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Abstract

In this paper, we present a method of higher-order analysis on bifurcation of small limit cycles around
an elementary center of integrable systems under perturbations. This method is equivalent to higher-order
Melinikov function approach used for studying bifurcation of limit cycles around a center but simpler.
Attention is focused on planar cubic polynomial systems and particularly it is shown that the system studied
by Zotadek (1995) [24] can indeed have eleven limit cycles under perturbations at least up to 7th order.
Moreover, the pattern of numbers of limit cycles produced near the center is discussed up to 39th-order
perturbations, and no more than eleven limit cycles are found.
© 2018 Elsevier Inc. All rights reserved.
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1. Introduction

Bifurcation theory of limit cycles is important for both theoretical development of qualita-
tive analysis and applications in solving real problems. It is closely related to the well-known
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Hilbert’s 16th problem [2], whose second part asks for the upper bound, called Hilbert number
H (n), on the number of limit cycles that the following system,

dx dy

E:Pn(.x,y), ZZQn(xvy)a (1)

can have, where P,(x,y) and Q,(x,y) represent n-degree polynomials in x and y. This
problem has motivated many mathematicians and researchers in other disciplines to develop
mathematical theories and methodologies in the areas of differential equations and dynamical
systems. However, this problem has not been completely solved even for quadratic systems
since Hilbert proposed the problem in the Second Congress of World Mathematicians in 1900.
The maximal number of limit cycles obtained for some quadratic systems is 4 [3,4]. However,
whether H(2) =4 is still open. For cubic polynomial systems, many results have been obtained
on the lower bound of the number of limit cycles. So far, the best result for cubic systems is
H(3) = 13 [5,6]. Note that the 13 limit cycles obtained in [5,6] are distributed around several
singular points.

When the problem is restricted to consider the maximum number of small-amplitude limit cy-
cles, denoted by M (n), bifurcating from a focus or a center in system (1), one of the best-known
results is M (2) = 3, which was obtained by Bautin in 1952 [10]. For n = 3, a number of results
in this research direction have been obtained. So far the best result for the number of small limit
cycles around a focus is 9 [11-13], and that around a center is 12 [14].

One of powerful tools used for analyzing local bifurcation of limit cycles around a focus or
a center is normal form theory (e.g., see [15—18]). Suppose system (1) has an elementary focus
or an elementary center at the origin. With the computation methods using computer algebra
systems (e.g., see [9,19-22]), we obtain the normal form expressed in polar coordinates as

dr

2
do 2 4 2%k
—dt—a)c+fo+tlr +orit T+,

where r and 6 represent the amplitude and phase of motion, respectively. vg (k =0,1,2,--) is
called the kth-order focus value. vy and 7¢ are obtained from linear analysis. The first equation of
(2) can be used for studying bifurcation and stability of limit cycles, while the second equation
can be used to determine the frequency of the bifurcating periodic motion. Moreover, the coeffi-
cients 7; can be used to determine the order or critical periods of a center (when v; =0, j > 0).

A particular attention has been paid to near-integrable polynomial systems, described in the
form of [7,8]

dx _
== M~ (x,y, WHy(x, y, W)+ p(x, y,8,8),
3)
dy _
=M Yooy, ) Hy (6, y, 1) +2q(x, v, 8, 8),

where 0 < ¢ < 1, u and § are vector parameters; H (x, y, i) is an analytic function in x, y and
w; p(x,y,¢e,8) and g(x, y, &, §) are polynomials in x and y, and analytic in § and e. M (x, y, i)
is an integrating factor of the unperturbed system (3)|c—¢.
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Suppose the unperturbed system (3)|.—o has an elementary center. Then, considering limit
cycles bifurcation in system (3) around the center, we may use the normal form theory to obtain
the first equation of (2) as follows:

g =r [vo(s> +ui(e)r? +vae)rt + - +vi(e)r +- ] , )

where
o0
vi(e) =) & Vi, i=0,1.2,...,
k=1
in which Vj; denotes the ith eX-order focus value, and will be used throughout this paper. Note
that v; (¢) = O(e) since the unperturbed system (3)|.—o is an integrable system. Further, because

system (3) is analytic in ¢, we can rearrange the terms in (4), and obtain

dr

E=V1(”)8+V2(")<92+-“~|—Vk(r)8k~|—--', (5)
where
i .
Vi(ry=Y_Var®t k=1.2,.... (6)
i=0

Similarly, for the normal form of system (3) we have the second differential equation in (2),
given by

ﬁ—T()—i-O()
ar oY &)

with Ty (0) #£ 0, and thus

dr Viie+Va(r)e? +-- 4+ Vi) ek +---

—= )
do To(r) + O(e)

Assume the solution r (6, p, ¢) of (7), satisfying the initial condition r (0, p, &) = p, is given in
the form of

(0, p, &) =108, p) + 118, p)e + 128, p)e* + -+ (0, p)ek +-- -,

with 0 < p <« 1. Then, r¢(0, p) = p and r(0, p) =0, for k > 1.
If there exists a positive integer K such that Vi (r) =0, 1 <k < K, and Vg (r) # 0, then it
follows from (7) that

\%
0@, p)=p, r@.0)=0, 1<k<K, and rg(@ p)=-5L
To(p)
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Thus, the displacement function d(p) of system (7) can be written as

VK('O)EK

d(p)=rQm,p, &) —p=27 - + oK. (8)

Therefore, if we want to determine the number of small-amplitude limit cycles bifurcating from
the center in system (3), we only need to study the number of isolated zeros of Vi (p) for
0 < p < 1, and have to obtain the expression of the first non-zero coefficient Vx (r) in (5) by
computing V;g, fori > 0.

The above discussions show that the basic idea of using focus values is actually the same as
that of the Melnikov function method. Using H (x, y) = h to parameterize the section (i.e. the
Poincaré map), we obtain the displacement function of (3), given by

d(h) = My (h)e + Ma(h)e® + -+ + My (h)ek + - - -, 9)
where
My (h) = 55 M(x, y. w)[g(x..0.8)dx — p(x. y.0.8)dy]. (10)
H(x,y,u)=h

evaluated along closed orbits H(x, y, u) = h for h € (hy, hy). Then, we can study the first non-
zero Melnikov function My (h) in (9) to determine the number of limit cycles in system (3). In
the following, we remark on the comparison of the Melnikov function method and the method of
normal forms (or focus values).

Remark 1.

(1) Let H="h,0 < h—h; < 1 define closed orbits around the center of system (5)|.—0. It is easy
to see that for any integer K > 1, equation (8) holds if and only if My(h) =0, 1 <k < K
and Mg (h) £ 01n (9). Moreover, Vg (p) for0 < p <« 1 and Mg (h) forO <h —h; < 1 have
the same maximum number of isolated zeros.

(2) As we can see, Vi (r) can be obtained by the computation of normal forms or focus values.

(3) In particular, when the original system is not a Hamiltonian system but an integrable sys-
tem, then even computing the coefficients of the first-order Melnikov function is much more
involved than the computation of using the method of normal forms.

(4) However, the method of normal forms (or focus values) is restricted to Hopf and general-
ized Hopf bifurcations, while the Melnikov function method can also be applied to study
bifurcation of limit cycles from homoclinic/heteroclinic loops or any closed orbits.

(5) Another method of using high-order perturbations of focus values can be found in [23] by
Christopher. Like in our approach, linear terms of focus values are used firstly in [23] to
estimate the cyclicity of centers. If the number of independent linear terms is less than the
codimension, then higher order terms of focus values would be needed to obtain the cyclicity.

When we apply the method of normal form computation, some unnecessary perturbation pa-
rameters are involved in the computation of high-order focus values, which could be extremely
computation demanding (in both time and memory), and makes it much more difficult to solve
the problem. Meanwhile, before we use the first non-zero coefficient Vi (r) in (5) to find limit
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cycles, we need to prove Vi(r) =0, 1 <k < K. The unnecessary parameters involved could
greatly increase the difficulty of proving that.

