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Sigmoidal functions are usually used to characterize the behavior of dynamical systems,
in particular, for neural networks. Recently, multilevel piecewise linear functions have been
employed in cellular neural networks (CNN). In this paper, we first use the inverse trigonometric
function, tan~!(x), to generate a series of trigonometric functions to obtain one-, two- and
three-directional multi-scroll integer and fractional order chaotic attractors. Then, based upon
the properties of the chaotic systems, simple feedback control laws are designed to stabilize or
synchronize the integer and fractional order chaotic systems. Numerical simulations are presented
to demonstrate the applicability of theoretical predictions.
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1. Introduction

Since the discovery of the Lorenz chaotic attractor
[Lorenz, 1963], many researchers have been
attracted to investigate fundamental dynamical
properties of various chaotic systems (e.g. see
[Rossler, 1976; Chua et al., 1986; Chen & Ueta,
1999]). In order to generate different kinds of

*Author for correspondence

pseudo random series, one needs different multi-
scroll chaotic attractors. Recently, many scientists
have devoted themselves to the design and anal-
ysis of new multi-scroll chaotic attractors. The
first double scroll chaotic attractor was found in
Chua’s Circuit [Chua et al., 1986]. Since then, many
researchers began to design new dynamical systems
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that can generate more chaotic scrolls. For instance,
a generalized Chua’s circuit which can generate
n-scroll attractors was reported in 1999 [Yalcin
et al., 1999]. More recently, the research on
one-directional(1-D)-n-scroll chaotic attractors has
been extended to the study of two-directional(2-D)-
m X n-grid-scroll and three-directional(3-D)-m x
n x l-grid-scroll chaotic attractors. A number of
methods have been developed and reported in the
literature (e.g. see [Lii et al., 2004; Cafagna &
Grassi, 2003; Yu et al., 2005; Zhang & Yu, 2010]).

Besides the investigation of integer order
chaotic systems, the existence of chaotic behavior
in fractional order differential equation systems has
also attracted researchers’ attention [Li & Chen,
2004; Lu & Chen, 2006; Wu et al., 2008; Huang
et al., 2012]. Recently, the control and synchroniza-
tion of such fractional order chaotic systems have
been studied [Wu et al., 2008; Zhang et al., 2012;
Xu et al., 2013].

In this paper, instead of the piecewise linear
functions which are used in most circuits designs,
we use the inverse trigonometric function, tan=!(x),
to generate a series of trigonometric functions to
study chaotic behavior of dynamical systems. Since
the function tan=!(z) is similar to hyperbolic tan-
gent function which is frequently used to character-
ize the behavior of neural networks, such a study
may help understand complex dynamical behavior
which exists in neural networks. In fact, multi-
level piecewise linear functions have been recently
employed in cellular neural networks (CNNs) [Forti,
2002]. It is thus necessary to explore the dynami-
cal property of such systems. We will investigate
how such a system with the tan=!(z) function series
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generate 1-D-n-scroll, 2-D-m x n-grid-scroll and
3-D-m x n x [-grid-scroll multi-scroll chaotic
attractors. Then, based upon the properties of the
chaotic systems, we design simple feedback con-
trol laws to globally exponentially stabilize or syn-
chronize the chaotic systems. Further, we extend
the study of integer order multi-scroll chaotic
attractors to that of fractional order multi-scroll
chaotic attractors. It is shown that the inverse
trigonometric function, tan~—!(z), can be used to
generate a series of fractional order, one-, two-
or three-directional multi-scroll chaotic attractors.
By designing simple feedback control laws, two
such fractional order chaotic attractors can be
synchronized. The fractional order chaotic sys-
tems can also be stabilized using simple feedback
control laws. Numerical simulations are presented
to demonstrate the applicability of theoretical
predictions.

2. Definition of the tan=!(x)
Function Series

Multi-piecewise linear functions [see Fig. 1(a)] have
been recently used in the study of cellular neu-
ral networks (CNNs) [Forti, 2002], which can be
replaced by the following infinitely differentiable,
tan~!(x) function series:

where the constant = is used to normalize the
function; the parameter 7 is a positive real num-
ber, while the parameters r and s are non-negative

-4 R
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X

(b)

Fig. 1. (a) A multi-piecewise linear function and (b) f(z) = % Z;—:fl tan~!(x + 507).
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integers. The function f(z) is depicted in Fig. 1(b),
which indeed smoothens the multilevel piecewise
linear function [see Fig. 1(a)].

It will be shown in the next two sections that
when the function f(z) is added to a linear system,
multi-scroll chaotic attractors can be generated and
the maximal number of chaotic scrolls which can
be obtained is [ = r + s 4+ 2. For example, when
r = s = 2, the system can generate at most six
chaotic scrolls.

3. Design of 1-D-n-Scroll Chaotic
Attractors
The multi-scroll chaotic systems we will discuss can

be obtained by adding the tan~!(z) function series
to the following linear system [Lii et al., 2004]:

=Y,
Y=z, (2)
z=—ax — by — cz.

Then the proposed model for 1-D chaos generator
is given by

where a, b, c and d take positive real values, s and
r are non-negative integers, determining the maxi-
mum number of chaotic scrolls. For example, when
a=0b=c=0.65d="785398, and s =7 = 0, we
obtain a double-scroll chaotic attractor, as shown
in Fig. 2.

It is easy to see that for the above given parame-
ter values, system (3) has three equilibrium points:
So = (0,0,0) — a saddle point of index one, and
S1,2 = (£78.5398,0,0) — two saddle points of index
two. Therefore, S1 2 are responsible for the genera-
tion of the double scrolls, whereas Sy is responsible
for the connection of the two chaotic scrolls. We can
also compute the Lyapunov exponents of the sys-
tem to verify the chaos. The Lyapunov exponents
for this case are: 0.0987, —0.0009 and —0.7478, indi-
cating that the motion is chaotic.

In order for system (3) to generate 1-D-n-scroll
chaotic attractors as many as possible, we first
need to obtain equilibrium points of the system as
many as possible. However, it is difficult to find the
exact value of d such that the number of equilib-
rium points reaches its maximum. We know that
limy oo tan™!(z) = § and lim,,_o tan™'(z) =
— 5. To find the approximate value of d, we linearize
the tan~!(x) function, yielding

r=1Y,
s
J =z, 5 when z > a,
Z=—ax — by —cz T
(3) flx) = %:U, when —a < x < «,
S
— — s
+ad | (r—s)+ Z tan” (z +j7) |, ——, when z < —q,
j=-r 2
7 120

80 -
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Fig. 2. Simulated phase portrait of a double-scroll chaotic attractor for system (3) when a = b = ¢ = 0.65, d = 78.5398,

r =s=0: (a) in the z—y—2z space and (b) projected on the z—y plane.
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Fig. 3.
(a) in the z—y—2 space and (b) projected on the z—y plane.

where o > 0. Using the above function to approxi-
mate tan~!(z), it is easy to show that when d =
5, the number of equilibrium points in the sys-
tem is approximately maximized. Thus, system (3)
becomes

T =y,
Y=z
Z=—axr —by—cz (4)

where a, b, ¢, and 7 are positive real numbers. Obvi-
ously, when proper values of these coefficients are
chosen, system (4) can have (r+s+1) saddle points
of index one (denoted by I';) and (r + s+ 2) saddle
points of index two (denoted by I'%):

Ly~ {st,(s—Dr1,...,r7},

. T T T (5)
I~ {(28+ 1)5, (2s — 1)5,...,(27“ + 1)5},

where the subscript x denotes the nonzero coor-
dinate of the saddle points. Equilibrium points in
the set I', which have corresponding eigenvalues
A1 < 0and Ag3 = § £ ni with £ > 0 and n # 0,
are responsible for the generation of the r 4+ s + 2
scrolls. Equilibrium points in the set I',,, which have
corresponding eigenvalues Ay > 0 and Ao 3 = & £ i
with £ < 0 and 7 # 0, are responsible for the con-
nection of the r + s + 2 scrolls. Thus, system (4)
can generate as many as r + s + 2 chaotic scrolls.

60

40 |

20
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(b)

Simulated phase portrait of 1-D-8-scroll chaotic attractor for system (4) when a = b =¢=0.7,d =50, r = s = 3:

For example, when a = b = ¢ = 0.7, d = 50,
s = r = 3, the corresponding tan~!(x) function
series can produce an 8-scroll chaotic attractor (see
Fig. 3). The corresponding Lyapunov exponents for
the system with these chosen parameter values are
0.0786, —0.0020, —0.7766, implying that the motion
is chaotic.

4. Design of 2-D-m x n-Grid-Scroll
Chaotic Attractors

To obtain 2-D-m x n-grid-scroll chaotic attractors,
we add two tan~!(z) function series to the first and
third equations of the same linear system (2) to
obtain a new system:

T=y— 72_2 (ro — s2) + Z ~tan” ! (y + jm2) |,
j=—r2
Y=z
Z=—ax —by —cz
T1 L2
+ 5—0@—50+ §: ;um—%x+jn)
j=—m1
T2 2 &
b |(r2 = s2) + = Z tan~!(y + jm2) |,

j=-r2
(6)
where a, b, ¢, 71 and 7 take positive real values,

while 71, 79, s1, So are non-negative integers. Simi-
larly, based on the study of equilibrium points, we
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Simulated phase portrait of a 2-D-4 x 4-scroll chaotic attractor for system (6) when a = b= ¢ = 0.5, 71 = 7o = 100,

ry =rg =51 = sg = 1: (a) in the z—y—z space and (b) projected on the z—y plane.

can show that the system can generate an m x n-
grid-scroll chaotic attractor, where m =r; +s; +2
and n = r9 4+ s9 + 2. For example, setting a = b =
c =05 m=m =100, and r = 19 = 51 =
sg = 1 in system (6), we get a 4 x 4-grid-scroll
chaotic attractors, as shown in Fig. 4. The corre-
sponding Lyapunov exponents of the system are:
0.1194, —0.0018, —0.6177, again indicating that the
motion is chaotic.

