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Abstract

This paper is concerned with chaos induced by regular snap-back repellers. One new criterion of chaos induced by strictly
coupled-expanding maps in compact sets of metric spaces is established. By employing this criterion, the nondegenerateness
assumption in the Marotto theorem established in 1978 is weakened. In addition, it is proved that a regular snap-back repeller and
a regular homoclinic orbit to a regular expanding fixed point in finite-dimensional spaces imply chaos in the sense of Li—Yorke. An
illustrative example is provided with computer simulations.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

During the late 1970s and the decade of the 1980s, chaos of one-dimensional maps has been extensively studied,
and many elegant results have been obtained (cf. [1,3,8,10,15,20] and the references cited therein). In 1992, Block
and Coppel introduced the concept of turbulence for continuous interval maps [3]; that is, a continuous interval map
f I — I is said to be turbulent if there exist compact subintervals J and K with at most one common point such that

f(H)DJUK, f(K)DJUK.

Further, it is said to be strictly turbulent if J and K can be chosen disjoint. It has been proved that a turbulent interval
map has a positive topological entropy and is chaotic in the sense of both Li—Yorke and Devaney (see Definitions 2.2
and 2.3).

Although higher-dimensional chaos problems are difficult to study, some important progresses have been made. In
1978, Marotto [16] introduced the concept of snap-back repeller for continuously differentiable d-dimensional maps
and established a criterion of chaos: snap-back repellers imply chaos in the sense of Li—Yorke (see [17] and [22] for
correction of a certain error found in [16]). This criterion plays an important role in the study of chaos for higher-
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but finite-dimensional noninvertible maps (cf. [9,19] and some references cited in [17]). Recently, it was employed to
study the occurrence of chaos in partial differential equations, neural networks, and financial markets [4—6,13].

Now, we briefly recall some recent results on the chaos theory for maps in metric spaces. In 2001, Kennedy and
Yorke [14] proved that a continuous map in a compact invariant set of a metric space is topologically semiconju-
gate to a one-sided symbolic dynamical system under the horseshoe hypotheses. Recently, we captured the essential
meanings of the concept of turbulence for interval maps and extended it to maps in metric spaces [26], where the
maps were still called turbulent. Since the term turbulence is well established in fluid mechanics, we changed the
term “turbulent map” to “coupled-expanding map” in the conference paper [24] (see Definition 2.1 in Section 2).
The new name is more intuitive in reflecting the conditions that the map satisfies. In 2004, Yang and Tang extended
the one-dimensional turbulence result [3, Chapter II, Proposition 15] to maps in metric spaces and showed that if a
continuous map is strictly coupled-expanding in mutually disjoint compact sets of a metric space, then the map in a
compact invariant set is semiconjugate to a one-sided symbolic dynamical system [31, Theorem 1] (the term “strictly
coupled-expanding” is used here for briefness). Hence, the map has a positive topological entropy and is chaotic in the
sense of Li—Yorke by [2, Corollary 2.4] in [14] and [31], respectively. However, a higher-dimensional map, which is
strictly coupled-expanding in compact sets, is not necessarily chaotic in the sense of Devaney (see Example 2.1). We
proved that under an expanding condition in distance, a strictly coupled-expanding continuous map in disjoint com-
pact sets of a metric space is topologically conjugate to a one-sided symbolic dynamical system and consequently, is
chaotic in the sense of both Devaney and Li—Yorke [21, Theorem 3.2]. In addition, several criteria of chaos induced
by coupled-expanding maps in bounded and closed sets (may be noncompact) of complete metric spaces were estab-
lished [21,26]. We further developed the snap-back repeller theory by the coupled-expansion theory. We extended the
concept of snap-back repeller for continuously differentiable finite-dimensional maps by Marotto to maps in general
metric spaces, and divided it into two classifications: regular and singular, nondegenerate and degenerate [21] (see
Definition 2.5 in Section 2). In the Marotto paper [16], a snap-back repeller is regular and nondegenerate. We proved
that a nondegenerate and regular snap-back repeller or a nondegenerate and regular homoclinic orbit to an expanding
fixed point can generate a strict coupled-expansion and so generate chaos in the sense of both Devaney and Li—Yorke
(cf. [21,26] for maps in complete metric spaces and [22] for Banach spaces). Consequently, the snap-back repeller in
the Marotto theorem [16] implies chaos in the sense of Devaney as well as Li—Yorke. This is analogous to the Smale—
Birkhoff homoclinic theorem, which claims, in brief, that a transversal homoclinic orbit can generate a horseshoe and
so generate chaos for diffeomorphisms. These criteria of chaos induced by coupled-expanding maps and snap-back
repellers were applied to study chaotification (or anti-control) problems for maps in higher-dimensional and general
Banach spaces [23,25,29]. We refer to [27] for a survey of chaos criteria induced by snap-back repellers and their
applications to anti-control of chaos.

It is noted that snap-back repellers are always required to be nondegenerate and regular in the literature [4-6,9,13,
16,17,19,21,22,25,29]. We study regular snap-back repellers, which may be degenerate, in the present paper. To do so,
we will first establish a generalized inverse function theorem and a criterion of chaos induced by coupled-expanding
maps in compact sets of metric spaces.

The rest of the paper is organized as follows. In Section 2, some basic concepts and lemmas are introduced.
A generalized inverse function theorem is established, which is very useful in studying degenerate snap-back repellers.
In Section 3, a criterion of chaos induced by strictly coupled-expanding maps in compact sets is established, in which
the maps are proved to be chaotic in the sense of both Li—Yorke and Wiggins. By applying these results, the other two
criteria of chaos characterized by regular snap-back repellers in finite-dimensional spaces are obtained in Section 4.
These snap-back repellers may be degenerate. The assumptions in the Marotto theorem [16] are weakened. In order
to illustrate that the assumptions given in the present paper are weaker than those in the relative existing results, an
example is provided in Section 5 with computer simulations.

