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In this paper, the equivalence of the multiple time scales (MTS) method and the center manifold
reduction (CMR) method is proved for computing the normal forms of ordinary differential
equations and delay differential equations. The delay equations considered include general delay
differential equations (DDE), neutral functional differential equations (NFDE) (or neutral delay
differential equations (NDDE)), and partial functional differential equations (PFDE). The delays
involved in these equations can be discrete or distributed. Particular attention is focused on
dynamics associated with the semisimple singularity, and both the MTS and CMR methods
are applied to compute the normal forms near the semisimple singular point. For the ordinary
differential equations (ODE), we show that the two methods are equivalent up to any order
in computing the normal forms; while for the differential equations with delays, we obtain the
conditions under which the normal forms, derived by using the MTS and CMR methods, are
identical up to third order. Different types of practical examples with delays are presented
to demonstrate the application of the theoretical results, associated with Hopf, Hopf-zero and
double-Hopf singularities.
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functional differential equation (NFDE); partial functional differential equation (PFDE); discrete
delay; distributed delay; semisimple singularity; normal form; multiple time scales (MTS); center
manifold reduction (CMR); equivalence of MTS and CMR.

1. Introduction reduction (CMR) (e.g. see [Carr, 1981; Wiggins,
As we all know, it is important to compute normal ~ 1990; Guckenhei@er & Holmes, 1990; Kuznf'etsov,
forms of differential equations in the study of non- 2004]) and multiple time scales (MTS, or simply

linear dynamical systems, particularly for stability ~— multiple scales (MS)) (e.g. see [Nayfeh, 1973, 1981;
and bifurcation properties. The center manifold  Yu, 1998]) are two useful techniques for computing
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the normal forms of differential equations. The
CMR method is widely used by researchers from
mathematical society, while the MTS method is
mainly used by applied scientists and researchers
from engineering society. Van Dyke [1975] perhaps
is the first to discuss the problem of multiple time
scales, referred to as the method of strained coor-
dinates. The MTS method is sometimes attributed
to Poincaré, though Poincaré credits the basic idea
to the astronomer Lindstedt [Kevorkian & Cole,
1996], leading to one of the standard perturba-
tion approaches, nowadays called the Lindstedt—
Poincaré technique. Lighthill [1949] introduced a
more general version of the MTS method in 1949.
Later, Krylov and Bogoliubov (a development of the
method of Krylov and Bogoliubov may be found in
[Minorsky, 1947]), and Kevorkian and Cole [1996]
introduced the two-scale expansion, which is now
the more standard method. On the other hand,
in order to study complex behavior of dynam-
ical systems, the two-scale approach had been
extended to multiple (more than two) time scales in
the study of second-order scalar differential equa-
tions (e.g. see [Nayfeh, 1973]). Further, this tech-
nique was generalized to consider the stability and
bifurcations of general n-dimensional, first-order
differential systems [Yu, 1998]. For a dynamical
system described by ordinary differential equations
(ODEs), the MTS method is systematic and can
be directly applied to the original nonlinear system
[Yu, 1998, 2002; Zheng & Wang, 2010]. In fact, this
approach combines the two steps involved in using
center manifold theory and normal form theory into
one unified step to obtain the normal form and
nonlinear transformation simultaneously. Based on
the MTS method, Yu [1998, 2001, 2002] developed
Maple programs for computing the normal forms
associated with Hopf bifurcation and other singular-
ities. These programs can be “automatically” exe-
cuted with a computer algebra system for a given
ODE system. The basic idea of center manifold the-
ory is applying successive coordinate transforma-
tions to systematically construct a simpler system
which has less dimension compared to the original
system, and thus greatly simplifies the dynamical
analysis of the system.

The MTS method can also be directly applied
to delay differential equations (DDEs) (for funda-
mental theory of functional differential equations,
see [Hale, 1977; Das & Chatterjee, 2002; Nayfeh,
2008]). Compared to the MTS method, the CMR

method is more complex in computing the normal
forms of DDEs, since one needs to first change a
DDE to an operator differential equation, and then
decompose the solution space of their linearized
form into stable and center manifolds; next, with
adjoint operator equations, one computes the center
manifold by projecting the whole space to the cen-
ter manifold, and finally calculate the normal form
restricted to the center manifold (e.g. see [Hassard
et al., 1981; Faria & Magalhaes, 1995a, 1995b]).

To be more specific in defining the singular-
ity of a given system, consider the m-dimensional
autonomous differential equation,

t=g(zr,a), zeR™ aecR"

g:R™ xR" - R™, (1)

where x is a state vector, « is a parameter vector,
and ¢ is a general nonlinear function, assumed to
be analytic. Further, assume ¢(0,«) = 0, imply-
ing that x = 0 is an equilibrium solution for any
real value of . When the characteristic equation

of the linearized system of (1) at = = 0, evalu-
ated at a critical point, @ = ., has ny pairs of
purely imaginary roots +iw; (j = 1,2,...,n1), no

zero roots, and m — 2n1; — ng roots with nonzero
real part, we say that system (1) undergoes an n;-
Hopf-ns-zero bifurcation, where ny > 1 and ngy > 0.
Suppose under a linear transformation, the Jaco-
bian matrix of the linearized system of (1) can be
put in a diagonal Jordan canonical form, namely,

J = diag(Jy, J2), where

Jl = diag(Ala )‘2a s 7)‘2n1+n2)7
Jo = diag(Aany4not1s - -5 Am)s
in which )\2;@,1 - iwk, )\214: - —iwk, k= 1,2, oo, ny,

AN =0,1=2n1+1,...,2n1+n2, A\j,J = 2n1 +na +
1,...,m satisfying Re()\;) # 0, then system (1)
is said to undergo a semisimple ni-Hopf-ns-zero
bifurcation.

Many authors have considered some types of
bifurcations in DDEs, by using the CMR method
(e.g. see [Yu et al., 2002; Yuan et al., 2004; Chen &
Yu, 2005; Wei & Jiang, 2005; Yuan & Wei, 2006;
Jiang & Yuan, 2007; Ma et al., 2008; Wang &
Jiang, 2010]). Nayfeh [2008] used both the MTS and
CMR methods to derive equivalent normal forms of
Hopf bifurcation for some simple delayed nonlinear
dynamical systems. Ding et al. [2012, 2013a, 2013b]
applied the two methods to obtain the normal forms
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near Hopf-zero and double-Hopf critical points in
DDEs and NFDEs, and showed their equivalence.
Due to complexity in computing the center man-
ifold and normal forms of DDEs, in recent years,
researchers have paid attention to developing algo-
rithms using numerical algorithm such as Fortran
package [Aboud et al., 1988] or using computer alge-
bra systems such as Maple [Campbell, 2009]. How-
ever, it has been found that even with the help
of computer systems, the computation using the
CMR method is still not an easy job, in particu-
lar for those who are not familiar with the CMR
method. On the other hand, many researchers from
engineering or physical society prefer to apply a
simple method, such as the MTS approach, to cal-
culate the center manifold and normal forms for
ODEs and DDEs. But since no rigorous proof has
been given to show the equivalence of the MTS and
CMR methods in general, people often have reser-
vations or even suspicions on the results obtained by
using the MTS method. That’s why, as mentioned
above, some researchers applied both the MTS and
CMR methods to derive the normal form for a given
dynamical system in order to show the correctness
of their results. This certainly wastes researchers’
time and thus a general proof is needed for the
equivalence of the two methods.

The aim of this paper is to provide a rigorous
proof for the equivalence of the MTS and CMR
methods for general delay differential equations,
associated with the semisimple nq-Hopf—no-zero
singularity. The differential equations considered in
this paper include ordinary differential equations,
general delay differential equations (DDE), neu-
tral functional differential equations (NFDE) (or
neutral delay differential equations (NDDE)), and
partial functional differential equations (PFDE).
The delays involved in these equations can be
discrete or distributed. The NFDEs have been
proposed in the study of population dynamics,
neural network, engineering problems, etc. (e.g.
see [Brayton, 1967; Kuang, 1999; El-Morshedy &
Gopalsamy, 2000]). Several articles have been pub-
lished [Guo & Lamb, 2008; Wang & Wei, 2008,
2010; Weedermann, 2001, 2006; Wu, 1993], focus-
ing on bifurcation theory of NFDEs, such as nor-
mal form of Hopf bifurcation, global existence
of periodic solutions, and equivariant Hopf bifur-
cation theory. Based on the work of Kazarinoff
et al. [1978] who introduced Hopf bifurcation the-
ory to differential-difference and integro-differential

Equivalence of the MTS Method and CMR Method

equations, Wang and Wei [2010] applied normal
form theory and center manifold theory to study
Hopf bifurcation properties (such as the direction
of bifurcation and the stability of bifurcating peri-
odic solutions) of NFDEs. The CMR method devel-
oped by Faria and Magalhaes [1995a, 1995b] for
DDEs was used by Weedermann [2001] to compute
the normal forms of NFDEs. Later, Weedermann
[2006], Wang and Wei [2008] extended the idea of
[Faria & Magalhaes, 1995b] to investigate NFDEs
with parameters.

Compared to the DDE and NFDE systems,
the PFDE systems have even wider applications,
though they have more difficulty in analysis, since
many physical systems are not only evolved tempo-
rally, but also varied spatially. For example, when
an HIV model is focused on in-house dynamics, an
ODE or a DDE model is good enough for study-
ing the dynamical behavior of the system such
as instability and bifurcations (e.g. see [Perelson
et al., 1993; Culshaw & Ruan, 2000]). However,
when species in different patches are involved in
such a model, then a PFDE model is necessary
to be developed (e.g. see [Arino & van den Driess-
che, 2003]). Fundamental theory for general PFDESs
has been established and applied to solve many
physical, engineering and biological problems (e.g.
see [Wu, 1996]). Other studies have mainly focused
on dynamics of the systems like the existence
of solutions [Travis & Webb, 1974; Herndndez &
Henfiquez, 1998|, stability and Hopf bifurcation
[Busenberg & Huang, 1996; Azevedo & Ladeira,
2004], boundedness and almost periodicity of solu-
tions [Furumochi et al., 2002], and state-dependent
delay involved in the systems [Herndndez et al.,
2006], etc.

Another direction in the study of FDEs is
to consider distributed delays rather than discrete
delays, since using discrete delays is no longer
appropriate in modeling such FDE systems. For
example, when a more realistic age structure is
introduced into an HIV model, distributed delays
must be introduced in order to obtain more realis-
tic dynamical solution of the system (e.g. see [Nel-
son et al., 2004]). Recently, for the standard SIRS
model, reinvestigation of this model by introduc-
ing distributed delays reveals that the shape of
the distributions can destabilize oscillations, while
fixed delays may yield stable oscillations for certain
parameter values [Goncalves et al., 2011]. The ref-
erences mentioned above (e.g. see [Wu, 1996] and
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references therein) also consider FDEs with dis-
tributed delays.

Although the semisimple case considered in this
paper is simpler than nonsemisimple case, most real
applications actually fall in this category, rather
than the nonsemisimple case. We will show in the
proofs of theorems and the examples in the appli-
cations that the MTS method is simpler than the
CMR method, which is particularly useful in appli-
cations. Another advantage of the MTS method
over the CMR method is that the MTS method
can easily treat multiple time delays with wvari-
ations (perturbation) while the CMR method is
restricted to single fixed constant delays or to the
delays with their ratios to the maximum delay being
constants (e.g. see [Faria, 2001]). From the view-
point of applications, normal forms up to third
order are usually enough for real practical systems.
Thus, in this paper, we will show under certain
conditions that the normal forms derived by using
the MTS and the CMR methods are identical up
to third order. Actually, the specific examples in
the literature we refer to showing equivalence of
the two methods all satisfy the conditions obtained
in this paper. In order to show the basic idea in
proving the equivalence of the two methods for
DDEs, we will start our analysis from ODEs. In
fact, the proof for the ODEs provides an indepen-
dent rigorous proof for the equivalence of the MTS
and CMR methods, which does not exist in the
literature.

The rest of the paper is organized as follows.
In the next section, the M'TS method is proved to
be equivalent to the CMR method up to any order
for the ODE systems. In Sec. 3, particular atten-
tion is focused on the DDE systems, and a proof
is given to show the equivalence of the two normal
forms up to third order by using the MTS and CMR
methods, associated with the semisimple n;-Hopf-
ng-zero bifurcation. The proofs on the equivalence
of the MTS and CMR methods for the NFDE and
PFDE systems are given in Secs. 4 and 5, respec-
tively. The DDEs, NFDEs and PFDEs with dis-
tributed delays are considered in Sec. 6 to show
the equivalence of the MTS and CMR methods.
Several different types of practical examples with
discrete or distributed delays are present in Sec. 7
to demonstrate the application of the theoretical
results. Finally, conclusion and discussion are given
in Sec. 8.

2. Equivalence of the MTS and
CMR Methods for ODEs

First, in this section we prove that the normal
forms associated with the semisimple ni-Hopf—no-
zero bifurcation, derived by using the MTS and
CMR methods are identical provided that the cor-
responding nonlinear transformations for the two
methods are properly chosen for the normal forms.
In other words, the MTS and CMR methods are
equivalent in deriving normal forms.

Assume system (1) undergoes a semisimple n;-
Hopf-ns-zero bifurcation at a critical point, o = .,
with all eigenvalues of the linearized system of (1)
having nonpositive real part. Without loss of gener-
ality, we may rewrite system (1) at the critical point
o = Q. as

2n1+ng
C ;

1 = Jizy + gi(z1,22), x1 €

(2)

. m—2ni—n
&g = Jowy + go(x1,22), 22€C R

where J1 = Ji () = diag{iw, —iwy, . .
n2

0, ce ,O} and J2 = JQ(Oéc) == diag{)\gn1+n2+1, ey
Am} with Re(Ag) < 0, k = 2ny +ng + 1,...,m,
and ¢;(0,0) = Dg;(0,0) = 0 (j = 1,2), namely, sys-
tem (2) has a trivial equilibrium solution (z1,z2) =
(0,0). Note that one half of the equations in the
first 2ny equations of & are actually complex con-
jugates of the other half. Also, note that system (2)
is assumed to not contain unstable manifold, which
is usually the case in practical applications.

For system (2), we have the following theorem.

s lWngy, —1Wh

Theorem 1. Assume that system (2) undergoes a
semisimple ny-Hopf-na-zero (n; > 1,ny > 0,n =
ny + ng > 1) bifurcation from the trivial equilib-
rium at the critical point o = a.. Then, the normal
forms associated with the semisimple ni-Hopf-ns-
zero bifurcation, derived by using the multiple time
scales and center manifold reduction methods, are
identical up to any order provided that the corre-
sponding nonlinear transformations associated with
the two methods are properly chosen for their nor-
mal forms.