In this paper, without loss of limit cycles, we introduce a linear transformation to eliminate un-
necessary parameters from system (3). With less parameters in (3), we can use the approximation
of first integrals to prove Vi (r) = 0. The idea will be illuminated in Section 2.

We will apply our method to study the bifurcation of small-amplitude limit cycles in the
system

d 5 -
C=a+ EX+XY+X3+I;3kPk(X’Y),
- ) (11)
d
& —2ax +2y — 3x? —i—4y2 —ax’+ 6x2y + Zequ(x, y),
dt k=1
where
3 3
ey =aok + Y aix'y . qe(e.y)=book + Y bijex'y’, (12)
i+j=1 i+j=1

in which a; j; and b; j; are ekth-order coefficients (parameters). The unperturbed system (11)|,=0
has a rational Darboux integral [24],

5 4 4 2 4 5
HO:f_14: ! (x3+ x“+4y) - (13)
fy (@ +5x+5xy+5x/24a)

with the integrating factor M =20 f14 f2_5 . It can be shown that for a < —2%/# system (11)],—
has a center at Eg = (— %, — “212). The system (11)].=¢ was proposed in [24], and it was claimed
that this system could have 11 limit cycles around the center by studying the second-order Mel-
nikov function. Later, Yu and Han applied the normal form computation method and got only 9
limit cycles around Eq [25] by analyzing the ¢- and e2-order focus values. Recently, it has been
shown [26] that errors are made in [24] for choosing 12 integrals as the basis of the linear space
of corresponding Melnikov functions of system (11)|s=¢. In fact, among the 12 chosen integrals,
two of them can be expressed as linear combinations of the other ten integrals, and therefore only
9 limit cycles can exist, agreeing with that shown in [25].

It has been shown in [23,27] that another two cubic systems can have 11 small limit cycles
produced from a center. Recently, the existence of 12 small limit cycles around a center is proved
in a cubic Darboux system with cubic perturbations [14].

The rest of the paper is organized as follows. In the next section, we consider system (3),
and construct a transformation to reduce the number of perturbation parameters, which greatly
simplifies the analysis in the following section. Section 3 is devoted to the computation of higher
ek-order focus values and the existence of 11 limit cycles in system (11), which needs computing
at least £’ -order focus values. Finally, conclusion is drawn in Section 4.
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2. Preliminaries

The method of focus values (or normal forms) is one of important and powerful tools for the
study of small-amplitude limit cycles generated from Hopf bifurcation. In general, a sufficient
number of focus values would be needed if one wants to find more small-amplitude limit cycles.
One main challenge is that the computation of focus values becomes more and more difficult
as the order of focus values goes up. That is why computer algebra systems such as Maple
and Mathematica have been used for computing the focus values to improve the computational
efficiency (e.g. see [21,22]). Another approach is to eliminate certain parameters from the system,
which is the method we shall develop here for near-integrable systems.

In most studies of near-integrable systems, full perturbations like those polynomials
p(x,y,&,6)and g(x, y, &, 8) given in system (3) are considered. The parameter vector § usually
represents the coefficients in p and g. When normal forms are used to study small limit cycles, it
is easy to get and solve the focus values of ¢ order (coefficients in V;(r)), because they are linear
functions of the system parameters, namely the coefficients in p(x, y, 0, §) and g(x, y, 0, §). For
the eX-order focus values (coefficients in Vi (r)), more parameters would be involved in the com-
putation. One can observe that some parameters are not necessary for obtaining the maximum
number of limit cycles, and they only increase the difficulty in finding limit cycles.

When the first n functions Vi (r) in (5), 1 <k < n are applied to studying bifurcation of limit
cycles, in order to remove unnecessary parameters without reducing the number of limit cycles,
we may use the following transformation:

x —x +ei(e)x +eae)y +es(e),

y—> ytes(e)x +es(e)y+es(e), (14)
t—t+er(o)t,

H—> o+ eg(e),

where

ei(s)=e,-18+e,-282+~--+e,-,,8”, i=1,---,8.

Note that (14)|,=9 is an identity map. Thus, (14) keeps the unperturbed system of (3) unchanged.
Furthermore, the new system obtained by using (14) can be still written in the same form of
(3). So we only need to find proper ¢;(¢)’s to get simpler perturbation functions without loss of
generality.

To illustrate how to obtain e; (¢), we take system (11) as an example. The coefficients a;;; and
bjjx in (11) are the parameters. Substituting the transformation (14) into system (11) yields

d 5 -
d_); =a~|—§x +xy+x3+l;8kﬁk(x,y)+o(s”),

15)

d n
d_)t] =—2ax +2y —3x> +4y> —ax> + 6x%y + Zskcjk(x, y) +o(g™),
k=1
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where
3 . . 3 . .
Prx.y)=aook + Y @jxx'y’.  Gue.y)=book+ Y bijxx'yl. (16)
i+j=1 i+j=1
Obviously, the coefficients a;;; and I;ijk in (16) are linear in ey, m =1,...,8. Let E; =
(e1k, e, -, esk) ! . For any 1 <k <n, a;j, and l;ijk can be written in the form of

aijk = Aij Ex + nijk,  bijk = Bij Ex + Sijks
where A;; and B;; are 1 x 8 matrices, and 7;jx and &;jx, given by

Nijk =Mijk(E1, -, Ex—1, Qmits -+ 5 Guikes bmit, -+ 5 bik) s an
Cijk = Cijk(E1, -+, Ek—1, Qmit, -+ 5 Gk, b1, - -+ bike),

are polynomials in e;,;, 1 <1 <k — 1, and the coefficients in the perturbation functions (12).
Note that A;; and B;; are not dependent on k. We hope that we can find some proper values for

ejx to make some of the coefficients a;;; and l;,- ik vanish or satisfy some conditions, so that the

computation of the focus values would become easier. For instance, we can choose for 1 <k <n,

alox = o1k = Aok = A1k = a2k = azox =0, and
~ A~ a a’+4 -~ A~ a a2+4 (18)
apk:Pk(—}— 7 )=0, aquqk(—j,— 4 )=0.

The last two equations in (18) keep the equilibrium of system (11) in a neighborhood of Ey with
radius o(e"). A direct computation yields
aiok = 2aex + eok + 3e7% + Mok, Aolk = 3ex + €3k + Motk
aror = 3exk + 3e3x + ear + mook,  ark = esk + e + Nk,
amk = —3ear + nozk, 3ok = 2e1x + aeik + ek + N30k,
dp, =—4a(d+a)en — (4 +a)2+a)en + (4 +ad)ex )
+ ya%es + §a(2 + a*)esy — saeek + esi + ik,
Gg, = —5a*(16 +3a%)eix — 15a(16 +3a*) (2 + a)ex
+ %a(l6 + 3a2)e3k + %a(4 + az)e4k + %(4 + az)(2 + az)e5k
— L+ aPee + La(a® + 8)esk + &,

where 773 and g:k are also functions in 7;;; and &;;; with 1 </ <k — 1, respectively.
Because

d [3(51101(,5101k,&20k,511k,502k,5130k,5lpk,5qk)

3 4
=-32—-a") <0
d(eik, ek, €3k, 4k, €k, €6k €7k €8k) 4

for a < —27/*, we can solve (19) for e, to obtain
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emk = emk (1N10k> N01k> M20k» M 1k> N02k> N30k> k> &k), 1 <m <8,

which can be rewritten by using (17) as

emk = €mi(E1, -+, Ex—1,aij1, -+, aijk, bij1, -, bijp).

Note that e;,,; only depends on a;;1 and b;;;. Therefore, forall 1 <m <8, 1 <k <n, ey, can be
expressed as a polynomial in a;j; and b;j;, 1 <[ < k. In other words, (18) has solutions for all
1<k<n.