5. Design of 3-D-m x n x I-Grid-
Scroll Chaotic Attractors

3-D-m x n x l-grid-scroll chaotic attractors can
be similarly generated by adding three tan—!(x)

Fig. 5.

function series to the linear system (2) to obtain
the following system:

S2

2, ,
(ro — s2) + Z —tan Yy +jm2) |,

Jj=-r2

rT=y— =

53

. 2, .
j=z-5 (rg —s3) + Z ;tan Yz 4 jm)

J==rs3

Z=—ax — by —cz
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Simulated phase portrait of a 3-D-6 X 6 x 6-scroll chaotic attractor for system (7) when a = b = ¢ = 0.8, 71 = 160,

T2 = 100, 73 = 80, and r1 = r9 =13 = 51 = s2 = s3 = 2: (a) in the z—y—2 space; (b) projected on the z—y plane; (c) projected

on the z—2 plane and (d) projected on the y—z plane.
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52

2 _ .
(ro — s2) + Z ;tan 1(y—|—372)

J==r2

b2

S3
2 .
(rg — s3) + Z - tan~!(z + j73)

J=-rs3

T3
+02

(7)

where a, b, ¢, 71, 9 and 73 are positive real numbers,
and 71, ro, 13, S1, S2, S3 are non-negative integers.
This system can generate 3-D-(r1 + s1 + 2) x (rg +
s 4+ 2) x (r3 + s3 + 2) chaotic attractors, where
m=ri+s1+2,n=ro9+ss+2and !l =rg+s3+2.
For example, choosing a = b = ¢ = 0.8, 71 = 160,
TQ2100,7'3:80,andT‘lzT'z:T'g:Sl:Sg:
s3 = 2 in system (7), we obtain a 3-D-6 x 6 x 6-
grid-scroll chaotic attractor, as depicted in Fig. 5.
The three Lyapunov exponents for this case are
0.1409, —0.0055, —0.6167 showing that the motion
is chaotic.

In the following sections, we consider the
globally exponential synchronization for two same
type of systems, which have been discussed in
Secs. 3-5. We shall treat the stabilization of equi-
librium points in chaos control as a special case of
synchronization.

6. Synchronization and Stabilization
of 1-D-n-Scroll Chaotic
Attractors

Take system (3) as the driving system:

Tqg="Yd, Yd = Zds

00 N
~500-400-300-200-100 0 100 200 300 400 500

y
(d)

(Continued)

Zg = —axg — byg — czq

S

2
+ad |(r—s)+ Z = tanY(zg + j7)

j=—r"
(8)

Then, the corresponding driven system is
Ty = yr + u1(Ta — Tr,Yd — Yr, 2d — 2r),
Yr = 2zr + u2(Td — Tr,Yd — Yr, 2d — 2r),
Z. = —ax, — by, — cz,

. 9)

+ad |(r—s) —i—j;T ;tan (xy + j7)

+ U3<£L'd — Ty, Yd — Yr, 2d — Zr)a

where u;’s are continuous, linear or nonlinear func-
tions of its variables, satisfying u;(0,0,0) = 0,
i=1,2,3.

Let

€x = Tdg —Tpry, Cy =Yd —Yr, €rx=2d— Zr-

Then, the error system can be written as
éz =€y — ul(ewa €y, ez)a
éy =€z — UQ(B;E, €y, 62)7

be, — ce; (10)

€, = —ae, —

. 2ad
Z 7f;(fy)ez *U3(ezvey762)a
j=-r
where, by the intermediate value of theorem,

fi(&es = tan~!(zg + j7) — tan"!(z, + j7) with

1350145-6



Int. J. Bifurcation Chaos 2013.23. Downloaded from www.worldscientific.com
by THE UNIV OF WESTERN ONTARIO on 09/18/13. For personal use only.

Synchronization and Stabilization of Multi-Scroll Chaotic Attractors

min(z,, zq4) < & < max(z,,xq). We will use the
property (tan=!(z)) = 1+1$2 <1 < 400 to study
the globally exponential synchronization and glob-
ally exponential stability.

Assume that X* = (2% y* 2%) is any given
equilibrium point of (3). Let X = X — X* =
(x — z*,y — y*,z — z*). Then system (10) can be
rewritten as

3_/—u1(f,3_/,2’), 3:5—U2<x7y72>7

8l
I

Z=—aT — by — ¢z

S (11)
£ 3 2 )7 — us(7.5,2),

j=—r

where 7n; is a number between z and z*, and
finj)z = tan~!(x + j7) — tan—t(z* + j7).

Here, the basic idea we are applying is to choose
the possibly simplest feedback controls i, us and
ug such that the zero solution of system (10) or sys-
tem (11) is globally exponentially stabilized, and
thus systems (8) and (9) are globally exponentially
synchronized. Therefore, the equilibrium point X =
X* is globally exponentially stabilized.

Definition 6.1. With properly chosen feedback
controls u;, V4(0), y4(0), 2z4(0) € R* and corre-
sponding 7,(0), y.(0), 2.(0) € R3, if the zero
solution of (10) is globally exponentially stabilized
(globally asymptotically stabilized), then systems
(8) and (9) are said to be globally exponentially syn-
chronized (globally asymptotically synchronized).

Definition 6.2. With properly chosen feedback
controls u;, V4(0), ya(0), 24(0) € R® and corre-
sponding z,.(0), y-(0), 2.(0) € R3, if the zero solu-
tion of (11) is globally exponentially stabilized
(globally asymptotically stabilized), then the equi-
librium point X = X* of system (3) is said to be
globally exponentially stabilized (globally asymp-
totically stabilized).

Theorem 1. For system (9), choose the following
simple feedback control law:

Uy = 0zey, U = Oyey, U3 = 0€,. (12)
Then, when one of the following conditions
holds:
(1) 6o >1, o, >1,

2ad
5Z>a+b—c+i(s+r+1);
s

2ad
(2) 5x>a+7(s+r+1), dy >b+1,
0, >1—¢

the zero solution of (10) is globally exponentially
stabilized, and thus systems (8) and (9) are globally
exponentially synchronized.

Proof. We construct the following positive definite,
radially unbounded vector Lyapunov function for
system (10):

V = (e, eyl le])T

Evaluating the Dini derivative of V' along the solu-
tion orbits of system (10), we obtain

D¥ ey
D7 ey
+
D¥ezl/ 10,
—0z 1 0
< 0 —0y 1
2ad
a—i—i(s—i-r—i-l) b —c—0,
T
|€x]
x| ley| |- (13)
le:|

Next, consider the following comparison equation
to (13):

. —0y 1 0
i | = 0 —0y 1
1z a—i-QZ—d(s—i-r—i-l) b —c—90,
Na Na
X |ny | =41 |n |, (14)
UE Nz
which has the solution:
e (t) 1 (to)
ny(t) | = eMi(t=to) 1y (to)
1(t) 1:(to)

From any of the conditions of Theorem 1 we
know that A; is a Hurwitz matrix [Liao, 2001].
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Hence, there exist constants M; > 1 and oy > 0

such that
HeAl(t—to) H S M1€_a1(t_t0).

By the comparison principal, we have

lex () Nz (t)
ley () < My (t)
le=(t) n:(t)
1 (to)
< Mye~t=t) 1 f o (ko) |I],  (15)
12 (to)

indicating that the zero solution of system (10)
is globally exponentially stabilized. Therefore, by
Definition 6.1 we know that systems (8) and (9) are
globally exponentially synchronized. W

Next, we present a numerical example to
demonstrate the applicability of Theorem 1. Here
we choose §, = J, = 1.05 and ¢, = 34, satisfying
the conditions in Theorem 1. It is shown (see Fig. 6)
that, under the proposed control, the zero solution
of system (10) is globally exponentially stabilized
and thus systems (8) and (9) are globally exponen-
tially synchronized.

Remark 6.1. It should be noted that the control law
given in Eq. (12) is not the so-called “cancelation”
controller, since it does not cancel any terms on the
right-hand side of the error system (10), nor that of
the controlled system (9). In fact, substituting the
feedback control (12) into Eq. (9) yields the con-
trolled system:

Ty = Yp + 5x(xd - ﬂfr),
Yr = Zp + 5y(yd - yr)a
Zr = —ax, — by, — czp + 0,(2q — 2r) (16)

°, 2
+ad|(r—s)+ Z ;tan_l(xr +47)

j=—r

It is easy to see that the original terms y, and
zr in the first two equations of (16) are not can-
celed by the control terms. For the third equa-
tion, since the control gain ¢, is either greater than
a+b—c+ 24(s 4+ r+1) or greater than 1 — c,
the control term —d,z, does not cancel the original
term —cz,.

