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In this paper, we consider a tritrophic food chain model with Holling functional response types II1
and IV for the predator and superpredator, respectively. The main attention is focused on the
stability and bifurcation of equilibria when the prey has a linear growth. Coexistence of different
species is shown in the food chain, demonstrating bistable phenomenon. Hopf bifurcation is
studied to show complex dynamics due to multiple limit cycles bifurcation. In particular, normal
form theory is applied to prove that three limit cycles can bifurcate from an equilibrium in the
vicinity of a Hopf critical point, yielding a new bistable phenomenon which involves two stable

limit cycles.
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1. Introduction

After the pioneering work of Lotka and Volterra
Lotkal, [1925; [Volterra, M], the study of ditrophic
food chains has received and been continuously
receiving much attention in mathematical ecology.
The classical ecological models of interacting pop-
ulations often have focused on two species. Con-
tinuous time models of two interacting species,
usually called prey—predator models, have been ana-
lyzed extensively, and some notable achievements

have been made, for example, see , ;
Kuang & Berettd, |L99§] Mathematically, these

models can exhibit only two basic patterns: Trajec-
tories approach a steady state or a limit cycle. How-
ever, the ecological communities in nature have been
observed to exhibit much more complex dynamics.
Price et all [1980] argued that community behavior
must be based on three or more trophic levels.
Continuous time models with three species have
been reported to have more complicated patterns.

fAuthor for correspondence

The existence of limit cycles, multiplicity of attrac-
tors, and catastrophic bifurcations are the charac-
teristics of the models which have been used to
explain complex behaviors observed in the field. The
research in the past two decades has demonstrated
that the complex dynamical behavior, including
quasi-periodic motion or even chaos, can arise in
continuous time ecological models with three or
more species. Much attention has been paid to the
study of the transition from periodic oscillation to
chaotic motion. Understanding the mechanism of
generating such behaviors constitutes an exercise
of paramount importance. In the late 1970s, some
interest in the mathematics of tritrophic food chain
models emerged. One important model is called
tritrophic food chain because each population except
the lowest eats only the one on the immediate lower
trophic level |[Freedman & Sd, 1985]. Our atten-
tion in this article is to investigate whether or not
three species can exist simultaneously. The typical
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ecological interaction has been studied from a math-
ematical point of view through a differential equa-
tion system, showing the coexistence of species
translating to the existence of a stable limit cycle.
Some authors dealt with the problem of persis-
tence [Freedman & Sd, [1985; [Gard, [1980], but did
not provide information on the number and the
eometry of the attractors. Hogeweg and Hesper
M] showed through simulation that a particular
food chain model can behave chaotically, however,
this paper did not receive much attention. Later,
Hastings and Powell showed in [Hastings & Pow-
ell, [1991] that food chains behave chaotically on a
“tea-cup” strange attractor, and the three popula-
tions have diversified time responses increasing from
bottom to top. Around the same time, Muratori
and Rinaldi Nﬁ__ﬂ] performed a singular perturba-
tion analysis to confirm that the tea-cup geometry
is the result of the interaction between high fre-
quency (prey—predator) oscillation and low fre-
quency (predator—top-predator) oscillation. Since
then, particular effort has been devoted to the study
of the complex dynamics of food chain systems,
and bifurcation analysis has been the main tool of
investigation.

There have been many studies on the subject of
Hopf bifurcation. Among them, the main research is
focused on the analysis of limit cycles and stability.

| studied a bacteriophage model that
includes prophage, focusing on asymptotic behav-
ior of the solutions, and proved the existence of
a supercritical Hopf bifurcation with stable limit
cycles. [Zhang et all [2014] studied a newly autoim-
mune four-dimensional disease model, and proved
the existence of a supercritical Hopf bifurcation,
leading to a family of stable limit cycles. The study
of Hopf bifurcation has also been used to investi-
gate the behaviors in simple disease models arising
from epidemiology, in-host disease and autoimmu-
nity (e.g. see [Zhang et all, 2016]). Recently, there
are also some studies on the tritrophic food chain
models, in which the coexistence of multiple species
is shown by proving the existence of a stable limit
cycle. For example, Francois and Llibre M] used
averaging method to prove the existence of a stable
periodic orbit contained in the region where all vari-

ables are positive. [Castellanos et all 2!!13] studied

linear growth of the prey and functional response

of Holling type III [Dawes & Souza, 2013] for the

middle and top species, and showed a double zero-
Hopf bifurcation in the positive octant of R? using

the averaging method. In [Blé et all, 12016], the

authors studied the case when the prey has linear
growth, while the middle and top species have func-
tional responses of Holling types IT and III [Dawes &
Souza, mﬂ], respectively, and proved the existence
of a stable limit cycle in the region of interest.
In |Castellanos & Chan-Lopez, 2017], the authors
considered the case when the prey has logistic
growth, while the predator and superpredator have
the functional responses of Lotka—Volterra type and
Holling type II [Dawes & Souza, M], respec-
tively, forming a differential system based on the
Leslie-scheme. In that paper, the authors also com-
puted the first Lyapunov coefficient explicitly and
showed the existence of a stable limit cycle. More-
over, they demonstrated by simulation a strange
attractor which provides evidence that the model
exhibits chaotic dynamics. In this paper, our main
interest is in the tritrophic food chain model charac-
terized by the fact that the prey growth rate is lin-
ear in the absence of the predators, while the func-
tional responses for the middle and top species in
the chain are Holling type III and Holling type IV,
respectively.