Remark 1. Here, for simplicity, we ignore the deriva-
tion of unfolding terms, but focus on the normal
forms, since the unfolding is obviously the same for
the normal forms derived by using the two methods.
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Proof. We apply the method of mathematical
induction to prove the equivalence of the MTS and
CMR methods order by order. We first describe the
procedures of the CMR and MTS methods, respec-
tively, and show that the conclusion is true up to
third order. Then, under the assumption that the
conclusion is true up to the (k — 1)th order, prove
that the conclusion is also true for the kth order.
First, consider the CMR method. By center
manifold theorem [Wiggins, 1990; Guckenheimer &
Holmes, 1990], system (2) is locally topologically
equivalent (near the origin) to the following system:

jﬁl = J1331 —|—gl($1,l($1>), T1 € C2n1+n27 <3>

where [(x1) satisfies
D:pll(CEl)[Jlxl +g1($1,l($1))]
— Jol(x1) — g2(1,1(z1)) = 0, (4)

and the center manifold is defined by M. = {(z1,
x9)|xe = l(z1)}. It can be seen from the defini-
tion of the center manifold that the “noncritical”
state variable x5 (associated with the eigenvalues
having negative real part) is expressed in terms of
the “critical” state variable 1 (associated with the
eigenvalues having zero real part), starting from
second-order terms. This is the basic idea of cen-
ter manifold theory, implying that the influence of
the eigenvalues with negative real part on the “non-
critical” state variable xo has been neglected from
the asymptotic property, and only the influence
from the “critical” state variable x1 is considered.
Equation (3) describes the dynamics of system (2)
restricted to its center manifold, M.. To find the
normal form of (3), we apply a general nonlinear
transformation to system (3) and choose appro-
priate terms in the transformation to simplify the
System.
Suppose the nonlinear transformation is

$1=Z+h2(2’)+h3(2’)+"', (5)
which is differentiated with respect to time ¢ to yield
T = (I + D.hys + D, hg + - - )Z

Then, the equation for deriving the normal form is
obtained as

3= (I+D,hg+D.hg+---)"liy
- (I + Dzh2 + Dzh3 + - ')71

Equivalence of the MTS Method and CMR Method

X [Ji(z+hy+hs+ )+ g1(z + he
+hs+--- l(z+ha+hz+--))]. (6)
For convenience, we denote

l(:L'l) = l(Z -+ hg(Z) + h3(Z> + - )

= Ik(2),

k>2
(7)
gj(z+ha+hg+ -, l(z+ha+hs+-))

=Y g(z), j=1,2

k>2

Here, hy, [}, and gj; represent kth degree homoge-
neous polynomials with respect to z. We introduce
a linear operator Lﬁl cHE oo HE L (k>2),
defined by

L§1Bk<Z) = Dzilkw]lz - Jlilka Vilk; € H§n1+n27
(8)

which is usually called Homological operator or
Lie bracket operator [Wiggins, 1990; Gucken-
heimer & Holmes, 1990]. Here, H5 . = denotes
a linear space, spanned by the kth degree homo-

geneous polynomials in (21,21,22,22, .-, Znys Zny s
Zny+1, - - - » Zn). Moreover, we decompose H§n1+n2 as
H§n1+n2 = Ix ® Cg, where Ij represents the image

of Lﬁl, and Cj is the complementary space to 1.

Now, suppose the normal form of (3) has been
obtained up to (k — 1)th order, given by z = Jyz +
q22(2) + -+ + qr—1)2(2) + -+, where ¢;2 € Cj,
j=2,3,...,k—1. Then, (6) becomes

z=J1z +q(2) + -+ qr-1)2(2)
+lgk(z) = L h(2)] + -+, k>3 (9)

Further, we split g1x(2) into two parts as gix(z) =
ar1(2) + gr2(2), where gg1(2) satisfies

a1 (2) — L‘kllhk('@ =0,

and ggo(z) is the kth order normal form, and thus
the normal form up to kth order becomes

z=Jiz+q(2) + -+ qr-1)2(2) + qr2(2) +-- -
(10)
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Next, for the MTS method, we do not directly
apply the center manifold theory, but instead
assume that the solution of (2) is given in the
form of

Lf‘l(t) = 63311(T0,T1,T2, .. ) + 62$12(T0,T1,T2, .. )

+ E213(To, T1, Tay ) + -+

:Z'Q(t) = Gxgl(To,Tl,Tg, .. ) + 623322(T0,T1,T2, .. )

+ 63$23(T0,T1,T2, .. ) + 5
(11)

where T}, = €*t, k = 0,1,2,..., are called mul-
tiple time scales, and Z;(t) (j = 1,2) is used to
distinguish from the variable used in the CMR
method, x;(t). The derivative with respect to ¢
now becomes

d 0 0 5 0

Eza—ToﬁLea—TlﬂLE 3—Tg+

:D0+6D1—|—62D2—|—~~~, (12)

where the differential operator Dy = %, k=0,1,
2,.... Substituting (11) into g;(x1,22) (j = 1,2)
yields

k
gj(an,ﬂﬁz) = E € gjk($11,$217$12,$227---7
k>2

Ti(k-1)s Ta(k—1))s J=1,2.

Further, substituting (11) with the multiple scales
(12) and the above expressions into (2) and balanc-
ing the coefficients of ¥ (k = 1,2,...) yields a set
of ordered linear differential equations (LDEs).
First, consider the e'-order LDEs, given by

Dox11 — Jiz11 =0,
(13)
D03321 - JQQZQl =0.

Since Re()\j) < 0, j = 2n1 +ng + 1,...,m, the
solution of the second equation of (13) xg; — 0
as t — +oo. Therefore, in the sense of asymptotic
behavior with respect to xo1, we write the solution
I91 aS X921 =— 0.

For the e?-order LDEs:

Doz12 — Jiz12 = —Dix11 + g12(211,0), (14)
Doy — Jazaa = goa(x11,0).

Letting the secular terms in the first equation
of (14) be zero, we can solve D1y in terms of x1,

and then obtain x1o expressed in x11. By using the
second equation of (14), we obtain x99 expressed in
11, denoted by 5822(3311).

The above procedure can in principle continue
indefinitely (to any high order). For general e*-order
LDEs (k > 3), we have

k—1
Doz, — Sk = — »_ Djxi—j) + g1x(211, Ta1,
j=1
T12,L22; - - - 796‘1(19—1)7932(19—1)),
k=2
Dozor — Jawok = = »_ Djra(e—j) + gak (w11, 721,
j=1
T12, 222 - - - 796‘1(19—1)7932(19—1))

(15)

Substituting Djzy,—j) (7 =1,2,...,k —2) into the
first equation of (15) and letting the secular terms
equal zero, we can solve Dy_jx11 in terms of 11,
and then obtain x1; expressed in x11. By using the
second equation of (15), we obtain gy expressed
in HARE

The normal form derived using the MTS
method can now be written as

. dan
T =
_0n ol Oen 9T 9en 0Ty
0Ty ot 0Ty ot 0Ty ot
Oxyy 0Ty
Y an o o

= Jix1 + eDyxyy + €Doxyy
o €T D+

Note that Djzq1 (j = 1,2,...) is (j+1)-order linear
homogeneous polynomial involving z1;. With the
use of backwards scaling x1; — x11/€, the above
equation becomes

11 = Jix11 + Dix11 + Doz
4+ Dprzn + -, (16)

which is the normal form derived using the MTS
method.

Having described the procedures of the CMR
and MTS methods, we are now ready to prove the
equivalence of the two normal forms (10) and (16),
derived by using the CMR and MTS methods
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respectively, order by order. The proof is divided
into four steps.

Step 1. We show that the solutions of the linearized
system in the center subspace for the two methods
are identical.

Actually, it is seen from (10) that the linear
solution z in the center subspace by using the CMR
method satisfies

z= le.

Similarly, it follows from (13) that the linear solu-
tion x11 on the center manifold by using the MTS
method is described by

Thus, the linear solution z in the CMR method
corresponds to the linear solution 17 in the MTS
method, since these two equations have the exact
same form. This is obvious because linear normal
forms must be identical.

Step 2. We show that the second-order normal
forms obtained by using the CMR and MTS meth-
ods are identical.

First note that gj2(2) (j = 1,2) is exactly in the
same form as that of gjo(211,0) with z correspond-
ing to x11. Directly using (6) for the CMR method
and (13)—(14) for the MTS method, we obtain

q22(2) = g12(2) + Jiha(z) — D:ho(2)J1 2,
Diz11 = g12(211,0) + Jiz12(z11) — Doz12(w11)
= g12(211,0) + Jiz12(211)
— Dayy z12(211) 12011

Thus, as long as ho(z) takes the same form of
x12(x11), g22(z) and Dyx1; are identical, with z cor-
responding to x1;. Then, the second-order normal
forms derived using the CMR method

z2=J1z+ qa(2)

and the normal form up to second order derived by
using the MTS method

211 = Jiz11 + D1z
are identical.

Remark 2. Due to the choice of the basis for the
complementary space Cy in the CMR method being

Equivalence of the MTS Method and CMR Method

not unique, the choice of the nonlinear transforma-
tion hj is not unique and hence ggo is not unique;
while in the MTS method, the solution of x5 by
solving the particular solution of the differential
equation is unique. Thus, in order for the two
second-order normal forms to be identical, ho(2)
must be chosen as the same form as that of the

r12(211).
Further, for the CMR method, it is easy to see

from (4) and (5) that the second-order terms in the
center manifold, denoted by l5(z), satisfy

Dzl2<z).]1z — leg(Z) = gzg(Z). (17)

On the other hand, for the MTS method, with the
use of (13), the second equation of (14) can be
rewritten as

Dy, zo2(x11) 1211 — Joxoe(z11)
= g22(711,0). (18)

Obviously, gj2(z) (j = 1,2) is exactly in the same
form as that of gja(x11,0), with 2z corresponding to
x11, and so is Eq. (17) as that of Eq. (18), and
thus l3(z) and x92(x11) have the exact same solu-
tion, with 2z corresponding to x11.

Step 3. We show that the third-order normal forms
obtained using the CMR and MTS methods are
identical.

Note that g;3(2) (j = 1,2) is exactly in the
same form as that of g;3(z11,0, 212, z22) with z cor-
responding to z11, ha(z) to z12(z11) and l3(z) to
x92(x11). For the CMR method, it follows from (6)
that

q32(2) = q13(2) + J1hs(2)
= Di:ha(2)[J1ha(2) + g12(2)]
— Dzhg(Z)le + Dth(Z)DZhQ(Z)le,

which, due to g22(z) = g12(2) + J1ha(z) — D.ha(z) x
Jiz, is reduced to

q32(2) = q13(2) + Jih3(z) — D;hs(2)J1 2
— Dth(Z)QQQ(Z).

For the MTS method, by the first equation of (15)
with k = 3, we have

Doz13 — Jiz13

= —Diz12 — Daz11 + g13(211, 0, 212, 22),
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which can be rewritten as

Doz11 = g13(211,0, 212, 222) + J1213

— Dz w13J1w11 — Dy 12D12011

Thus, similarly as long as h3(z) takes the same form
of x13(r11), g32(2) and Dox1; are identical, with z
corresponding to x11. Hence, the third-order normal
form derived using the CMR method,

2= Jiz+ qa(z) + g32(2),

and the normal form up to the third order derived
using the MTS method,

11 = Jiz11 + Diz1y + Doz,

are identical.

Moreover, note that for the CMR method,
using (4) and (5) yields the third-order terms on
the center manifold, denoted by I3(z), satisfying

Dzl3(2>J12 + Dzl2(2>[.]1h2(2> + 912(,2)
— Dzh2<z).]1z] — J2l3<z) — ggg(Z) =0. (19)

The second equation of (15) with & = 3 can be

rewritten as
Dy, wo3(z11) 111 + Dy oo [J1x12(211)

+ g12(211,0) — Dgy z12(x11) J1211]

— Joxasz(x11) — g23(x11,0, z12, 222) = 0. (20)

Obviously, g;3(z) (j = 1,2) is exactly in the same
form as that of gj3(x11,0,x12,222), with z corre-
sponding to z11, and so is Eq. (19) as that of
Eq. (20), and thus l3(z) and z23(2z11) have the exact
same solution with 2z corresponding to the x1;.

Step 4. Finally we prove that the normal forms
obtained using the CMR and MTS methods are
identical up to any order.

Having proved that the conclusion of Theo-
rem 1 is true for second order and third order
(k = 2 and k = 3). According to the method of
mathematical induction, we assume that the con-
clusion of Theorem 1 is true up to (k — 1)th order
(k > 4). That is, ¢jo (j = 2,3,...,k — 1) and
D;_1xq; are identical with h;(2) corresponding to
T1j, and both T1j (] = 2,3, ce ,l{? - 1) and Ty are
expressed in terms of x11, and [j(z) and wg;(x11)
(j =2,3,...,k — 1) are identical, with g;;(2) (I =
1,2; ] = 2,3, v ,k‘) and glj<:(}11,a}21,:(}12,$22, ceey
T1(j—1), To(j—1)) having the same form. With the
assumption, we now prove that the conclusion is

also true for kth order, namely, the kth order terms
in the normal forms, ggo in the CMR method and
Dj_12z11 in the MTS method, are identical.

In the CMR method,

ae2(2) = g1r(2) + Jihi(2)

—ZD h(k—j)

For the MTS method, by the first equation of (15),

— Dzhk(Z>J12

%2( )

Doy, 211z — Jizk
k—2
= —Dg—1211 — E Dy 21—y Djzn
i=1

+ 916 (211, 0, 712, 22, . . . 71'1(1@71)755'2(1@71))-

That is,
Dy—1711 = g11(711, 0, 12, T2, - - -, D1 (k1) T2(k—1))
+ Jiw1g — Doy w1p 1711
k-2
- Z Doy z1(k—jyDjz1i.
j=1

Thus, as long as hi(z) takes the same form of
21k(211), qr2(z) and Dy_j21; are identical, with z
corresponding to x11. Then, the kth order normal
forms derived using the CMR method,

Z=J1z 4 qa2(2) + q32(2) + - + qra(2),
and using the M'TS method,
211 = J1x11 + Dix11 + Doz + -+ + D111,

are identical.

Further, note that for the CMR method, with
(4) and (5), it can be shown that the kth order terms
on the center manifold, denoted by lx(2), satisfy

k—2
D, lx(2) 1z + Z[Dzlkfj('z)gl(y#l) (2)]
j=1
— Jaoli(2) — gar(2) = 0. (21)

With the use of (13

can be rewritten as

), the second equation of (15)

f—2
Dy, Zok(211) 1211 + ) [Dayy Toe—j) (711)Djz11]
=
— Joxor(z11) — gor(x11, 21, T12, T22, . . -,

T1(k—1)s T2(k— 1) (22)
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Obviously, gjr(z) (j =1,2) is exactly in the same
form as that of gjx(z11,0,212, 222, .-, T1(k—1),
Tok—1)), With z corresponding to z11, and so is
Eq. (21) as that of Eq. (22), and thus lx(z) and
xor(x11) have the exact same solution with z corre-
sponding to x11.