0.5}

-0.5¢

-6

1 . . . .
% 0.1 0.2 ‘ 0.3 0.4 0.5

Fig. 6. Time history of the error system (10) for a = b =
c = 0.65, d = 78.5398, r = s = 0 with the control law
given in Theorem 1, using the initial conditions, z4(0) = 5,
¥a(0) = 1, 24(0) = 15 and 2 (0) = 1, y(0) = 2, z-(0) = 3,
when 0, = §y = 1.05 and §. = 34.

However, if we choose the following linear

control law:
Ul = €y + €y,
Uy = €, + €y, (17)

ug = —(aey +bey + ce;) + e,
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then the linear terms on the right-hand side of the
error system (10) are all canceled and we obtain

€x = —€g,

(18)

It is easy to see that system (18) is globally asymp-
totically stable. Substituting this control into the
corresponding system (9) would cancel all the linear
terms on the right-hand side of this system. Hence,
control design (17) is indeed a cancelation control
law, which is not desirable from the view point of
control theory and should not be adopted.

Corollary 6.1. For any given equilibrium point
X = X* of system (8), choose the following feed-
back control law:

Uy = 0, T, Uy = Y, U3 = 0,Z. (19)

Then if one of the following conditions is satis-

fied:

(1) 6, >1, 0, >1,
2ad
5Z>a+bfc+i(s+r+1);
T

2ad
(2) 5I>a+7(s+r+1), Oy >b+1,

X* = (2% y*, 2*) can be globally exponentially
stabilized.

To demonstrate the use of Corollary 6.1, we
present a numerical example by choosing ¢, = 6, =
1.05 and 6, = 34, which satisfy the conditions
in Corollary 6.1. It is shown [see Fig. 7(a)] that
under the proposed control law, all solution orbits
of system (11) globally exponentially converge to
the equilibrium point (0,0, 0).

Remark 6.2. System (8) may have multiple equi-
librium points. However, when the feedback con-
trol law: u; = 0,7, up = 0,y and uz = 0,7 is
applied, which is designed for the equilibrium point
X* = (z*,y* 2%), all the other equilibrium points
disappear. The only equilibrium point used for the
control design is globally exponentially stabilized.
Theorem 2. Choose the feedback control law:

us = 5Z€Z7

Ul = 0g€p, U = Oy€y,

for system (9). Then under the following condi-

tions:
1 a ad
0y > §+%+E(S+T+1)’
1
Oy > =
Y 2’

ad a
d,>—c+ —(s+r+1)+ -,
s 2

the zero solution of the error system (10) is

0, >1—g¢ globally exponentially stabilized, and thus the two
1.5 4
3 b
1 F
2 F
Yos y
1t
0
E 0 E
0.5 ‘ ‘ ‘ ‘ - ‘ ‘ ‘
-50 0 50 100 150 200 -0.02 —-0.01 0 0.01 0.02
X X
(a) (b)
Fig. 7. (a) Trajectory of a double-scroll chaotic attractor for system (11) when a = b = ¢ = 0.65, d = 78.5398, r = s = 0

with the control law given in Corollary 6.1-1 for §; = dy = 1.05 and §. = 34 convergent to the equilibrium point, £ : (0,0, 0)
and (b) trajectory of 1-D-8-scroll chaotic attractor for system (11) when a = b =c¢ = 0.7, d = 50, r = s = 3 with the control
law given in Corollary 6.3 for d; = 160, dy = 1.8 and . = 0.5 convergent to the equilibrium point, E : (0,0, 0).
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systems (8) and (9) are globally exponentially
synchronized.

Proof. Construct the positive definite, radially

Let A\, (P) and Ap(P) denote the minimum
and maximum eigenvalues of

unbounded Lyapunov function for system (10): _l 0 0 ]
1 e2 2
V= 5 ez +e, + f 1
P=|0 - 0
2 )
T
ey ey _— 1
=le, | Pley i 25_
€z €z
| respectively. Then, we have
dVv a c 2ad 1
s o) < egey — 5163 - 5@/612/ - Eezez - Beg + E|ezez\(r +s+1)— 5(5265
a c 2ad 1
< legey| — (59563 — 5ye§ + glemez\ — Eeg + ﬁ\ewezl(r +s+1)— Edzeg
[ 1 a ad 1
-0 - =+ — 1
T . R S
lez| lez|
1
< | leyl ) —0y 0 ley]
le:| le|
a ad c+ 0,
2.5 1 0 _
25 " b |
T
lez| |ex|
= | leyl Az | eyl
le:| le|

< Au(Ag)(el + el + €2),

where Apr(Ag) is the maximum eigenvalue of As.
It follows from the conditions of Theorem 2 that
)\M(Ag) < 0. Thus,

>

dv
8 <A
g = Ml 2)

m(P

~—

implying that

Therefore,
e2(t) + ex(t) + e2(t)

V(X (to))
Am(P)

Av(A2)
e *u(P) (t tO)a

(21)

(20)

|

indicating that the zero solution of (10) is glob-
ally exponentially stabilized, and thus systems (8)
and (9) are globally exponentially synchronized. W

Corollary 6.2. For any given equilibrium point
X = X* of system (8), choose the feedback control
law:

U1 = 0,77, UQZ(Sy:l_/, uz = 0,2.
If
1 a ad 1
S 1 -
5$>2+2b+7rb(8+r+ ), 6y>2,

ad a
(5Z>—c+?(s+r+1)+—,

\V]
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then the equilibrium point of (8), X = X*, is glob-
ally exponentially stabilized.

The proof of Corollary 6.2 is similar to that for
Theorem 2, and thus omitted.

Theorem 3. Tuake the same feedback control law:

Uy = 0zey, U = 5yey7 ug = 0.€;,

for system (9). Then, when

2ad
5z>a+i(r+s+1),
7r

0y =1+b, 0.,=1-c,

the zero solution of (10) is globally exponentially
stabilized, i.e. the two systems (8) and (9) are glob-
ally exponentially synchronized.

Proof. Construct the positive definite, radially
unbounded Lyapunov function for Eq. (10):

V = |ex| + ley| + |ez|.
Then we obtain
DYV (10) = €xsigne, + éy signe, + é. signe,
< ley| + lez| = delex| — dyley| — o]

2ad(r +s+1
C|6z‘+¥

e

+alez| + bley|
2ad(r + s+ 1)
7r

ez

= <—5x+a+

+ (=0, +b+1)ley|

+ (=0, —c+1)les]

2ad(r +s+1)
T

lex]

_ <_5x fat
(22)

implying that the zero solution of (10) is globally
exponentially stabilized with respect to the partial
variable e,.

Now we consider the coefficient matrix of the
linear part of system (10) with the feedback control
law given in Theorem 3:

5, 1 0
Az=1|0 =5, 1
—a  —b -1

from which we obtain the characteristic polynomial:

det()\lg — A3)

A+ 0, -1 0
= det 0 A+1+0b —1
a b A+1

= A3 4 (b+ 24 6,)\2
+[0z(b+2)+20+ 1A+ 0,(26+ 1) +a
=N A2 4 gh + 1

It is well known that the sufficient and necessary
conditions for Az being a Hurwitz matrix are

0O<p and 0<7<pg.
Setting a = b, we obtain
pqg = (b+2+0,)[0(b+2) +2b+1]
=b+2)(b+1)+5.(b+2)*+bb+2)
+6:(b+ 1) 4 62(b + 2) + bd,
>60,(20+1)+b=7r>0. (23)

Equation (23) shows that As is a Hurwitz matrix.
On the other hand, the solution of (10) can be
written as

ex(t) ex(to)
ey(t) eAslt=t) | e (tg)
e:(t) e:(to)
0
’ > 2 (g)ealr)
j=—r

Since Az is a Hurwitz matrix, there exist constants
M7 > 1 and aq > 0 such that

HeAg(t—t()) H S Mle_al(t_to).

1350145-11



Int. J. Bifurcation Chaos 2013.23. Downloaded from www.worldscientific.com
by THE UNIV OF WESTERN ONTARIO on 09/18/13. For personal use only.

Hence,
ex(t) ex(to)
ey () ||| < My ||| ey(to) ||| et
ex(t) ez (to)
¢ 2ad
+ Mle’al(t”)i(s—i-r—i- 1)
to ™

X ||ex (7)||dT.

Using the property that e, (t) — 0 as t — oo, we
can prove that Ve > 0, 301 > 0, when ||(ex(to),
ey(tO)aez(tO))TH < o1,

—a (tft()) < E
e 3.