The general tritrophic food chain model with
three species is described by the following three
ordinary differential equations |Castellanos et _all,

201d):

v =cyf(z) —g(y)z — py, (1)
Z = c39(y)z — daz,

where the dot denotes differentiation with respect
to time ¢; x, y and z represent respectively the densi-
ties of the bottom, the middle and the top species in
the chain. The function h(z) represents the growth
rate of prey in the absence of the other species, and
h(x) is assumed linear in this study. The functions
f(z) and g(y) are the functional responses of the
predator y and superpredator z, respectively. All
the parameters are positive. The parameters ¢; and
cs represent the benefits from the consumption of
food, and the parameters p and ds represent the
mortality rate of the corresponding predators. For
ecological study, the region of interest in R? is the
positive octant Q = {(z,y,2) € R*|x > 0,y > 0,
z > 0}.

In this paper, we consider the case when f is
Holling type III and g is Holling type IV, which are
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given explicitly in the form of

a2y
f(x) 9(y) 1 by (2)
where a1, by, as, by are positive parameters.

The rest of the paper is organized as follows.
In the next section, we present some methodologies
and preliminary results, which are needed for the
analysis in the following sections. In Sec. Bl we pro-
vide a linear analysis for system (), in particular on
the stability and bifurcation of the positive equilib-
rium. In Sec. @, we prove the existence of three limit
cycles around the positive equilibrium, arising from
Hopf bifurcation. In Sec. [B numerical simulation is
given to show a good agreement with our analytical
prediction. Finally, the conclusion and discussion
are drawn in Sec.

:$2+b1’

2. Methodology and Preliminary
Results

In this section, we present some basic methods and
preliminary results which will be used in the follow-
ing sections.

2.1. Linear theory

Firstly, we present some results and formulas for
general dynamical systems to study the stability of
equilibrium solutions. Consider the general nonlin-
ear differential system:

re€R", pn€R™, f:R""T™ — R"
(3)

where x and g denote n-dimensional state vari-
able and m-dimensional parameter variable, respec-
tively. Assume that the nonlinear function f(z, )
is analytic with respect to z and p. Suppose that an
equilibrium solution of (@]) is given in the form of
Te = Te(p), which is determined from f(x,p) = 0.
In order to analyze the stability of z., evaluating
the Jacobian of system (@) at x = () yields
J(1) = Dy flo—s. (- If all eigenvalues of J(u) have
nonzero real parts, then the system is said to be
hyperbolic, that means no complex dynamics exists
in the vicinity of the equilibrium. Otherwise, at least
one of the eigenvalues of J(u) has zero real part at
a critical point, defined by p = p., and bifurcations
may occur from z.(p). To determine the stability
of the equilibrium, we firstly find the eigenvalues
of the Jacobian J(u), which are the roots of the

T = f(x7:u)7

Complex Dynamics in a Tritrophic Food Chain Model

characteristic polynomial equation:
Pu(N) = det[\ — J(1)]
= X"+ ar (A" + ag(u)A"

++an_1('u,)>\+an(M) = 0. (4)

For a fixed value of p, if all the roots of the polyno-
mial P,(\) have negative real part, then the equi-
librium is asymptotically stable for this value of u.
If at least one of the eigenvalues has zero real part
as u is varied to cross a critical point p., then the
equilibrium becomes unstable at u. and bifurcation
occurs from this critical point. When all the roots of
P, () have negative real part, we call P,(\) a stable
polynomial, otherwise an unstable polynomial.