Remark 1.1. The criteria of chaos induced by regular snap-back repellers will be applied to study chaos in partial
difference equations in our another paper [28].

2. Preliminaries

In this section, some basic concepts and lemmas are introduced. This section is divided into two subsections.
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2.1. Some basic concepts

Three definitions of chaos in the sense of Li—Yorke, Devaney, and Wiggins are given in this subsection. For conve-
nience, the concepts of coupled-expanding map, expanding fixed point, snap-back repeller, and homoclinic orbit are
introduced.

Definition 2.1. Let (X, d) be a metric space and f: D C X — X a map. If there exist m (= 2) subsets V;, 1 <i <m,
of D with V; NV; =0dpV; NdpV; for each pair of (i, j), 1 <i # j < m, such that

m
fvoo v 1<i<m, @.1)
j=1
where dp V; is the relative boundary of V; with respect to D, then f is said to be coupled-expanding in V;, 1 <i < m.
Further, the map f is said to be strictly coupled-expanding in V;, 1 <i <m, if d(V;, V;) >0forall 1 <i # j <m.

Remark 2.1. In the case of X = R, when f maps an interval [ into itself, and V; and V; are closed and bounded
subintervals of /, the definitions of coupled-expansion and strict coupled-expansion are the same as that of turbulence
and strict turbulence for interval maps by Block and Coppel [3] (see the first part in Section 1). It is noted that in
Definition 2.1, the sets V;, 1 <i < m, may not be connected and compact, and the number m of the sets V; may be
larger than 2. These differences make the definition more convenient and more universal. The coupled-expansion for
a transitive matrix will be studied in our forthcoming paper.

Remark 2.2. The concept of coupled-expanding map has some similar idea to Markov partitions for a diffeomorphism
(cf. [11,20] and some references cited therein).

Definition 2.2. Let (X, d) be a metric space and f: X — X a map. Then, S C X is called a scrambled set of f if, for
any two distinct points x, y € S,

liminfd (f"(x), f"(y)) =0; limsupd (f"(x), f"(y)) > 0.
n—0o0 n—00
The map f is said to be chaotic in the sense of Li—Yorke if it has an uncountable scrambled set S.

Definition 2.3. (See [8].) Let X be a metric space. Amap f:V C X — V is said to be chaotic on V in the sense of
Devaney if

(i) the set of the periodic points of f in V is dense in V;
(ii) f is topologically transitive in V;
(iii) f has sensitive dependence on initial conditions in V.

It is noted that condition (iii) is redundant in the above definition if f is continuous in V by the result of [1].

Definition 2.4. Let X be a metric space. Amap f:V C X — V is said to be chaotic on V in the sense of Wiggins if
f satisfies conditions (ii) and (iii) in Definition 2.3.

Remark 2.3. Definition 2.4 is the same as [20, p. 86, Definition]. Wiggins gave this definition in the special case that
X =R" and V is a compact set of R” [30, Definition 4.11.2]. Since this definition was first introduced by Wiggins,
we use here the term “chaos in the sense of Wiggins.”

Obviously, chaos in the sense of Devaney is stronger than that in the sense of Wiggins. But the converse is not
true in general (see a counterexample in [18]). Under some conditions, chaos in the sense of Devaney and Wiggins is
stronger than that in the sense of Li—Yorke by [12, Theorem 4.1]. However, chaos in the sense of Li—Yorke does not
necessarily imply chaos in the sense of Devaney in general, shown by the following example, which also shows that
a strict coupled-expansion in disjoint compact sets of metric space does not necessarily imply chaos in the sense of
Devaney.



Y. Shi, P. Yu/J. Math. Anal. Appl. 337 (2008) 1480-1494 1483

Example 2.1. Consider the following three-dimensional map:
F:=fxg:[0,1]1xS' >R,
where f:[0, 11— R with f(x) =5x(1 —x) and g:S! — S with g(¢'?) = £!@+%) where 0y /7 is irrational. It is
evident that F is continuous in D :=[0, 1] x S!. Let
Vi=[0,x1]1xS",  Va=[x, 1]xS!
with x; = (5 — +/5)/10 and x2 = (5 + +/5)/10. Then V; and V; are disjoint compact subsets of D and
F(Vi))=F(\V2)=DD> ViUV,

So, F is strictly coupled-expanding in V;, i =1, 2, and consequently, it has a positive topological entropy and chaotic
in the sense of Li—Yorke. However, F' has no periodic points in D since g is an irrational rotation. Hence, F' is not
chaotic in the sense of Devaney on any invariant subset of D.

In the following, by B, (x) and B, (x) denote the open and closed balls of radius r centered at x € X, respectively.
Definition 2.5. (See [21, Definitions 2.1-2.4].) Let (X, d) be a metric space and f: X — X a map.

(1) A point z € X is called an expanding fixed point (or a repeller) of f in B,O (z) for some constant rg > 0, if
f(@)=zand

d(f(x). f()) > rd(x.y). Vx,y€ By (2)

for some constant A > 1. Furthermore, 7 is called a regular expanding fixed point of f in Bro (z) if z is an interior
point of f(B,(z)).

(i) Assume that z is an expanding fixed point of f in Bro (z) for some ry > 0. Then z is said to be a snap-back
repeller of f if there exists a point xg € By,(z) with xg # z and f™(x¢) = z for some positive integer m > 2.
Furthermore, z is said to be a nondegenerate snap-back repeller of f if there exist positive constants p and §g
such that B, (xo) C By,(z) and

d(f™ @), f"(y) = pdx,y), Vx,y € Bs(xo);

z is called a regular snap-back repeller of f if f(B,,(z)) is open and there exists a positive constant §; such that
B(;af (x0) C Byy(z) and z is an interior point of f™ (Bs(xo)) for any positive constant § < §;.

(iii) Assume that z € X is a regular expanding fixed point of f. Let U be the maximal open neighborhood of z in the
sense that for any x € U with x # z, there exists k > 1 with f¥(x) ¢ U, f~"(x) is uniquely defined in U for all
n>1,and f7"(x) — z as n — 00. U is called the local unstable set of F at z and is denoted by W .(z).