Thus, without loss of generality, we assume that (12) takes the following form,

pr(x, ¥) = aook + ax1kx’y + arexy® + aosy’,
Qi (x, ¥) = book + b1oxx + boiky + baokx? + brixxy + boox y? (20)
+ b3orx> + baxx?y 4 brogxy* + bosy>,
with
aook = g5 (@ +2)[(@* +2)? agsk + 2a(a® + 2) aro + 4a”azir].
book = o7 {8a>b3ok + 16a(2b1ok — abaok) + 4(a? + 2)(Aboix — 2aby i + abai) (21

— (a® +2)*[4box — 2abio — (a® +2)box]}.

As mentioned in Section 1, to find limit cycles around Eg in system (11), we apply normal
form theory to compute the focus values and then solve the multivariate polynomial equations
based on the focus values. Particularly, we have

bow = 15 [4a @by — abai) — (@ + 2)* (a1 + 3boz)

, (22)
+4(a” +2)(2boxk — aazix — abio) ],
solved from the zeroth-order focus value Vo = 0, where
Vor = 35 {16 Do — 4a(@biix — abai) + (a* +2)*(a12« + 3bosk) 23)

— 4(a* +2)2box — aazix — abia)].

Higher-order focus values are relatively complex, and we shall study them in Section 3.

When we want to use focus values Vix in Vx(r),i =0,1,2,---, to study limit cycles, we
first need to show V;(r) =0,1 <k < K, or % = 0(&X) in (5). In order to prove this, we use the
approximation of first integrals, and claim that if there exists an analytic function Hg (x, y, €)
such that

J0H 0H
(M~ Hy + ep)—— + (-M " H,€ +8q)3—yK = 0(5), (24)

0x

then ‘fi—; = 0(eX). This claim can be easily proved by using the closed contour Hg = h as the
parameter to express the displacement function.
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Usually, like that considered in [14,25] the method of focus values is used only to prove how
many limit cycles around the equilibrium point that system (3) can have. Combining it with the
approximation of first integrals, we can obtain the maximal number of small limit cycles for
parameters in a neighborhood of critical conditions. Furthermore, if the focus values are linear
functions in parameters, we have a global result as follows.

Theorem 1. Consider system (5) and assume Vi(r) =0, 1 <k < K. Suppose that for an integer
m > 1, each Vig, 0 <i < m is linear in §, and further the following two conditions hold:

. I(Vok,,Vim-1.5) —
(i) rank| =G5 | =m

(i) Vk () =0, if Vigk =0,i =0,1,--- ,m — L.

Then, for any given N > 0, there exist &g > 0 and a neighborhood V of the origin such that
system (3) has at most m — 1 limit cycles in V for 0 < |e| < &g, |8| < N. Moreover, m — 1 limit
cycles can appear in an arbitrary neighborhood of the origin for some values of (¢, §).

The above theorem can be proved following the proof of Theorem 2.4.3 given in [1] with a
minor modification. So the proof is omitted here.

3. Higher-order analysis leading to 11 limit cycles in system (11)

In this section, we focus on system (11) and show that it can have 11 limit cycles by using
perturbations at least up to 7th order. In the following, we will use the transformed system (11)
with the simplified perturbations given in (19) for the analysis.

In order to compute the focus values of this system, we first shift the equilibrium of system
(1), (x,y)= (—% +o(e"), — # +0(e")) to the origin and then use a computer algebra system
and software package (e.g., the Maple program in [19]) to obtain the focus values in terms of the
parameters a, a;jx and b;j;. We shall give detailed analysis for the first few lower-order focus
values, and then summarize the results obtained from higher-order analysis.

For convenience, define the vectors:

W= (Vik, Var, -+, Vi),

W = (Vik, Vak, -+ Vor).

W= (Vik, Vak, -+, Viok). 25)
S§ = (b1ok. baok, D11k, bozk. b3ok. ba1k, brok. bosk )
Sy = (P1oks baok, brik, bozks b3ok, ba1k, brak, bosk, aosk),

Si0 = (b1ok. baoks brik, book, b3oks b1k, brok, bosk, a0k, a2im) )

where in S,lo, k = 7m for Case (A) and k = 13m for Case (B) (m > 1, integer) to be considered
in Sections 3.4 and 3.5; and the determinants:

10
detd = det [awkk } . det) = det [awk ] . det!® = det [?SV—EO} ; (26)
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and the functions:

Fy — — 373423834799904305184768
== 5036 (a*—32)8

F 301’%505105717894236809449177088
2= 5a% (a4 32)9

Fa—= 573972192]0893210316046010501071634432
3= 235 (™ 10
(a*—32)
Fy = 279638476916415193342384256641414767487418
4= a% (a3 3211
Gl — _ 258237837

32a9(a*—32)°

G2 = oz (57697a* — 357284 — 88704),

_ 23476167 8 6 4
Gs = —m(2304313595a — 1702233920a> — 11829269248a

—39211065344a> + 8642101248),

27
G = — 15246080
al0a*-32)°
Gs= %(75767614 — 46944a% — 96768),
G = —3miggi 5377 (116815240554° — 85553099844 — 569441472004
— 2042106593284 + 30640177152),
G- — 2006968901247765
= 2883584411(a7—32)"
__154382223172905 4 2
__ 66163809931245 8 6
Go = Joimm ety (6314158847a® — 45918490244
—29599122432a* — 1126397009924> + 11915624448).
Note that F; £0, i =1,2,3,and G; #0, i =1,2,...,9, since a* — 32 > 0 fora < —275/4,
3.1. e- and £2-order analysis
The e-order focus values Vi1, Vay, -+, Vi1 are obtained by using the algorithm and Maple

program developed in [19]. Their expressions are lengthy, and here we only present the first one
for brevity,

Vii= 6912b191 — 5760a broq

i@ |
+ 16(a* — 36a” + 40) b1 11 + 48a(a” + 36a% + 160) bgy;
+ 34564 byo; — 24a(a* — 12a* + 40) by,
— 16(3a® 4 68a* 4 3004’ + 20) b12s (28)
—24a(3a® + 65a* + 300a% + 224) bo3,

+27(a® +2)(7a® + 82a* + 320a* + 128) ap3;
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+ 8a(24a® +223a* + 1140a* + 1180) ay2)
+8(21a® — 73a* + 480a” + 320) az11 }.

It is noted that all V;1’s are linear polynomials in a;;1 and b;;1. It can be shown that
detd = F1 #0, det]=F#0, det]=0. (29)
In fact, with the solution of § ? solved from Wl8 =(, we obtain
Vor =Graost, Vior=Gaaosr, Vi = G3zaps, (30)

where G;’s are given in (27). Noticing G| # 0 for a < —2/4, we have Vo; # 0 if ag3; # 0.
Moreover, detél3 # 0 and (23) indicate that perturbing Wl8 and Vp; around the solutions 518 and
bo11 (see (22)) does yield 9 small limit cycles around the equilibrium Ej.

It is seen from (30) that Vo; = Vo1 = Vi11 = 0 for ag3; = 0. For convenience, define the
critical condition S?C, satisfying (22), ng =0and ap3; =0, as

9 3
boi1 = Craiz1 — ga’azi,

7 8
ap31 = b1 =0, bia1 =3a211, bpa1 =—6ai21, boz1 = 3aii, 31

lc 9
bini =Y%aaizi +5a21, b =Crai + Czaz,

byt =Csa121 + Csaziy, bz =Cearn1 + Cranii,

where C;’s are given in Appendix A.
We have the following result.

Theorem 2. The equilibrium Eq of system (11) is a center up to g-order, i.e. all e-order focus
values vanish if and only if the condition S?C holds. Furthermore, there exist at most 9 small limit
cycles around Ey for all parameters a;j1 and b;j, and 9 small limit cycles can be obtained for
some parameter values near S?C.