In general, for n > 3, it is hard to find the roots
of P,(\). Thus we use the Routh-Hurwitz Crite-
rion [Hinrichsen & Pritchard, 2005] to analyze the
local stability of the equilibrium solution z = x.(u).
The criterion gives sufficient conditions under which
the equilibrium is locally asymptotically stable, i.e.
all the roots of the characteristic polynomial P, ()
have negative real part. The conditions are given by

Ai(p) >0, i=1,2,...,n, (5)

where A;(u) is called the ith-principal minor of the
Hurwitz arrangements of order n, defined as follows
(here, order n means that there are n coefficients
a; (i =1,2,...,n) in Eq. @), which construct the
Hurwitz principal minors):

aj 1
Al =a, AQ = det s
az a

al 1 0
Asg=det|az as ar|, ...,

as a4 ag

Assume that as p is varied to reach a criti-
cal point © = p., at least one of the A;s becomes
zero. Then the fixed point z(p.) becomes unsta-
ble, and pu. is called critical point. It can be seen
from Eq. (@) that if a,(x) = 0, but other Hur-
witz arrangements are still positive (i.e. A, = 0,
Ai(p) >0,i=1,2,...,(n—1)), then P,(\) = 0 has
one zero root. In this case, system () has a simple
zero singularity and a static bifurcation occurs from
.. In other cases, for example, Hopf bifurcation
occurs at a critical point when P, (A) = 0 has a pair
of purely imaginary eigenvalues +iw (w > 0) at this
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point. However, the pair of purely imaginary eigen-
values are often difficult to be determined explicitly
for high dimensional systems. Here, we present the
following theorem without computing the eigenval-
ues of the Jacobian of a general system. The the-
orem gives the necessary and sufficient conditions
for determining a Hopf critical point based on the
Hurwitz criterion. Its proof can be found in m,

2005].

Theorem 1 M,M] The necessary and sufficient
conditions for system (3) to have a Hopf bifurcation
at an equilibrium solution x = x. is A,_1 = 0, with
other Hurwitz conditions being still held, i.e. a,, > 0
and A; >0, fori=1,...,n—2.

Next, we present a method for computing focus val-
ues. There are many methods developed for com-
puting the focus values of planar vector fields,
such as Poincaré-Takens method [Guckenheimer &

Holmes, |L9B_3], the perturbation method , ],
the singular point value method ﬂLiJl_&_Lj, |L9_9ﬂ],
etc. But, for higher dimensional dynamical systems,
the computation is much involved. In the next two
subsections, we briefly introduce the method of nor-
mal forms for computing the focus values of general
n-dimensional dynamical systems. The general nor-
mal form theorv can be found in [Guckenheimer &

Holmes, [1983; (Chow et all, 1994] and computations

using computer algebra systems can be found in

,12012; [Tian & Yil, 2013].

2.2. Normal form theory

Consider the following general n-dimensional differ-
ential system:

Z":A,Zﬂ—f(Z),

where Az and f(z) represent the linear and non-
linear parts of the system, respectively. We assume
that z = 0 is a fixed point of the system, which
implies that f(0) = Df(0) = 0. It is also assumed
that f(z) is analytic and can be expanded in Tay-
lor series about z, and system () only contains
stable and center manifolds. In the computation of
normal forms, the first step is usually to introduce
a linear transformation into (7)) such that the lin-
ear part of () can be put in the Jordan canonical
form. Without loss of generality, suppose that under
the linear transformation z = T'(x,y), system (7))
becomes

ze€R", f:R"— R", (7)

&= Jix+ fi(z,y), z € RF, flzR”HRk,

y e ];En—k:7 f2 - R ];En—k:7
(8)

where J; =diag(\1, Ao, ..., A\;), and Jo =diag( ki1,
Ak42, -+, An), with Re()\;) =0, j = 1,2,...,k and
Re()\j) <0,j=k+1,...,n.

Next, we apply center manifold theory m,
M} to system ({), leading to that y can be
expressed as y = H(x), satisfying H(0) = DH(0) =
0. Therefore, the first equation of () can be rewrit-
ten as

&= Jix+ fi(z,H(z))

= hz+ fil@) + fil@) 4+ @)+,
(9)

where f] € M;,j = 2,3,..., M; defining a linear
space of vector fields whose elements are homo-
geneous polynomials of degree j. Equation ()
describes the dynamics on the center manifold of
system (8), and H(z) can be determined from the
following equation:

DH (z)[J1z + fi(z, H(z))]
— J2(H(z)) — foz, H(z)) = 0. (10)

Next, by using normal form theory, we introduce
the near-identity transformation:

y = J2y+ f?(x7y)a

r=u+ Qu)
=u+q*(u) + ¢’ + -+ () +o, (11)

where ¢/ € M;, j =2,3,..., into (@) to obtain the
normal form,

= Jiu+ C(u)

= Jiu+ () + )+ (u) -

(12)

where ¢/ € M;, j=2,3,....

In the view point of computation, comput-
ing center manifold and normal form seem to be
straightforward. However, to design an efficient
algorithm is not an easy task. Recently, an explicit
recursive formula has been developed for comput-
ing the normal form together with center manifold
for general n-dimensional differential systems asso-
ciated with semisimple singularities. We omit the
detailed formulas and algorithms, as well as the
Maple program here, which can be found in [Tian &

Yu, 2013].
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2.3. Bifurcation of multiple
limat cycles

Now we turn to discuss how to determine the max-
imal number of limit cycles which may bifurcate
from a Hopf critical point. Suppose that we have
obtained the normal form of system (), given in
the polar coordinates up to the (2k + 1)th-order
term:

i =r(vg +v1r? + vort + -+ vkr%),

(13)
0 = we + 172 4 tort + - 4 %k

where r and 6 denote the amplitude and phase
of motion, respectively. vy and t; are expressed
in terms of the original system’s coefficients. vy is
called the kth-order focus value of the origin. The
zero-order focus value v is obtained from a linear
analysis.