(iv) Assume that z € X is a regular expanding fixed point of f. A point x € X is called homoclinic to z if x €
W{éc (z), x # z, and there exists an integer n > 1 such that f"(x) = z. A homoclinic orbit to z, consisting of a
homoclinic point x with f"(x) = z, its backward orbit { f~/ (x)}j?ozl, and its finite forward orbit { f/ (x)};f;}, is
called nondegenerate if for each point x¢ on the homoclinic orbit there exist positive constants r; and p such
that

d(f@), f) = md(x,y), Vx,y€ By (xo).
A homoclinic orbit is called regular if for each point x¢ on the orbit, there exists a positive constant 7, such that
for any positive constant » < 2, f(xp) is an interior point of f (B, (xp)).

2.2. Several lemmas

In this subsection, several lemmas are given. Especially, a generalized inverse function theorem in finite-
dimensional spaces is established.

Lemma 2.1. Let (X, d) be a metric space, and let {A,}.;° | be a sequence of compact sets of X and satisfy the

nestedness condition Ay D Ay D A3 D -+ D Ay D---.Then (oo, Ap contains a single point if and only if d(A,) — 0
as n — oo, where d(A,,) is the diameter of A,,.
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Proof. The sufficiency is well known and the proof of the necessity is elementary. So the details are omitted. 0O

Since the one-sided symbolic dynamical system (X3, o) is used in this paper, we first briefly recall its properties
for convenience. Let S :={1,2,..., N} and

Xy ={a=(a,ai,az..): a; €S, i>0}

with the distance

e¢]

_~~dilai, bi) oo, ifa =0y,
p(a,m.—%T, dl(a,,bl)—{lg a2 b
1=l

where o = (ag, a1, az, ...) and B = (bo, by, ba, ...). Then (=7, p) is a complete metric space and a Cantor set. The
shift map o : Z‘IJ\; — ZJ;\? defined by o (ag, a1, az...) = (a1, az, ...) is continuous. The system governed by o is called
the one-sided symbolic dynamical system on N symbols. It has plentiful dynamical behaviors (cf. e.g., [8,10,20]).
Especially, it is chaotic in the sense of both Devaney and Li—Yorke, and has a positive topological entropy.

Lemma 2.2. Ler (X, d) be a metric space and f:D C X — X a map. Assume that a map f is coupled-expanding in
Vi, 1<j<N(N =2).

(1) If Vy is a singleton set for some o« = (ag,aj,az,...) € E;, then Vi is also a singleton set, where Vy =
NZ o /" (Va,)-

(ii) If f is injective in Vj, 1 < j < N, respectively, and V5 () is a singleton set for some a € X, then V, is also a
singleton set.

Proof. Since the proof is elementary, its details are omitted. O
Lemma 2.3. Let (X, d) be a metric space, f:D C X — X amap, and V a subset of D with V C D.

(1) If the set of the periodic points of f in V is dense in V, then the set of the periodic points of f in VisdenseinV.
(i) If f is topologically transitive in V, sois f in V. )
(iii) If f has sensitive dependence on initial conditions in 'V, so does f in V.

Proof. The proofs of results (i) and (ii) are trivial. So their details are omitted.

We only show result (iii). Suppose that f has sensitive dependence on initial conditions in V with a sensitivity
constant 8. Now, suppose that f does not have sensitive dependence on initial conditions in V. Then, there exists a
relatively nonempty open set U with respect to V such that

d(f"x), f"(»)) <8 Vx,yeUandVn>1. (2.2)

Itis evident that U NV = ¢ and consequently, U NV is a relatively nonempty open set with respect to V. So, by the as-
sumption, there exist x1, x € U NV and a positive integer k_such that d(fk (x1), fk (x2)) > 8, which contradicts (2.2).
Hence, f has sensitive dependence on initial conditions in V. The proof is complete. O

Lemma 2.4. Let (X, d) be a metric space, f:Y C X — X amap, and D a nonempty subset of Y. Assume that f I is
continuous in D with f/(D) CY, 1< j<n—1, and f"(D) = D for some positive integer n. Then f(E) = E with
E = U'};(l) f7(D). Furthermore,

(1) if f" has sensitive dependence on initial conditions in D, so does f in E;
(i) if f" is topologically transitive in D, so is f in E.

Proof. By the assumption that f” (D) = D, it can be easily verified that f(E) = E.
(1) Suppose that f* has sensitive dependence on initial conditions in D with a sensitivity constant §. Let U be any
relatively nonempty open set with respect to E. There exists a j, 0 < j <n — 1, such that U N f/(D) # ¢. So, DN
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£~/ (U) is a relatively nonempty open set with respect to D by using the continuity of f and f(E) = E. Further, by
the assumption, there exist two points x, y € D N f~/(U) and a positive integer m such that d(f™ (x), f™ (y)) > 8,
which implies that d(f™" =/ (f/(x)), f™ 7 (f/(y))) > 8. Itis clear that mn — j > 1 and f/(x), f/(y) € U. Hence,
f also has sensitive dependence on initial conditions in E and § is also a sensitivity constant of f in E.

(2) Suppose that f” is topologically transitive in D. Let U and V be any two relatively nonempty open sets with
respect to E. There exist i, j, 0 <i, j <n — 1, such that U N f/(D) # ¢ and V N f/(D) # ¢. So, DN f~(U) and
D N f~/(V) are relatively nonempty open sets with respect to D by using the continuity of f and f(E) = E. Since
/" is topologically transitive in D, there exists a positive integer k such that

D) N (DN V) # 6,

which implies that there exists a point x € D N f~(U) such that ffrxyebn f77(V). This yields that f'(x) € U
and fRHi—i(fi(x)) = f+7 (x) € V.Itis evident that kn+ j —i > 1. Hence, f*"T/=1(U)NV % ¢ and consequently,
f is topologically transitive in E. The entire proof of the lemma is finished. O

Finally, we establish a generalized inverse function theorem in finite-dimensional spaces.