Proof. The existence of 9 small limit cycles has been shown under the solution § ]8 with ag31 #£ 0
and detslg # 0. It is obvious that the critical condition S%C is necessary for all e-order focus values
to vanish since V;; =0, 0 <i < 11 under this condition. To prove sufficiency, under the critical
condition S? .» We use (24) to obtain the following ¢-order approximation of the first integral,

Si+efm

Hi(x,y, &)= Hrehn’

(32)

where f1 and f; are given in (13), f11 =a21r1 + a21172 and fo1 = aj2173 + azq1r4 with

ri = —[a®Ba® + 45 + 2y +2x% + x*) +220 — 192ax + 280y
+120x% — 64y% + 128ax? + 64x%y + 76x*],
= —%a(Sa2 —4)+5x — %a(a2 -4y + 2x? +x4) +2xy — 2x3, (33)
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r3 = a5[a?(3a® +4)(4a — 15x + 10xy + 10x”) + 304a + 16a° — 180x
— 40(16ay — 8ax? + Sxy — 23x3 — 8xy2 + 16ax* + 8x3y)],
2
ra = %(az -1- a(%a2 + %)x + %xz(% +y—x2)+ %a(a2 —Dx(y +x?).

This implies that setting the first 10 focus values V;1 =0,i =0, ---,9 yields V;; = 0 for all
i > 10. Moreover, due to that all V;; are linear in all parameters a;;1 and b;;1, by Theorem 1 at
most 9 small limit cycles can be obtained for this case. The proof is complete. O

Now suppose the condition Sffc holds and so all e-order focus values vanish, we then need
to use the £2-order focus values to study bifurcation of limit cycles. With an almost exact same
procedure as that used in the e-order analysis, we can find a solution S§ such that W28 =0, and
then

Voo =Grapn, Viee=Garaos, Viiz=Gsapsn, deti=F#0, (34)

where F and G;’s are given in (27). Note that the above equations are exactly the same as those
given in (29) and (30), if we replace k =1 by k =2 in (29) and (30). This clearly shows that
there can exist 9 limit cycles around the equilibrium Eg when all e-order focus values vanish. It
is also noted that all V;; are linear polynomials in a;;> and b;;>.

Similarly, we see that setting agsz = 0 in (34) yields Vo = Vg2 = V112 =0, implying that the
solution Sg with ap32 = 0 and bgp2 given in (22) defines a necessary condition for all &2-order
focus values to vanish. This critical condition is given below:

bora = 69_404‘1%11 - %a3a2]2 + Crain + Csaizaziy + Coaty,

ap2 =0, boz2 = §C1122 +5a%y,, bao=%ani(Saan —9a),

b = L ar1n — Faini(3laan) — 45ax11),

b2 = C2a122 + C3az12 + Croaiy; + Cr1a3y; + Craaiianii, 35
byop = Cqa122 + Csazip + Ci3 a%zl +Cu a%u + Cisaian, 59
bz =9aayn+ %61212 + %a%” + Ciedl,y, + Cr7aiazii,

2
boxy = —6ain + Cigajy + Croaiazii,

2 2
bzoy = Cea122 + Craz12 + Cypajy; + Co1 a5y + Cazaziiaini,

where C;’s are given in Appendix A.
We have the following theorem.

Theorem 3. Assume S%C holds. The equilibrium Eg of system (11) is a center up to e2-order; if
and only if Sgc holds. Furthermore, there exist at most 9 small limit cycles around Eq for all
parameters a;jp and b;j>, and 9 small limit cycles exist for some parameter values near Sgc.
Proof. Similarly, we only need to prove sufficiency. With S?C and Sgc holding, we can use (24)
to find the following &2-order approximation of the first integral,
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fi+efii +&>fin
fHrtefri+e2fn’

Hy(x,y, €)= (36)

where f11 and f>1 are given in Hi(x, y, €) (see Eq. (32)), and

2 2
a1 =ainart + aziary + aiys1 + ayy 52 + aiziaziss,

2 2
S22 = a3 + ax1ors + ajy 54 + a3y 185 + aziaziiSe.,

in which r;, i =1,2,3,4 are given in (33),and s;, i =1, 2, ..., 8, are listed in Appendix B.

The existence of 9 small limit cycles is easily seen from Vo, # 0 and detg # 0 when agzy # 0
under the critical condition Sgc. On the other hand, the above results show that setting V;», 0 <
i <9resultsin Vj =0 for all i > 10. Further, all V;>’s are linear in a;;> and b;;, and Sgc is the
unique solution of Vjp =0, 0 <i <9. Then by Theorem 1, at most 9 small limit cycles can be
obtained around Ey for all parameters a;;2 and b;j. O

3.2. &3-order analysis

In this section, we assume the critical condition {S?C, Sgc}, which stands for that both the
critical conditions S?C and Sgc hold, under which all ¢- and £2-order focus values vanish. Thus,
we use &3-order focus values V;3 to study bifurcation of limit cycles around the equilibrium Eq.
With a similar procedure, but for this order, we solve 9 equations W39 = 0 to obtain the solution

53 for which

Vigs=Gaaly, Viiz=Gsajy, Viz=Geal,, dety=F#0, (37)

where F> and G;’s are given in (27). Note that for this order, there is one more independent
coefficient ag33 in Sg for solving W39 =0, compared to the solutions S? and S§ which have only
8 independent coefficients to be used for solving the first 8 focus value equations. The equations
in (37) show that when all e- and g2-order focus values vanish, the £3-order focus values can
have solutions such that Vi3 =0, i =0, 1,---,9 but Vi3 # 0, as well as detg # 0, implying that
10 small limit cycles can bifurcate from the equilibrium Ej.

Setting aj21 = 0 in (37), we have Vg3 = Vq13 = V123 = 0, implying that under the solution
Sg with a121 = 0 and bg13 given in (22), the equilibrium Eg might be a center up to &3 order. This
critical condition is given by

9 4 9 3 3
bo13 = Ha"axnaziz — ga~aziz + Crains + Csainan1 + Cazasy g,

8
aiz1 =a3 =0, b3z =3a123, bz =—06a123 + Croainnazi
9 2 7 45 2
b3 = — qgaxn1Bainz +azyy), b1z = 3a213 + 330211 (a1 + a3y y),
9. 9 9 3 2
S3ciq b1z =9a a3 + 5a213 + axnn [—661 a212 + Cr7a122 + Casaz, | (38)

2Cnaz12 + Cr2a122 + C25“§11]’

T
bi03 = Caai23 + C3a213 + azi1 |
1[2C1sa212 + Cisa1 + Czﬁagu]

b3 = Caai23 + Csaziz + azy

2
b303 = Ceai23 + C7a213 + a211[2C21a212 + Cxai22 + Caza3y, ]
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under which the critical conditions S?C and Sgc are simplified. Here, C;’s are given in Ap-
pendix A.
We have the following theorem.

Theorem 4. Let {S?C, Sgc} hold. The equilibrium Eq of system (11) is a center up to €3-order, if
and only if the condition Sgc holds. Furthermore, there exist 10 small limit cycles around Eqg for

some parameter values of a;j3 and b;;3 near the critical value defined by Sgc when Vo3 # 0.

