (0) can be expanded near 6 = 7 as below,

F©)=B1(0 —m)+ B0 —)* + B30 — ) + - -+, (44)

where each coefficient Ei is a linear collection of the entries of v. Let s be the maximal number of
linear independent coefficients in (44), S = {ry, r2,--- , s} with r; < r; 41 and these coefficients
be denoted by

~ ~

Br]yBrz""’

=N

Is:*

Obviously, these independent coefficients can be determined one by one by taking Br1 to be the
first nonzero coefficient in (44) and B, the first one that independent of Brl, e, B _,,upto

the sth one. Then, s <L + N — [ ]and

B;=LC;(By. B, B, (45)

where j ¢ S and j < ry with r* =max{r; € S|r; < j}, LC; denotes a linear combination, and

§j = 0(§r1, . Brv) for j > r. There exists an s x (L + N — [ ]) matrix M such that,

(§r19Br2"“’§rs)T=MlvT~ (46)

In the following, we prove the claim,
N
rank M =L+ N — [?]

which only need prove all §,j =0, j~= 1,2,---,s, if and only if v = 0. By definition of E,j,
j=12,---,s,itonly need to prove F(0) =0 if and only if v=0.

The elements in (42), {sinif, cossf — (—1)*, R, ()} with1 <i < N,imod3#0,1<j<N
and N + 1 <u < L is a Chebyshev system of dimension L + N — [%] Then, F ©)=0if and
only if v=0.

Suppose

F (z(x) = Ft(x) =Bix + Box® 4+ -+ Bjx/ +---, 0<x < 1. (47)

By 20),0 —m =x+ O (x?) for |x| < 1. We substitute it into (47) and compare the coefficients
to get

Bj=B;+E(Bi,By,--,Bj_1), j=12,---, (43)
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where E,- is a linear function. Then, by (45) and (48), we have

&zuxE“Epm,Ep,mu¢s (49)
and
B,, =B, +Ejj(§1,132,..-,§,j71), forr; €S, (50)
which further implies
B, =B, +E. (B, By, . B,,_,). forr;es, (51)

where Ej‘j and E rj are linear functions. Then, combining (49) and (51) yields
B] = O(Br1 ) Brza ) Br;k)

for j ¢ S. The reminder of the proof is to show

J0(By,, B, -+, B N
rank +( r1o» ri, _a rs) - :L+N—|:—] (52)
a(yl7...7J/N"}/1 ...’yL) 3
By (50), we have
o(By,, By, -+, By N
nk 2Bri Bry ~“)=L+N—[—], (53)
3(Br|aBr2a"',BrS) 3
and so
3(B, B, -, B N
rank (Br rg ) =rankM1=L+N—[§] (54)
v

by (46). Combining (43), (53) and (54), we have shown that (52) holds. Therefore, the Hopf
cyclicity of system (39) is L + N — [%] — 1 = [342X=1] This completes the proof of Theo-
rem 4.

6. Conclusion

In this work, we conduct a further study on a Liénard system and give a rigorous proof to
the open question remained in [5,36]. We prove that the cyclicity of the periodic annulus of the
Hamiltonian is 3 by showing the sharp bound to be 3 on the maximal number of zeros of the asso-
ciated Abelian integral. The annulus cyclicity can be extended to the elementary center because
the displacement map is analytic for # = 0. The non-symmetry and degeneracy of the system
causes much difficulty in the computation and analysis for the Poincaré bifurcation, as well as in
the study of Hopf bifurcation. We have obtained the Hopf cyclicity as [%] when the damping
term is a smooth polynomial with an arbitrary degree n. The involution determined by the an-

nulus is well utilized, based on which a transformation composed of trigonometric functions is
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introduced, which provides a tool to overcome the difficulty in analysis and computation. How-
ever, it is not easy to find such kind of a transformation for the involution in a general undamped
Liénard system. It is even unknown if there exists such a transformation for the involution of a
Hamiltonian. In this paper, we find such a transform for our system that belongs to hyper-elliptic
Hamiltonian. We have also studied the Hopf cyclicity of the origin when the damping term is a
non-smooth polynomial with the switching manifold at the y-axis, having respectively degrees [
and n, and proved that the Hopf cyclicity is [2524 ] ([2424]) when I > n (n > ).

Acknowledgments

P. Yu was supported by Natural Sciences and Engineering Research Council of Canada (No.
R2686A02), Xianbo Sun was partially supported by the Ontario Graduate Scholarship (OGS).