By the well-known inverse function theorem (cf. [7,20]), if amap f: E C RY — RY is continuously differentiable
with the Jacobian det Df (x¢) # 0, where E is an open set and contains x¢, then there exist two open sets U C E and
V c R? and a unique map g such that

(1) xo € U, f(xg) € V,and Df (x) is invertible in U ;
(i) f:U — V is bijective;
(iii) g:V — U is continuously differentiable and f(g(y)) =y forallye V.

This implies that g is the inverse of the map f and also continuously differentiable in some neighborhood of f (xp).
In this theorem, the condition det D f (xg) # O is very important. We shall remark that the condition det D f™ (xg) # 0
is also important in the existing results that snap-back repellers imply chaos [16,17,22], where xo and m are specified
in Definition 2.5. It guarantees that the snap-back repeller is regular and nondegenerate. It is very interesting how to
weaken this condition such that the inverse of the map f still exists. It is noted that if the inverse map exists and is
differentiable at f(xg), then det Df (x¢) # 0. So, if this condition does not hold and the inverse map exists, then the
inverse map may be continuous in some neighborhood of f(xp), but is not differentiable at f (xo).

Lemma 2.5 (A generalized inverse function theorem). Let E be an open set of R? and amap f : E — R? continuously
differentiable with xo € E and det Df (xg) = 0. If rank Df (x0) =d — 1 and det Df (x) # 0 does not change the sign
in By, (xo) \ {xo} for some constant ro > 0, then there exist two open sets U C By, (x) and V C R? and a unique map
g such that

(1) xoeU, f(xo)eV,anddetDf (x) #0 forall x € U\ {xo};
(i) f:U — V is bijective;
(iii) g:V — U is continuous and f(g(y)) =y for all y € V. Furthermore, g is continuously differentiable in

VAL (x0)}-

Proof. Without loss of generality, suppose that det D, f/(x', xg)|x=x, # 0, Where f = (f', fa), x = (x',xq), ' isa
(d — 1)-dimensional vector-valued function, and x’ € R, By the inverse function theorem with parameters, there
exist open sets Uy, V| C R and Uy c R with U; x U C E, and a unique map g’ such that

(1) xye U, yye Vi, xg € Uy, and D, f'(x', xg) is invertible in U; x Uy;
() f'(-,xq):U; — R% ! is injective for any x4 € Us;
(3) g': Vi x Uy — Uy is continuously differentiable and (g’ (y', x4), x4) =y’ for all y’ € V; and for all x; € Uy;

where xo = (x), xg), x) € R4, yo = f(x0), and ¥ is similarly defined to x,. Further, from the equation in (3), we
get that for all y’' € V1, x4 € Us,
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Dy (v xa) = (D £/ x00) ™ | girny
Doy (v xa) = = (D £/ (', x)) ™ Doy £/, x)lvmgr 7, - 23)
Now, we consider the following scalar map with the parameter y’ € V;:
h(y',) = fa(g'(y'.)."):Ur > R.
It is clear that /i (yy), xg) = yg, h(y’, x4) is continuously differentiable in V| x U,, and
Dy, h(y', xq) = Dy fa(8' (Vs xa), Xa) Dx,8' (', xa) + Dy fa(8'(Y' . %), xa),
which, together with (2.3), implies that for any y’ € V; and for any x4 € Ua,
Dy h(y', xa) =y (X', xa), 2.4

where x' = g'(y', x4) and

y (&', x0) = =Dy fa&' xa) (Do /(& %)) ™ Doy £ Xa) + Doy fa (¥ x).
On the other hand, we have
Dy f'(x',xa) Dy, f' (X', xa)
Dy fa(x', xa) Dy, fa(x', xa)

It follows from (1) that det Dy f'(x’, x4) # 0 for all (x’, x4) € Uy x U,. By the continuity of D, f/(x’, x4) in Uy x U,
det D, f'(x’, x4) does not change the sign in U; x Us. In addition, it follows from (2.4) and (2.5) that for all y' € V;
and x; € Uy,

det Df (x) = det ( ) =det(Dy f'(x, x0)) v (x', x4). (2.5)

Dy h(y, xa) = (det Dy f/(x', xg)) ' det Df (x', xa), (2.6)

where x" = g’(y’, x4). Since det Df (x) # 0 does not change the sign in B, (xo) \ {xo}, there exist open sets U; C
Uy and U C U, with x; € U{ and xg € U; such that U{ x U} C By (xo) and V] = f'(U] x U3) == {f'(x", xa):
x" € U, x4 € Uj} is an open subset of V1. It follows from (2.6) that Dy, h(y, xg) =0and D,,h(y, x4) # 0 does not
change the sign in V| x U} \ {(y;. xg)}. Consequently, 2(y’, -) is strictly monotonic in U for any y" € V. Further, by
using the fact that 2(y’, x4) is continuously differentiable in V| x U}, there exist open sets U} C U;, V{" C V|, and
V> C R, and a unique map g, such that

) x2 eUy,y,eV/, yg € Va, and Dy, h(y’, x4) # 0 does not change the sign in V|" x U7 \{(y, xg)};

(5) h(y',-):U) — Ris injective for any y’ € V/’;

(6) ga:V{' x Vo — U is continuous and h(y’, g4(¥", ya)) = ya for all y’ € V| and for all y; € V. Furthermore, g4
is continuously differentiable in V| x V2 \ {yo}.

Set g(y) := (&' (', ga(¥)), ga(y)) and U{" := g'(V|" x UJ). It follows from (1)—(6) that

(7) U} is an open subset of Uy, xo € U}’ x Uy, yo € V| x V3, and det D, f(x) # 0 does not change the sign in
U x UJ\ {xo};

(8) f:U{ x Uj — R is injective;

(9) g:V/' x Vo = U{ x Uy is continuous and f(g(y)) =y for all y € V{" x V. Furthermore, g is continuously
differentiable in V|’ x V2 \ {yo}.