Proof. Similarly again, we only need to prove sufficiency. Under the condition {Sffc, Sgc, Sgc},
we obtain the following £3-order approximation of first integral,

fi +eaxiry + X (ainrt + axors + a2y 52) + €2 fa

Hi(x,y, &)= 5 5 3
f2 +eariira + e%(a120r3 + aziors + ayy55) + €5 f32

(39)

where

2
f31 =ai3r1 + azi3rz + azii(ainty + azintr + a5 13),

2
f32 =a123r3 + az13r4 + axi1(a122ts + az1ats + ayp te),

in which r;, i = 1,2,3,4 are given in (33), and s, ss and #;, i = 1,2, ..., 6 are listed in Ap-
pendix B. This implies that setting V;3 =0, 0 <i < 10 yields V;3 =0 for all i > 11. Then, there
exist at most 10 small limit cycles for this case. On the other hand, 10 small limit cycles exist
since when ajp1 #0, Vig1 # 0 and det #0. O

3.3. e*—e%-order analysis

The analyses for £*-, - and £%-order are similar to that of e!-, £2- and £3-order, respectively.
Let {Sffc, Sgc, Sgc} hold. Following the same procedure used in the previous sections, we can

solve the equations Wf = 0 to obtain a solution Sff such that

Voy = Graos, Vios=Grapss, Viia=Gsag, deth=F; #0, (40)

which has the exactly same form of the equations as those given in (30) and (34), implying that
perturbing the g*-order focus values from the solution Sff and bo14 (see (22)) can yield 9 limit
cycles around the equilibrium Eg. Similarly, the solution Sff and bo14 with agz4 = 0 yields a
critical condition Sic, under which the equilibrium Eq is a center up to &* order.

Then let {S%C, S%C, Sgc, Sic} hold. In the same line, we can solve the equations W58 =0to
obtain a solution Sg such that

Vos =G Ass, Vies =G2Aoss, Viis=G3Apss, det =Fj #0, (41)
where

Agss = aoss + 35 a2 axn1 (140a122 +35a3;). 42)
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This shows that perturbing the &7-order focus values near the solution S§ and bg1s5 given in (22)
can also yield 9 limit cycles around the equilibrium Eg. It is easy to see that the solution of
Aps =0,

35
apss = — Baipax Gain +a3;). 43)

yields Vo5 = Vig5 = V115 = 0. Now, we combine the solution Sg, bo1s and ag3s5 to obtain the
critical condition Sg .» under which the equilibrium Ey becomes a center up to &> order.

The lengthy critical conditions Sic and Sgc are omitted here for brevity. Summarizing the
above results leads to the following theorem.

Theorem 5. System (11) can have maximal 9 limit cycles around the equilibrium Eq under the
condition {S?C, Sgc, Sgc} by perturbing the €*-order focus values around the critical value Sic;
and under the critical condition {Sffc, Sgc, Sgc, Sgc} by perturbing the €’ -order focus values near
the critical point Sgc. The equilibrium Eo becomes a center up to €* order under the condition

8 8 9
{Slc’ SZC’ S

e Sﬁc}, and a center up to &> order under the condition {S?C, Sgc, Sgc, Sﬁc, Sgc}.

Remark 2. The proof for the center conditions in Theorem 5 is similar to that in proving Theo-
rems 2, 3 and 4 by finding the £*-order and &>-order approximations of the first integrals. This is
the major and tedious part. For higher-order analysis, the proofs are similar. We omit the detailed
proofs in the following analysis for brevity.

Next, suppose the condition {S?C, Sgc, Sgc, Sic, Sgc} is satisfied, then all ¢¥, k=1,2,...,5,
order focus values vanish. Following a similar analysis as that for £ order, we solve the equations
W69 = 0 to obtain a solution Sg such that

2 9 2
Vios = Gaaip(ain + 3 a3),).
2 9 2
Vite = Gsaiyp (a2 + g ay), (44)

Vizg = Goaip(ainn + gajyy), detg=F2 #0,

which indeed shows the existence of 10 limit cycles around the equilibrium Eg, gener-
ated from perturbing the £°-order focus values near the solution Sg under the condition
{S?C, Sgc, Sgc, Sic, Sgc}. Moreover, when ajy; = —%a%“ or ajpp =0, we have Vipe = Viie =
V126 = 0, indicating that the solution Sg with either ajp = —% a%l 1 oraip =0, plus by given
by (22)|x=¢, yields a critical condition Sgg (corresponding to the former) or Sglc’ (corresponding
to the latter) under which all €%-order focus values vanish. Thus, under the critical condition
{S?C, Sgc, Sgc, Sgc, Sgc, Sgc} (SgC equals either Sgé‘ or Sglc’), the equilibrium Ey becomes a center
up to % order.
We have the following theorem for this order.

Theorem 6. System (11) can have maximal 10 limit cycles bifurcating from the equilibrium Egy
under the condition {Sffc, Sgc, Sgc, Sic, Sgc} by perturbing the e%-order focus values near the
critical point Sgec‘ or Sgg. Further, the equilibrium Eo becomes a center up to €° order under
the .cohndition {S?C, Sgc, Sgc, Sic, Sgc, Sgc}, for which all ek _order (k=1,2,...,6) focus values
vanish.



Y. Tian, P. Yu/ J. Differential Equations 264 (2018) 5950-5976 5965

Suppose the condition {S}, S5, S5 .S .S} holds. Then, all the e*-order (k =

1,2, ..., 6) focus values vanish. We have two cases for higher-order analysis, defined as
Case (A) {Sic. S5. S3c Sie- S5e Sgels

Case (B) {S.,S5..59.. 5., S5, S22}

lc’

(45)

3.4. Higher-order analysis for Case (A)

First we consider Case (A), under which we will show that 11 limit cycles can bifurcate from
the equilibrium Eq based on the &’-order focus values.

3.4.1. &"-order analysis
Under the condition (A) defined in (45) with ajpp = — %a%n , we obtain

det%o =F aéu, det%1 =F aé?l, (46)

which shows that del;%o # 0 and det%1 # 0 when as11 # 0, implying that we may have solutions
such that the first ten focus values vanish but Vi17 £ 0 and so 11 small limit cycles may be
obtained. Indeed, we can solve the first ten focus values equations: W% = 0 to obtain a solution
S710 such that

7 7 7
Viir =Gy ar» Vi27 = Gg a1 Viz1=Go ar (47)

which clearly shows that Vi17 # 0 if az11 # 0. In addition, due to det%0 # 0 when a1 # 0,
implying that 11 small limit cycles exist.

Letting az11 = 0, we have Vi17 = V127 = Vi37 =0, leading to a critical condition S;g, defined
by

_ 9 3 9 4
bo17 = Craiz7 — ga”az17 + C3Cag + 550" Co9 + C23C30,
azi1 = a3 =agz =0, boz7 = S ay,
boa7 = —6aiz7 + C19Cas,  ba17 = —3%(8Cag + C30),
410 bi27 = Jaz7 + 33 (8Cas + C39), 48)
7 :

¢ | bio7 = Caa127 4 C3a217 + 2C11C29 + C12C28 + C25C0,
bag7 = Caa127 + Csaz17 + 2C14C29 + C15C28 + C26C30,

3
bi17 =9a a7 + 5 az7 + 2 Cao + C17Cag + C24Co,

b3o7 = Ceai27 + Cra17 + 2C21Ca9 + C22Crg 4+ C27C3p,

where C;’s are given in Appendix A.
We have the following result.

Theorem 7. Let {S3 , S5, S5, S8, S8.. S22} hold. The equilibrium Eq of (11) becomes a center

0

up to €' order under S%C for which all & -order focus values vanish. Furthermore, there exist 11

small limit cycles around Eq for parameter values of a;j7 and b;j7 near the critical point S%g.
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3.4.2. Higher-order analysis

For higher-order analysis (k > 8), we first briefly list the results for a few orders to see the
patterns and then summarize the results in a table for higher orders.