The proof of Theorem 1 is complete. MW

Remark 8

(a) It is clear from Eq. (16) that the role of the
multiple time scales is to distinguish different
order terms in the solution, resulting in differ-
ent order normal form terms.

(b) From the proof of Theorem 1, we can see
that the MTS method combines the two steps
involved in using center manifold theory and
normal form theory into one unified step to
obtain the normal form and nonlinear transfor-
mation simultaneously.

3. Equivalence of the MTS and
CMR Methods for DDEs

In the previous section, we have shown that the
MTS and CMR methods are equivalent for ODE
systems associated with the semisimple ni-Hopf-
ng-zero singularity. In this section, we turn to con-
sider such singularity in DDE systems, and to
obtain the conditions under which the normal forms
obtained using the two methods are identical up to
third order.

Consider the general m-dimensional delay
differential equation:

u(t) = No(a)u(t) + Ni(a)u(t — 1)
+ f(u(t), u(t — 1)), (23)

where u € R™ is a state vector, a € R" is a param-
eter vector, f € C*, f(0) = Df(0) = 0. In general,
the nonlinear function f should contain «. However,
since the unfolding terms are involved in Ny(«) and
Ni(a), f will be expanded around a critical point
a = a,, and thus « is not explicitly shown in f. If
the equilibrium of system (23) is not a trivial solu-
tion, we can transfer the nontrivial equilibrium to
the origin by a simple translation, and if the delay
in system (23) is 7 # 1, we can obtain the form (23)
by scaling the time delay, t — ¢/7. So, without loss
of generality, we use system (23) in the following
analysis.

Equivalence of the MTS Method and CMR Method

Remark 4. In general, system (23) can be directly
extended to involve multiple delays for the case
when using the MTS method. That is, the MTS
method can be used to study the following system
with multiple delays,

p

u(t) = N()U(f) + Z Nju(t — Tj)
j=1

+ fu(t),u(t —m),...,ult —1p)).

However, since the CMR. method can only be able
to deal with constant delays or the delays with their
ratios to the maximum delay being constants [Faria,
2001], we use (23) in this section for a comparison
of the two methods.

The characteristic equation of (23), evaluated
at the trivial equilibrium u = 0, is given by

where

det A(X) =0,
A(N) = X — No(a) — Ny(a)e™, (24)

where I is the m x m identity matrix. For the DDE
system (23), we have the following result.

Theorem 2. Assume that system (23) undergoes a
semisimple ny-Hopf-na-zero (n; > 1,ny > 0,n =
ni+ng > 1) bifurcation from the trivial equilibrium
at the critical point, defined by o = «, where «
is a parameter vector involved in system (23), at
which the characteristic equation (24) has ni pairs
of purely imaginary roots £iw; (j = 1,2,...,n1)
and mg zero roots, and all other roots have neg-
ative real part. If the second-order terms in the
normal form wvanish at o = ., then the normal
forms associated with the semisimple ni-Hopf-ns-
zero singularity, derived using the multiple time
scales and center manifold reduction methods, are
identical up to third order.

Proof. For convenience, we define the character-
istic matrix A(\) as A.(\) at the critical point,
a = a¢, and denote A¥X()A) the adjoint matrix of
Ac(A). Then, let p; (j = 1,2,...,n1) and p; (I =
n1+1,...,n) be the eigenfunctions of A.(\) corre-
sponding to the eigenvalues iw; and 0, respectively;
and p; (j = L,2,...,n1) and pf (I =n1+1,...,n)
be the normalized eigenfunctions of AX(\) corre-
sponding to the eigenvalues —iw; and 0, respec-
tively, satisfying the inner products,
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We take perturbation o = «, + ea, in (23).
Substituting it into Np(«) and Ny («), we have the
following expansions in terms of e:

No(a) = No(ae) + eNS (ae) + N () + - -,

Ni(a) = Ni(ae) + eNP(a) + ENP () + -,

where Ny(a,) and Nj(a.) are the values of Ny and
N evaluated at the critical point, o = a... Note that
the so-called unfolding terms, necessary for bifurca-
tion analysis, will come from Ny(«r) and Ny (c).

Then, with the MTS method, suppose the solu-
tion of (23) is given by

u(t) = 6U1<T0,T1,T2, ..
+63’LL3(T0,T1,T2,...)+-". (26)

) + 6211,2(T0,T1,T2, .. )

To deal with the terms involving delays, we expand
Uj(Tofl,Tl *E,T2*€2, . ) at ’LLj(T(]*l,Tl,TQ, .. )
for 7 = 1,2,.... Ignoring the high order terms
involving parameters, we obtain

flu(t),u(t — 1))
=> I fi(ur, g, i1, ui1),
7>2

where up1 = up(To — 1,T1,15,...), p = 1,2,....
Then, substituting solution (26) with the multiple
scales (12) into (23) and balancing the coefficients
of ¢ (j = 1,2,...) yields a set of ordered linear
differential equations (LDEs).

First, from the e'-order LDE, we have

D0u1 — No(()éc)ul — N1 (Oéc)’LLLl =0. (27)

Since +iw; (j = 1,2,...,n1) and zero (with mul-
tiplicity ng) are the eigenvalues of the linear part
of (23), the solution of (27) restricted to the center
subspace can be expressed in the form of

ni
ur(To, Th, 1s, . ..) = Z G,(Th, Ty, . ..)pjeiTo
j=1
ni
+ 3 G(T1, Ty, )pye T
j=1

+ Z Gl(TlaT27"')pl' (28)
l=n1+1

* —iw; s,k
(p%, (N (@e)ps + N (ae)eip;) G + g35™)

Next, from the e?-order LDE, we obtain
Doua — No(ae)uz — Ni(oe)ug
= —Dju; + N(()l)(ae)ul + Ngl)(ae)um
— Ni(oe)Drug g + fa(ur, ui ). (29)

Substituting solution (28) into (29) yields the
equation,

Doua — No(ae)uz — Ni(oe)ug

ni ni

,0 iw T = —iw: T,

— g; 4 E §2jele 04+ E §2je w;lo
j=1 j=1

+ ) Gutags, (30)

l=n1+1

where gé’o is a constant vector, representing all the
terms expressed in Gy, Gr,e; (I1,la =ny1 +1,...,n;
[=1,...,2n —|—TL2> and Gj(_}'jel (] = 1,2,...,n1),
generated from fg(u1,u1,1), and g5 denotes the
remaining terms in fg(u1,u1,1) that do not produce
secular terms, and

§2j = —D1Gjpj + N((]l)(ae)Gij
-+ Ngl)(CVe)Gjpje_iwj — N1 (Oé(;)ijlGje_iwj

7h' .
gy (un,unn), G=1,2,...,m,

& = —D1Gipr — Ni(ae)D1Gipy

+ (N () + N (@) Gipr,
l=n1+1,...,n,

where g;’hj(ul,ulyl) (j = 1,2,...,n1) is a part of
fa(u1,u1,1) which generates secular terms in the
solution, consisting of the terms G;Gjeaj—1 (j = 1,
2,...,n, l=n1+1,...,n).

Equation (30) is a linear nonhomogeneous
equation for us, which has a periodic solution if
and only if the so-called “solvability conditions”
are satisfied [Nayfeh, 1981], that is, (p;,§2j> =0
(G = 1,2,...,m) and (pf, 95" + Sp_, ., Con) =
0 I = ny + 1,...,n), are satisfied. Solving

these equations for D1G; (j = 1,2,...,n;) and
(DlGn1+17 N ,DlGn)T, yields,

D\G; =

(p},pj + Ni(ac)e “ip;)

) j:1727"'7n17
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Pry+1 g5 0+ Z 1) () +N( )<ae>]kak
DG, 1 k=n1+1
=K, ;
DGy
ol s Z Y(00) + N (a)lprGi
k=n1+1

where K, is assumed to be invertible, given by

1_7;1+1 (I+ Ni(ae))pnys1 - 1_7;1+1 (I+ Ni(ae))pn
K, = : . : . (31)
1_7;;(1 + Ni(ae))pny +1 T ]_9;(1 + Ni(ae))pn

Remark 5. 1t is noted from the above expressions that each DyG} contains two parts, one comes from the
parameter perturbation, called unfolding, and the other part comes from the contribution of g;’hj and g;,o
which are the second-order terms in the normal form. Under the assumption that the second-order terms
in the normal form vanish at the critical point, i.e. gg’o = g;’hj = 0, we can show that the normal forms
obtained using the MTS and CMR methods are identical up to third order. In order for the consistence
with the CMR method discussed next, we will still call the unfolding terms the second-order terms in the

normal form.
Thus, under the assumption, setting g;,o = g;’hj = 0 yields

(p3, (N (ad)p; + N (ac)e “ip))Gy)
DlGj: ¥ i ) ]:1a27"'an1a
(P}, p; + Nilac)e™ip;)

B | Y INP(ae) + NV (ao)]pGr
DGy 41 k=n1+1 (32)
— KZ
DG, .,
Y INP(ad) + NP (ad)pG
k=ni1+1

Then, the particular solution of uy is obtained |
from (30) as the unfolding terms, and c.c. stands for the complex

conjugate of the preceding terms.

L - - . Further, from the e3-order LDE, we similarly
U2 = Z Gye ™ + Z Gaje™ 0 obtain
j=1 j=1
+ c.c. + (o, (33) Doug — No(ae)uz — Ni(ae)us 1
where (o, (15,2 € C™, and (1 = (15(a), indicat- = —Douy — Dyus + Nél)(oée)tm + N(()2) (ae)uq

ing that (j; has relevance to the parameter vector

2 1
«, which actually represents the contribution from + Ng )<ae>“1,1 - Ng )<046)D1“171
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+ Nﬁ”(ae)uz,l — Ni(ac)Daug g
1
+ §N1 (ae)D3uy 1 — Ny(ae)Dyug

+ fa(ur, uy 1, u2,u2,1, Diug 1), (34)

2 _ 0?
where DY = 577, and fa(ur,ur1,uz, uz,1, Diugn)

denotes the € order terms after substituting (26)

into (23).
Substituting the

into (34), we have

solutions (28) and (33)

Dous — No(ae)us — Ni(oe)usa

ni
= E 3T 4 e

j=1

n
,0
+ Z &+ 95" + g5,
l=n1+1

where gg’o, consisting of the terms G GpGize
and G”Gj@jel, where [1,0l5,l3 = ny +1,...,n1 +
ngy;, 7 = 1,2,....n1; 1 = 2n1 + 1,...,2n1 + no,
denotes the third-order terms in f3(uy, U11, U, U T,
D1u171) that produce constant terms, and g%
denotes the remaining third-order terms in f3(uy,
w11, u2,u2,1,D1ur 1), and &35 and &g are given by

&5 = pj — piD2Gj — Ni(ac)e “/p;DaG;

+g§7h,j’ ji=12,...,nq,
&3 = pr — pD2 Gy

—Nl(ac)plDzGl, l=n1+1,...,n,

in which gg’hj , consisting of the terms G;Gp X
Glgezj_l and GjGrCYregj_l, where j,T’ = 1,2,...,
ny; li,lo = ny +1,...,n1 + n9, represents the
third-order terms in fg(ul,um,uz,um) that pro-
duce secular terms, and

pi = —DiG1; + N (@ )Gy + N (00)Gyp;
+ N (a0)Gjpje™ — N{P(a)DiGypje ™
i 1 —iw,
+N§1)(ae)C1je 7+ §N1(OZC)D%Gjpje !

—N1<Oéc>D1C1je_iwj, ] = 1,2,... ,ni,

pr = —Dip + N(()l)(oée)Co + N(()Q)(ae)Glpl

+ NP () Gipr — N (a)D1Gipy
(1) 1 2
+ N7 () o + §N1 (ae)DIGipy

— Ny(ae)D1(o,

Then, the solvability conditions are similarly given
by (p,&;5) = 0 (j = 1,2,...,m1) and (pf, 95" +
Y kem41&31) = 0 (I = ny 4+ 1,...,n). Note that
p; and p; contain the parameter terms, which are
actually the unfolding terms. We ignore the higher-
order terms in the expansion of parameters, and
obtain the derivatives DoG; (j = 1,2,...,n1) and

l=n1+1,...,n.

(D2Gpys1, ..., DaGy) 7T in the form of
* i
Do (P}, 95")
2G; = * Y )
TP p + Niae)e @ipy)
J= 17 27 . y 11,
(35)
D2Gn1+1 2_9;;1.5_19;,’
: = Kz : )
DaGn 95"

where K, is given in (31).

Finally, using the backwards scaling, G; —
G /e, yields the normal form of system (23) up to
the third-order terms,

G =D,G+DyG, where G = (G1,Gy,...,Gn)",

(36)

associated with the semisimple ni-Hopf-ns-zero
singularity, derived using the MTS method.

Now, we apply the CMR method to compute
the normal form of system (23), restricted to the
center manifold, near the semisimple ni-Hopf—no-
zero critical point: a = a,. Define

No(ae), for 6 =0,
n@) =<0, for 6 € (—1,0),
—Ni(a), for 6 =—1.

Then, the linearized equation of (23) at the trivial
equilibrium can be written as

U(t) = Lcut,

with Lep = [°, dn(0)¢(8), V¢ € C £ C([-1,0],
R™), and the bilinear form on C* x C (here * stands
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for adjoint) as

(¥ (s), 9(6))

0 0
:wmww»—/lgﬂw@—ewmmaa%,

(37)

in which ¢ € C, ¢p € C*. Thus, the phase space

C is decomposed by A = {%iwy, +iws, ..., Fiwy,,,
n2

—

0,...,0}, as C = P® Q, where Q@ = {¢ € C :

(¥, ) =0, for all ¢ € P*}, and the bases for P and

its adjoint P* are given by

D(0) = (¢1(0), $1(0), p2(6), $2(0), - . .,

Py (9), Pny (0)7 P+l (0)7 s a@n(e))

and
U(s) = (¥1(s), 9 (S),@Dz( ), 2(s), -,

D (8)s Py (8)s Pry41(8)s -5 W (5) T
respectively, where ¢;(0) = cpj( )elwi? SbA 0) =
for 6 € [—1,0], and v;(s) = ¢, (0 ) sz 1/1 )E
forsE[Ol] where j = 1,2,. il =mn +

1,...,n, and (¥(s),®(0)) =L

We use the same bifurcation parameters, given
by o = e+, where o = (a1, 9, ..., y) is a per-
turbation parameter vector. Note here that there is
no explicit € in the perturbation parameter. Substi-
tuting these bifurcation parameters into Ng and Ny,
we have the following expansions in terms of «.:

No(a) = No(awe) + e N (o) + -+
= No(ae) + N((]l)(aé) +oe
Ni(a) = Ni(ae) + acNi(ae) +

2 Ny(ae) + N (o) + -

Then, Eq. (23) can be rewritten as
u(t) = No(a)ur + Ni(a)ur(—1)

T Fut), ult — 1), a0).