Therefore, g is the continuous inverse of f. By setting V = V|’ x V2 and U = g(V) C U] x U}/, (i)—(iii) hold. This
completes the proof. O

3. Chaos induced by coupled-expanding maps in compact sets

In this section, we establish a criterion of chaos in the sense of both Li—Yorke and Wiggins, induced by strictly
coupled-expanding maps in compact sets of metric spaces.
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Lemma 3.1. Let (X, d) be a metric space and Vi, 1 < j < N (N = 2), disjoint compact sets of X. If a continuous
map f: U;V:l V; — X satisfies

(1) f is strictly coupled-expanding in V;, 1 < j < N;
(i1) there exists « = (ap,ay,as,...) € 2;\? such that Vy is a singleton set, where

Vo= [ ) f 7" (Va,):

n=0

(iii) f isinjectivein Vj, 1 < j < N, respectively,
then

(1) f has a positive topological entropy and is chaotic in the sense of Li—Yorke;
(2) there exists a perfect and compact subset D, which contains a Cantor set, of U;\]:] V; such that f(D)= D and
f is chaotic in the sense of Wiggins on D.

Proof. Result (1) can directly follow from [31, Theorem 1] and [2, Corollary 2.4]. So it only needs to show result (2).
We only present the proof of result (2) in the case N = 2 for briefness. The proof in the other case is similar. The
proof is divided into four parts.

Let

2:={B € X : Vg isasingleton set}, V= v
Bef2

By assumption (ii), « € £2. So, §2 and V are both nonempty.

(1) The set 2 is perfect and contains infinitely many points. In fact, for any given g = (bo, b1, ...) € §2 and for any
& > 0, there exists a positive integer n such that 27" < ¢. Set y = (bo, b1, ..., bp—1,Cn, bp+1,bp42,...) € >, where
cn #by. Then p(y, B) =27" < ¢ and ol y)= otl (B). By repeatedly using Lemma 2.2, it can be concluded that
V), is also a singleton set and consequently, y € £2. Hence, §2 is perfect and contains infinitely many points.

In addition, it can be easily verified that o (£2) = §2 again by using Lemma 2.2, and consequently, f(V)=V.

(2) The map f:V — V is topologically conjugate to o : 2 — £2. Define a map h: V — £2 as follows. Note that
Vg NV, =¢ forany B,y € §2 with B # y. So, for any x € V there exists a unique point 8 € §2 such that {x} = Vp.
Set h(x) = B. Then h is well defined in V. Since f(x) € Vs (x)) for any x € V, we get that h(f(x)) = o (h(x)), i.e.,
hof=0coh.

The rest is to show that 4 is homeomorphic. Obviously, % is bijective in V. We now show that £ is continuous
in V. To do so, for any given x € V and for any {xn};‘l"=1 C V withx, > x asn — oo, let h(x) = 8 = (bg, b1, ...) and

h(xp) =B, = (b(()"), b%"), ...),n>1.Then B, B, € 2, {x} = Vg, and {x,} = Vg, for each n > 1. For any & > 0, there
exists a positive integer k such that 2% < ¢. By the continuity of f, we have that f7/(x,) — f/(x) as n — oo for
each j > 0. Since ff(x) € Vbj and fj(xn) € Vb}n), n > 1,foreach 0 < j <k, and d(Vi, V») > 0, it follows that there
exists a positive integer N such that b;n) =b;,0< j <k, forall n > Njy. Hence, p(B,, B) < 27k < ¢foralln > Ni.
This yields that 4 is continuous in V. We turn to show that h~! is continuous in £2. Fix any B = (bg, b1, ...) € 2 and
any {B,}°2 | C £2 with g, = (b(()"), bg"), ...)—> Basn— oo.Setx=h"'(B) and x, = h~'(B,),n > 1. Since Vg is a
singleton set, it follows from Lemma 2.1 that d(Vé’) — 0 as n — 00, where Vg = ﬂ;f:l f‘j(Vbj). So, for any ¢ > 0,
there exists a positive integer N such that

d(Vj)<e ¥n>N. 3.1)

In addition, since 8, — B as n — oo, there exists a positive integer N3 > N, such that p(8,, 8) < 272 for all
n > N3, which implies that for all n > N3,

Bl=b;, 0<j<Na. (3.2)



1488 Y. Shi, P. Yu/J. Math. Anal. Appl. 337 (2008) 1480-1494

By using the fact that {x} = 72, V{ and {x,} =72 V4 . n > 1, and from (3.2), it follows that x, x, € V> for
each n > N3. This, together with (3.1), implies that d(x,, x) < d (VNZ) < & Vn > N3, which yields that x, — x as

n — oo. Hence, h~! is continuous in §2. Therefore, h:V — 2 is homeomorphic and consequently, f:V — V and
o :§2 — £2 is topologically conjugate.

(3) Based on the discussions in parts (1) and (2) and by using the fact that E; is totally disconnected, V is perfect
and totally disconnected, and contains infinitely many points. We turn to show that f is chaotic on V in the sense of
Wiggins. To do so, this part is divided into two subparts.

(3a) The map f has sensitive dependence on initial conditions in V. For any given x € V and for any relatively open
neighborhood U of x with respectto V, h(U) is a relative open neighborhood of § to §2 by using the homeomorphism
of h, where B = h(x) = (b, b1, ...). Then there exists a positive integer n such that By (8) N 2 C h(U). Set y =
(b0, b1y .. by, Cug1y busa, ..) € DY with byt # cuy1. It is evident that p(y, B) =27 FD <277 and 0" +2(y) =
o"*2(B). Since B € £2, it follows from Lemma 2.2 that y € £2. So, we get that y € B, () N £2. Denoting {y} = Vy,
one has that 2 (y) = y and consequently, y € U. Since f"!(x) € V},,, and f"*'(y) € V,,,,, we have

d(f" @), S D) 2 d Vi1 Vo) =d (Vi V) > 0,

Hence, f has sensitive dependence on initial conditions in V.