The analysis on % (k = 8,9, 10, 11) orders show the same pattern, giving 9 limit cycles for
each order, as follows:

Order k: g 8 Vor = G1Aozk, Viok = G2 Aoz,
Sy, W2, 49
(k=38,9,10,11) (5. Wi {V]]kZ G3 Agk, det,%:F], )

where {S]', W/"} denotes the solution S}" solved from W;" =0, and

Ap3g = apss, Ap3z9 = ao39,
35
Ap310 = aop3io + a8 4124 4212 (4ais+ a%12)7

35
Aozl = a1 + 33[a125a212(8a124 + a3y,) + arnaariz(dans +3a3 ;)]

This clearly shows that for each order of k = 8,9, 10, 11, one can solve Ap3x = 0 to get a unique
solution for agzx under which (together with the solutions ;" and by, obtained in the previous
orders and the current order) the equilibrium Ey becomes a center up to that order.

When the equilibrium Ej is a center up to 11th order, as given in (49) we obtain the following
result for order 12:

Vi = Gaaly(ains + 3a3,,).
Order 12: {S},, W), 1 Vitiz = Gsaly,(a1o4 + 3d3,,), (50)

2 9 2 9
Vi2i2 = Geapyy(aina + §a212)’ det}, = F2,

which has the exactly the same pattern as order 6, shown in (44), indicating that 10 limit cycles
can be obtained from this order, and there are two solutions from the equations Vip12 = Vi112 =
Vioi2 =0: ajpg = —%a%lz and ajp4 = 0, which are again similar to that as in order 6. When
ajpa = 0, it will be shown in Section 3.6 that it yields the same pattern as that for Case (B) in
higher orders. So in this section, we choose a4 = —%a%lz, like we chose aj2 = —%aglz in
order 6 to obtain the center condition.

Let ajpg = — %a%lz, under which (together with the solutions obtained from previous orders
and this order) the equilibrium E( becomes a center up to &' order. Then, we have the result for
e13 order:

81 9
Viois = 5Gaa3,(ais + 3 azinas),
9w 81 4 9
Order 13: {S}5, Wi}, 1 Vinz = g7Gsay,(ains + 7 a212a213), (51

81 9 9
Vioiz = 5 Ge a3, (ains + 7 azi2az13), det]y = Fa,

which shows that perturbing &'3-order focus values can also yield 10 small limit cycles around
the equilibrium Ej. It can be seen from (51) that either az;2 =0 or aj5 = —2a212a213 leads to
the equilibrium Eg being a center. However, it can be shown that setting az12 = 0 at this order
will not yield 11 small limit cycles at the next order though it will resume the same pattern at
higher orders.
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Soletajps = — 2a212a213. Then, we obtain the following result for &1 order:

7 7
Vina = G7 (230X V1214 = Gg ar10s

Order 14: {9, W/},
Visie = Goal,y, det}]=F3#0,

(52)

which shows that perturbing &!4-order focus values can yield 11 limit cycles around the equilib-
rium Eg, and setting a>12 = 0 leads to Ep being a center up to ¢! order. It has been noted that
choosing a1 = 0 at order 13 or 14 makes differences. More precisely, as shown in Table 1, if
taking a5 = —9a212a213 at order 13, we have small limit cycles 11, 9, 9, 9, 9 for the orders
14-18; while if taking a>12 = 0 at order 13, then the limit cycles obtained for the orders 14-18
are 9, 10, 9, 9, 10, and then the two different choices merge into the same pattern from order
19. Note that the choice az12 = 0 at order 13 does not yield 11 small limit cycles at order 14,
but gives two more 10 small limit cycles at orders 15 and 18. However, it returns to the general
pattern at order 19. So we treat a>1> = 0 as a special case of the case ajrs = — %azuazm.

Summarizing the above results we have the following pattern: 11 limit cycles are obtained
from ¢’ order, then 9 limit cycles from four consecutive &* orders (k=38,9,10,11), and then
10 limit cycles from two consecutive X orders (k = 12, 13), and finally return to 11 limit cycles
at ' order. This pattern, starting from order 8, four 9 limit cycles, followed by two 10 limit
cycles, and then 11 limit cycle, has been verified up to £ order. We call this as 9*~102-11!
generic pattern, and the corresponding solution (or center condition) is called generic solution
(or generic center condition). By generic we mean that one should always choose a non-zero
solution (if it exists) when one solves the center conditions at each order. Other types of solutions
are called non-generic. For example, as discussed above, if choosing the non-generic solution
az12 = 0 at order 13, then 11 limit cycles will be missed at order 14 but the solution procedure
will return to the generic 94-10%-11! pattern at order 19. However, it should be noted that a
non-generic solution in Case (A) does not always lead to the generic 9°~10>~11' pattern. For
instance, choosing the non-generic solution aj24 = 0 at order 12 will generate solutions in the
form of generic patter of Case (B) at a higher order, as shown in the next section.

Remark 3. It has been observed from the above analysis, the values of the parameter a in the
Hamiltonian function does not affect the number of limit cycles. In other words, a can not be used
to increase the number of bifurcating limit cycles. Thus, to simply the computations in higher
order analysis, we set @ = — 3 in higher-order (k > 15) computations, which greatly simplify the
computations.

We summarize the results of Case (A) in Table 1, where k is the order of ek focus values,
(S, W) represents the solution S} solved from W;" = 0, and LC denotes limit cycles around
the equilibrium Eq obtained by perturbing the eX-order focus values. The “Condition for Cen-
ter” in each row only lists the condition for the current row, which assumes that the conditions
in the previous rows hold. For example, when k = 4, Sgc only gives the center condition for
k = 4, which should be combined with the conditions given in the previous rows: S?C, Sgc
and Sgc to get a complete center condition {S?C, Sgc, Sgc, Sic}. Note that the critical condition
Sﬁc contains the solutions S,é , the bg1x given in (22) and a particular coefficient. For example,
S3. = (S5, bo12, @032}, S5, = (S5, bo13, ai21}, and S1¥ = {810, by17, az11}, etc. The solutions of
these key coefficients are given below.
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9LC: k=1,2,4,8,9 apr=0
k=5 apss = —%611220211(401224-0%11)
k=10 ao310 = —33a124a212 (4ar24 + a3,,)
k=11 a1l = —%[azualzs (8aiz4 + aglz) + az13aina(daing + 3a§12)]
k=15 do31s = —%261313
k=16 ao316 = 555a3,3(128a127 — 27az14a213)
k=17 ao317 = —5gga213[32a127(2a127 — 3a214a213)

—a35(128a128 + 54a3,, — 27az15a213)
k=18 ao318 = 2a3,3a120 — 33a23a128(4a127 — 3az1aaz13)
—%am [a214(4ar27 + 3azisa213) — 6a3 az15]
+ 55913 11204214 (a3, + 6a215213)
+3a3,;(2269a3,; — 560az16) |
k=22 0322 = 2z a3 4(128a1210 — 48642, s — 27az16a214)
k=23 a0 = 755a3,4[a214(128a1211 — 27a217a214)
+a15(384a1210 — 108az14a216 — 19843, 5) |

k=124,25 apzk =---
k =29-32 apzk =---

I0LC: k=3 a1 =0
k=6 a122=—%a§11
k=12 aipg = —%agu
k=13 ans = —Ja3a1
k=19 a1 = —% a213a214
k=20 aing = —g (a2, + 2az15a213)
k=26 anio = —3(a3s + 2a216a214)
k=27 ani = —5(an7a214 + a216a215)
k=33 a3 = —3(a218a215 + a2170216)
k=34 anis = —3(a3; + 2a219a215 + 2a2180216)

11LC: k=Tm
m=1-5 a2im =0

where ‘.- -’ represents the omitted lengthy expressions for brevity. In addition, in Table 1, the

green and red colors' denote the solutions and center conditions corresponding to the 10 and 11
small limit cycle, respectively.