To find k small-amplitude limit cycles of sys-
tem (7)) around the origin, we first find the con-
ditions based on the original system’s coefficients
such that vg = v; = v9 = -+ = vp_1 = 0 (note
that vg = 0 is automatically satisfied at the critical
point), but vy # 0. Then appropriate small per-
turbations are performed to prove the existence of
k limit cycles. In the following theorem, we give
sufficient conditions for the existence of k small-
amplitude limit cycles. (The proof can be found in

[Han & Yu, 2012].)
Theorem 2 [Han & Yu, 12012]. Suppose that the

focus values depend on k parameters, expressed as

i=0,1,....k

’Uj = vj(el,eg, e ,ek),

satisfying

0;(0,...,0) =0, j=0,1,....k—1,

vg(0,...,0) #0, and

.y ’Uk_l)

0(€1,€2,...,€)
Then, for any given ey > 0, there exist €1,€a, ..., €L
and § > 0 with |¢j| < €, j = 1,2,...,k such that
the equation 1 = 0 has exactly k real positive roots
[i.e. the system has exactly k limit cycles] in a §-ball
with its center at the origin.

8(1}0, U1y .-

det (0,...,0)| #0.

3. Bifurcation Analysis of
System ()

In this section, we consider the differential sys-
tem () where the functional responses are given

Complex Dynamics in a Tritrophic Food Chain Model

in (@) and the growth rate of prey is linear. So, the
function h is written as h(x) = pz and the differen-
tial system that we will analyze has the form,

. airy
T = — T
2

. aiclxr asz
= (- - 14
] ( s b2+y2>y, (14)

. a3y
= (-d
’ ( 2T+ 3/2) ’
It is obvious that p, = (0,0,0) is a boundary
equilibrium solution of system (I4]). The Jacobian

matrix of system (I4) evaluated at the equilibrium
Py is given by

p 0 0
0O —u 0 |,
0 0 —d

which clearly shows that p;, is a saddle point.

Because it is hard to obtain the explicit expres-
sion of the positive equilibrium solution of sys-
tem (I4), we derive the conditions based on the
system parameters for the existence of the posi-
tive equilibrium in the region of interest. More-
over, we study the stability and find the conditions
under which Hopf bifurcation occurs from the pos-
itive equilibrium. In |[Castellanos et all, 2018], the
authors have given the conditions for the existence
of the positive equilibrium, and a single limit cycle
bifurcating from this positive equilibrium. Here, our
main result is to prove the existence of three limit
cycles. First, we cite some results from [Castellanos
et al., 2018].

It should be noted that for practical systems,
proving the existence of a single limit cycle is usu-
ally not difficult, but proving the existence of two
limit cycles is quite a challenge. It is extremely dif-
ficult to prove the existence of three limit cycles.
Very few articles have been published to discuss
the existence of three limit cycles, for example, see

|Gonzalez-Olivares et all, 2011; [Yu & Lirl, [2016].
Lemma 1 |Castellanos et all,2018]. For system [T7)

with positive parameters, the point py = (xo, Yo,

20) € Q is an equilibrium if and only if the param-

eters ay, by and the third coordinate of py satisfy
by +a3)

Yo
ay = —————, by = ==(azc3 — dayo),
ZoYo dz( )
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c3
z0 = d—z(—ﬂyo + c1x0p),

a2C3
Yo < ’

p —uyo + cr1zop > 0.
2

(15)

Corollary 3.1 |Castellanos et all, |2_O_18] With the

conditions given as in Lemma 1, if

px*y(by + xf)

T = pr — ,
P zoyo(br + 22)

asdoyz

22y (by + ) (k1 + pesyo)

o k1 + pesyo o < ascs
1 C3Top ) 0 d2 ’

with ki > 0, then zg > 0 and the equilibrium is
inside ), given in the form of po = (xo, Yo, Z—;)

With the parameter values given in Lemma [I]
and Corollary B] system (I4]) becomes

Y=
yo(azes — dayo) + doy?

aadaczy

. 17
csxdyo(by + x2) " a7

2 =dyz —1].
? (yo(a203 — dayo) + doy? >

The Jacobian matrix of system (7)) evaluated at py = (x¢, yo, S—;) is given as follows:

(3 = b1)p
z3 + by

201 (k1 + pesyo)
c;:,x%(bl + x%)

which in turn yields a cubic characteristic polyno-
mial, given by

PiA) =M+ A02 + AN+ A3=0, (18)

where the coefficients A, Ao, A3 are expressed in
terms of the parameters in system (7)) as