(3b) The map f is topologically transitive in V. Suppose that U and W are any two relatively nonempty open
subsets with respect to V. Fix a point x € U and a point y € W, and denote h(x) = 8 = (bo, b1,...) and h(y) =y =
(co, c1, - . .). By the homeomorphism of %, h(U) and k(W) are relatively nonempty open subsets with respect to £2. It
is evident that 8 € h(U) and y € h(W). So, there exists a sufficiently large integer n such that B, (8) N §2 C h(U).
Set B’ = (bg, b1, ...,bny1,co,c1,...). Then 6"t2(8’) = y and consequently, B/ € £2 again by Lemma 2.2. It is
evident that p(8, 8/) < 2~"+D_ This implies that 8’ € By« (8) N £2. Hence, z = h~'(B’) € U. In addition, we have
that 2 (f"*2(z)) = 0" 2 (h(2)) = " T%(B') = y = h(y). By the injectivity of &, we get that f"2(z) = y, which yields
that y € f"+2(U) N W and consequently, f"+2(U) N W # ¢. Therefore, f is topologically transitive in V.

Based on the discussions in (3a) and (3b), we have proved that f is chaotic on V in the sense of Wiggins.

(4) By the continuity of £, it follows that f(V) C V. Now, consider the converse inclusion. For any given y € V,
there exists a sequence {y,},;2, C V such that y, — y as n — oo. Since f(V) =V, there exists x,, € V such that
f(xp) =y, for each n > 1. From the compactness of V| and V5, it follows that there exists a convergent subsequence
{xn,} of {x,}. Suppose that x,, — x as ny — oo. It is clear that x € V. So, by the continuity of f, we have that
Y = f(xnk) — f(x) as ny — oo. This yields that y = f(x) € f(V) and consequently, V C f(V). It then follows
that (V) = V. In addition, since V is perfect and contains infinitely many points, and V| and V; are compact, it can
be easily concluded that V is perfect and compact, and contains a Cantor set. Based on the discussion in part (3), f is
chaotic on V in the sense of Wiggins. So, it follows from (ii) and (iii) in Lemma 2.3 that f is chaotic on V in the
sense of Wiggins.

By setting D =V, result (2) has been proved. The entire proof of this theorem is complete. O

n+1°

Remark 3.1. From the proof of Lemma 3.1, V is totally disconnected. But the set D = V in result (2) in Lemma 3.1
may have a nonsingleton connected component. So, D contains a Cantor set, but may not be a Cantor set.

The following result is a direct consequence of Lemma 3.1.

Theorem 3.1. Let (X, d) be a metric space and Vi, 1 < j < N (N = 2), disjoint compact sets of X. If a continuous
map f: U;-Vzl Vi — X satisfies

(1) f is strictly coupled-expanding in V;, 1 < j < N;
(ii) there exist a jo, 1 < jo < N, and a constant A > 1 such that

d(f(), ) = rd(x,y) Yx,yeVj,
and f is injective in Vj, 1 < j # jo < N, respectively,

then all the results in Lemma 3.1 hold.
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4. Chaos induced by regular snap-back repellers

If a map f in R? is continuously differentiable in some neighborhood of x; = f/(xp) (0 < j < m — 1), where xg
and m are specified in Definition 2.5, then the snap-back repeller is regular and nondegenerate if and only if Df (x;)
is invertible for 0 < j < m — 1. In this section, this condition is weakened.

Theorem 4.1. Let a map f:R? — RY have a snap-back repeller z in some norm | - || with f™(xo) = z for some
X0 € By, (z), xo # z, and some positive integer m = 2, where ry is specified in Definition 2.5. Assume that f is
continuous in Bro (z) and in ng (x}), respectively, for some positive constants §; with xj = f Txo), 1<j<m—=1.1If
there exists a positive constant 5o < ||xo — z|| such that l_?,go (x0) C I_Bro (2), fj(égo (x0)) C B(sj (xj)for1<j<m—1,
and z is an interior point of f™(Bs,(xp)), then f has a positive topological entropy and is chaotic in the sense of
Li—Yorke.

Proof. We shall show that there exist a positive integer n > m and two disjoint compact sets V| and V; such that f”
is continuous in Vi U V3 and strictly coupled-expanding in V| and V5.
By Definition 2.5 and by the assumptions, there exists a constant A > 1 such that f satisfies

| £ = f| = Alx =yl Vx,y € By (2). 4.1)

Frozn (4.1), Lemma 2.2 in [21], and the continuity of f in B,O (z), it follows that, for any positive constant r < ry,
f(Br(2)) is closed, f(B,(z)) is open, and

f(B/(2)) D B, (2), f(Br(2) D Br(2). (4.2)

This implies that z is a regular expanding fixed point of f and df (B (z)) = f(dB,(z)). Again from (4.1), for any
positive constant 7 < rg and for any x € 9B, (z), we get that || f(x) — z|| = A||x — z|| = Ar, which implies that

f(Br (@) D By (2). (4.3)

Since z is an interior point of ™ (Bgo (xp)) with xo and §¢ specified in the assumptions in the theorem, there exists a
positive constant 1 < rg such that

By, (2) C f™(Bsy(x0))- (4.4)

By noting A > 1, there exists a positive integer k such that A*~1r| < rg and Akr; > rg. So, it follows from (4.3) and
(4.4) that

FH(Bsy (x0)) D Bry (2) D Byx-1,, (2). (4.5)
Set
Di=f"Y(By@)NBy@, Di=f'Di)NDi—y, i>2.