I For interpretation of the colors in this table, the reader is referred to the web version of this article.
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Table 1

Bifurcation of limit cycles for generic Case (A).

k (S, Wit No. of LC Condition for Center
1.2 (8, wh) 9 s,
3 (3, W3)

4,5 (8, wh) 9 S8
6 (Sg. W)

7 (s10, wlo) 11 sio
8-11 (8, wh) 9 S8
12,13 (S3. W)

14 sgwih S
15-18 (st wh 9 S8
19,20 (8, w))

21 (30 wi)y 11 sio
22-25 (8, wh) 9 S8
26,27 (S3, WD)

28 (839, Wi 11 sio.
29-32 (st wh 9 S8
33,34 (S3, WD)

35 (812, wid) 11 sio

3.5. Higher-order analysis for Case (B)

5969

We now turn to Case (B) for which we choose a2y = 0 at £ order. Thus, the results starting
from &® order are different from those given in Table 1. Now under the condition ajz; = 0,
together with the conditions obtained in previous orders, the equilibrium Ey becomes a center up

to £° order. Then for &”-order focus values we solve W78 =0 to obtain S§ and then

Vo1 =G1 Aoz7, Vier=GaAos7, Vi =G3Agzr, detd =Fy,

where

35
Ao37 = ao37 + 35211 [ll(a2 — daizaz,, + 16a104a3,, + 16a123(4ais + 3arpaxn)],

which shows that for Case (B) only 9 small limit cycles can be obtained from &’-order. Then,
solving Agz7 = 0 gives a unique solution for ag37, under which, together with the conditions
obtained in the previous orders as well as S§ and by17, the equilibrium Eg becomes a center up

to &’ order.

Next, the ¢3-order analysis shows that 10 limit cycles can be obtained by solving W89 =0to
have the solution Sg , under which higher-order focus values become

_9 2 2 _9 2 2 _9 2 2 9 _
Vios = §Gaasyy ajp;. Viis = §Gsayyaiys, Vizs = gGeasy aiys, detg = F,.

(53)
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Table 2

Bifurcation of limit cycles for generic Case (B).
k (Sgt, Wit LC Condition for Center
7 (s8, wh) 9 s8.
8 (S5, Wg)

9 (5. wd) 9 s8.
10-12 (S W)

13 ($19. wid 11 19
14-19 (s8. wh) 9 S8
20-25 (S W)

26 (32, W) 11 1o
27-32 (8, wh) 9 S8
33-38 (2. W)

39 (39, Wid) 11 sio.

This clearly indicates that either ax11 = 0 or aj23 = 0, together with bg1g, leads to the equilibrium
E being a center up to ¥ order. If taking a1 = 0, then we again obtain 10 small limit cycles
from &° order by solving Wy = 0 to obtain the solution Sg and

3 3 3 9
Vioo = Gaajp;, Vie=Gsajy, Viog = Geajys, detg= Fr.

Thus, for the equilibrium E( being a center up to €2 order, ajp3 must be taken zero (with boro),
yielding the same result as that generated from Case (A) at order 9 (and so the result at order 8
also becomes same). In other words, choosing the non-generic solution az11 = 0 at order 8 makes
the higher-order solutions (k > 9) follow the generic pattern of Case (A).

Now we consider the choice ajp3 = 0 at €8 order. It can be shown that under this condition
only 9 limit cycles exist for £ order. Then for the £!° order, we solve W190 = 0 to obtain the
solution S?O and then get

_9 2 (.2 5 4 429 8
Vioto = g Gaayyy (aty, — 15451,9124 + 35560%211)

_9 2 (2 5 4 429 8
Vino = 5 Gsayy, (“124 602114124 + 40960“211)’ (54)

_9 2 (2 _ 5 4 429 8 9 _
Vizi0 = 8G6a211(a124 16a211a124+4()960a211)’ det), = F2,

which gives two solutions leading to a center at Eg, one of them is a1; = 0, which yields the
same solution as that obtained in Case (A) at order 10. Thus, choosing the non-generic solution
az11 = 0 at this order leads to the generic pattern of Case (A) starting from &!! order (i.e., for
k > 11). The second solution, given by

a2 = & (10 % 53/5710) o (55)

is a generic solution for Case (B), different from the generic pattern of Case (A). Then, following
a similar computation procedure as that used in Case (A), we obtain the generic solutions up to
3% order. The results are given in Table 2, showing a 9°-~10°—11! generic pattern, starting from
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order 14. The notations used in this table are the same as that used in Table 1. For each k, the key
coefficient used to obtain the center condition is give below.

9LC: k=7 aps7 = —%azu [64aty; — az11(15a123a3,
—16ai24a211 — 48a123a212)
k=14 ap314 = —%aiuans
k=15 ao31s = — 33035 (a120a212 + 3a128a213)
k=16 anie = —%a212[48a§13a128 + az12(16a1210a212

+48a129a213 + 48a128a214 — 15a123a3,,) ]
k=17-19 apr=---
k=27-32 agy=---

10LC: k=8 a =0
k=10  appy=10EST0 4
k=11 aps=10E571043 [640))5 +a(a® — 4)a2, ]
k=12 ape=---
k=20 g = 100570 44
k=21 apg = % a§12a213

k=22-25 apg-12)=""-"

100£4/5710
k=33 anis = —Wazm[agm(ﬁa%m — 64asi6)

—64a14(a3,4 + 3az13a215) ]
k=34-38 ajpk—18=""-
11LC: k=13m
m=1,2,3 az;;, =0

3.6. Non-generic solutions

Couple of non-generic solutions have been discussed in Case (B) (see Section 3.5), showing
that setting a11 = 0 at order 8 or 10 (see Eqns. (53) and (54)) leads to the 94-10%-11" generic
pattern of Case (A) for orders greater than 10 or 11. These two examples give a route from
Case (B) to Case (A). In this section, we present several more non-generic solutions to show
other possibilities that they eventually return to either the 9*~10?~11! generic pattern of Case
(A) or 96-100-11! generic pattern of Case (B). Other cases can be similarly discussed. Since the
discussions for different cases are similar, we will not give the details but list the cases below and
summarize the results in Table 3.

(A1) In Case (A), at order 13: a>12 =0, leading to Case (A).
(A2) In Case (A), at order 12: aj24 = 0, leading to Case (B).
(B1) In Case (B), at order 11: a1 =0, leading to Case (B).
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Table 3
Non-generic solutions.
Case k S W LC Condition for Center
(A1) 13,15 (S, W)

14,16,17 (s8, wh) 9 s

18 (S?S, W198) = generic Case (A)
(B1) 11,14,16 (S7. W)

12,13,15,17 (s, wh 9 S8

18 (5?8, W198) = generic Case (B)
(A2) 12,14,16 (S, W)

13,15,17 (8. wh) 9 S8

18 (5198’ W198) = generic Case (B)

For each k, the key coefficient used to obtain the center condition is given below.

Case (Al) k=13 a12=0
k=14 aos1a = — 215 [daypsazis + az3(8ains + ad;3)]
k=16 ao316 = —33[a127a213(8a126 + a33)
+aisars(4aiss +3a3 ;)|
k=117 0317 = —33a128a213(a3,3 + 8ai26)

35
—za127(dazzainy + 8aziaains + 3az14a3,3)

35 2 2
— R a126(3a3,4a213 + 4aieazis + 3azisas, 3)

k=15 apps =0
k=18 alzﬁz—%agm
Case (B1) k=11 a1 =0
k=12 ap312 = _%0212(012@1%12 + 3a125a212a213 + 4a3ys)

k=13,15,17 agyp =---
k=14,16,18 a2 =0
Case (A2) k=13 ao313 = — 33 an[ai27a3,, + arae(3azi3azz + 8aias) |
+%a125(15a§12 — 48a§12a214
—48a312a3,; — 64a125a213)
k=15,17 Aoz = - --
k=12,14,16,18 aju/a-2 =0

Therefore, there are four possible routes for the non-generic solutions: from Case (A) to
Case (A) or Case (B); and from Case (B) to Case (A) or Case (B).
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3.7. Summary of this section
Summarizing the results obtained in sections 3.4, 3.5 and 3.6, we have the following theorem.