We now consider the enlarged phase space BC of
functions from [—1,0] to R™, which are contin-
uous on [—1,0) with a possible jumping discon-
tinuity at zero. This space can be identified as
C x R™. Thus, its elements can be written in the
form ¢ = ¢ + Xgc, where ¢ € C, ¢ € R™ and

(38)

Equivalence of the MTS Method and CMR Method

Xy is an m x m matrix-valued function, defined
by Xo(f) = 0 for # € [-1,0) and Xo(0) = L. In
the space BC, Eq. (38) becomes an abstract ODE,
described by

w = Aw + XoF(w, a.), (39)

where w € C, and A is defined by
A:C' - BC, Aw =+ Xo[Low — (0)]
and

F(w, ) = [No(a)w(0) + Ni(@)w(-1)

— No(ae)w(0) — Ni(ae)w(—1)]
+ f(w, ).

Neglecting the higher-order terms in the expansion
of the perturbation parameter, we obtain

F(w,a0) = N (a)w(0) + N (a)w(-1)
—+ fg(w, 0) —+ fg(w, 0) +

Further, introducing the continuous projection

BC — P, m(¢ + Xoc) = @[(V,¢) + ¥(0)d],
we can decompose the enlarged phase space by
A = {£iwy, +iws, ..., fiw,,,0,...,0} as BC=P &
Ker 7, where Kerm = {¢ + Xoc 7r(g0 + Xoc) = 0},
denoting the Kernel under the projection m. Let
= (T1,T1,02, T2, -+, Ty Tryy Tnytlys - Tn) y Y €
Q' :=QNC!c Kerm, and Agr be the restriction
of A as an operator from Q! to the Banach space
Ker.

In addition, denote w = ®x +y. Then, Eq. (39)
is decomposed into the form of

&= Bx +Y(0)F(Px + vy, o),

(40)
dt = Aoy + (1 — 1) XoF (9 + y, o),

where B = diag{iwy, —iwy, iwg, —iwo, . . .
.,0}.

To find the normal form, we rewrite Eq. (40) in
the series form,

s Wy, —1Wny,

i=Br+y filzya0),
Jj=2
| (a1)
ay
- = A+ fi(@.y.a0).

j>2
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Remark 6. Here, we omit the coefficient % in (41)

before fjl- (z,y,ae), which is for the consistence in

comparing the two methods. The coefficient % is

used in [Faria & Magalhaes, 1995b], which does not
affect our results and conclusion.

Let V?n1+2n2 (X) denote the linear space of jth
degree homogeneous polynomials in the 2n; com-
plex variables x1, %1, 22, %2, ..., Tn,, Tn,, the ng real
variables xp,41,...,%, as well as the real parame-
ter vector a, with coefficients in space X. Further,
let M; (j > 2) denote the operator defined in
V;)?MH"Q(C?’"“LQ"2 x Ker ), with the values taken
from the same space, by

M;(p, h) = (Mjp, M3h),

(Mp)(x, ) = Dup(x, ) Bz — Bp(w, o), (42)

(M?h)(x) = D,h(z)Bx — Agih(z),

where p(x,a.) € V?”1+2"2(C3”1+2n2), h(x)(0) €
y3nt2nz (Ker )
i .
The above decompositions can be denoted as

3ni+2 3ni1+2 _ 1 1
yamtne (dm+2ne) — (M7} @ Im(M})°

vanIne (dm2ne) — Ker(M}) @ Ker(M})©

VImEnz Q) = Ker(M3) @ Ker(M3)°.

Now, we denote the projections associated with
the above decompositions of V?"1+2"2(C2"1+”2) X

V?n1+2n2(Ker ) over Tm(Mj}) x Tm(M?3) and of
V?"l+2n2 X V?"1+"2(Q1) over Ker(Ml)c x Ker x

(M?)c by, respectively, Pr; = (P}],Pfj) and

Py j = (Pk;, P% ;). The right inverse of M; with
range defined by the spaces complementary to the
kernels of M; with range defined by the spaces
complementary to the kernels of M} (i = 1,2),
namely M;' = (M)~ (M3)™") with M’
P[,j (¢] Mj - PK,)

Then, the kth order (k > 2) normal form,
derived with a recursive procedure by computing
the jth order terms 1 < 7 < k —1 at each step, can
be expressed as

k—1

j::Bx+zg}(x7yaa6)+fllc(x’yaa6)+"'7
j=1

k—1

dy =

dt AQ1y+Zg]xy7a6)+fi(x7yaa6)+7
7j=1

(43)

with gi(z,vy,a.) = ¢3(z,y, ) = 0. The kth order
normal form of system (43) is derived from the
(k — 1)th order normal form through a transforma-
tion of variables

(z,y) + Ur(2),

where U, = M,:lPkak(x,O, o). Actually, gi can
be solved via g, = fk — M, Uy.

Therefore, repeating the above iteration proce-
dure for k = 2,3,..., we obtain the normal form
restricted to the center manifold arising from (23)
as

(z,y) —

&= Bz + Zg}(w,o, ae), (44)
Jj=2

associated with the semisimple nq-Hopf-no-zero
singularity, derived using the CMR method.

Next, we compare the two normal forms derived
by using the MTS and CMR methods. Note that in
the MTS method, the first-order linear solution of
system (23) is u, given in (28), while in the CMR
method, the linear solution on the center manifold
is expressed by ®(0)z(t), that is,

Zw

1w7 (t+0) (t)

—iw; ( t+9)— ( )

+Z<p
+ Y it

€[-1,0]. (45)

l=n1+1
In fact, if we choose ¢;(0) = pj;, 1;(0) = ij;T (j=
1,2,...,n1), where K; = [1 —i—efi“)jf);TNl(ac)pj]*l,
and ¢ = pi, V.(0) £ (Yny11(0),...,9n(0)" =

KBy 41,---,P5) ", where K. is given by (31), then
both the inner products (25) and (37) are normal-
ized. Note that ¢ + 6 in (45) corresponds to Tj
n (28), thus, neglecting the difference in the nota-
tions, the two linear solutions derived by the two
methods are identical, that is, ®(0)z and ®(—1)x
in the CMR method correspond to u; and u1; in

the MTS method, respectively.
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In the CMR method, for the operator M3,
we may choose the decomposition V3"+2"2 x
(C?mtn2) = Im(M1) @ Im(M3)¢, where the com-
plementary space Im(M31)¢ is spanned by
QpTjez;—1, QpXj€aj, QT €], T;Tp€e2j_1, TjT] €25,
x;xje and xp, wy,e, where k = 1,2,...,n; j = 1,
2,...oony; iyl =g+ 1,00 ,n 0 = 2np + 1,10
2n1 +na, e, (p=1,2,...,2n1 + ny) is the pth unit
vector, and « is the kth component of a.. There-
fore, the second-order terms of the normal form are
given by

g%(:b',OQ) - (gél(xa Cke), cee 79%7“ (:L',Oée),

g%(n1+1) ([B, Cke), e 7g%n<x7 aG))Ta

Equivalence of the MTS Method and CMR Method

gbi(.c0) = 15 OV () + N} (e

XQOJ‘(O)HJ]‘, j:1,2,...,n1,

g%l($a ae) = wl[NO(O‘E) + Nl(ae)]

n
X Z T, l=n1+1,...,n,
k=ni1+1

(46)

where N ((]1)(046) and N gl)(ae) are the first-order
approximations in the parameter a., and g3(x,0) =
0 due to the assumption that the second-order terms
in the normal form vanish at the critical point. In

order to compare the two normal forms, we can
rewrite (32) for the MTS method as

DiG; = K;(p}, (NS (ae)p; + N (ae)e ip))G;)

= 9 (0[N (@) + NV (ae)e i]p;(0)G;

n
=%
Pny+1

k=ni1+1

DlGn n

k=ni1+1

3 INP(a) + NP (@)lpiGh

ol S Ve + N ()G

j:1727"'7n17

n

= (0)(NG () + NV (@) D" 9r(0)G.

Note that z; (j = 1,2,...,n), used to represent
the normal form in the CMR method, corresponds
to G, used to denote the normal form in the MTS
method. Thus, neglecting the difference in the nota-
tions, the two equations in (47) are identical to the
last two equations in (46), implying that the nor-
mal forms obtained using the MTS method and the
CMR method are actually identical up to second
order.

Next, we consider the third-order terms of the
normal form. Since we only consider the linear
approximation of parameters in the CMR method,
we ignore the higher-order (starting from the sec-
ond order) approximations in the parameter « for
the MTS method. By using M3hs(z,a.) = (I —
)Xo f2(Px), we obtain

k=ni1+1

Doha(z, a0)(0) Bz — ho(x, o) (0)
+ Xo[ha(z, ac)(0) = Le(ha(x, ac)(6))]
= [Xo — @¥(0)] f2(Px),
which can be written as

Doho(z, 00)(0)Bx — ha(x, ) (0) = —W(0) foDx),

ha(z, ae)(0) = Le(ha(z, ) (0)) = fo( ).
(48)
Neglecting the higher-order terms in the expansion

of the perturbation parameter, ha(x,0)(#) has the
following form:

ha(,0)(0) = > hoq(6)a".

lg|=2
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Since we have neglected the higher-order terms in
the expansion of the perturbation parameter in the
CMR method from the third-order terms, we will
also neglect the higher-order terms in the expansion
of the perturbation parameter in the MTS method
from the third-order terms, Eq. (29) becomes

Doua — No(ae)uz — Ni(oe)ug
= fa(u1,u1,1). (49)

We have shown that ®(0)r and ®(—1)x in the
CMR method correspond to u; and wu;; in the
MTS method, respectively. Next, we prove that
the second-order solutions in the CMR method
®(0)UL + ho(0) and ®(—1)UL + ha(—1) correspond
to the second-order solutions in the MTS method

ug(To, Th, . ..) and wue(Ty — 1,77, ...), respectively.
In fact,
d®(9)Us(z)
do 6=0

= Lo(®)UL = [No(ae)®(0) + Ny (ap) (1)U

dha(z,0)(0)
do 6=0

= No(ac)ha(2)(0) + Ni(ae)ha(z)(—1)
+ fo(®(0)x, ®(—1)x).

Denote y(0) =
ﬂz(t + 0), then,

D(O)UL + ha(f) and din(0) =

dag(0)
dé

= No(or)tigg (0) + Ny (ov)tige (—1)
6—0

+ f2(®(0)x(t), D(—1)x(t)).

Noting that

daig (0) ~ dao(t +0)
_ dio (t + 0) tro=T7 dii (T)
d(t +6) o= dT) |p=y’

we can rewrite Eq. (49) as
dUQ (TQ, .. )
a7y
= No(ac)uz(To, . ..) + Ni(ac)uz(To — 1,...)

+ fo(ur,u1,1).

Thus, ®(0)U3 + ha(0) and ®(—1)US + hy(—1) in
the CMR method correspond to us(Tp, Ty, ...) and
ug(Ty — 1,71, ...) in the MTS method, respectively.

It should be pointed out here that in the CMR
method, the delay is taken by the function hsy 4(0)
in 6, while in the M'TS method, taken by Ty =t + 60
in eitA)To A big difference between the CMR
method and the MTS method has been revealed:
finding hg 4(0) needs solving of Eq. (48) which is
actually a partial differential equation with bound-
ary conditions, while solving uy from Eq. (49) only
needs solving algebraic equations. In fact, a com-
plete solution for hg,(f) is not necessary for the
normal form computation, which only needs the val-
ues at the two bounded points: hy 4(0) and hg 4(—1).
Thus, we only need to compare Eq. (49) with the
second equation of Eq. (48) for the two methods.
Since the MTS method does not define a transform
in function form, but rather directly defines it in the
algebraic form, with the delay involved in the expo-
nential function, this greatly simplifies the com-
putation. Moreover, it can be seen that the CMR
method cannot deal with more than one delay, due
to ha(f) taking the boundary values, while the MTS
method does not have this limit. It should be also
noted that although the CMR method can deal with
fixed constant delays or the delays with their ratios
to the maximum delay being constants [Faria, 2001],
there are difficulties for the cases in which at least
one of the delays is treated as a perturbation param-
eter. Unfortunately, in real applications, delays are
usually treated as perturbation parameters.

For the MTS method, the third-order terms in
Eq. (23) are given by fg(ul,uu, ug, ’U/271,D1’U/171>,
since Dluulaezo = 0 due to the assumption that
the second-order terms vanish at @ = a,, neglecting
the terms involving the parameter, f3(ui,u1,1,uz,
u21, Dlum) can be rewritten as fg(ul, uy,1,u2, u271).
For the CMR method, the third-order terms in the
first equation of (41) are written by fi(z,y) =
i@z + ®UL + hy) = U(0)f3(Px + ®UL + hy),
which has the same form with the third-order
terms, W(0) f3(u1, w11, u2, ug,1), derived by the MTS
method using the solvability conditions. In fact,

F3(®x + UL + hy)
= W(0) | f3(®(0)x, 2(~1)x)

0f2(®(0)z, P(-1)x)
0(2(0)z)

(2(0)U3 + ha()(0))
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3 f2(®(0)z, B(—1))
(®(—1)z)

_l’_

X (®(=1)U3 + ha(z)(=1)) |

\I’(O)f3(ulau1,17u27u2,1)
= W(0)(f3(u1,ur,1)
+ fa(ur +u2, ui1 + ug,1))

8 )
= U (0) {fs(uLuM) + M#TJ)W
+ Mum].

8’LL171

Thus, for the CMR method, the third-order term
f3(®x + ®UL + hy) has the same form as the third-
order term W(0)f3(uy,ui1,u2,uz;) in the MTS
method.

The third-order terms of normal form given by
(35) for the MTS method, taking only the linear
approximation of parameters, can be written as

* 7h'
DyGj = Kj(pj,95"7)

B
:w](o)gg ]7 ]:1727"'7n17

_ 0
. ~ K, .
DyG,, Z_);"ng’o
= \I/z<0>g§70

Note that gg’hj (j =1,2,...,n1) contains the terms
G;Gl,Glezj—1 and G;G.Gregj_1, and gg’o con-
tains the terms G, G,Gi,e; and G, G,Ge;, where
li,lo,l3=n1+1,...,n1+no; L =2n1+1,...,2n1+
no;r=1,2,...,n1.