In addition, for any t; > to, when |[|(e;(t0), ey (o),
e.(t0))T]| < o1, we have

t1 2 d
Mye e 2 (el < £
to T ’
and
t 2ad
Mlefoq(t*ﬂi(s +7r 4+ 1)He$(7'>Hd7' < E
t1 T 3
Thus,
ew(t)
€y<t>
ez(t)
e:p(tO)
< | [ eyto) | | emte
ez(tO)
t1 2 d
n Mle—al(t*T)i(st’r‘jL 1)”61(7—)”d7
to T
t 2ad
n Mle—a1(t—7')i(s +r+ 1)He$(’r>HdT
t1 T
< E + E + E = £
3 3 3

For any (e (to), ey(to), e-(to))T € R3, it is easy to
see that

€$<t0>
lim M; ||| ey(to) e (t—to)
t—o00
€z<t0)
t 2ad
+lim [ Miem® 2% (64 ) ley (7)]|dr
t—o0 to T
=0. (24)
1.5
1t
e
X0.5
0
-0.5 : : : :
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2
L >~
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Fig. 8. Time history of the error system (10) for a = b =
¢=0.7,d =50, r = s = 3 with the control law given in The-
orem 3, using the initial conditions, z4(0) = 2, y4(0) = 2,
24(0) = 10 and z»(0) = 1, y~(0) = 5, 2z-(0) = 3, when
0z =160, 6y = 1.8 and . = 0.5.
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Hence, the zero solution of (10) is globally asymp-
totically stabilized, and so systems (8) and (9) are
globally exponentially synchronized. W

To demonstrate the applicability of Theorem 3,
we show a numerical example. Choose §, = 160,
0y, = 1.8 and 6, = 0.5, satisfying the conditions
in this theorem. The simulations depicted in
Fig. 8 clearly indicate that the zero solution of
system (10) is globally exponentially stabilized and
thus systems (8) and (9) are globally exponentially
synchronized.

Corollary 6.3. For any equilibrium point X = X*
of system (8), choose feedback control law:

Ul = 0, T, Uy = Y, U3 = 0,Z.

Then, when
2ad
5z>a+%(r+s+1),

5y=1+4b, b6,=1—c

X* can be globally exponentially stabilized.

A numerical simulation example is shown in
Fig. 7(b) to illustrate the usefulness of Corollary 6.3.
As 6, = 160, 6, = 1.8 and 6, = 0.5 satisfying
the condition of Corollary 6.3, the solution orbit
of system (11) globally exponentially converges to
the equilibrium point (0,0, 0).

7. Synchronization and Stabilization
of 2-D-m x n-Grid-Scroll Chaotic
Attractors

In this section, we consider 2-D chaotic attractors.
Assume that the driving system is given by

52

2
Tqg=Yq— 72—2 (rg — s2) + Z ;tanfl(yd +J72) |
j==r2
Ya = Zd,
Zqg = —axg — byg — czq
art | 22
+ 71 (r1 —s1) + Z ;tan_l(xd +J711)
| j==71
bT2 > 2 -1 .
T (ro = s2) + Z ;taﬂ (ya +372) |,
L J==r2

(25)

and the corresponding driven system is

S2

. T2 2 _ .
Tr=Yr= 75 (ro — s2) + Z ;taﬂ Nyr + j72)
Jj=-r2
+ ui(es, ey, e.),
Yr = 2r + U2(€myeyyez>7
Zr = —ax, — by, — cz,
ary i SE))
+ 7 (7’1 — Sl) + Z ;tanfl(xr —|—j7‘1>
_ =
bro 209 _ .
T (ro — s2) + Z —tan Yy + j72)
L Jj=-r2

+ UB(eza €y, ez)-
(26)

Then the error system can be written as

- ul(ewa eya ez)a

. T2
€xr =€y — — Z féj(&j)ey
éy =€z — u2(€a:;€yyez)a

S1
. aTq
é, = —aey — bey — ce, + — Z fij(&j)ex

Jj=-r1

bty

52
+ 7 Z féj<§2j)€y - u3(€a:;€yyez)a

j=-—r2

(27)

where, f1;(&15)ex = tan~!(xq + jm1) — tan" (2, +
J71), min(x,, xq) < &1 < max(z,,xq), féj(ﬁgj)ey =
tan=! (yg+j72) —tan"! (y, +j72), and min(y,, yq) <
&5 < max(yr, ya)-

Theorem 4. In system (26), choose the following
control law:

Uy = g€z, U = Oyey, U3 =0.€,.
If one of the following conditions is satisfied:

-
(1) 5$>1+?2(32+r2+1), 5, > 1,
a
5. > at (s 4+ 1)+ b

bt
+72(82+7’2+1) -G
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aT
(2) 6p > a+—(s1+7+1),
T2
5y>1+?(52+r2+1)+b

br
+ 72(82 + 7o+ 1),

then the zero solution of (27) is globally exponen-
tially stabilized, and thus systems (25) and (26) are
globally exponentially synchronized.

Proof. Construct the positive definite, radially
unbounded vector Lyapunov function:

V= (leal eyl ez,

0, >1—¢
and then we have
- . -
—6, 1+ 2(sg+rg+1) 0
D e, T |ea]
DYV |agny = | D*eyl < 0 —0y 1 ley|
Dtle b e
e (27) a+%(81+7“1+1) b+ %(82+T2+1) =0y —c¢ -1
|ex]
= Ay | |ey] (28)
lez|
Consider the comparison equation of (28), given by
_ . -
‘ — 5y 1+ 2(sg+ra+1) 0
Nx & Nz Nz
7 T
" +—(si+r1i+1) b+ ?2(82+7“2+1) —0, —¢ : 1

N (t) n:(to)
ny(t) | = et |y (to)
n:(t) n:(to)

From the given conditions we know that A4 is a
Hurwitz matrix. Thus, there exist constants M, > 1
and a4 > 0 satisfying

H€A4(t—t0) H S M4e—a4(t—t0) )

By the comparison principle we have that

(lex ()], ley (D), le= (@)D
< (1 (£), my (£, 0= ()" |

< Mye™ 41| (n (t0), my (f0), - (20)) " |
(30)

implying that the conclusion of Theorem 4 is

true. W

To demonstrate the applicability of Theorem 4,
we present two numerical examples here. For the
first condition of Theorem 4, take 6, = 100, 6, =
1.05 and 0, = 100. It is shown (see Fig. 9) that
under the proposed control law, the zero solution
of (27) is globally exponentially stabilized, thus
systems (25) and (26) are globally exponentially
synchronized. For the second condition, we choose
0y = 50, d, = 150 and 0, = 0.8. Similar result is
obtained, as shown in Fig. 10.

Corollary 7.1. For any given equilibrium point
X = X* of system (25), if we choose the follow-
ing feedback control law:

Uy = 0., U= 6y3_/7 ug = 0.2,

1350145-14
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0.5¢
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t

Fig. 9. Time history of the error system (27) for a = b =
c=0.5, 7 =719 =100, r; =r9g =s; = s9 = 1 with the con-
trol law given in Theorem 4-1, using the initial conditions,
zq(0) = 20, y4(0) =5, 24(0) = 5 and z,(0) = 15, y»(0) = 4,
zr(0) = 8, when 0 = 100, dy = 1.05 and 0. = 100.

where 0y, 0, and o, satisfy the conditions in Theo-
rem 4, then the zero solution of the following error
system:

52
- _ T2 _ _
T=g—— ) f0m)7 —w(5,5,2),

Jj=-r2

y= z— UQ(E,Q,E),

-
Il

S1
. _ . am _
—aZ — by — 2+ — Z fi(m;)z
j=-r1

bty

52
+ 7 Z fé](nQJ)y - U3(.f,y, 2),

j=-r2

0 0.05 0.1 0.15 0.2

0.01 0.02 0.03 0.04 0.05 0.06

Fig. 10. Time history of the error system (27) for a = b =
c =05 1 =77 =100, r1 = 1ro = s1 = so = 1 with
the control law given in Theorem 4-2, using the initial con-
ditions, z4(0) = 15, y4(0) = 1, 24(0) = 5 and z,(0) = 12,
yr(0) = —1, z-(0) = 6, when §; = 50, §y = 150 and 5. = 0.8.
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Fig. 11. Trajectory of a 2-D-4 x 4-scroll chaotic attractor for system (31) when a = b = ¢ = 0.5, 1 = 79 = 100,
ry = rg = 81 = s = 1: (a) with the control law given in Corollary 7.1-1 for = 100, §; = 1.05 and 6. = 100 conver-
gent to the equilibrium point, £ : (0,0,0) and (b) with the control law given in Corollary 7.1-2 for d, = 50, §; = 150 and
0. = 0.8 convergent to the equilibrium point, £ : (0,0, 0).

z's' globall.y exponentially stabili;ed, i.e. the equilib- 5, >1+ 7_2(82 ot 1)
rium point X* = (x*,y*, z*) is globally exponen- T
tially stabilized. bry b
+2—(82+T2+1)+2—,
For Corollary 7.1, we show a numerical exam- am a
ple with the values of d,, d, and J, chosen as the and
same with that for Figs. 9 and 10. The simulation am
results (see Fig. 11) show that solution curves 0z > a+ 5T §<T1 +s1+1)
of system (31) globally exponentially converge to
the equilibrium point (0,0,0) under the proposed + bﬂ(m +s941)—c,
controls. 2m
Theorem 5. In system (27), choose the control — are satisfied, then the zero solution of (27) is
law: globally exponentially stabilized, and so the two
systems (25) and (26) are globally exponentially
Uy = 0z€y, Uz =0yey, uz=o.e.. synchronized.
If the following conditions Proof. Construct the positive definite, radially

unbounded Lyapunov function:

.

5z>1+§(82+7“2+1)
1 e?

V:§<ei+ez+f>.