Then D; contains z and is a closed subset of _Ero (), and D; contains z and is a closed subset of D;_; for each i > 2.
Further, it follows from (4.2) that f(D1) = By (2). It is easy to verify that f(D;_1) D D;—1 and f(D;) = D;_; for
i > 2 by induction. For any x € D;, f/(x) € By,(z) for 0 < j <i. Consequently, using (4.1), we have

Ix —zll <A f1 () —z| <A7Pro, Vx e Dy,

which implies that D; C Bk_; r(2) for i > 1. By referring to A > 1 and 8y < [lxo — z||, there exists a positive integer
n > m + k such that

Dy, N Bs, (x0) = ¢. (4.6)
Hence, V| := D,, contains z and is a closed subset of B,O (), " (V) = B,O (z), and f" is continuous in V. Next, set

E1=Bsy(x0) N f"(Br(2)),  Ei=Ei1Nf """ D(B, (), 2<i<k,

Ej=E; N " D(By2), k+1<j<n+1-m.
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By the continuity of f and from (4.3)~(4.5), it can be concluded that f™(E1) = By, (z), f™ "~ (E;) = B)i-1,,(2)
2<i<k), f’"+j—1(Ej) = Bro(z) (k+1<j<n+1—m); Eq contains xg and is a closed subset of L_?(;O (xp) and E;
contains xq and is a closed subset of E; _{ for2 <i <n+1—m;and f’"+f is continuousin Ej for 1 < j <n+1—m.
Hence, V; := E, 11—, contains xo and is a closed subset of I§50 (x0), f™ is continuous in V,, and f"(V,) = Bro (). In
addition, it follows from (4.6) that V1 NV, = ¢.

In summary, Vi and V, are disjoint compact sets, f" is continuous in Vi U V3, and f"(V;) = B,O (z) D
Vi UV,, j=1,2. By [31, Theorem 1] and its proof, there exists a compact subset A C V| U V, with f"(A) = A
such that f7: A — A is topologically semi-conjugate o : 22+ — 22+ . Since o has a positive entropy, f” has a posi-
tive topological entropy, and consequently, f” is chaotic in the sense of Li—Yorke by [2, Corollary 2.4]. This yields
that f has a positive topological entropy by Theorem 1.2 in [20, Chapter IX], and is chaotic in the sense of Li—Yorke.
The proof is complete. O

The following two results are direct consequences of Theorem 4.1.

Corollary 4.1. Assume that a map f: R? — R has a regular snap-back repeller z with xo, ro, and m specified in
Definition 2.5. If f is continuous in B,,(z) and in some neighborhood of f/(xo) for 1 < j <m — 1, then f has a
positive topological entropy and is chaotic in the sense of Li—Yorke.

Corollary 4.2. Assume that amap f:R? — R? has a regular homoclinic orbit I" to a regular expanding fixed point z.
If f is continuous in some neighborhood of each point on I' and in some neighborhood of z, then f has a positive
topological entropy and is chaotic in the sense of Li—Yorke.

Remark 4.1. From the proof of Theorem 4.1, it follows that if f has a regular snap-back repeller or a regular ho-
moclinic orbit to a regular expanding fixed point, and is continuous in the interested domains, then f” is strictly
coupled-expanding in certain two disjoint compact sets for some integer n > 2.

Remark 4.2. Theorem 4.1 only requires the following two assumptions:

(1) The first assumption: z is an expanding fixed point of f in Ero (z) in some norm || - || in R? and f is continuous in
éro (z). Its sufficient condition is that f is continuously differentiable in a neighborhood of z and all eigenvalues
of Df (z) are larger than 1 in norm by Theorem 4.3 in [22].

(2) The second assumption: there exists xo € By, (z), xo # z, such that f™(x9) = z for some positive integer
m > 2, and there exist positive constants §; (0 < j <m — 1) with 9 < [|xo — z|| such that Bs,(x0) C By, (2),
fi (Bso (x0)) C ng (x), f is continuous in B(sj (x), and z is an interior point of f™ (B,;O (x0)), where x; = £l (x0),
1 < j <m~—1.0bviously, if x4 is an interior point of f(l?aj (x;)) foreach j, 0 < j <m—2,and z is an interior
point of f(Bs, ,(xm—1)), then z is an interior point of £ (Bj,(xo)). Therefore, if f is continuously differentiable
in some neighborhood of x; and det Df (x;) #0, 0 < j <m — 1, then the second assumption is satisfied by the
classical inverse function theorem. In this special case, z is a nondegenerate and regular snap-back repeller and
we have obtained a better result than Theorem 4.1; that is, f is chaotic in the sense of both Devaney and Li—Yorke
(see [22, Theorem 4.4] and [25, Theorem 2.1]).

It is noted that the assumption, z is an interior point of f” (13’50 (x0)), is difficult to verify for higher-dimensional
maps in the case that det Df (x;) =0 or f is not differentiable in any neighborhood of x; for some j, 1 < j <m — 1.
We give some verifiable conditions about it in the following theorem.

Theorem 4.2. Let a map f :R? — RY have a fixed point z. Assume that

(1) f is continuously differentiable in some neighborhood of 7z and all eigenvalues of Df (z) are larger than 1 in
norm, which implies that there exist a positive constant ro and a norm || - || in R_d such that z is an expanding fixed
point of f in By, (2) in the norm || - ||, and f is continuously differentiable in B,,(z);
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Fig. 1. 2D computer simulation result shows chaos in the (x, y) space in the rectangular box [—8, 8] x [—8, 8].

(i) there exists xo € By,(z), xo # z, such that f™(x0) = z for some positive integer m > 2. Furthermore, f is con-
tinuously differentiable in B,s (x;) and satisfies that det Df (x) # 0 does not change sign in Baj (x;)\ {x;}, and
rank Df (xj) >2d — 1 for 1 < j <m—1, where x; = £ (x0) and d; is some positive constant.

Then

(1) f has a positive topological entropy and is chaotic in the sense of Li—Yorke;
(2) there exists a compact and perfect set E containing a Cantor set such that f(E) = E and f is chaotic in the
sense of Wiggins on E.