Next, for operator M é, we may choose the
decomposition V3" 2(C™) = Tm(M}) & Tm(M})°
with the complementary space Im(M3)¢ spanned by
TjXy, X1,€25—1, TjTT1,€25, TjTrTr€25—1, TjTrTre2y,
xp,x,x,e; and xp, x,Tre;, where j = 1,2,...,nq;
l=2n1+1,...,2n1 +no; l1,ls,l3 =n1 + 1,...,n;
r=12,...,n1, and e (k = 1,2,...,2n1 + no) is
the kth unit vector, and V3""2(C™) represents
the linear space of the third-degree homogeneous
polynomials in the 2n; + ny variables (z1,Z1,x9,
Toy .oy Tpyy Tngy Tnytly -+, L) With  coefficients
in C™. Therefore, the third-order terms of the

Equivalence of the MTS Method and CMR Method

normal form are given by
95(,0) = (g31(2,0), g5 (2, 0), ..., g3y, (2, 0),
T3 (,0), 932,41 (@,0), .
3210 (%5 0))

géj<x70>:w]<0>f3]7 j:1727"'7n17 (51>

g§(2n1+1) (HJ, 0)
‘ = .(0) fs.,
gé(2n1+n2) (ﬂf, 0)

where fgj represents all the terms expressed in
Tjxy Tppei—1 and T;x,Trez5_1, and fgz denotes all
the terms expressed in zj, z,7,¢; and x;,x,T,€,
and the index notations are the same as that used
for the MTS method. Thus, if we treat x; and Gj
(j =1,2,...,n) just as two different notations, then
93" and g
of f3; and fs. in (51), respectively. Therefore, the
third-order normal forms derived by using the two
methods are identical.
This completes the proof of Theorem 2. W

and g5 in (50) have the same forms as that

In order to apply Theorem 2, first we need to
compute the second-order normal form to check
whether or not its part evaluated at the critical
point equals zero. In the following, we give two use-
ful results which can be used in applications to jus-
tify if this condition is satisfied.

Corollary 3.1. Assume that system (23) undergoes
a semisimple ni-Hopf-ng-zero (ng > 1,n9 > 0,n =
ny + ng > 1) bifurcation from the trivial equilib-
rium at the critical point, and all characteristic
roots have nonpositive real part. If system (23) does
not contain second-order terms, then the normal
forms associated with the semisimple ni-Hopf-ns-
zero singularity, derived by using the multiple time
scales and center manifold reduction methods, are
identical up to third order.

Corollary 3.2. Assume that system (23) undergoes
a semisimple ny-Hopf (nq > 1) bifurcation from the
trivial equilibrium at the critical point, and all char-
acteristic roots have nonpositive real part. Then, the
normal forms associated with the semisimple nq-
Hopf singularity, derived by using the multiple time
scales and center manifold reduction methods, are
identical up to third order.
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Remark 7

(a) In order to apply the MTS method, we have
assumed that there is at least one pair of purely
imaginary eigenvalues for system (23) at the
critical point: o = a., i.e. ny > 1. In fact, if
n1 = 0, the normal form is the same as that of
the abstract ODE in BC space.

(b) Since for any w € C = P & @, the formula
w = Pz + y; holds, where =z = (x1,%1,x2,
T2y ey Ty Ty Tnytlye--rTn)y Px € P and
Yt € Q. Thus, m(w) = 11 + T1P1 + 2202 +
ToPa + -+ TpyPny + Ty Py + Ty 4190 +1 +
-+ + Tppn, implying that the construction of
the project 7 in the CMR method is to gener-
ate the solution as a linear combination of the
bases. On the other hand, in the MTS method,
the expression (28) for the linear solution wu;
is indeed a linear combination of the bases. So
from the view point of computation, the MTS
method can be considered as a simple realiza-
tion of the CMR method.

(¢) From the proof of Theorem 2, it is seen that
in the MTS method, it is assumed that there
does not exist unstable manifold, and the two
steps involved in using center manifold theory
and normal form theory are combined into one
unified step to obtain the normal form and non-
linear transformation simultaneously. Thus, a
simpler system is directly obtained by elim-
inating the secular terms, compared to the
CMR method for which the computation of the
terms are expanded on the bases of Im(M;)e.
Although the CMR method can be used to
deal with DDEs which involve unstable man-
ifold [Faria & Magalhaes, 1995b], the normal
forms of such systems are not interesting since
the solutions would quickly evolve outside of
the local region where the normal forms are
applicable.

(d) The characteristic equation (24) has n; pairs of
purely imaginary roots Fiw; (j = 1,2,...,n1).
When n; > 2, a possible ni-Hopf bifurcation
with the ratio wy : we @ --- : wy, appears. If
there exist m; € Z,j = 1,2,...,ny, with at
least two nonzero, such that » 7L, mjw; = 0,
then nq-Hopf bifurcation is called resonant; oth-
erwise, it is called nonresonant. From the proof
of Theorem 2, it is easily seen that both the
MTS and CMR methods can deal with resonant
and nonresonant cases, without altering the

equivalence of the two normal forms, derived
by the two methods.

(e) By a comparison between the MTS and CMR
methods, we can see that when dealing with
DDEs the MTS method, unlike the CMR
method which involves solving differential equa-
tions, only involves algebraic manipulations
with explicit algebraic formulas and simple pro-
cedure, making it easier to implement them
in symbolic computation. In particular, when
more than one discrete delay is involved in
DDEs, the MTS method can be directly
extended to consider such cases, while the CMR
method has difficulty to deal with if at least
one of the delays is treated as a perturbation
parameter, which is usually the case in applica-
tions. Although two discrete delays have been
considered in a DDE using the CMR. method,
it is assumed that the ratio of the two delays
is fixed to be a constant and thus an equiva-
lent single delay is actually considered [Yuan &
Wei, 2007]. Therefore, the MTS method is sim-
pler than the CMR method in computation. It
should be noted however that the CMR method
can deal with nonsemisimple cases, which is still
open for the MTS method.

In the following three sections, we will prove
the equivalence of the MTS and CMR methods for
the NFDE and PFDE systems, as well as for the
DDEs, NFDEs and PFDEs with distributed delays.
Since some parts of the proofs are similar to that
for DDEs (see the proof of Theorem 2), we will skip
some detailed steps whenever possible.

4. Equivalence of the MTS and
CMR Methods for NFDEs

In this section, we consider neutral functional dif-
ferential equations (NFDE) or neutral delay dif-
ferential equations (NDDE). The CMR method
associated with NFDEs used in this paper is based
on [Wang & Wei, 2008].

The MTS method can be used to study more
general NFDEs with multiple delays,

d p
- a0 + ]Z; Mj()u(t =)
j=1
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+ F(u(t),u(t —11),...,u(t —7), )
+G(u(t —71),...,u(t — 1),

Wt —71),...,u(t —7p), Q).
(52)

Given that the CMR method has limitation to deal
with DDEs [see Remark 7(e)], here we only consider
the NFDEs with single delay for a comparison with
the MTS method. Thus, without loss of generality,
we shall use the following NFDE in this section for
comparing the MTS and CMR methods,

d

() + My@)u(t ~ 1)

= No(@)u(t) + N1(a)u(t — 1)
+ F(u(t),u(t — 1), )

FGut—1),at—1),0).  (53)

The characteristic equation of (53), evaluated
at the trivial equilibrium u = 0, is given by

det A(X) =0,

where

AN) = M+ AMje > — Ny — Nje ™,
(54)

with I as the m x m identity matrix. For the NFDE
system (53), we have the following result.

Theorem 3. Assume that system (53) undergoes a
semisimple ni-Hopf-na-zero (ng > 1, ng > 0, n =
ny +ng > 1) bifurcation from the trivial equilibrium
at the critical point, defined by o = a, and the
characteristic equation (54) has ny pairs of purely
imaginary roots £iw; (j =1,2,...,n1) and ng zero
roots, and all other roots have negative real part. If
the second-order terms in the normal form wvanish
at a = a., then the normal forms associated with
the semisimple ny-Hopf-no-zero singularity, derived
using the multiple time scales and center manifold
reduction methods, are identical up to third order.

Proof. Similar to the proof for Theorem 2 in the
previous section for general DDEs, we define the
characteristic matrix A(X) of (53) as A.(\) at
the critical point, & = a,, and denote A%(\) the
adjoint matrix of A.(A). Then, let p; (j = 1,
2,...,n1) and p; (I =ny1+1,...,n) be the eigen-
functions of A.(\) corresponding to the eigenvalues
iw; and 0, respectively; and pj (j = 1,2,...,n1)

Equivalence of the MTS Method and CMR Method

and p; (I =ni +1,...,n) be the normalized eigen-
functions of AX(\) corresponding to the eigenval-
ues —iw; and 0, respectively, satisfying the inner
product (25).

The perturbation for (53) is taken the same as
before: a = a. + ea.. Substituting it into My, Ny
and Np, we have the following expansions in terms
of €,

M (a) = My(ae) +eM P (a) + EMP () + -,
No(a) = No(a) + eN(()l)(ag) + 62N(()2)(Ct6) +o
Ni(a) = Ni(ae) + NP () + ENPa) + -,

where Mj(a.), No(a.) and Ni(a.) are the values
of My, Ng and N7 evaluated at the critical point,
a = ae.

With the MTS method, suppose the solution
of (53) is given by

u(t) = Eul(Tg,Tl,TQ, .. ) + EZUQ(TQ,Tl,TQ, .. )

+Eug(To, 1, Ta, .. .) + -+, (55)
which, together with the multiple time scales (12), is
substituted into (53) and then balancing the coeffi-
cients of €/, j = 1,2, ... yields a set of ordered linear
differential equations (LDEs).

For the e'-order LDE, we have

Douy + My (ae)Dourn

- N()(th)ul - N1 (ac)uu = 0, (56)
where w11 = w1 (To — 1,71, 75, . ..). Since +iw; (j =
1,2,...,n1) and zero (with multiplicity ny) are the
eigenvalues of the linear part of (53), the linear solu-
tion of (56) restricted to the center subspace can be
expressed in the form of (with the same reason as
for the ODEs and DDEs)

ul(TOaT17T2a .- )

ni
= Gi(T1, Ty, .. )pe ™
j=1

ni
+ Z (_;'j (Tl, Ty, .. .)]_)je_leTO
j=1

+ > G, Ty, )pi. (57)

l=n1+1
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Next, from the e?-order LDE, we obtain
Doug + M;i(ae)Doua1 — No(oe)uz — Ni(ae)uz
= —Dju; — Mﬁl)(ae)Doul,l — Mi(ae)Diug g + Mi(ae)DoDyug 1 + N((]l)(ae)ul
+ Nﬁl)(ae)ul,l — Ni(ae)Dyug 1 + fa(ur,ur), (58)
where ug1 = ug(Th — 1,71,T5,...), and fo(uy,ui 1) represents the e2-order terms in (53). Substitut-

ing solution (57) into (58), and using the solvability conditions, we obtain D1G; (j = 1,2,...,n1) and
(D1Gry41,s - - ,DlGn)T as follows:

DiGj = K;(pj, =M\ () Gypjiwje ™ + NP () Gyp; + N{P (a)e™0p,G)),

B | Y0 IV (ae) + NP (ao)lpnGi
DlGn1+1 k=ni1+1 (59)
— KZ ’
DlGn n
o[ Y IV (o) + N (@)l
k=ni1+1

where K; = [1 + p;M; (ac)e™@ip;(1 — iwj) + ]‘);le(ac)e_i“’fpj]_l, and the assumption that the second-
order terms in the normal form vanish at the critical point has been used. K, is assumed to be invertible,
given by

1_7;1-5-1(1 + Mi(ae) + Ni(ae))pny+1 -+ Pr I+ M (ac) + Ni(ae))pn

pr(I+ Mi(ae) + Ni(ae))pn,+1 o DI+ Mi(ac) + Ni(ae))pn
Further, from the e3-order LDE, we similarly obtain
Dous + M (ac)Dous1 — No(ae)uz — Ni(ae)us 1

= —Dyuy — Dyuy — M (a)Doury — MY (a)Drusy — My(ae)Dauss + MY (@) DoDrus 1
+ M (ae)D3uy 1 + My (a)DoDauy g — %Ml (ae)DoDjus 1 — Mgl)(ae)Douz,l — My (ae)Drug,y
+ My (0e)DoDyugy + NV (a)us + NP (ad)us + NP (a)ury — N (@) Dyus s + N (ae)ugs
— Ni(ae)Doug 1 + %N1(040)D%u1,1 — Ni(ae)Diug 1 + fa(ur, w1, u2,u2,1), (61)

where uz 1 = u3(Ty — 1,71, T3, . . .), and f3(u1,u1,1,u2,us 1) represents the e3-order terms in (53).
Neglecting the higher-order terms in the expansion of the perturbation parameter and solving
the solvability conditions yields the derivatives DoG; (5 = 1,2,...,n1) and (DaGpy+41,...,D2Gy)T,
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given by
DGy = <pj,g§h>, j=1,2,...,nq,
DoGhyt1 195" (62)
=K, : ;
DyG phg3"
where g3’ " and g3 0 stand for the same notations as

that used for the DDE systems.

Finally, by using the backwards scaling, G; —
Gj /€, we obtain the normal form up to third order
for system (53),

G = DG + DG,

where G = (G1,Gy,...,G)Y,  (63)

associated with the semisimple ni-Hopf-ns-zero
singularity, derived using the MTS method.

Now, we apply the CMR method to compute
the normal form of (53) restricted to the center
manifold near the semisimple ni-Hopf-ns-zero crit-
ical point: a = a.. Define

Ml(ac)a 0= 7]-

§6) = {0, 0 e (—1,0],
N()(th), 0= 07

77(0> = Oa XS (*170)7
*Nl(()éc), 0 = -1

Then, the linearized equation of (53) at the trivial
equilibrium is

< |Da] = Lo,

d

satisfying Dy = - f£]1 d&(0)p(0), Lep =
J2 dn(®)¢(0), Yo € C = C([-1,0], R™), and the
bilinear form on C* x C (x stands for adjoint) is

(¥(s), (0))
= ¥(0)¢(0)

- /—01 dic [/ch(s —q)dg (9)<P(S)ds]
N /01 /09 (s — 0)dn(0)p(s)ds,

in which ¢ € C, ¢p € C*. Then, the phase space
C is decomposed by A = {%iwy, +iws, ..., Fiwy,,,

=0

——
0,...,0}, as C = P @ Q, where Q =

Equivalence of the MTS Method and CMR Method

ny
{p € C:

(¢, @) = 0, for all » € P*}, and the bases for P and
its adjoint P* are given by

P(0) = (p1(0),21(0), ¢2(0), 82(0), - - -,
Pn1 (0), Py (0), Pry+1(0), - - -, @n(0))
and
U(s) = (1(s), 1(s),1b2(s), 2(s), - .-,
Uiy (8) Py (8), Py 11 (), (5)) T,

respectively, where ¢;(6) = goj(()) eWil ahi(s) =
B0 5i(0) = g for € 210 Bi(s) =
for s € [0,1], where j = 1,2,... Il = m
1,...,n, and (¥(s),®(0)) =L

In the enlarged space BC, (53
abstract ODE,

+

) becomes an

dwt

5 = At XoF (wy, o), (64)
where w; € C, and A is defined by
A:C' = BC, Aw; = wj(0) + Xo[Lew; — D]
and
F(wg,e) = [No(@)w(0) + Ny (a)ws(—1)
— No(ae)wi(0) = Ni(ac)w(—=1)]a

+ F(wt, Oé€> + G(wt, u')t, Cte).