1

+ _(81 + 71+ 1)a
2w
Then, we have
dVv To
s < —(Lgei +ezey + ?(32 + 1o+ 1)]ez|ley| + eye. — 5ye§ otz — eyes
(27)
C (5 62 1 bTQ
- aeﬁ - Zaz - ;(81 + 114 1)|ex|le.| + E(Sz + 72+ 1)|ey]lez]
T
|ex] |ex|

< ‘ey’ A5 ley‘ ;
le| le|
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where
i 1 T2 1 |
—0z = (s2+r2+1) —F—(s1+ri+1)
2 27 2 s
1 79 1 b b 2
As = |-+ = 1 —0 5T 5 T 5 1
5 5 T o (s2tratl) y 5t o, t o (s2+m2+1)
1 1 1 b b’i'2 C 5z
4= 1) =4 — 4 = 1 _Z_ 2
_2+271'(81+TlJr ) 2+2a+2a7r(r2+82Jr ) a a ]
From the given conditions we know that Aj is
negative definite. Similar to the proof of Theorem 2, T3 52 9 . »
it is easy to prove that + o |37 s3) + Z P tan™" (24 + j73) |,

() + (1) + (1)
V(D) _ V(X () ) )

e A (P)

, (32)

J==r2

(33)

and the corresponding driven system with control
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~ An(P) T An(P) laws is given by
which implies that the conclusion of Theorem 5 T 29 . _
holds. M bp =y — o [ —s2)+ D —tan”!(yr +jm)
i =2 |
Corollary 7.2. For any given equilibrium point
X = X* of system (25), when the conditions in +ui(ex, ey, €2),
Theorem & hold, the zero solution of system (31) i s T
i; globa{ly exponentially stqble. Thus the equ.ilz'b— Up = 2p — iE] (r3 — s3) + Z Ztan~! (2 + jr3)
rium point X = X* of (25) is globally exponentially 2 ey
stabilized. ) .
+ U3(61, eya 62),
8. Synchronization and Stabilization = —azy — by, —cz
of 3-D-m x n x I-Grid-Scroll s
Chaotic Attractors + ‘;j (r1 — s1) + Z ;tan’l(:cr + i)
Next, consider 3-D chaotic attractors. The driving j=-r1
system can be written as r 5 7
bro 2 _ .
i sy ] T (ry = s2) + Z —tan Yy + j72)
o T2 _ 4 -1 . j=—r
T4 =y — 5 |(r2 —s2) + Z —tan™ (ya +j72) | - ? -
L J=7r2 i 53 9
CT3 _ .
- r o : +5 (7"3—33)+j_zr —tan Nz + j73)
Yd = Zd — 5 (rs — s3) + Z - tan™* (zq + j73) |, - ’ -
i j=-r3 i + uz(es, ey, e).
Zg = —axg — byg — czq (34)
o) Then, the error system is obtained as
arty 2 1 .
+—|(r1 —s1)+ —tan™ (zq+ j71) ' Ty 2
2 j;l @ €xr = €y — ? Z féj(&j)ey - ul(exaeyaez)a
J=-r2
b’7'2 52 2 1 s3
= — Ztan— ' . 73
+ 9 (7’2 82) + Z - tan (yd + .77_2> €y =€y — ; Z fé](§3_y)ez — U2(617 €y, ez)’
j=-r2

Jj=-r3
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51
. aTy
€, = —ae; — be, — ce, + — Z f{j(flj)e:p

J=-"

by 2
+223" 6oy

where, f1;(&15)ex = tan~!(zq + jm) — tan" (2, +
3T1), min(wy, 24) < §15 < max(wr, x4), fo;(§25)ey =
tan~(yg + jm2) — tan"l(y, + jmo), min(y,, yq) <
§aj < max(y,, ya), f4;(Es5)e= = tan~!(zq + j73) —
tan~1(z, + j73), and min(z,, z4) < €35 < max(2;, zq).

T

j=-r2

o Theorem 6. In system (34), choose the control
CT3 law:

+7 Z féj(§3j>ez_u3<ewaeyaez)a o

j=-r3 Uy = 0z€g, Up = Oyey, U3 =0z

(35)
| If for properly chosen d, >0, 6, > 0 and J, > 0,
_ i -
—0gp 1+?2(82+7“2+1) 0
T3
A = 0 —0y 1—1—;(33—}—7“3—1—1)

aT
—(si+n+1)ta

bt CT:
72(32+r2+1)+b —5. —c+ 73(334-7“34-1)

is a Hurwitz matriz, then the zero solution of (35) is globally exponentially stable. Thus, systems (33)

and (34) are globally exponentially synchronized.

Proof. Construct the positive definite, radially unbounded vector Lyapunov function:

V= (leal, leyl ez
We have
_ - ;
—0gp 1+;2(82+7“2+1) 0
Dt e, : €z ]
3
D+V’(35) — D+’€y‘ < 0 —0y 1—1—;(834-7’34-1) ’ey‘
D+‘ez‘ aTy bTQ CT3 ’63’
7(31—1-7’14-1)—1-@ 7(32+r2+1)+b —5Z—C+7(83+T‘3+1)
|ex]
= AG |6y‘ (36>
le-|
Consider the comparison equation of (36), given by
_ - -
—0g 1+?2(82+7“2+1) 0
M N
) 0 -0 1+ 7——3(5 +r3+1)
77y = Y . 3 3 ny
7z UF
art bt CcT
71(31+r1+1)+a 72(32+r2+1)+b —5Z—c+73(33+r3+1)
Tz
= A6 My (37)
Nz
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Since Ag is a Hurwitz matrix, there exist constants
ag > 0 and Mg > 1 satisfying

I(exl, ley, le=]) "]
S H(n$7 77y7 nZ>TH
< Mge™0=10) || (n,.(to), my (t0), n= (t0)) |-

The proof is complete. W

1 T2
—0x B + g(SQJrTQJrl)
1 T2
Ar= |5+ 5 (s2+r2+1) —dy
1 T1 a+b T3 bty
— 41 1 -3 1 22
2+2ﬂ_(81+7’1+ ) 2a +2ﬂ_(33+r3+ )+2(17T(

To show the applicability of Theorem 6, we
present a numerical example with ¢, = 165, J, =
130 and 9, = 440, satisfying the conditions in The-
orem 6. It can be seen from Fig. 12 that under
the proposed control law, the zero solution of sys-
tem (35) is globally exponentially stabilized and
thus systems (33) and (34) are globally exponen-
tially synchronized.

Theorem 7. In system (34), choose the same con-
trol law as used in Theorem 6. If

1 T
3 o tmtl)
a+b T3 bro
— 1 —= 1
50 +2ﬂ(33+r3+ )+2M(32+r2+ )
C CT3 62
s2Hr2+1) ottt -

is a Hurwitz matriz, then the zero solution of system (35) is globally exponentially stable. Thus, systems (33)

and (34) are globally exponentially synchronized.

Proof. We again use the Lyapunov function:

and then we have
v

bTQ CT3 1
+ 5(82 +ro+ 1)‘6y6z‘ + E(SB +r3 + 1)62 - aézez

T
ez |ez|
= ’ey‘ A7 ‘ey’ )
lez| le.|

from which the following estimation is obtained:
e2(t) + eX(t) + e2(t)

V(X(@)
T Am(P) T

A (A7) (t—to)

V(X(to)) e "m(P)
Am (P) ’

where the definitions of Az (P), Ap, (P) and Aps (A7)
are similar to those used in Theorem 2. Thus, the
conclusion is true. W

Corollary 8.1. If the conditions given in Theo-
rems 6 and 7 hold, then the zero solution of the

T T:
< Jesey| + (52 + 72t Dleaey| = o6l + leyea| + (sa + 75+ 1leges|

b c T
féyez + |eze.| + a|eyez\ - aeg + ?1(31 + 71+ 1)|eze;]

2

|
following error system:

52
- = = T2 U
T=—-0,T+7y— - Z féj(n%):%

Jj=—r2

53
- _ T3 _
J= -0y — — > fii(ns))z,

Jj=-r3

S1
) at
z=—(0,+¢c)z—aZ —by+ 71 E : f{j(mj)f
J==r1
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b’7'2 52 ~ T3 53 ~
t Z féj(n2j)y+7 Z f3;(135)Z,
Jj=-r2 Jj=-r3

(39)

is globally exponentially stable. Thus the equilibrium
point X = X* is globally exponentially stabilized.

0 0.01 0.02 0.03 0.04 0.05

10

-10 ‘ ‘ ‘ ‘
0 001 002 003 004 005

-3

0 0.005 0.01 0.015
t

Fig. 12. Time history of the error system (35) for a = b =
c=0.8, 71 =160, 70 = 100, 73 =80, r{ =19 = 51 = 50 = 2
with the control law given in Theorem 6, using the initial
conditions, z4(0) = 11, y4(0) = 12, 24(0) = 1 and z(0) = 8,
yr(0) = 2, 2,(0) = 4, when 0, = 165, 6, = 130 and §, = 440.

-0.21

-0.3 : ; :
-0.05 0 0.05 0.1 0.15

025
0.2
0.15
0.1¢
0.05
o E

-0.05 : ‘ :
-0.05 0 0.05 0.1 0.15
X

Fig. 13. Trajectory of a 3-D-6 x 6 x 6-scroll chaotic attractor
for system (39) when a = b = ¢ = 0.8, 11 = 160, o = 100,
73 = 80, and 1y = r9 = r3 = s;] = s3 = s3 = 2 with the
control law given in Corollary 8.1: (a) for d, = 165, 6y = 130
and 0, = 440 convergent to the equilibrium point, E : (0,0, 0)
and (b) for §; = 210, §; = 300 and §. = 250 convergent to
the equilibrium point, E : (0,0,0).