References

[1] M.J. Alvarez, B. Coll, P. De Maesschalck, R. Prohens, Asymptotic lower bounds on Hilbert numbers using canard
cycles, J. Differ. Equ. 268 (2020) 3370-3391.
[2] V.I. Arnold, Ten problems, Adv. Sov. Math. (1990).
[3] R. Asheghi, H.R.Z. Zangeneh, Bifurcations of limit cycles from quintic Hamiltonian systems with an eye-figure
loop, Nonlinear Anal. 68 (2008) 2957-2976.
[4] R. Asheghi, H.R.Z. Zangeneh, Bifurcations of limit cycles from quintic Hamiltonian systems with an eye-figure
loop (II), Nonlinear Anal. 69 (2008) 4143—4162.
[5] R. Asheghi, H.R.Z. Zangeneh, A. Atabaigi, On the number of limit cycles in small perturbations of a class of
hyper-elliptic Hamiltonian systems, Nonlinear Anal. 75 (2012) 574-587.
[6] A. Atabaigi, R.Z.H. Zangeneh, Bifurcation of limit cycles in small perturbations of a class of hyper-elliptic Hamil-
tonian systems of degree 5 with a cusp, J. Appl. Anal. Comput. 1 (2011) 299-313.
[7]1 T.R. Blows, N.G. Lloyd, The number of small-amplitude limit cycles of Liénard equations, Math. Proc. Camb.
Philos. Soc. 95 (1984) 359-366.
[8] F. Chen, C. Li, J. Llibre, Z. Zhang, A unified proof on the weak Hilbert 16th problem for n = 2, J. Differ. Equ. 221
(2006) 309-342.
[9] C. Christopher, S. Lynch, Small-amplitude limit cycle bifurcations for Liénard systems with quadratic or cubic
damping or restoring forces, Nonlinearity 12 (1999) 1099-1112.
[10] L. Cveticanin, Strong Nonlinear Oscillators, Springer, 2018.
[11] P. De Maesschalck, F. Dumortier, Classical Liénard equations of degree n > 6 can have [(n — 1) /2] + 2 limit cycles,
J. Differ. Equ. 250 (2011) 2162-2176.
[12] P. De Maesschalck, R. Huzak, Slow divergence integrals in classical Liénard equations near centers, J. Dyn. Differ.
Equ. 27 (2015) 117-185.
[13] F. Dumortier, C. Li, Perturbations from an elliptic Hamiltonian of degree four: (I) saddle loop and two saddle cycle,
J. Differ. Equ. 176 (2001) 114-157.
[14] F. Dumortier, C. Li, Perturbations from an elliptic Hamiltonian of degree four: (II) cuspidal loop, J. Differ. Equ. 175
(2001) 209-243.
[15] F. Dumortier, C. Li, Perturbation from an elliptic Hamiltonian of degree four: III global center, J. Differ. Equ. 188
(2003) 473-511.
[16] F. Dumortier, C. Li, Perturbations from an elliptic Hamiltonian of degree four: (IV) figure eight-loop, J. Differ. Equ.
88 (2003) 512-514.
[17] F. Dumortier, D. Panazzolo, R. Roussarie, More limit cycles than expected in Liénard systems, Proc. Am. Math.
Soc. 135 (2007) 1895-1904.
[18] J. Gao, C. Gu, H. Yang, Spiral waves with interfacial oscillatory chemical reactions emerge in a model of reaction-
diffusion systems, Chem. Phys. 528 (2020) 110507.
[19] M. Grau, F. Maiiosas, J. Villadelprat, A Chebyshev criterion for Abelian integrals, Trans. Am. Math. Soc. 363
(2011) 109-129.
[20] M. Han, Lyapunov constants and Hopf cyclicity of Liénard systems, Ann. Differ. Equ. 15 (1999) 113-126.
[21] M. Han, Bifurcation Theory of Limit Cycles, Science Press, 2013.