Denote w = &z + y. Then, Eq. (64) is decom-
posed into

i = Bz + U(0)F(®x +y, ),

& (65)
o =Aqy+ (1- ) XoF (®x + y, o),
where B = diag{iwy, —iwy, iwe, —iws, . . . ,iwp,, —iwn,,

.,0}.

The remaining part of deriving the normal form
by using the CMR method is similar to that in the
proof for Theorem 2 in the DDE case, and hence
the details are omitted here.

Similar to the proof of Theorem 2, we only need
to show that (i) choosing the basis for the linear
space leads to the identical linear solutions in the
center subspace; and (ii) the second-order terms us
and ®(0)UL +h2(0), ugy and (1)UL +ho(—1) are
identical for the NFDE (53), respectively.
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Actually, we can also choose ¢;(0) = pj,
'lb](()) = sz—);'fT (] = 1,2,...,7},1), wr = pi, U, =
KZ(}_);‘H_H, .. ,]‘);*L)T (l=n1+1,...,n), where K; =
1+ ijl(ac)e—lepj(l — iwjy) + p;Nl(ac)e—le X
pj]~!, assuming that K is invertible, given by (60).
Then, neglecting the difference in the notations
shows that the linear solution in the center subspace
obtained by using the MTS and CMR methods are
identical.

For the CMR method, the transformation ho
satisfies

Dyha(x)(0) B — ha(x)(0) + Xo[ha(2)(0)
+ My (ac)ha(2)(=1) = Le(ha(x))]
= [Xo = @(0)¥(0)] f2(2(0)2),
which can be written as
Dy ha(x)(0) Bx — ha(z)(6)
= —2(0)¥(0) f2(2(0)2),
ha(2)(0) + Mi(ae)ha(x)(—1) = Le(ha(x))
= f2(®(0)z),

where fa represents the second-order terms in (53).

We again ignore the higher-order terms in the
expansion of parameter o, and thus the e?-order
LDE for the MTS method becomes

(66)

Doug + Mi(ac)Doug, — No(oe)ug — Ni(ae)uz
= fau1,u1,1). (67)
Similar to proving Theorem 2, we have

do(0)U(w)
dé

0=0
= My (a)®(~1)UL(z) + L(®)UL
= — My () ®(~1)U(x)

+ [No(ce)®(0) + Ny (a.)®(—1)]U}

dho(z,0)(0)
do

0=0

dho(z,0)(0)

= —Mifae) — 5

0=—1
+ No(ae)ha()(0) + Ni(ave) ha(a) (~ 1)
T fo(®(0)z, B (- 1)a).

Similarly denoting 12(f) = ®()UL + ha(f) and
ot (0) = us(t + 0), we obtain

dag(6)
4 oo

= —M; (Ozc)ﬂgt(*l) + NO(O‘c)ﬂQt(O)

+ Ny (ae)tigg (—1)
+ f2(2(0)z(t), 2(—1)z(t))

_dag(t+0)

N do 0=0

_ dts (t + 9) t4o=T diig (T)
d(t+0) [4—0 d(T) |-y

Equation (67) can thus be rewritten as

d’LLQ(To, .. )
dT,

du2(T0 — 1, .. )
dT,

+ No(ae)uz(To, - - .)
—i—Nl(Oéc)uQ(To —1,.. )

= *Ml (Oéc)

+f2(U1,U1,1),

which clearly shows that the corresponding second-
order solutions wuy and ®(0)UY + ho(0), wu2:
and ®(—1)UL + hy(—1) are identical, which is
the same as that for the DDE systems, as
expected. The remaining part of the proof is similar
to that for Theorem 2, and thus omitted for
brevity. H

Corollary 4.1. Assume that system (53) undergoes
a semisimple ni-Hopf-ng-zero (ny > 1l,ng > 0,
n = ny +ng > 1) bifurcation from the trivial equi-
ltbrium at the critical point, and all characteristic
roots have nonpositive real part. If system (53) does
not contain second-order terms, then the normal
forms associated with the semisimple ni-Hopf-ns-
zero singularity, derived by using the multiple time
scales and center manifold reduction methods, are
identical up to third order.

Corollary 4.2. Assume that system (53) undergoes
a semisimple ny-Hopf (nq > 1) bifurcation from the
trivial equilibrium at the critical point, and all char-
acteristic roots have nonpositive real part. Then, the
normal forms associated with the semisimple nq-
Hopf singularity, derived by using the multiple time
scales and center manifold reduction methods, are
identical up to third order.
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5. Equivalence of the MTS and
CMR Methods for PFDEs

In this section, we prove the equivalence of the M'TS
and CMR methods for partial functional differential
equations (PFDE).

General PFDE systems with an equilibrium
point at the origin, can be written in the form of

Oou(z,t)
o = K(@)Au(z,1) + L(a)(u(x,1)
+ F(u(x,-),a), t>0,
u€eR™, z€RP, (68)

where w(x, ) = u(x,t +0), V0 € [-7,0], with 7
being the maximum of delays in (68).

For convenience of the proof, we first introduce
some notations taken from [Faria, 2000]. Denote
Q) C RP an open set, X a Hilbert space of func-
tions from Q to R™ with the inner product (-,-),
and ¢ = C([-7,0;X) (7 > 0) the Banach space
of continuous maps from [—7,0] to X with the sup
norm. Then, the PFDE (68) can be written in an
abstract form (i.e. in the phase space € [Faria,
2000]),

du(t)
dt

= K(a)Au(t) + L) (uy)

+ F(u, ), t>0, (69)
where domain (A) C X, « is a parameter vector
with appropriate dimension, L is a bounded linear
operator from € to X, and F' : € — X is a C*®
function (or C*-smooth, & > 2, for which the nor-
mal form can be obtained up to kth order) with
F(0,a) = DF(0,cx) = 0.

Further, it is assumed that for the linearized
equation about the zero equilibrium, %u(t) =
K(a)Au(t) + L(o)(ut), the following hypotheses
hold.

(H1) K(o)A generates a Cy semigroup {7'(t)}|t>0
on X with |T'(t)] < Me*t (for some M > 1,
w € R) for all ¢ > 0, and T'(¢) is a compact
operator for ¢ > 0.

(H2) The eigenfunctions {5,;(7)};2; of K(a)A,
corresponding to eigenvalues {p,}g2;, form
an orthonormal basis for X, with lim, .o, x
g = —00.

(H3) The subspaces B, := {(v(-),84)0q|v € €} of
¢ satisfy L(B,) C span{/,}.

Equivalence of the MTS Method and CMR Method

(H4) L can be extended to a bounded linear opera-
tor from BC to X, where BC = {¢ : [-7,0] —
X |4 is continuous on [—7,0),3 limy_ - X
¥(0) € X}, with the sup norm.

Using the decomposition of X by {8,} and
Hypothesis (H3), we obtain a sequence of “char-
acteristic” equations

ABq — 1qBq — L<e)\ﬂq> =0,

and there exists an ng such that all solutions of (70)
satisfy Re(\) < 0 for ¢ > ny.

The MTS method can be used to study more
general PFDEs with multiple delays, similar to that
for DDEs and NFDEs. Here, we only consider the
PFDEs with single delay since in general the CMR
method can only be applied to consider single delay.
Thus, without loss of generality, we shall use the fol-
lowing more explicit PFDE in this section to prove
the equivalence of the MTS and CMR methods,

ou(z,t)
ot

g €N, (70)

= K(a)Au(z,t) + No(a)u(x,t)

+ Ni(a)u(z,t — 1) + Fug, o). (71)

For the PFDE system (71), we have the following
result.

Theorem 4. Assume (H1)—(H/j) hold, and sys-
tem (71), associated with some eigenfunctions By,
undergoes a semisimple ni-Hopf-ng-zero (np > 1,
ny > 0,n = ny + ng > 1) bifurcation from the
space homogeneous trivial equilibrium at the critical
point, defined by a = «., at which the character-
istic equation (70) has my pairs of purely imagi-
nary roots tiw; (j = 1,2,...,n1) and ny zero roots,
and all other roots have negative real part. If the
second-order terms in the normal form wvanish at
a = g, then the normal forms associated with the
semisimple ny-Hopf-no-zero singularity, derived by
using the multiple time scales and center manifold
reduction methods, are identical up to third order.

Remark 8. In Theorem 4, the eigenvalues +iw; (j =
1,2,...,n1) and zero (with multiplicity ny) can be
associated with different eigenfunctions 3,, or with
a unique eigenfunction. We prove the general case
with different eigenfunctions, while in practical
applications, they are usually associated with a
unique eigenfunction (i.e. unimode oscillation).

Proof. Define the characteristic matrix A(X), of
the linearized equation of (71) as A()\), at the
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critical point, @ = «., and denote A}()), the
adjoint matrix of A.(\),. Assume that the charac-
teristic equation (70), corresponding to the eigen-
function (3;, has k, pairs of purely imaginary
eigenvalues +iwg 1, ..., +iwg g, and n, zero eigen-
values. Let py; (j =1,2,...,kg) and py; (I = kq +

., kg +ng) be the eigenfunctions of A.(\), cor-
responding to the eigenvalues iw, ; (j = 1,2,...,kq)
and 0, respectively; and pj ; (7 = 1,2,... ,kq) and
pyy (L= kg +1,...,kg + ng) be the normalized
eigenfunctions of A}()\), corresponding to the
eigenvalues —iwq (G =12,. k:q) and 0, respec-
tively, with > 310, kg = ny and E 0, ng = ng, satis-
fying the inner product

=*T
:p:;ykp%k:la q:1,2,...,n0;

k=1,2,...

<p;7kapq,k>
kg +ng. (72)

The perturbation on the parameter is taken as
the same as before: o = .. + €a,, which is substi-
tuted into K, Ny and N7 to obtain the expansions
in terms of e:

K(a) = K(ae) + eK(l)(ae) + 2K () + -+,

No(@) = No(ae) + eN§P (o) + ENP () + -+,

Ni(a) = Ni(ae) + eN(ae) + NP () + -+,

where K (a.), No(a.) and Np(a.) represent the val-
ues of K, Ny and Ny evaluated at the critical point,
a = qg.

In the following, we first show the procedure
of the MTS method, and then that of the CMR
method, and finally prove the equivalence of the
normal forms obtained using the two methods.

With the MTS method, suppose the solution
of (71) is given by

u(z,t) = euy(x, Ty, 11, 1o, . . .)
+€2u2($5T07T15T27 .. )
+€SU3(CE,T0,T1,T2,...)+-'-. (73)

Thus, the derivatives with respect to t € R4 and
x € RP now become

:DO+€D1+€2D2+"'7 (74)

Au = eAuq + €2 Aus + € Aus + - - -

Substituting (73), with the multiple time scales

(74), into (71) and then balancing the coefficients of

e/, j =1,2,... for the resulting equations yields a

set of ordered linear differential equations (LDEs).
For the e!'-order LDE, we have

D(]’LLl — K(ac)Aul — No(()éc)ul
— Ni(ae)uir =0, (75)
where uy,1 = U1 (33, T() — 1, Tl, TQ, .. ) Noticing that

tiwg; (¢ = 1,2,...,n0; j =1,2,...,ky) and zero
(with multiplicity mg) are the eigenvalues of the
characteristic equation (70), with Hypotheses (H1)—
(H4), we can express the linear solution of (75) in
the center subspace in the form of

u1(ﬂf,T(],T1,T2, .. )

_iiﬁq

q=1 j=1

iwg, ;T
q] Tl,Tg,..> j€ a3+0

no kg

D Byle)

q=1 j=1
no kqtng

+> D, Bala)

g=11=kq+1

= —iwg, ; Tt
Tl,Tg,...)qu-e .30

Go(T1,Ts, .. . )pgs,  (76)

where Gq,k = <p27k;7 <u1‘T0=05/3q>>7q = ]-7 2, <oy 1035
kE=1,2,..., ks +ng.
Next, from the e2-order LDE, we obtain
D0u2 — K(ac>AUQ — N() (Oé(;)'UQ — N1 (ac)uzl
= —Djuy + K(l)(ae)Aul + N((]l)(ae)ul
+ Ngl)(@e)um — Ni(ae)Dru
+ fa(u1,u1 ), (77)

1,T1,T2,...), and fg(ul,
-order terms in (71) with
Substituting solution (76)

where ug 1 = ug(z,Th —
uy1,1) represents the €2
multiple time scales.
into (77), we obtain

D0u2 — K(O{C)A'UQ — N() (Oéc)UQ — N1 (OKC)UQJ

_ i qu] iwg, ;i To + ZX e~ wq,iTo

kq+ng

T Z X +gq2+gq72 ’
I=kq+1
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where

X‘LJ = [ By(= )DleJWLK(l)(ae)Aﬂq(x) ,J+N (ae)ﬁq( z)G QJ+N (ae)ﬂq( z)G qjeiiwq’j
— Ni(ae)Be(2)D1Gyje 0 lpg; + g5, j=1,2,... kg,

= [-B4(z)D1G 4 + K(l)(O‘E)Aﬂq@) gl T N (ae>ﬁq( )Gq + N (a6)5q< )Gy
—N1<ac>ﬁq($>D1Gq7l]pqyl, [ = kq—i—l,...,kq—i—nq,

with gq’ " and gZ:g, corresponding to the eigenfunctions [,(z), being the parts of fa(u1,u1,1) which
generate secular terms (associated with purely imaginary eigenvalues) and constant vector (associated
with zero eigenvalues), respectively, and gqo denotes the terms that do not produce secular terms. Fur-

ther, using the solvability conditions, (pq], <Xq]7ﬁq>> , (e=1,2,...,n0; j = 1,2,...,kg) and (p;l,
k .
(nggﬁLquJ;Zil Xnga Be)) =0, (¢=1,2,...,n9; I = kq+1a -+« s kg+ng), and noting that Ay (z) = pey(z),
we obtain D1Gqj (j =1,2,...,kq) and (DG 11, ..., D1Gr 4n,)T as follows:
% 1 1 ] h;
DiGy,j = Kyj <pq,jv :qu(l)(O‘e)Gq,qu,j + Né )(O‘G)Gq,qu,j + N% )(O‘E) “9pg,iGaj + 9(81, s

kq+nq
_ 1 1
Boper | 905+ D2 NG (a0 + N1 (0) + 11K D (0)pg G
D1Gy k1 k=kq+1
= Kz,q )

DiGykgtn, g NI (1) (1)
pq,qurnq gq 2 + Z aﬁ) + N (aﬁ) + MQK (aﬁ)]quch,k
k=kq+1

where K, ; = [1 +p; ;N1 (ac)e™waip, ;]71, here we assume that K, , is invertible, given by

=% =k -1
pq,qu(I + Ni(ae))pgeg+1 - pq,qu(I + Ni(e))Pg,ky+ng

Kzq=
Z_):;7kq+nq (I + N (ac))pq,kq-‘rl T ﬁ:;7kq+nq (I + Ny (ac))pq,kq+nq
Note that ug is in the form of us = >, Br(x)nk, where 7, is a coefficient, in terms of Gk, k =
1,2,...,nq, to be determined. Due to the assumption that the second-order terms in the normal form
: 0 i .
vanish at o = «a, 92’72 =0 and g;j =0, and thus D1Gy; (j = 1,2,..., k) and (D1Gr 41, - - ,Dlequnq)T
are reduced to

* 1 1 —i .
D1Gy,; = Ky, <pq,j7 /‘qK(l)@e)Gq,quJ + N(() )(046>Gq7qu7j + Ng )(046)6 “t9pq,iGa,j)s

kq+ng

_x 1
Bomar | D IV (o) + NP () + 1 KD (@) pg xGoe
Dle7TL1+1 k‘:k‘q+1

Z7q
Dle,n kq+nq

Bams | >IN () + N (o) + g KD () [pgu G
k=kq+1

1450003-25



Int. J. Bifurcation Chaos 2014.24. Downloaded from www.worldscientific.com
by CITY UNIVERSITY OF HONG KONG on 02/19/14. For persona use only.