To end this section, we present a numerical
example to demonstrate the applicability of Corol-
lary 8.1. The simulations are shown in Fig. 13. For
the results shown in Fig. 13(a), we choose ¢, = 165,
0y = 130 and 6, = 440, satisfying one condi-
tion of Corollary 8.1 (the condition of Theorem 6);
while for that in Fig. 13(b), we choose 4, = 210,
0y = 300 and 4, = 250, satisfying the other condi-
tion of Corollary 8.1 (the condition of Theorem 7).
These two figures indicate that under the proposed
controls, the solution orbits of system (39) glob-
ally exponentially converge to the equilibrium point
(0,0,0).

9. Fractional Order Multi-Scroll
Chaotic Attractors

In this section, we investigate fractional order multi-
scroll chaotic attractors. We first introduce the
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definition of fractional derivative. Since this defi-
nition is not unique, we adopt the most commonly
used one in this article, which is given by

dm

Dy(t) = Iy (), (40)

where jt—rfny(t) is the general definition of mth-order
derivative, @ > 0, and m = [a| = min{m € R|m >
a}. Here, the f-order Riemann-Liouville integral
operator, J, is given by

/Ot(t — T)ﬁ_lz(T)dT
L'(3) ’

JPx(t) = for g > 0.

In the previous sections, we have investigated the
three-dimensional integer order differential systems
in the form of

D:L'(t) = f1<$,y72’),
Dy(t) = fg(x,y,z), (41)
Dz(t) = f3(z,y, 2).

The corresponding fractional order system can be
written as

Dalx(t) - f1<£L',y,Z),
DaQy(t) - fg(i(},y,Z), (42)
Dasx(t) - f3<£L',y,Z),

where o; € (0,1), i = 1,2,3, are the orders of the
fractional order differential equations.

y =100 -100

(a)
Fig. 14.

100

9.1. Design of fractional order
1-D-n-scroll chaotic attractors

We first consider the design of 1-D chaos generator
using fractional order differential system. The cor-
responding fractional order system of (3) is given by

D a(t) =y,
D*y(t) = 2,
D x(t) = —ax — by — cz

2
+ad|(r—s)+ — Z tan~!(z + j7) |,

(43)

where o; € (0,1), i = 1,2,3, a,b,c and d take
positive real values. As discussed in the previous
sections, the maximum number of chaotic scrolls is
determined by the non-negative integers s and r.

Next, we use numerical simulations to verify the
existence of the fractional order 1-D-n-scroll chaotic
attractors. Our first example is to create a fractional
order double-scroll chaotic attractor. Thus, we let
r = s = 0. All the other parameters are chosen as
follows:

a=b=c=0.7, d=065,

r=s5=0,

a1 =098, as =097, a3=0.098.

As shown in Fig. 14, with the above chosen parame-
ter values, the fractional order system (43) exhibits
double-scroll chaotic behavior.

A 1-D-6-scroll chaotic attractor can be created
by choosing r = s = 2. For example, by taking

100

501

-200 -100 0 100 200

Simulated phase portrait of a fractional order double-scroll chaotic attractor for system (43) when a =b=¢ = 0.7,

d=065,7r=5=0, a; =0.98, ag = 0.97, az = 0.98: (a) in the z—y—=z space and (b) projected on the z—y plane.
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100
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-100
100

500

y -100 -500

(a)
Fig. 15.

100

501

-50+

-500 0 500

(b)

Simulated phase portrait of a fractional order double-scroll chaotic attractor for system (43) when a =b=¢ = 0.7,

d=165r=s=2, a1 =098, az =0.99, a3 = 0.99: (a) in the z—y—=z space and (b) projected on the z—y plane.

a=b=c=0.7d=065 a =098, a, = 0.99,
ag = 0.99, for system (43), we obtain a one-
dimensional chaotic attractor with six scrolls, as
shown in Fig. 15.

9.2. Design of fractional order
2-D-m X n-grid-scroll chaotic
attractors

In order to create a fractional order chaotic attrac-
tor with 2-directional m x n-grid scrolls, we apply
the fractional derivative to (6) and obtain the fol-
lowing fractional order differential system:

D™ x(t)
52
=y— % (ro —s2) + Z ;tan_l(y‘i‘jW) ,
j=—r2
D*y(t) = =,
D™z (t)

+ a% (ri—s1)+ Z = tan~(z + jm)
j=-r1
T: 2 &
+b52 (ro — s2) + p Z tan~" (y + jma) |,

Jj=-r2

(44)

where parameters a, b, c, 71, 75 and 73 are all taken
positive, and the number of scrolls that system (44)
can generate depends on non-negative integers 7y
and ro. As discussed previously m = r{ + s1 + 2
and n = ro + s + 2. In (44), a; € (0,1), i = 1,
2,3, are the orders of the fractional order differen-
tial equations.

System (44) exhibits rich dynamical phenom-
ena with properly chosen parameter values. For
example, if we let

a=b=c=0.5,

71 = 19 = 100,
rE=1"T9 =8 = So =1,
a] = as = az = 0.99,

as shown in Fig. 16, a 2-D-4 x 4-scroll chaotic attrac-
tor is generated.

9.3. Design of fractional order
3-D-m x n X l-grid-scroll
chaotic attractors

The fractional order 3-D-m xn x[-grid-scroll chaotic
attractor generator can be similarly obtained by
applying fractional derivative to system (7), yield-
ing the system,

D x(t)
52

2, ,
(ro — s2) + Z —tan Yy +jm2) |,

Jj=-r2
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-100¢

—200¢
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Fig. 16. Simulated phase portrait of a 2-D-4 X 4-scroll chaotic attractor for system (44) when a = b =c¢ = 0.5, 1 = 72 = 100,
rp=ro=s51 =s3=1, a1 =as =a3=0.99: (a) in the z—y—=z space and (b) projected on the z—y plane.

z
200
100}
y of
—100}
400
20 : : :
~400  —200 0 200 400
X
(b)
150 ‘ ‘ ‘ ‘ ‘ 150
100} 100!
50} 50(
z o Z o
50} 50/
~100} -100}
-159 : : : : : 15 : : :
2300 -200 -100 0 100 200 300 2200  -100 0 100 200
X y

(c) (d)

Fig. 17. Simulated phase portrait of a 3-D-4 x 2 x 2-grid-scroll fractional order chaotic attractor for system (45) when
a=b=c=0511=m0=73=100,7r1 =51 =1,1r0 =52 =0,7r3 =353 =0, a1 =0.99, ag = 0.99, a3 = 0.998: (a) in the
x—y—z space, (b) projected on the z—y plane, (c) projected on the z—z plane and (d) projected on the y—z plane.
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D*y(t)
T 9
:z—g (rg — s3) + Z ;tal’lil(Z—i-jT?,) ,
Jj=-r3
D3 2(t)
= —ar —by —cz
T 22
+a51 (ri—s1)+ Z ;tan_l(azqtjﬁ)
J==r1
T: i 202 |
+b§2 (r2 — s2) + Z ;tanfl(y + j72)
L J==r _
T i .9 ]
+C§3 (rs—s3)+ > ;tanfl(zﬂLst) ;
L J==rs _

(45)

where a,b,c, 7, 79 and 73 are positive real num-
bers, r1,79,73, 51, 52,83 are non-negative integers,
and «; € (0,1),7 = 1,2,3, are the orders of the frac-
tional order differential equations. The maximum
number of grid chaotic scrolls that system (45) can
generate is (r; + s; + 2) x (12 + s2 + 2) x (rg +
sg+2),ie.m =1 +s1+2, n=ro+ s+ 2
and [ = r3 + s3 + 2.

Next, we investigate the chaotic behaviors
of system (45) using numerical simulations. By
choosing

a:b:c:0.5, T1=T2=T3=100,
7’128121, 7’2282:0, T‘3=83=0,
a1 =099, a2=0.99, az3=0.998,

we obtain a chaotic trajectory from the fractional
order system (45), with 3-D-4 x 2 x 2-grid scrolls
(see Fig. 17).

10. Synchronization and
Stabilization of Fractional Order
Multi-Scroll Chaotic Attractors

In this section, we consider synchronization and sta-
bilization of the fractional order multi-scroll chaotic
attractors by constructing simple control laws. In
Secs. 6-8, the integer order multi-scroll chaotic
attractors have been synchronized and stabilized

using feedback control strategies. Here, we extend
the feedback control method to study synchro-
nization and stabilization of the fractional order
multi-scroll chaotic attractors which are obtained
in Sec. 9.

In general, a three-dimensional fractional order
system has the form

Dal'x(t) fl(xayaz)a
Da2y(t) = f2($ayaz)v (46>
Da?’.fﬂ(t) = f3(xayaz)a

where «; € (0,1), for i = 1,2,3. We can solve the
following equations:

fi(z,y,z) =0,
fa(z,y,2) =0, (47)
f3(33,y, Z) =0,

to obtain the equilibrium point, denoted as
(x*,y*, 2*). To study the stability of system (46),
we evaluate its corresponding Jacobian matrix at
equilibrium point (z*,y*, 2*) to obtain

or Oy 0z
I
or Oy 0z
Ofs  Ofs Ofs
Oor Oy 0z

(z=z*y=y*,2=2")

Theorem 8 [Matignon, 1996; Ahmed et al., 2007]. If
the eigenvalues of the Jacobian matrix M satisfy

0
arg(A) > %, (48)
where 6 = max(aq,ag,as), then the equilibrium
point (x*,y*, z*) is asymptotically stable.