http://refhub.elsevier.com/S0022-0396(20)30357-0/bibC3B1E4F404CE365F1341DD72A36F5E11s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibC3B1E4F404CE365F1341DD72A36F5E11s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibE0F90B4DA77D3DBB9A0CF45480C44DFFs1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib1D477BF2FF4E41E3CC7A9F8A8A036070s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib1D477BF2FF4E41E3CC7A9F8A8A036070s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib3FE37AE7D34DC9D99B2611D3679E462Bs1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib3FE37AE7D34DC9D99B2611D3679E462Bs1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibFD47C39456222306B0EF9B94FCB02D9Ds1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibFD47C39456222306B0EF9B94FCB02D9Ds1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib6634C8F2128327A4185345EDA789AED0s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib6634C8F2128327A4185345EDA789AED0s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibC0D06251FFB5011D9D57074AC4F692CCs1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibC0D06251FFB5011D9D57074AC4F692CCs1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibCD204C7EA80BC10889806BBE325CDD6Bs1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibCD204C7EA80BC10889806BBE325CDD6Bs1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib2E4A7E77B18C79BF45E2E03EA2E759D1s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib2E4A7E77B18C79BF45E2E03EA2E759D1s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibB52B7AD2F0298F435300AC63CDE42556s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib60F3A521DD1DF69DDAEBA7A0ACA2E269s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib60F3A521DD1DF69DDAEBA7A0ACA2E269s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib1209EB876F12C877A01EB6D3DF9E77B3s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib1209EB876F12C877A01EB6D3DF9E77B3s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibEBD4720E909AEE75B249A660733B047As1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibEBD4720E909AEE75B249A660733B047As1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib8ADB04400EE98ABBC3CB224F82B29F47s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib8ADB04400EE98ABBC3CB224F82B29F47s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib6DAA1CFA4FE2ACA4728C0BC9BDAE7E02s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib6DAA1CFA4FE2ACA4728C0BC9BDAE7E02s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib239C96E64E9C968B742652F419799547s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib239C96E64E9C968B742652F419799547s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib7D69BA95C353BE75E277CC9D3BD95504s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib7D69BA95C353BE75E277CC9D3BD95504s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibC46148238A91FC7E688FB961F54CDD02s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibC46148238A91FC7E688FB961F54CDD02s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibBA2A034F4D913F87FE07CAD29368D114s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibBA2A034F4D913F87FE07CAD29368D114s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib27EA64B36F800681DAA7C3B856436D27s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib7870FA27B5E7B527537228D612EC7FA2s1

X. Sun, P. Yu/ J. Differential Equations 269 (2020) 9224-9253 9253

[22] M. Han, Y. Tian, P. Yu, Small-amplitude limit cycles of polynomial Liénard systems, Sci. China Math. 56 (2013)
1543-1556.

[23] M. Han, P. Yu, Normal Forms, Melnikov Functions and Bifurcations of Limit Cycles, Springer, 2012.

[24] D. Hilbert, Mathematical problems, Bull. Am. Math. Soc. 8 (1902) 437-479.

[25] C.Li, C. Liu, J. Yang, A cubic system with thirteen limit cycles, J. Differ. Equ. 246 (2009) 3609-3619.

[26] C. Li, J. Llibre, Uniqueness of limit cycle for Liénard equations of degree four, J. Differ. Equ. 252 (2012)
3142-3162.

[27] A. Lins, W. de Melo, C.C. Pugh, On Liénard’s equation, in: Lecture Notes in Math., vol. 597, 1977, pp. 355-357.

[28] X. Liu, M. Han, Hopf bifurcation for nonsmooth Liénard systems, Int. J. Bifur. Chaos 19 (2009) 2401-2415.

[29] J. Llibre, A.C. Mereu, M.A. Teixeira, Limit cycles of the generalized polynomial Liénard differential equations,
Math. Proc. Camb. Philos. Soc. 148 (2010) 363-383.

[30] N.G. Lloyd, S. Lynch, Small-amplitude limit cycles of certain Liénard systems, Proc. Royal Soc. London Ser. A
418 (1988) 199-208.

[31] F. Mafiosas, J. Villadelprat, Bounding the number of zeros of certain Abelian integrals, J. Differ. Equ. 251 (2011)
1656-1669.

[32] R. Prohens, J. Torregrosa, New lower bounds for the Hilbert numbers using reversible centers, Nonlinearity 32
(2018) 331-355.

[33] S. Smale, Mathematical problems for the next century, Math. Intell. 20 (1998) 7-15.

[34] X. Sun, W. Huang, Bounding the number of limit cycles for a polynomial Liénard system by using regular chains,
J. Symb. Comput. 79 (2017) 197-210.

[35] X. Sun, J. Su, M. Han, On the number of zeros of Abelian integral for some Liénard system of type (4, 3), Chaos
Solitons Fractals 51 (2013) 1-12.

[36] X. Sun, H. Xi, H.R. Zangeneh, R. Kazemi, Bifurcation of limit cycles in small perturbation of a class of Liénard
systems, Int. J. Bifur. Chaos 24 (2014) 1450004.

[37] X. Sun, J. Yang, Sharp bounds of the number of zeros of Abelian integrals with parameters, Electron. J. Differ. Equ.
40 (2014) 1-12.

[38] X. Sun, P. Yu, Exact bound on the number of zeros of Abelian integrals for two hyper-elliptic Hamiltonian systems
of degree 4, J. Differ. Equ. 267 (2019) 7369-7384.