P. Yu et al.

Further, from the e3-order LDE, we similarly
obtain

Douz — K (ac)Auz — No(ae)uz — Ni(ac)us1

= —Dou; — Djug + K(Q) (ae)Aul

+ KW () Aug + N(()l) (ae)ug + N(()Q) (cve)uq
+ NP (cve)urn — Ngl)(ae)Dlul,l

+ Ngl)(ae)uz,l — Ni(ae)Douy g

+ %N1(Oéc)D%u1,1 — Ni(ae)Dyug

+ f3(ur, w11, u2, u21), (79)

where ug = us(x, Ty — 1,T1,T5,...), and f3(u1,
'LLLl,UQ,UQJ) represents the e3-order terms in (71).
Substituting the solutions of u; and ug into (79) and
neglecting the higher-order terms in the expansion
of the perturbation parameter, we have

Doug — K (o) Auz — No(ae)us — Ni(oe)us 1

no | kq kq
— (3) piwg,; To Z = 3) ,—iwg ; To
=D | 2 X D R

=1 | j=1 j=1

kq+ng
T Z qu+gq3+gq3 ?
I=kq+1

where
xw = [~ B¢(2)D2Gy 5

= Ni(ac)By(2)D2Go e 0 |pg 5

h; .
+g;:3jﬂ .7:1727"'7kq7

= [_Bq<x)D2Gq,l - N (ac>ﬁq(x>D2Gq,l]pq,la

l=Fke+1,... ky+ng,

with gq’ " and g;:g, corresponding to the eigenfunc-
tions G, (z), being the parts of f3(ur,ui1,u2,u21)
which generate secular terms (associated with
purely imaginary eigenvalues) and constant vector
(associated with zero eigenvalues), respectively, and
gq3 denotes the remaining terms. Similarly, using

the solvability conditions, (pj ],(qu,ﬂq» = 0,

(¢=1,2,. no;j=12 k)and<(quq+p~-,
_ kq+

p:;ykq"""q) <Z/€q k:j—l qu +gq37ﬁq>> =0, (q =1,
2,...,n0; I = kg +1,...,k; + ng), and noting

that AG,(x)
tives DoGy; (7 = 1,2,...

tgfq(x), we obtain the deriva-
,kq) and (Danl_H, ey

D2G,,)7 (ie. the normal form terms) as follows:
DoGyj = Koi(0l o 00%), §=12,... K,
DoGyny+1 1_’;7kq+1923g (80)
=K.,
DaGin Py o n 903

Finally, by using the backwards scaling, G, . —
Ger/e (¢ =1,2,...,n9; k=1,2,...,ky+ ng), we
obtain the normal form up to third order for the
PFDE system (71),

Gq = Dle + DQGq,

where

’Gq7kq+nq)T7 (81)

associated with the semisimple ni-Hopf-ns-zero
singularity, derived using the MTS method.

Now, we apply the CMR method to compute
the normal form of (71), restricted to the center
manifold, near the semisimple nq-Hopf-no-zero crit-
ical point: @ = a.. Let C := C([-1,0];R), and for
each ¢ € N, define L, : C — R by

Lq(¢)ﬂq = L(T/}ﬂq)-

Then, on By, the linear equation %ut =
L(a)(ut) is equivalent to the FDE on R,

5(8) = pg=(t) + Loz, (82)

with the characteristic equation given by (70).
Further, for 1 < ¢ < ng, define n, by

Gy = (Gg1,Gqo2, ...

K(a)Au+

0
1gth(0) + Lyt = / dn(O)00), b eC.

and (-,-)q, the adjoint bilinear form on C* x C,
C* = C([0,1]; R), by

(a, B)q = a(0)B(0)
0 ro
j(qjg a(§ = 0)dng (0)B(€)dS.  (83)

Based on the adjoint operator theory, we decompose
C by Aq :={X € C: X\ satisfies (70) and Re A = 0}
to obtain

C=P,0Q,,
PZ = span{¥,},

P, = span{®,},
(‘Ijqa (I)q)q =1

dim P, = dim P} :=m,, & = ®,B,,
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where P, is the generalized eigenspace for (82) asso-
ciated with A,, and B, is an m4 x m, constant
matrix. Thus, € can be decomposed by A as

C=PaQ, P=Imn, @Q=Kerm,
where dimP = >71%, mg = 211 + nz and 7 := € —
P is the projection defined by 7¢ = >27%, &4 (¥,

(@(-), Bq))aBy-
Similar to the DDE and NFDE systems, we

consider the enlarged phase space BC of continuous
functions from [—1, 0] to C™. Thus, the elements of
BC have the form v = ¢ + Xpc, with ¢ € € and
¢ € X. Hence, in the space BC, (71) becomes an
abstract ODE, described by

W = Aw + XoF(w, ), (84)
where w € €, and A is defined by
A: ¢!l - BC,
Aw = i + Xo[L(ore)w
+ K (a)Aw(0) — i(0)]
and
F(w,a) = [No(@)w(0) + Ni(e)w(-1)
— No(ae)w(0) = Ni(ac)w(=1)]
+ F(w, ),

defined on ¢! := {$ € €: ¢ € €,¢(0) € dom(A)}.
For ¢ € X we have m(Xoc) = > .2 ®,¥,(0) x
<aa/3q>/8q~

In addition, denote w = Y710, ®qz,(t)By + yt,
where z(t) = (¥q, (w(t)(), fy))g € R™, for 1 <
q < ng. Then, Eq. (84) is further decomposed into
the form:

Zq = Bgzqg + ¥,4(0) <F <Z D2 Ok + y) 7ﬂq>,
k=1

d = (<

(85)

diag{iw%l, —iwq71, iwq72, —iwq72, ceey
Tq

where B, =

. . —N—
1wq,kq, —1wq7kq, 0, . ,0}

For convenience in the following proof, we
rewrite (85) in a simpler form by considering its

Equivalence of the MTS Method and CMR Method

first ng equations as a union equation in C?"1+72,
To achieve this, define the (2n; + n2) X (2n1 + ng)
constant matrix B = diag(Bj, ..., By,), the ng x
(2n1 + ng) matrix ® = diag(®y,...,P,,) and the
(2n1 + n2) X np matrix ¥ = diag(¥y,..., ¥y, ). As
a result, (85) becomes

<F <Z Pqzqlq + y) 751>
q=1

i =Bz + 9(0) : ,

<F (Z Pqzq8q + y) a/Bn0>
q=1
dy

no
o= Agiy+ (I - m)XoF ; D,2,8, +y |,

(86)

where z = (21,. .., 2n,) € C?¥m2 4y, € QL.
To find the normal form of system (86), we
introduce transformations into Eq. (86) to obtain

Z:BZ+ § f}(z7y7a€)’
5>2
87
dy (87)

E = AQly + Zf?(zayaae)'
Jj=2

Similarly, define the operators M; = (M jl, M ?),
j =2, by
M} : V;-V[(CM) — V;VI(CM),
(Mjl‘p)(za ac) = D.p(z,ac) Bz — Bp(z, ac),

(88)
M? : V;-W(Ql) C V;-W(Kerw) — V;M(Kerﬂ),

(M?h)(z,ae) = D h(z,ac) Bz — Agih(z, ac).

Now, suppose the above procedure has been
performed up to order k—1, with the resulting equa-
tion given in the form of

k—1
z= Bz—i_zg;(zayaaE) +f]£:(zuy7a6> + Ty
j=1
dy k—1 _
E = AQlyt + 293(273/7056) + f%(zvyaaé) + - Ty
j=1

(89)
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where g; = fj - M;U; (j = 1,2,...,k — 1) with
g1 = 0. Then, the center manifold and normal form
can be obtained via a recursive procedure: comput-
ing the jth order terms (j > 2) at each step, through
a transformation of variables

(z.y) = (2,9) + (U, U3),

with 2,2 € C?m+n2 g, g, € Q! and U} and UJQ-7
defined by U]l o QZmtnz o C2mitnz gpd U? :
C?mtn2 Q) are homogeneous polynomials of
degree j in z.

Furthermore, to find the normal form restricted
to the center manifold of (89), we introduce a for-
mal change of variables: z = 2+ p(2), y = g+ h(2),
into (71) to obtain the normal form,

z= Bz+Zg}(z,ae), (90)
j>2

where the hat has been dropped from g]l(z,ae)
for simplicity, and g}’s are to be determined.
Equation (90) is the normal form of the PFDE sys-
tem (71), associated with the semisimple nq-Hopf-
ng-zero singularity, derived using the CMR method.

The remaining part of the proof is similar to
that for proving Theorem 2 in the DDE case, but
we need to show that

(i) choosing the same bases for the linear space
leads to the identical linear solutions in the cen-
ter subspace; and

(ii) the second-order solutions wus and ®(0)U3 +
h2(0), ug1 and ®(—1)UJ + ha(—1) are identical
for the PFDE system (71), respectively, where
O(0) = (P1(0), P2(0), ..., P, (0)).

For convenience, we define

Hy = (pg,1,Pg,15 - - Pa kg Da kg
Pqkg+15 - - 7p(I7kq+nq)7
HY = (py1:Pgas--- apz,kq7
Doy Pgkg41s - s Pgkigtng)s
\qu(s) = (¢q,1(5)a @_Dq,1(8), e ﬂ/Jq,kq (s),
@_Dchq (s), T/Jq,kq—&-lv e a¢q,kq+nq)a
Gy = (Gy1,Gqa,- - s Gk
Gokgr Gakgtts - Gargrng) s

_ iwg, 1t [—iwg,1t jlwg ot —iwg ot
T,(t) = (e“att e Wall elvat o7 1Wa2t
Nq

. . S
eWake! T Wake! T 1),

(al,ag,...,ap) X (bl,bg,...,bp)
= (albl, azbg, ce ,apbp).

With the above notations, the linear solution (76)
for the MTS method can be written as

0o

up =Y (Hy x Y4(To))Gyfy,  where
q=1
Gy = (Hy, (urlmy=0, ), (91)

while the linear solution for the CMR method can
be expressed as

no

z(t) = Z(@Q X Yq(t))zgfq, where
q=1
zq(t) = (g, (2lv, (1)=14(0): Bg))- (92
T.hus7 we can choose ®,(0) = Hy, wqd-(())_: K, f);‘g
(j =1,2,...,ky), and ¥, ,(0) = Kz7q(p;7kq+1, ce
]‘); ke +nq)T, under which, by neglecting the difference
in the notations, the two inner products (72) and
(83), the two linear solutions (91) and (92) obtained
by using the MTS and CMR methods, are identical.

For the CMR method, the transformation hs
satisfies

D.hy(2)(0)Bz — hy(2)(0)
+ Xo(0)[ha(2)(0) — K (ac) Aha(2)(0)
— Le(ha(2))]
= [Xo(0) — 2(0)¥(0)] f2(D(0)z),
which can be rewritten as
D.hy(2)(0)Bz — hy(2)(6)
= —®(0)¥(0) f2(P(0)z),

. (93)
ha(2)(0) — K (ac)Ah2(2)(0) — Le(ha(2))

= f2(®(0)2).

We again ignore the higher-order terms in the
expansion of parameter «, and can thus rewrite

Eq. (77) for the MTS method as
D0u2 — K(CEC)AUQ — No(ac)UQ — Nl(ac)um

= fg(ul,uu). (94)
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Similar to the proof for Theorem 2, we have

d2(0)Us(x)
do =0

= K(ao)A®(0)Us(z) 4 Lo(P)Us
= K (o) A®(0)U ()
+ [No(0e)®(0) + Ny (ae)@(—1)]US,

dho(z,0)(0)
do 0—0

= K(ae)Aha(0)]o=0 + No(ac)h2(x)(0)
+ Ni(ae)ha(z)(—1)
+ f2(2(0)z, &(-1)x).

Denoting 1iz(0) = ®(O)UL + ha(f) and g () =
u2(t + 6), we obtain

diiny (6)
a9

0=0
= K(Ozc)ﬂgt (0) + No(()éc)ﬂgt (0)
+ Ni(ae)tize(—1) + fo(2(0)z(t), (—1)2(1))

_dag(t+0)

N do 0—0

_ dts (t + 0) tro=T diig (T)
d(t+0) [4—0 d(T) |-y

Equation (94) can be rewritten as

%ﬁo’“') = K(ae)Aup(Ty — 1,...)
+ No(ae)uz(Th, ..
+ Ny (a)us(Th — 1,...)
+ folur, urg).

It is seen that the second-order solutions wug and
(I)(O)Uéthg(O), U1 and (I)(*l)Uéthg(*l) are iden-
tical, which is similar to that for the DDE systems,
as expected, and thus the details of the remaining
part are omitted for brevity. W

Corollary 5.1. Assume (H1)-(H4) hold, and sys-
tem (71), associated with some eigenfunctions [,

Equivalence of the MTS Method and CMR Method

undergoes a semisimple ni-Hopf-ng-zero (n; > 1,
ng > 0,n = ny +ng > 1) bifurcation from the space
homogeneous trivial equilibrium at the critical point,
defined by o = a., at which the characteristic equa-
tion (70) has ny pairs of purely imaginary roots
+iw; (j = 1,2,...,n1) and ny zero roots, and all
other roots have negative real part. If system (71)
does not contain second-order terms, then the nor-
mal forms associated with the semisimple ni-Hopf-
ng-zero singularity, derived by using the multiple
time scales and center manifold reduction methods,
are identical up to third order.