Theorem 8. For system (11), based on the higher-order focus values, there exist two generic
patterns: One is 9°~10>~11' pattern starting from order 8 with four consecutive 9 limit cycles,
followed by two consecutive 10 limit cycles, and then one 11 limit cycles up to €3> order; and the
other is 9°-10°~11" pattern, starting from order 14 with six consecutive 9 limit cycles, followed
by six consecutive 10 limit cycles, and then one 11 limit cycles up to €3° order. Other non-generic
solutions deviate from the current pattern for certain orders and eventually return to either the
94-102-11" pattern or the 9°~10°—11" pattern.

Finally, we propose a conjecture on the number of limit cycles around Eq for system (11).

Conjecture. For the perturbed system (11), the maximal number of small limit cycles which can
bifurcate from the equilibrium Eg is 11.

4. Conclusion

In this paper, we have applied high-order focus value computation to prove that system (11)
can have 11 limit cycles around the equilibrium of (11), obtained by perturbing at least &”-order
focus values. Moreover, no more than 11 limit cycles can be found up to £3%-order analysis. It is
believed that system (11) can have maximal 11 small limit cycles around the equilibrium.
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Appendix A

The coefficients C;’s in (31), (35) and (38) are given below.

Ci = —2(3a* +4a® + 44) Cy = —&(3a* + 12a* + 116)
C3=—L@*+24*+5) C4 = — % (9a* —20a* +172)
Cs=—38(3a> - 8) Co = — % (a* — 120)

C7=—1(3a% - 80) Cs = 3ga(Ta* + 68a* — 900)

Co = & (3a® +40a* — 8604 — 1600) Cio = — 3% (303a* + 1596a* + 8096)
Ci1 = — &(55a* —256) Cip = — 557 (569a* — 1660a” + 1420)
C13 = 145 (21a® + 80a* —2996a% — 9040)  C14 = & (7a* + 84 + 160)

Cis = 1% (49a* +220a% — 380) Ci6 = &9a* +36a* — 172)

C17 = & (154" + 284> — 916) Cig = — 1= (3a* + 4a® + 340)
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Cio = —34(a* - 16) Cao = & (45a* +266a* — 644)
Co1 = £ (41a* +72) C2 = 755 (303a” + 1728a* — 3620)
C23 = —sipala® + 12a* +200) Ca4 = — 52 (a* + 160)
Cos = —55(70a® — 471a* + 128a* — 300)  Ca6 = —575a(a” — 108a* + 696)
C27 = 55 (21a”* + 58a* — 1880) Cog = apsaz12 + 1244213
Co9 = az15a212 + az14a213 C30 = 3a213a3),

Appendix B

The coefficients s;’s involved in H (see Eq. (36)) and ¢;’s involved in H3 (see Eq. (39)) are
given as follows.
51 = 5a73a°(3a” + 16)(10 + 4y + 4x* + 3x*) — [37(2850 + 1824a” — 85a")
+ £ (6a* — 319)x — 542 (5902 + 1568a” + 45a*)y — 4(53 + 10x?)xy + 232
— 5a*(3a® + Dy (y — x?) — 5 (1074 +200a* + 45a*)x* — Bx?y — 9y~
+ & (12 — 4a® + 3a*)x? — {55 (6746 + 3140a” + 91a® + 3a®)x* + 3x
5= 1%(12@4 — 10a? 4 5a*) — & (1120 — 24a® + 2a* — a®) (y + x2) — 1x?y
+ &4 +5aP)x — Bx? — & (a® — Hx[32(y — x%) — 3a’x*] - §(73 — 2a%)x*
53 = 553a(—4716 + 3764 + 25a* + 15a°) — 3 (2260 — 164a* — 15a*)x
+ sza5(5 + 3a2)(y +x%)— %a(a2 —dy(y — x?%) — %xy2 + 2x3y
— &la(1151+ 10a%)y — a(1511 + 40a*)x* + (100 — 4a* — 3a*)xy
+ (140 — 76a* + 11a*)x’] — -5a (10216 + 100a* — 2a* — 9a%)x*
54 = 5315096656 + 17952a* + 3640a” + 24a° + 9a®)
— 2655 (2256 + 7272a* — 56a* + 6a° + 9a®)x — Za(224 + 8a* + 3a*)y
-~ 13—461(642 —8a% —3a™)x? — %5(368 — 16284 — 92a* + 3a®)xy
ay + ]152 (5272 + 86a™ + 29644 — 3a%)x3 — 275ax y
+ m(372+4a + 34* )xy — ma(140+ 12a% + 3a*)x*
288 (268 + 3a* + 4a*)x3y — —Sxy - ax y+ 2x3y2
55 = yrza(—16a* — 8a* +a® + 1120) + ﬁ(560+9a —2a% — 4a®)x
— 65—4a(20 —11a*)x? - 12861 2(3a® + DHx(y +x )+ mxy + 21665x3
+ 5a@ —Hx*(y —x?) = 32’y
56 = 7eza” (540a” + 3904 — 8a* + 3a®) — 12za(484 — 1004 — 23a* + 124%)x
— Za*(@® = Dy — 33244 — 4a* — Ta*)x* + -25a(5132 + 84a” — 13a*)xy
— 22a(=3756 — 76a” + 13a*)x* + 135380 + 3a* + 4a*)x?y
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+ a@® — Hxy(y —x?) — 3y(11a* +20a% + 12)x* — 2x2y% + 3xty.

6
1 = 3a(~4716 +376a> + 25a* + 15a%) — & (2260 — 164a> — 15a*)x
+ 50> (5 +3a%) (y + x%) — gga(1151 + 10a%)y — xy* +2x7y

— ﬁa(lSll +40a%)x2 + %(100 — 44 — 3a4)xy — %a(a2 —Dy(y — x2)

+ (140 — 76a* + 11a*)x? + -Lsa(—100a® — 10216 + 9a° + 2a*)x*
= &a? (24 — 10a” + 5a*) — 35 (1120 — 24a* + 2a* — a®)(y + x?)

+ ga(5a* + Hx — Bx? — Ja(a® — Hx(y —x*) —x%y

— 135(2336 — 64a” + 12a* — 3a®)x*
13 = — 5@ 20+ a*)(5 + 2y + 2x% + 2x*) — Jea(550 — 343a?)

— 552 (6800 — 24a* — 10a* + 5a%)x — Za(25a* +34)y — 5a(454* + 61)x?
- mﬁcﬂ'(Z — az)x(8y —8x? +3ax’) — %(50 — az)xy + 13—6(80 —a>x?

+ %a(a2 — 4)x2y — 61—4a(197 — 2a2)x4 + 3—1x3y

t4 = 7e2a” (3904 + 540a* — 8a* + 3a®) — 15za (484 — 100a” — 23a” + 12a%)x

— Za*(@® — Dy — 33244 — Ta* — 4a?)x*
— 722a(—5132 — 84a” + 13a*)xy — 73a(—3756 — 764> + 13a*)x’
T 133380 + 40> + 3045y + Fala® —4xy(y 10
- 1%2(12+20a2 +1lahyx* — %xzyz i %x4y
ts = 12a(1120 — 16a* — 8a* + a®) + [35(560 — 4a + 9a* — 2a%)x
+ Sa(l1a® — 2007 — SaP(@+3a)x(y +x7) + By
+ 255 4 Sa(@ — 42y —xD) — 3y
1

to = —yogga” (2544 — 2336a* + 8a* + 3a°) — 335a(2632 4 276a* + 3a* — 8a%)x

+ 513 (1240 — 4a® — 41a* +4a°)x® + za(— 1832+ 892a% + a*)xy
+ 10 a(—1368 + 6964 + a*)x’ — s2a®(3a® + Hx2(y — x%)

3752 65 .4 5 2 3 5 .4
+ 55Xy — 5xT — pgala” —HxTy + 56x7y
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