For a linear fractional order differential system,
its stability region is bounded by a cone in the right-
half s-plane with an angle of j:%a. The vertex of the
cone is at the origin [Matignon, 1996]. The stability
and instability regions of the fractional order sys-
tem (46), with oy = as = a3 = « in the complex
plane are shown in Fig. 18.
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Stable Stable

Unstable

Unstable
Stable Stable

Fig. 18.
order system (46) when o) = ag = az = a.

Stability region in the complex plane for fractional

10.1. Synchronization and
stabilization of fractional
order 1-D-n-scroll chaotic
attractors

In this section, we construct simple feedback con-
trol laws to realize the synchronization and stabi-
lization of the fractional order 1-D-n-scroll chaotic
attractors. We first consider the synchronization of
two such systems. One of the systems serves as the
driving system (transmitter), which is given by

Dalxd<t> = Yd,
D*yq(t) = 24,
D3 zy4(t)

4
= —axqg — byg — czq (49)

2
+ad |(r—s)+ — Z tan™!

T (xd+]7—) )

with the corresponding driven system obtained as

D%, (t) = yr +w1(Td — TrsYa — Yr, 2d — 2r),
Dy, (t) = 2z + u2(Ta — Try Yd — Yrs 2d — 2r),
D% 2 (t)
= —ax, — by, — cz, (50)
+ad|(r—s)+ 2 i tan~!(z, + j7)
T "
+u3(Td — Try Ya — Yry 2d — 2r),

where u;’s are the controls to be designed.

The difference between the driving system and
the driven system is defined by e, = z4 — z,,
ey = Yqg — Yr and e, = zg — 2,. Thus, the error
system is given by

i —
D%e, = e, — ui(eg, ey, ),

D*e, = e, — us(ez, ey, e€z),
D%e, = —ae, — be, — ce, (51)
2ad
+ Z —f f] (€$7ey7ez)
]_77'

Theorem 9. Applying the following simple linear
feedback control law:

Ul = 0gey, U = Oyey, U3 =€, (52)

to system (51), if one of the following conditions

holds:

(1) 6, >1, 0, >1,

2ad
5z>a+b—c+i(s+r+1);
s

2ad
(2) (5$>a+7(s+r+1), oy >b+1,

0, >1—c¢

then the zero solution of (51) is stabilized, and as
such the driving-driven system pairs (49) and (50)
are synchronized.

Proof. Evaluating the Jacobian matrix of the error
system (51) yields

[ —5, 1 0 |
0 -5, 1
Jrip =
2ad <
—a+— Y [fi§) -b —c—d.
| j=—r i

(53)

Then, we apply the Gersgorin’s Theorem to row
sums. It is obvious that when condition (1) holds, all
eigenvalues of Jp1p are located in the left half of the
s-plane. Similarly, by applying the Gersgorin’s The-
orem to column sums, we can prove that when con-
dition (2) holds, all eigenvalues of Jr1p are located
in the left half of the s-plane. Since

0

arg(A) > bR
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where = max(aq, ag, a3), then according to Theo-
rem 8, the zero solution of system (51) is stabilized
and hence the driving system (49) and its corre-
sponding driven system (50) are synchronized. W

Next, we use numerical simulations to verify the
effectiveness of the control laws in Theorem 9. As
shown in Fig. 19, when d, = 4, 6, = 4 and ¢, = 300

30

20

40

20}

40

207

0 0.05 0.1 0.15 0.2 0.25
t

Fig. 19. Time history of the error system (51) for a = b =
c=07,d=651r=s5=2, a1 =098, ag = az = 0.99 with
the control law given in Theorem 9, using the initial condi-
tions, xz4(0) = 26, y4(0) = 32, z4(0) = —30 and z(0) = 3,
yr(0) = 2, 2-(0) = 8, when 0z =4, §y = 4 and 6, = 300.

(i.e. condition 1 of Theorem 9 is satisfied), the zero
solution of the error system (51) is stabilized and
thus its corresponding driving-driven system pair,
(49) and (50), is synchronized.

Let X = X — X* = (x — 2%,y — y*, 2 — 2%),
where X* = (2*,y*, 2*) is any equilibrium point of
system (43). Then system (51) can be rewritten as

DM =75 — ul(f,g_/, Z’),
DOQ? =ZzZ- U2(3_571_/75)7
Dz = —aZ — by — ¢z (54)

*\ 2ad _ _

j=—r

Corollary 10.1. Apply the following feedback con-
trol law:

Uy = 0T, Uy = (5y§, uz = 0,2 (55)

to system (54) with respect to any given equilibrium
X = X*, then either of the following conditions

(1) 6, >1, 0, >1,

2ad
5Z>a+b—c+i(s+r+l);
s

2ad
(2) 0s >a+i(s+r+1), oy >b+1,
T
0, >1—¢
guarantees the stability of X* = (x*,y*, 2%).

To show the applicability of Corollary 10.1, we
present a numerical example, for which we choose
0p = 4, 6y = 4 and 4, = 300, satisfying the first
condition of Corollary 10.1. As indicated in Fig. 20,
under the given control law, the trajectory of sys-
tem (54) converges to the equilibrium point (0,0, 0).

10.2. Synchronization and
stabilization of fractional
order 2-D-m X n-grid-scroll

chaotic attractors

Next, we consider synchronization and stabilization
of the fractional order 2-D-m x n-grid-scroll chaotic
attractors using simple feedback control laws. In
order to synchronize two such chaotic systems, we
let one of them be the driving system, which can be
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(a) 6 : : : : (b) 25
2,
4t
1.5
Y ol | z
05}
0 E
E 0
) ‘ ‘ ‘ ‘ -0. ‘ ‘ :
o 0 1 2 3 4 05— 2 4 6
X y

Fig. 20. Trajectory of a 1-D-6-scroll chaotic attractor for system (54) when a =b=¢= 0.7, d = 65, r = s = 2, ag = 0.98,
a9 = a3 = 0.99 with the control law given in Corollary 10.1 for §; = 4, dy = 4 and 6. = 300, convergent to the equilibrium
point, E(0,0,0): (a) projected on the x—y plane and (b) projected on the y—z plane.

described as

52

) 2, .
D™ ay(t) = yqg — 5} (rg —s2) + Z ;tan Yya+gm) |, D 2yq(t) = 24,
J==r2
art 2
D z4(t) = —axg — byqg — czq + 71 (ri1—s1)+ Z ;tan_l(a:d +j71) (56)
J=-r1
b 202
+ % (ry —s2) + Z —tan~ (ya + j2)
j==r2
The corresponding driven system of (56) is then obtained as
T 22
2 _ .
D% (t) = yr — 5 | (r2 = s2) + > —tan Hyr +dm2) | + wiler, ey, e2),
J==r2
Da2yr(t) =2zr + UQ(GI, €y, ez)a
S1
ar 2 . (57)
Daszr<t> = —ax, — by, —czp + 71 (Tl - 31) —+ Z ;tanil(xr +]Tl)
Jj=-r
b'7_2 > 2 1 .
+ T3 (ro — s2) —|—jz; ;tan (yr +j12) | + us(eq, ey, €2),
=—r3

where u;’s are the controls.
It follows from systems (56) and (57) that the error system is given by

s2
T2
D%e, = €y — ? Z féj(&j)ey - ul(exaeyaez)a Da2ey =€z — u2(ezaeyaez)a
Jj=-r2
(58)

S1 52
aTy b’i'2
D%e, = —ae, — bey —ce, + 7 Z f{j(glj)ex + 7 Z féj(§2j)ey - u3(ezaeyaez)'

Jj=-m J==r2
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Theorem 10. If we apply the following simple
linear feedback control law:

(59)

to system (51) with one of the following conditions,

Uy = 0z€z, U = 5yey7 ug = 0.€;,

.
(1) 6, > 1+f(32+r2+1),

0y > 1,
aTq bTQ
0, > a+7(81—1—7’14—1)—}-[)4—7(824-7“24—1)—

ar
(2) 0 >a+ 71(31 +7r +1),

T bt
0y > 1+?2(82+7“2+1)+b+72(824-7’24-1),

0, >1—¢

to hold, then the zero solution of (58) is stabilized,
and hence the driving system (56) and the driven
system (57) are synchronized.

Proof. The proof is similar to that for Theorem 9,
and is thus omitted. W

Now, we verify the control laws given in The-
orem 10 numerically. If we take 4, = 90, 6, = 180
and 9, = 1, the second condition of Theorem 10
is satisfied. Using the proposed control law, the
zero solution of system (58) is stabilized, as shown
in Fig. 21, indicating that the driving system (56)
and its corresponding driven system (57) are
synchronized.