A — cgp(bl — x%)ag — 2doky(by + x%)
(b1 + 23)c3as
1
(b1 + x3)c3azyo

)

Ag = {[(2a2¢e3p + (azes — 2pyo)dz

— 2y0d§)b1 + dQl‘%(GQCg — 2dayo + pro)]k‘l

+ 2ab1 3 1upyo}
(I) 0<zp< /by,
(I) 0<zp< /b1, O<yy<

asC3

0< < —
Yo 2y’
azC3

2dy’

_Top 0
Yo
2dskq do
CLQC% C3 '
k1(azcs — 2dayo) 0
a2¢3Y0 i

_ dgk‘lp(bl — x%)(GQC;g — 2d2y0)

A
’ (by + x3)c3azyo

(19)

Based on the characteristic polynomial (I8]), we
consider possible bifurcations from the equilibrium
po, including both static and dynamic (Hopf) bifur-
cations. The static bifurcation occurs when Py (\) =
0 has zero roots (zero eigenvalues). Thus we let
Az = 0 to get by = 23, which yields A; < 0. Thus,
the static bifurcation occurs in the unstable region,
which is not interesting physically.

Theorem 3. For system (I7), if one of the follow-
ing conditions is satisfied,
k1 <kp, p>0;

(20)

ki, < ki1 <ku, p>pm,
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then the equilibrium py = (xo, Yo, fl—;) 18 locally asymptotically stable. Here,

k1 [da(by + x3)(azes — 2yoda + 2py0) + 2b1p(azes — 2dayo)] (k1 — ki)

pm =

kr, =

2b1agc§py0(kU — kl)

Q2C§P2(bl - 553)[51 (age3 — dayo) + dzyoxg]

9

(21)

ko = c3p(br — xg)as
2d2(b1 + SC(%)

da(by + 23)[d2 (b1 + x3)(azcs — 2dayo) + 2dapyoxd + 2b1p(azcs — dayo)]’

Proof. According to the Hurwitz criterion, first we have

A >0 = Eplby —2d)as >0 & by —23 >0 = 0< 29 < /by

A >0 = Cgp(bl — x%)ag — ngkl(bl + .’Bg) >0 = kK <

A3 >0 = (bl—x%)(agc;:,—Qyodg) >0 = 0<yy <

Then, we compute Ay = A1 Ay — A3 to obtain
2
(by + 22)2c3a3yo

Ay =

2a»

3p(by — af)ay

&k < ku;
2d2(b1 + .’L’%) ! U (22)

azC3
2ds

Agq = (b1 + x8)yopcsbras A — ki {—2yo(x§ + b1)d3 + [(azcs — 2py0)b

+ 5 (azcs + 2pyo)lda + 2azbicapldy(f + br)(ky — k).

Solving As, for i, we obtain the critical value ppr. Further, it can be verified that ky, < ky:

a2c:2«zp2(bl - 553)[51 (agc3 — dayo) + d2yoﬂfg]

3p(by — xf)ay

ki, < ky &

plbi(azes — dayo) + dayoxd)]

da(by + 23)[d2(b1 + 23)(azcs — 2yoda) + 2dapyord + 2b1p(azcs — dayo)]

2ds (b1 + .’L’%)

T

da (b1 + 23)(azcs — 2yoda) + 2dapyoxd + 2b1p(azcs — dayo)]

<1
2

& 2p[bi(ascs — dayo) + dayord] < da(by + x5)(azes — 2yoda) + 2dapyoxs + 2b1p(azes — dayo)

& da(by + x3)(azcs — 2yoda) > 0.

Thus, besides A1 > 0, Ay > 0, A3 > 0 under the
conditions given in (22), the above discussion shows
that Ay > 0 for k1 < ky, (/L>0)OI‘]~€L<k‘1<k‘U

(i > ppr). Hence,
ifk‘lgk‘L, ,U,>O, or
Dy>0 3 (23)
if ky, < ki <kuy, p>pm.

Therefore, the equilibrium pg is asymptotically sta-

ble under the conditions given in ([22]) and (23)), that
is, under the condition (I) or (II). N

"y

Next, we derive the conditions for Hopf bifur-
cation. According to Theorem [II Hopf bifurcation
occurs from the equilibrium pg at g = pp when the
following conditions hold,

0<.’B0<\/bl, kL<k1<kU, 0<y0<%d03.
2
(24)

Under the conditions in (24]), we rewrite Pj(\) as

Pi(\) =

N yoagcg[agcgp(bl — x%) — 2kyda(by + x%)](bl + x%)’

(25)
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where

2dy (ky — k
F1 = azcg(bl + x%) |:)\ + M:L

CLQC%
Fy = 2yoda(by + 25) (ky — k1)

pk1(by — 23)(azes — 2d2y0)}
2y0(bl + .’B(z))(k‘U — kl) '

X [)\2 +
Thus, we can get the three roots (three eigenvalues)

of Pi(\) as a and twi, where

2dy(ky — k1)
agc§

_ pk1(by — xf)(azes — 2dayo)
2y0(b1 + x%)(kU — kl) ’

satisfying o« < 0 and wy > 0 for kp, < k1 < ky.
In order to make the normal form computation
feasible for the Hopf bifurcation, we further set

1
xo =+ Xo, Xo>0, ki=ky+ §(kU — k1),

azC3
Yo = ——, by =+ By,

: B, > 0.
4dy !