[39] Y. Tian, M. Han, F. Xu, Bifurcations of small limit cycles in Liénard systems with cubic restoring terms, J. Differ.
Equ. 267 (2019) 1561-1580.

[40] J. Wang, Perturbations of Several Planar Integral Systems with Denerate Singularity, PhD Thesis, Shanghai Jiao
Tong University, 2012.

[41] J. Wang, Bound the number of limit cycles bifurcating from center of polynomial Hamiltonian system via interval
analysis, Chaos Solitons Fractals 87 (2016) 30-38.

[42] J. Wang, D. Xiao, On the number of limit cycles in small perturbations of a class of hyper-elliptic Hamiltonian
systems with one nilpotent saddle, J. Differ. Equ. 250 (2011) 2227-2243.

[43] P. Yu, M. Han, Limit cycles in generalized Liénard systems, Chaos Solitons Fractals 30 (2006) 1048-1068.

[44] L. Zhao, D. Li, Bifurcations of limit cycles from a quintic Hamiltonian system with a heteroclinic cycle, Acta Math.
Sin. 30 (2014) 411-422.

[45] H. Zhu, B. Qin, S. Yang, M. Wei, Poincaré bifurcation of some nonlinear oscillator of generalized Liénard type
using symbolic computation method, Int. J. Bifur. Chaos 28 (2018) 1850096.


http://refhub.elsevier.com/S0022-0396(20)30357-0/bib62692102C7154105FD1CC130DB99997Fs1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib62692102C7154105FD1CC130DB99997Fs1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibB5AEA589C35008BA22385D6EC74619A5s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib8D23FE900D2297080C2DD53F73151671s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib0B815F7A4C487AC0BA017AAE392961B0s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibAF5BFA4A316EAAA83723E75969D9BBA4s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibAF5BFA4A316EAAA83723E75969D9BBA4s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibC9791FD6EFBCB05D272546980C9935F3s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibFBD248E0605E10FB71B5EA02DDA6C7B6s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib2C61EB696C771E27A410D98126250E0Es1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib2C61EB696C771E27A410D98126250E0Es1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib5D43A774E53F39271E2C6143C3A81565s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib5D43A774E53F39271E2C6143C3A81565s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibB9F2B582EE75A7259C62CE162CEBE368s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibB9F2B582EE75A7259C62CE162CEBE368s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibFD4E89CC754D60F4B4F34B64341480DFs1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibFD4E89CC754D60F4B4F34B64341480DFs1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibCEE6CC1491D059329D4468136784F4BFs1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibCAA89B19FE81A3A819671576C166972Es1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibCAA89B19FE81A3A819671576C166972Es1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibA45DE26500CAAC78A53A9F3AECD5D4D6s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibA45DE26500CAAC78A53A9F3AECD5D4D6s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib22701AB13FC11E5E531D270DDE2D3CF0s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib22701AB13FC11E5E531D270DDE2D3CF0s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibDF94EAD4FF4A6631A18A3449CB3FD8F3s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibDF94EAD4FF4A6631A18A3449CB3FD8F3s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibA9CCB73AC01CA8AA962EBCA23F8202DDs1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibA9CCB73AC01CA8AA962EBCA23F8202DDs1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib623B2A9520C4AEC4DAA718D83E94551Es1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib623B2A9520C4AEC4DAA718D83E94551Es1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib294D159FDEC026466A5AD4C2F788B55Es1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib294D159FDEC026466A5AD4C2F788B55Es1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib452AB0E8462967740A006DB6D3E0342As1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib452AB0E8462967740A006DB6D3E0342As1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibD5B3EE4F931206731366A0929FB219F7s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibD5B3EE4F931206731366A0929FB219F7s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib0A7BEC2EDE05776522A350FA764F2150s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib71C23F8552E8E140B46817DC1D5A83B5s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bib71C23F8552E8E140B46817DC1D5A83B5s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibB0F40F2B5BDB1281C7D8D0BE2D2A2955s1
http://refhub.elsevier.com/S0022-0396(20)30357-0/bibB0F40F2B5BDB1281C7D8D0BE2D2A2955s1

	Cyclicity of periodic annulus and Hopf cyclicity in perturbing a hyper-elliptic Hamiltonian system with a degenerate hetero...
	1 Introduction
	2 Chebyshev criterion and local bifurcation theory
	2.1 Chebyshev criterion
	2.2 Hopf bifurcation theory for Liénard system

	3 Proof of Theorem 2
	4 Proof of Theorem 3
	5 Proof of Theorem 4
	6 Conclusion
	Acknowledgments
	References