Proof. We will apply Theorem 3.1 with N = 2 to prove this theorem. For each j, 1 < j < m — 1, by assumption (ii),
and by Lemma 2.5 in the case of rank Df (x;) =d — 1 and by the classical inverse function theorem in the case
of rank Df (x;) = d, there exists a positive constant 89 < §; such that f: Bs? (xj) — f(Ba? (x;)) is homeomorphic.

By assumption (i), z is an expanding fixed point of f in B,O (z) and f is continuous in B’ro (). It can be easily
verified that f: Bro ()= f (B,O(z)) is homeomorphlc by using the compactne%s of Bro (z), and the continuity and the

expansion of f in B,U (z). Since f is continuous in Bg (x j) for 0 < j <m — 1, there exists a positive constant §y such
that Bs, (x0) C By, (2), z ¢ Bs,(x0), and f7(Bs,(x0)) C 350()6/) 1< j<m—1.So, f™: Bs,(x0) > f™(Bs,(x0)) is
homeomorphic.

Constructing the sets V| and V; and choosing an integer n similarly to those in the proof of Theorem 4.1, where
z, X0, 70, 80, and m satisfy all the conditions in the above paragraph, one can conclude that V is a closed subset of
By, (2); V2 is a closed subset of B50 (x0); VinVa=¢; f1(V)) = f1(Va) = Bro (z) D V1 U V,; f™is continuous in Vi;
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Fig. 2. Zoom area of the rectangular box [—4, 4] x [—4, 4] in Fig. 1.

"V — fT(Vh) is homeomo_rphic; and f J is continuous in V; and V, for each Jj, 1 < j <n— 1. Furthermore, for
any x,y € Vi, f'(x), f'(y) € By, (z), 0 <i < n, and consequently, it follows that

") = | = 2" x =yl

Hence, f" satisfies all the assumptions in Theorem 3.1 for V| and V, with jo = 1. By Theorem 3.1, f” has a positive
topological entropy and is chaotic in the sense of Li—Yorke, and there exists a perfect and compact subset D, which
contains a Cantor set, of V| U V, such that f*(D) = D and f" is chaotic in the sense of Wiggins on D. With a
similar argument to the last paragraph in the proof of Theorem 4.1, one can conclude that f has a positive topological
entropy and is chaotic in the sense of Li—Yorke. Let E = U?;(l) f7(D). It can be easily verified that E is also perfect
and compact, contains a Cantor set, and satisfies f(E) = E. Hence, f is chaotic in the sense of Wiggins on E by
Lemma 2.4. The proof is complete. O

Remark 4.3. From the proof of Theorem 4.2, 7 is a regular snap-back repeller under the assumptions in Theorem 4.2.
Clearly, assumption (ii) in Theorem 4.2 is much easier to verify than the second assumption in Theorem 4.1 (see
Remark 4.2). So it is more convenient in applications.

Remark 4.4. By Theorem 4.2, there exists a compact and perfect set E containing a Cantor set such that f(E) = E
and f is chaotic in the sense of Wiggins on E. Obviously, it is useful to know where the set E lies in its application.
From the constructions of V; and V> in the proof of Theorem 4.2, we can figure out that

E C Bro(z) U BB(I)(X]) J---u Bsoil(xmfl)a

where z, rg, m, x1, ..., X, —1 are specified in assumptions (i) and (ii) in Theorem 4.2; and 8?, 1 < j<m—1,satisfy

that f: Baj? (x;) = f(éaj? (x;)) is homeomorphic.
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5. An example

In this section, we discuss an example of two-dimensional map, which shows that the assumptions in Theorem 4.2
are indeed weaker than those in the relative existing results.

Example 5.1. Consider the following two-dimensional map:
4x, y), if (x, y) € B3 (0),
f(x,y) =1 arbitrary, if (x, y) € B2(0) \ B% (0,
(sin((x —3)* +x(y —3)),sin(y = 3)), if (x,y) & B2(0),
where B 3 (0) is a closed ball of radius % centered at the origin (0, 0), and B> (0) is an open ball of radius 2, centered
at (0, 0), with the classical Euclidean norm | - || in R?. It is clear that (0, 0) is a fixed point of f and f is continuously
differentiable in the open ball B% (0), satisfying Df(0,0) =4 I, and

|, Y@y, (2, y) € B%(O)-

| £ Gersyn) = £, y2) | = 4] Gty y1) = (e, 32)
This implies that (0, 0) is a regular expanding fixed point of f in B 3 (0). Setting xop = yo = %, we see that (xo, yo) €
B% ), f(x0,y0) =(3,3),and f(3,3) =(0,0). So (0, 0) is a snap-back repeller of f with m = 2. In addition, f is
continuously differentiable in B1((3, 3)) with Jacobian matrix

[ Bx =3+ =-3)Dgx,y) 2x(y—3)gx,y)
pre = ( , B,

which yields that
det Df (x,y) = (3(x —3)* + (y = 3)?)g(x, y)cos(y —3), (x,y) € Bi((3,3)),



1494 Y. Shi, P. Yu/J. Math. Anal. Appl. 337 (2008) 1480-1494

vyhere g(x,y) = cos((x — 33 + x(y — 3)2). Clearly, rank Df(3,3) = 1, and detDf(x,y) > 0 for all (x,y) €
Bflo ((3,3)) \ {(3, 3)}. Hence, all the assumptions in Theorem 4.2 are satisfied. Therefore, f is chaotic in the sense of

both Li—Yorke and Wiggins by Theorem 4.2.

Since det Df (3, 3) =0, the origin is a degenerate snap-back repeller. So the relative existing results in [16,17,22]
are not applicable to this map.

In order to help better visualize the theoretical results, three computer simulations are done. For it, take f(x, y) =
4(x,y) for (x,y) € B2(0) \ B (0). In this case, f(Rz) = Bg(0). The simulation results for this 2D map in the (x, y)
space are shown in the rectangular boxes [—8, 8] x [—8, 8], [—4, 4] x [—4, 4], and [—1, 1] x [—1, 1], respectively, see
Figs. 1-3. They clearly show that the dynamical behaviors of the map are complicated.
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