Then, we can rewrite kr,, ku, A1, As, As, pm, «
and w as

B1p20§a2(331 + 4X0)

ki, = ’
L= 2da[(ds + 3p)B1 + 2Xo(da + 2p)](2X0 + B1)
— cnglag
U= oo
2d2(2X0 + Bl)
A Bipds

~ 2[(dy + 3p)B1 + 2Xo(da + p)]’

(dy + 6p) By + 2Xo(ds + 4p)B1p

A =
2 (2X0 =+ B1)2 ’
Ao — dap® Bi[(d2 + 6p) By + 2X0o(d2 + 4p)]
57 2(dy + 3p) By + 2X0(da + 2p)](2X0 + B1)?’
o Bipds
2[(da 4+ 3p)B1 + 2Xo(da + 2p)]’
_ [(d2+6p)B1 + 2Xo(da + 4p)| By
4(X0 —+ Bl)(2X0 —+ Bl) ’
o — VI(d2 +6p)B1 + 2Xo(dz +4p)| B1p

2X0 —+ Bl

(26)

satisfying A1 > 0, A9 >0, A3 >0, Ay =0, a < 0,
pr > 0, wi > 0, as expected.

4. Existence of Three Limit Cycles
Around pq

In this section, we will present our main result.
We will apply normal form theory to show that at
least three small-amplitude limit cycles can bifur-
cate from the equilibrium pyg.

Theorem 4. For system (I17), at least three small-
amplitude limit cycles can bifurcate from the equi-
ltbrium po.

Proof. In order to study the limit cycle bifurcation
around the equilibrium py near the critical point
= pup, we need to compute the focus values.
To achieve this, we introduce the following
transformation,

x=x0+ T11u+ T2v + Tizw,
Yy =yo + Toru + Trov + Thzw, (27)
2 =2z + T31u + ngv =+ ngw,

where

 8d2(2X0 + B1) v Xo[(d2 + 3p) B1 + 2Xo(d2 + 2p)]

Ty = ,
! Raz|(da + Tp) By + 2Xo(da + 4p)| By
T 8d2(2Xo + B1)*vXol(d2 + 3p) By + 2Xo(d2 + 2p)]wn
27 2[(dy + 6p) By + 2X0(dy + 4p)]az[(dz + Tp) By + 2Xo(ds + 4p)| By’
Ty = xop(—agcgpx?} + agblcgp - 2d2k:1x(2) — 2b1daky )csaz
2(@2031’% — 2d256(%y0 + asbics — 2b1d2y0)k‘%d2
To1 =0,
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Tyy — 2[(d2 + 3p)Bl + 2X0(d2 + 2p)](2X0 + Bl)wH
pes((de + 6p) By + 2Xo(da + 4p)| B

yo(—agcgpx% + agblcgp — 2d2]€1$(2) — 2bld2k‘1)

T23 = - )
(agesad — 2daxdyo + azbics — 2bydayo) sk

T31 =1, T30=0, T33=1,

(28)
into system (7)) to obtain a new system, expanded | - ~
around the origin as where V7, V5 and V3 are rational functions, and Vi,
5 Yga imd V3a~are polynomials in Xy, da, p and Bj.
U=v+ Z aijkuivjwk7 Vi, Vo and V3 are listed in the Appendix while the
it k=2 lengthy polynomials Vi,, Vo, and V3, are given in
supplementary material.

5 o The computation shows that we may choose X
p=—ut > bypuv/uw 29 :
v=u ijkU UTW, (29)  asa free parameter and express other parameters in

ity th=2 the form of
5
o do = Dy X = RDyXy, Bi1= BXy.
W = coo1WH + Z cijrutviw®, r
it j+h=2 Then, we obtain
where the coefficients a;j, bjjr and ¢ are Vie = D;X(I)GVH,, Vou = D%GX?)GV%,

expressed in t.erms of the parameters in system (7). Ve — pisxi02y;
Then, using the Maple grogram developed by 3a 2 X0 V3b

Yl M] or Tian and Yu |, we get the first  where 1}, V4, and Vi, are expressed in terms of R
three focus values Vi, V5 and Vs: and B.