Corollary 10.2. For any given equilibrium X = X,
with the following feedback control law,

uy = 5zja Ug = yga usz = 622a (60)

applied to the following system:

I
<
&

Dalx—y—— Z Fhi ()7 — wa (

Jj=-T2

Dy =z — uy(T,79,2),

S1
— _ _ _, an —
D%z = —aZ — by — cZ + — Z fii(my)T

Jj=-r1

b’7'2
Z f2] 12;)7

j=—r2

3('%7 ya 2)7

(61)

60

40

0 0.05 0.1 0.15 0.2 0.25

30

20

10+

0 0.05 0.1 0.15 0.2 0.25

t

Fig. 21. Time history of the error system (58) for a =
b=c=05r =38 =12 =383 =1, 71 = 72 = 100,
a1 = ag = az = 0.99 with the control law given in Theo-
rem 10, using the initial conditions, z4(0) = —50, y4(0) = 15,
24(0) = 12 and z-(0) = 2, y»(0) = =8, z-(0) = —16, when
0z =90, 6y = 180 and 6, = 1.
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then either of the following conditions
T
(1) 6, >1+ ?2(32 g+ 1),
0y > 1,

aT
5Z>a+71(81+r1+1)+b
br
+72(82+T2+1)*C;
aT
(2) 5$>a+71(81+r1+1),

T bt
0y > 1+?2(52+T2+1)+b+72(82+7“2+1),

0, >1—¢

guarantees the stability of X* = (x*,y*, z*).

_ .
2
D*x4(t) = ya — % (rg — s2) + Z p tan™ ! (yq + j72) |,
i j=—r2
T: [ .9
3 _ .
D*ya(t) = 20 — 7 | (r3 —s3) + > —tan H(za + jm3)
L Jj=-r3

The correctness of Corollary 10.2 is verified
using numerical simulations. As shown in Fig. 22,
with the designed control law, when the first
condition of Corollary 10.2 is satisfied with 6, =
150, 6, = 2 and J, = 180, the solution orbit of sys-
tem (61) converges to the equilibrium point (0,0, 0).

10.3. Synchronization and
stabilization of fractional
order 3-D-m X n x l-grid-scroll

chaotic attractors

In this section, we investigate synchronization and
stabilization of the fractional order 3-D-m x n x [-
grid-scroll chaotic attractors using simple feedback
control laws. We first consider synchronization
of two such systems. The driving system can be
written as

at 2 )
D% z4(t) = —axg — byg — czq + 71 (r1 —s1) + Z = tan”! (24 + j71)

™

Jj=-r1

S2

S2

bTQ 2 1 C7_3 2 1
+ — [(r2 — s2) + —tan™ +Jm)| +— [(r3 —s3) + —tan™ " (zq + JT
5 |(r2—52) 'ZW (Ya + j72) 5 | (s —s3) ‘ZW (za +j73) |,
Jj=—r2 J=—r2
(62)
(a) 4 (b) 1
3l 0.8
0.6
2,
y 204
1t
0.2
0 E 0 E
-1 -0.2
-2 -1.5 -1 -0.5 0 0.5 -2 -1.5 -1 -0.5 0 0.5
X X
Fig. 22. Trajectory of a 2-D-4 x 4-grid-scroll chaotic attractor for system (61) when a = b = ¢ = 0.5, 1 = 72 = 100,

ry =51 =12 =52 =1, a1 = az = ag = 0.99 with the control law given in Corollary 10.2 for J, = 150, dy = 2 and 6, = 180,
convergent to the equilibrium point, F(0,0,0): (a) projected on the z—y plane and (b) projected on the z—z plane.
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whose corresponding driven system with control law applied is given by

_ N -
Ty 2, _ .
Dalxr(t) =Yr — 5 <T2_32)+ Z ;tan 1(yr+]7_2> +u1<exa€yaez>7
L J==r2 -
T: i .09 |
3 _ .
Da2y7”(t) = Zr = 5 <T3_33)+ Z ;tan 1(27“ +]T3) +u3<ew76y7ez>7
L j=-r3 i
aty L2 (63)
D%z, (t) = —ax, — by, — czp + - (ri1—s1)+ Z ;tanfl(xr +j71)
j=-r1
br 2002 cT SER)
+ 72 (rg — s2) + Z ;tanfl(yr +jm)| + 73 (rg — s3) + Z — tan "' (z, + j73)
j=-r2 Jj=-r3

+ u3<e$7 ey7 eZ>7

where u;’s are the controls. The difference between the driving system (62) and its corresponding driven
system (63) is described by the following error system:

1)061@m =€y — — Z f2_7 52] (€$,€y,€z)
(i —
D*e, =€, — — Z f3i(€35)e. — ua(eq, ey, e2),
et (64)
s ary b7'2 52 T3
D%e, = —ae; — bey — ce, + — Z fij(15)ex + > fi(&y)ey + Z f35(&35)e
j=-r1 j=-r2 j=-r3

— ug(eg, €y, €2).

Theorem 11. With the simple linear feedback con- | am
trol law, (2) 5x>a+7(81+7“1+1)7

Uy = (5$6x, Ug = 5yey7 Uus = (5262, (65) 6y > 1 + T—2<82 4 o 4 1) + b
™

applied to system (51), if one of the following b
conditions, + 2(82 +ro+1),
T

T2
(1) 0 > 1+ —(s2+72+1), 5Z>1—c+%(83+7“3+1)

S, > 14 Z(sg+rs+1), cr3
Y m +7(S3+T3+1);

aTy
0 > a+ 7(51 +ri+1)+0b holds, then the zero solution of (64) is stabilized,
and thus the driving system (62) and the driven sys-
+ bﬂ_ﬂ(SQ tro+1)—c tem (63) are synchronized.
€T3 Proof. The proof is similar to that of Theorem 9,

+ —(s3+r3+1);
T (3 3 ) and hence is omitted. W
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Fig. 23. Time history of the error system (64) for a =
b=c=051r =38 =1, 1r = s =0, r3 = s3 =0,
71 =70 = 73 = 100, a1 = as = 0.99, ag = 0.998 with the
control law given in Theorem 11, using the initial conditions,
2q(0) = 30, yq4(0) = =29, z4(0) = —18 and z,(0) = —6,
yr(0) = 3, 2-(0) = 32, when 0, = 80, d, = 120 and §, = 100.

Next, we use numerical simulation to verify the
applicability of Theorem 11. Under the proposed
control law with ¢, = 80, §, = 120 and 6, = 100 (i.e.
the second condition of Theorem 11 is satisfied),

the zero solution of system (64) is stabilized and
hence the synchronization of systems (62) and (63)
is realized.

Corollary 10.3. With the feedback control law
uz = 0,2 (66)

uyp = 5z'fa Uz = 5y:’7a

applied to system

S2
— _ - T _
DME = -0, T+ 7 — o Z féj(ﬁzj)y,

Jj=-r2
DG = =5, — = Y f3;(n3)%,
D%z =—(0,4+ )z —aZT — by

S1

aTy _

+7 Z fij(mj)z
Jj=-r1

(67)

b _
Z féj(nzj)y

Jj=—r2

_l’_

3
CT: o3
3 _
+7 Z f35(n35)%,
Jj=-r3

for any given equilibrium X = X*, if one of the
following conditions

(1) 5$>1+;—2(32+r2+1),
5y>1+%(83+7’3+1>,
a
6. > at (st 1) +b
b
+%(82+7’2+1)—C
C
+$(83+T3+1);
(2) (5w>a+aﬁi(sl+r1+1),
T2
5y>1+?(52+r2+1)+b

bt
+ 72(82 +r2+ 1),
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Fig. 24. Trajectory of a 3-D-4 x 2 x 2-grid-scroll chaotic
attractor for system (67) when a = b = ¢ = 0.5, 1 =
72 =713 = 100, r1 = s1 =1, 1190 = s = 1r3 = s3 = 0,
a; = az = 0.99, az = 0.998 with the control law given in
Corollary 10.3 for d: = 80, dy = 150 and §. = 150, conver-
gent to the equilibrium point, £(0,0,0): (a) projected on the
xz—y plane and (b) projected on the z—z plane.

-
5Z>1—C+?3(83+T3+1>

CT:
+ (53 73+ 1);

is satisfied, then X* = (x*,y*, z*) is stabilized.

To illustrate the use of Corollary 10.3, we
present a numerical example. Take §, = 80, d, =
150 and §, = 150, which satisfy the first condition
of Corollary 10.3. Thus, under the constructed con-
trol law, the trajectory of system (67) converges to
the equilibrium point (0,0, 0), as shown in Fig. 24.

11. Conclusions

In this article, we have applied the tan~!(x) func-
tion series to generate 1-D-n-scroll, 2-D-m x n-grid-
scroll and 3-D-m xn x(-grid-scroll with integer order
or fractional order, chaotic attractors. The systems

considered in this paper can generate chaotic attrac-
tors with any number (> 2) of chaotic scrolls. The
maximal number of the scrolls in the xz, y or z
coordinate can be regulated by changing two coeffi-
cients 7; and s; in the corresponding tan=!(z) func-
tion series. Moreover, we design simple feedback
control laws to study stabilization and synchroniza-
tion for one-directional, two-directional and three-
directional multi-scroll integer order and fractional
order chaotic attractors. Based on the structure of
the system, simple feedback control laws are con-
structed to synchronize or stabilize such integer
order and fractional order chaotic systems. Numer-
ical simulations are presented to validate the effec-
tiveness and applicability of the proposed control
laws.
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