Vo Ty = v V= Vv (30 Using the Maple built-in command, we elimi-
1 1V1a 2 2Vaq 3 3V3a, ( )l nate R from Vi, = Vo = 0 to obtain

Vigp = resultant (Viy, Vop, R)
= —209305557128275993010925074939984178315264B*6(B + 1)*(B + 2)'%?
x (3B +4)°°(8 +-9B)*>(15B + 16)?(23B + 24)*(3B? + 8B + 8) | F3F3F4F5, (31)
where

Fy = 147B% 4 874B* 4+ 1668 B3 + 1104B% + 24B — 128,
Fy = 927985 + 32016 B° 4 38156 B* + 10960B> — 10700B% — 48648 + 2048,
F3 = 5919387 + 227328 B — 3935608° — 3227552B* — 5745904 B> — 4141440B% — 11673608 — 98304,
Fy = 265186629B' + 31626080648 + 18146078748 B'? + 65973784152B" 4 166528741076 81°

+ 297577658208 B° + 366510497088 B% + 2830433692167 + 897158553608° — 5787720499285

— 76036567040 B* — 274169856008 + 3643146240 B% + 5555355648 B + 1233125376

and F5 can be found in supplementary material.
Then, we find seven real positive roots from the polynomial equation Vig, = 0, however, only one
satisfies Vi = V5 = 0. This solution is given by

B =0.1268297707---, R =0.235165980-- -,

1950193-9
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under which

Vi=V=0,
D3X§
Vs = —2.677759596 - - - x 10 0 40 <0.
€370y

Further, a simple computation shows that

(1, Va) 11 D3XE
det | —————==| = 5.650407050 - - - x 10"" —~—
[ 9(B, R) ) a3cs

£0.

Thus, according to Theorem [2] two small-amplitude
limit cycles can bifurcate from the equilibrium point
po in the system (7). Finally, a small perturbation
on g from pp is applied to obtain an additional
small-amplitude limit cycle, giving a total of three
limit cycles around the equilibrium py. W

5. Simulation of Three Limit Cycles

In this section, we simulate the three limit cycles
bifurcating from the equilibrium pg. Set Dy = 1,

Xo =1, as = 2, c3 = 10. The equilibrium point
_ 50 RB(6 BR+B+8R+2)

becomes po = (1,5, (2+B)(3BR+B+4R+2)

perturb the parameters B and R as

B = B, —0.000036455 - - -,

). Now, we

(32)
R = R.—0.000124549 - - -,

under which system (7)) becomes
= (19.86323342 - - -)z + (17.62810726 - - - )a*

— (7.498268139 - - - )2y + (0.264843112 - - - )zy?

3

)
+(0.235041430 - - - )x3y>
Daty®,

—(0.099976908 - -
y = —(4.679126724 - - )y —
Y22y — (0.062388356 - - )y
) 2 3

22y — 22%yz,

(2.253586630 - - - )yz
+(7.643326115 - -
+(0.101911014 - -
—(84.50949863 - - )z + (22.53586630 - - - )yz
— 75222 — (1.126793315 - - - )y*2

+ 20x2yz — x2y22.
(33)
Based on system (33), the simulation result

obtained using Matlab is shown in Fig.[Il Note that
since V3 < 0, the outer-most and inner-most limit

1.1

-

z
0.9

0.8
0.9

1

14\ \ \ \ \
X 5.3 5.2 5.1 5 4.9 4.8 4.7

Fig. 1. Simulated three limit cycles of system (33), which
enclose the unstable focus p;, with inner-most and outer-most
ones stable (in red) and middle one unstable (in blue).

cycles are stable and the middle one is unstable, and
the equilibrium pg must be unstable. It is seen from
the figure that all the three limit cycles are located
on a two-dimensional invariant manifold near the
equilibrium pg.

6. Conclusion and Discussion

In this paper, we have considered a tritrophic
food chain model with Holling functional response
types III and IV for the predator and superpreda-
tor, respectively. We have studied the stability and
bifurcation of the positive equilibrium when the
prey has linear growth. We have applied center
manifold theory and normal form theory to give
a detailed analysis on the Hopf bifurcation. More-
over, we have investigated the bifurcation of multi-
ple limit cycles, which can cause complex dynamics
in biological systems.

Previous study on the tritrophic food chain
model [Castellanos et all, 2018] has shown that one
stable limit cycle can bifurcate from a positive equi-
librium, implying the coexistence of three different
species in the food chain. In this paper, we fur-
ther investigate this food chain model and show
that it can exhibit at least three limit cycles due
to Hopf bifurcation. Thus, depending upon initial
conditions, the solution trajectories of the system
may converge to different limit cycles (attractors),
yielding a new bistable phenomenon consisting of
two stable limit cycles (the inner-most and outer-
most ones), restricted to an invariant manifold, and
a separatory (unstable limit cycle) is between the
two limit cycles. This may explain how some com-
plex dynamical behaviors occur in such food chain
systems.

Since periodic and quasi-periodic oscillations
are often observed in real biological systems, it is
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anticipated that the multiple limit cycle bifurca-
tion studied in this paper may lead to establish-
ing a good methodology for investigating such com-
plex dynamical behaviors. We hope that the method
presented in this paper can be used to study other
nonlinear dynamical systems, and promote further
research in this field.
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The rational functions V;, Vo and V3 (see Sec. H)
| are given below.

Vi =

=

—(Bydy + 3B1p 4 2Xody + 4Xop)? /[2B3p(Bids + TB1p + 2Xoda + 8Xop)(4B3ds + 49B3d3p
+180B3dap?® + 216 B3p® + 24 B2 Xods + 26083 Xodap + 840B3 Xodap* + 86483 Xop® + 48 By X 2d3
+452B1 X §d5p + 128081 X3dap® + 115281 X 3p” + 32X d5 + 256 X 5d5p + 640X ydap® + 512X 5p°)
x (16B3ds +193B3d3p + T20B3dyp? + 86483 p® + 96 B2 Xods + 1028 B% Xd3p + 336082 Xodop?

+ 3456 B2 X p® + 192B1 X 2d5 + 1796 By X 2d3p + 51208, X 5dap® + 4608 By X 2p + 128X 3d3
+1024X 3d5p + 2560 X §dap? + 2048X 5 p%)c3),

= —2(Bidy + 3B1p + 2Xoda + 4Xop) da/[9¢5a3 (36 B3ds + 433B3d3p + 1620B3dap® + 1944 B33

+ 216 B3 Xods + 2308 B2 Xod3p + 7560 B3 Xodop® + TT76 B1 Xop® + 4328y X3d3 + 4036 B; X 3d3p
+ 1152081 X 2dop? + 10368 B1 X 2p? + 288X 5d5 + 2304 X 3d3p + 5760X 3dop® + 4608X 3 p?)

x (2Xo + B1)(16B3ds + 193B3d3p + 720 Bdap® 4 86483 p® 4 96 B3 Xods + 1028 B% Xod3p
+3360B% Xodop? + 3456 B% Xop> + 19281 X2ds + 1796 B X 2d3p + 51208 X3dap® 4 4608B1 X 3p
+128X3d5 + 1024 X 3d3p + 2560 X 5dap® 4 2048X 3 p3)3 p> BY(B1ds 4 7TB1p + 2Xods + 8Xop)?
X (4B3d5 + 49B3d3p + 180B3dyp? + 216 B3 p? + 24B2 Xods + 260B3 Xod3p + 840 B2 Xodop?
+ 86483 Xop® + 48B1 X2d3 + 45281 X3d3p + 128081 X 2dop® + 115281 X3p° + 32X 3d3
+ 256X 5dap + 640X 3dop® + 512X 3p%)3 (Byds 4 6B1p + 2Xods + 8Xop)?],
—d3(Bydy + 3B1p + 2Xods + 4X0p)°/[648(B1dy + 6B1p + 2Xods + 8Xop)* BH p°(Bids + 7By p
+2Xods + 8Xop)3cilay(64B3ds + T69B3d3p + 2880B3dyp® + 3456 B3 p> + 38482 Xods
+4100B% Xod2p + 13440 B3 Xodap? + 13824 B3 Xop® + 76881 X 3ds + 717281 X 3d3p
42048081 X 3dop® + 1843281 X 2p° + 512X 3ds + 4096 X 3d5p + 10240 X §dop® 4 8192X 5 p%)
x (36 B3d5 + 433B3d3p + 1620B3dop® + 1944 B3 p° + 216 B3 Xods + 2308 B3 Xodsp + 756087 Xodap?
+ 7776 B2 X p° + 4328y X2d3 + 4036 By X 2d3p + 115208, X 2dap® + 103688, X 2p° + 288X 3 d3
+2304X 3d3p + 5760 X ddap® + 4608 X 5p>)?(2X ¢ + B1)*(4B3ds + 49B3d3p + 180B3dyp* + 216 B3 p?
+24B% Xodj + 260B% Xod3p + 840B% Xdap® + 86481 Xop® 4 48B1 X 3ds + 45281 X2d3p
+1280B; X3dap® + 115281 X2p? + 32X 3d5 + 256 X 3d3p + 640X gdap® 4 512X 3p3)°
x (16B3ds +193B3d3p + T20B3dyp? + 86483 p® + 96 B2 Xods + 1028 B2 Xd2p + 336082 Xodop?
+ 3456 B2 X p® 4+ 19281 X2d3 + 1796 By X 2d3p + 512081 X 3dap?® + 4608 By X 2p° + 128 X 3d3
+1024 X 3d3p + 2560 X pdap® 4 2048 X5 p%)°).
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