Corollary 5.2. Assume (H1)—(Hj) hold, and sys-
tem (71), associated with some eigenfunctions (B,
undergoes a semisimple ni-Hopf (n1 > 1) bifurca-
tion from the space homogeneous trivial equilibrium
at the critical point, defined by o = a., and all char-
acteristic roots have nonpositive real part. Then the
normal forms associated with the semisimple nq-
Hopf singularity, derived by using the multiple time
scales and center manifold reduction methods, are
identical up to third order.

6. Equivalence of the MTS and CMR
Methods for DDEs, NFDEs and
PFDEs with Distributed Delays

Having proved the identity of the normal forms
up to third order, derived by using the MTS and
CMR methods for the DDE, NFDE and PFDE
systems with discrete delays in previous sections,
we now turn to consider the case with distributed
delays, which not only has theoretical interests, but
also has wide applications in solving real world
problems (e.g. see [Nelson et al., 2004; Goncalves
et al., 2011; Wu, 1996]). It has been shown that
the MTS method can also be applied to study
some special DDEs with distributed delays (e.g.
see [Han & Song, 2012]). Therefore, in this sec-
tion, we will show that the MTS and CMR meth-
ods are also equivalent in deriving the normal forms
up to third order for general differential systems
with distributed delays, including the DDE, NFDE
and PFDE systems. To achieve this, without loss
of generality, we will use the following explicit gen-
eral differential equation (which includes the DDE,
NFDE and PFDE systems) with distributed delays
to prove the equivalence of the MTS and CMR
methods,
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%[u(x, t) + My (a)u(w,t — 1)]

= K(a)Au(z,t) + No(a)u(z,t)
+ Ny (@)u(z,t — 1)

+oo
+W(a) /0 k(s)u(z,t — s)ds

+ F(i, ) + G(it, 4, ), (95)

where @ denotes u(z,t), u(x,t — 1) and f0+°° Kk(s) x
u(z,t — s)ds, and k is called the delayed kernel.

Under Hypotheses (H1)-(H4) (see Sec. 5), we
obtain a sequence of “characteristic” (eigenvalue-
eigenfunction) equations of (95):

[A + AMye™ — Ky, — Ny — Nye™

+oo
-W / /{(s)e_’\sds} B, =0, g€N, (96)
0

and assume that there exists an ng such that all
solutions of (96) satisfy Re(A) < 0 for ¢ > ng. In
particular, when K = 0, the characteristic equation
(96) becomes

det ()\I + AMje ™ — Ny — Nye

-W /O - /{(s)e_)‘sd5> =0. (97

Obviously, the improper integral f0+°° k(s) x
e Mds exactly defines the Laplace transform. To
guarantee the existence of the transform, we
assume

(H5) The kernel x(s) is piecewise continuous on
[0,400) and is of exponential order for s > S.
That is, there exist constants ¢, M > 0, and
S > 0 such that |k(s)| < Me® for all s > S.

Thus, under (H5), O+°Of<c(s)e*)‘sds:£(/<c(s)) L
R(A) exists, where £ represents the Laplace oper-

ator. So, for the eigenvalues of (96) [or (97)] with
|

Py kg1 (T Mi(ae) + Ni(ae))pg g +1
K.y=

)

Z_):;7kq+nq (I + Ml (CEC) + Nl (Oéc>)pq7kq+1

zero real part, we may define f0+°° Kk(s)e Wisds =
RA(iw) £ aj, 0+OO K(s)ewisds = R(—iw) = bj, j =1,
2,...,n1 and f0+oo k(s)ds = R(0) = c. Then, we

have the following result.

Theorem 5. Assume (H1)-(H5) hold, and sys-
tem (95), associated with some characteristic eigen-
functions (whose corresponding eigenvalues have
nonpositive real part), undergoes a semisimple ni-
Hopf-ng-zero (ny > 1,ny > 0,n = ny +ny > 1)
bifurcation from the space homogeneous trivial equi-
librium at the critical point, o = ., (in case K = 0,
Hypotheses (H1)—(H4) are not needed and the space
homogeneous trivial equilibrium becomes a trivial
equilibrium), at which the characteristic equation
(96) [(97) if K = 0] has ny pairs of purely imagi-
nary roots £iw; (7 = 1,2,...,n1) and ny zero roots,
and all other roots have negative real part. If the
second terms in the normal form vanish at o = a,
then the normal forms associated with the semisim-
ple ny-Hopf-no-zero singularity, derived using the
multiple time scales and center manifold reduction
methods, are identical up to third order.

Proof. We adopt the notations used in the previous
sections. So, for the e'-order LDE derived using the
MTS method, we have

Douy + My (ae)Dourn — K (o) Aug
— No(ae)ur — Ny(ae)ur

+o0o
—W(ae) /0 K(S)ui(x,t — s)ds

=0. (98)

The linear solutions derived using the two methods
can still be expressed by (76) and (92), respec-
tively, since the characteristic equation (96) [or
(97)] is satisfied. We also choose ®,(0) = Hg,

Yq.;(0) = vajp;;jg (j=1,2,...,ky), and U, ,(0) =

KZ7Q(ﬁZ,kq+1’ -‘ .. ,p;7kq+nq)T, where quj = [1 +
p;,g‘Ml (ac)e™“aipg (1 iwj) + Py ;N () X
e Weipg ] and

. -1
pq,kq+1(1 + Mi(ae) + Ni(ae))Pryn,

I_):;7kq+nq (I + Ml (CEC) + Nl (Oéc>)pq7k.q+nq

under which, the two linear solutions in the center subspace are identical provided that the difference in

the notations is ignored.
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Next, we neglect the high-order terms in the expansion of parameter «, and thus the second-order
terms uo and ho in the two methods need to satisfy the following equations:

+oo
Doug + M (ac)Doug1 — K (o) Aug — No(ae)uz — Ni(oe)ug — W(ac)/ K(s)ug(z,t — s)ds
0

+o00
= f2 <u1,u171,/0 k(s)uy(x,t — s)ds),

ho(2)(0) + Myha(2)(—1) — K (o) Ahy(2)

= f2(®(0)2).

+o00
— Lc(ha(2)(0)) — VV(ozc)/O k(s)ha(z)(x,t — s)ds

The key step here is how to deal with the integral term with the distributed delay involved in the
expression on the right-hand side of the equations. Actually, under (H5), this integral with distributed
delay can be expressed, for example, using (76) in the MTS method as

+oo
/ k(s)uy(z, Ty — s)ds
0

no q

=22 fula)

g=1j=1

no q

+> > Bal2)

g=1j=1

no kqtng

Y Y Bile)

q=11=kq+1

no kq

=22 Ail)

g=1j=1

no q
+) 0 By(x)
q=1 j=1

ng kqtng

> Y Bl

g=11=kq+1

which has got rid of the integral form in the expres-
sion. Similarly, this can also be done for the CMR
method. Therefore, we can follow the procedures
used for the DDE, NFDE and PFDE systems to
obtain the same conclusion. So the detailed deriva-
tions (similar to that in the previous sections) are
omitted here. Hence, the conclusion of Theorem 5
holds, that is, the normal forms associated with
the semisimple n;-Hopf-na-zero bifurcation of (95),
derived using the MTS and CMR methods, are
identical up to third order provided that the same

Gaj(T1, Ty, ...

TlaT27 .

Goi(T1, Ty, ..

. +o0o )
Goj(T1, T2, - )pg ewq’jTO/ K(s)e T wisds
0
. +oo )
(T, T, - )P e_lwq’jTO/ k(s)elwi*ds
0
+oo
q7 TI’T2"")pq,l/ I{(S)ds
0

aiwg 10,
)Pg,j€ 7" a;

) e_iwq’jTObj

')pq7lc’

|
basis for the normal forms is chosen for the two

methods. W

Corollary 6.1. Assume (H1)-(H5) hold, and sys-
tem (95), associated with some system eigen-
functions (whose corresponding eigenvalues have
nonpositive real part), undergoes a semisimple nq-
Hopf-na-zero (ny > 1,ng > 0,n = ny +ng > 1)
bifurcation from the space homogeneous trivial equi-
librium at the critical point, o = a, (in case K = 0,
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Hypotheses (H1)—(H4) are not needed and the space
homogeneous trivial equilibrium becomes a trivial
equilibrium), at which the characteristic equation
(96) [(97) if K = 0] has ny pairs of purely imagi-
nary roots tiw; (j =1,2,...,n1) and ny zero roots,
and all other roots have megative real part. If sys-
tem (95) does not contain second-order terms, then
the normal forms associated with the semisimple n -
Hopf-ns-zero singularity, derived using the multiple
time scales and center manifold reduction methods,
are identical up to third order.

Corollary 6.2. Assume (H1)-(H5) hold, and sys-
tem (95), associated with some system eigen-
functions (whose corresponding eigenvalues have
nonpositive real part), undergoes a semisimple nq-
Hopf (n1 > 1) bifurcation from the space homo-
geneous trivial equilibrium at the critical point,
a = ag, (in case K = 0, Hypotheses (H1)—(H4)
are not needed and the space homogeneous trivial
equilibrium becomes a trivial equilibrium), and all
characteristic roots have nonpositive real part, then
the normal forms associated with the semisimple
ni-Hopf singularity, derived using the multiple time
scales and center manifold reduction methods, are

tdentical up to third order.

In many applications, the following I'-distri-
bution delay kernel is often used

S
K(s) = ﬁ"“s ¢’ , se(0,400), m=0,1,....
Two special cases, n = 0 and n = 1, are called
weak delay kernel and strong delay kernel, respec-
tively. Obviously, hypothesis (H5) holds for the
I’-distribution delay kernel. Thus, a corollary can
be directly obtained from Theorem 5 for the weak
and strong delay kernels of the I'-distribution delay
kernel, which are most interesting and very useful
in applications.

Corollary 6.3. Assume (H1)—(H4) hold and k is
the D-distribution delay kernel with either n =0
or n = 1, and system (95), associated with some
system eigenfunctions (whose corresponding eigen-
values have nonpositive real part), undergoes a
semisimple ny-Hopf-ng-zero (ng > 1,ne > 0,n =
ny + ng > 1) bifurcation from the space homo-
geneous trivial equilibrium at the critical point,
a = a., (in case K = 0, Hypotheses (H1)—(H4)
are not needed and the space homogeneous trivial
equilibrium becomes a trivial equilibrium), at which

the characteristic equation (96) [(97) if K = 0]
has ny pairs of purely imaginary roots +iw; (j =
1,2,...,n1) and ng zero roots, and all other roots
have negative real part. If one of the following con-
ditions holds:

(1) the second-order terms in the normal form
vanish at o = ag;
(2) system (95) do not contain second-order terms;

(3) ng = 0,

then the mormal forms up to third order, derived
using the multiple time scales and center manifold
reduction methods, are identical.

Proof. Here, we give a different and independent
proof, by first transforming system (95) to an equiv-
alent differential system without distributed delays,
and then directly applying Theorems 1-5.

Case 1. Weak kernel (fL = 0) ie ro(s) = Be P,
Let v(z,t) = [ u(z,t — s)ds. Then,
introducing the transformatlon t —s =5 and drop-
ping the hat, we have v(z,t) = ffoo K(t — s) x
u(z,t)ds, and thus obtain v(x,t)(t) = Pu(z,t) —
Bu(z,t). As a result, Eq. (95), corresponding to the
weak delay kernel, is equivalent to the following
differential system without distributed delays,

gt[ (x,t) + Myu(z,t —1)]

= K(o)Au(z,t) + No(a)u(w,t)
+ N (@u(z,t — 1)+ W(a)(a,t) (99
+ F(i, ) + G(, 4, ),

b(t) = Bu(t) — Bu(?),

where @ denotes u(z,t), u(z,t — 1) and v(z,t).

Case 2. Strong kernel (n = 1) ie. /@1( ) [2ses.
Similarly, let vy (x,t) fo u(z,t—s)ds =
ffoo k(t — s)u(z,t)ds and wvy(z, t f B? x

e PU=5)y(x, t)ds. Then, we obtain vl(a:,t) = vy(z,
t) — Buy(x,t) and vo(z,t) = Bu(z,t) — Buo(x,t),
under which Eq. (95), corresponding to the strong
delay kernel, is equivalent to the following differen-
tial system without distributed delays,

x,t) + Myu(z,t — 1))

0
at[ u
= K(a)Au(z,t) + No(a)u(z,t)
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+ Ni(a)u(z,t — 1) + W(a)vy(z, t)
+ F(@,a) + G (i, 4, a),
01(x,t) = va(x, t) — Poi(x,t),

vo(z,t) = B2u(z,t) — fua(z, t),
(100)

where 4 denotes wu(z,t), u(x,t — 1), vi(z,t) and
va(x,t).

Now we directly apply Theorems 1-5 to sys-
tems (99) and (100), which only contain discrete
delays, to complete the proof. B

7. Applications

In this section, we present a number of practical
examples to demonstrate the application of the the-
oretical results obtained in previous sections. For
the ODE systems, there are many articles in the lit-
erature which compare the MTS method with the
CMR method in computing normal forms (e.g. see
[Han & Yu, 2012]). In the following subsections, dif-
ferent types of differential equations (including the
DDE, NFDE and PFDE systems) with single delay,
multiple delays, or distributed delays are given to
show how the MTS and CMR methods are used
to derive the normal forms for a given system when
either no delay is treated as perturbation parameter
or at least one of the delays is chosen as a pertur-
bation parameter.

7.1. Single delay: The van der
Pol-Duffing equation

First, consider the van der Pol-Duffing equation
with a nonlinear damping [Wei & Jiang, 2005]:

Fte(@®—Di+az=f(z), (¢>0), (101)

where the forcing function f is a delayed feedback
of position x. For different f, the equilibrium at the
origin may exhibit a diversity of bifurcations, such
as Hopf bifurcation [Wei & Jiang, 2005], Hopf-zero
bifurcation [Wang & Jiang, 2010], and double-Hopf
bifurcation [Ma et al., 2008; Ding et al., 2013a].
For these three types of bifurcations, we use Theo-
rem 2 (or Corollaries 2.1 or 2.2) and the formulas
obtained in Sec. 3 to show the equivalence of normal
forms derived by using the MTS and CMR meth-
ods. Note that for this example, both the MTS and
CMR methods are applicable.

Equivalence of the MTS Method and CMR Method
7.1.1. Case 1: Hopf bifurcation
(n1 = 1, ng = 0)

With f = eka(t — 7) [Wei & Jiang, 2005], system
(101) does not contain quadratic terms. Suppose the
system undergoes a Hopf bifurcation from the triv-
ial equilibrium at the critical point, 7 = 7. = Tji.
The system formulation and the derivation for the
critical time delays T;-t (j=0,1,2,...) can be found
in [Wei & Jiang, 2005], and thus the detailed linear
analysis is omitted here.

First, we assume that (101) undergoes a Hopf
bifurcation at the critical point 7 = 7., and that
the characteristic equation of the linearized part
of (101) has a pair of purely imaginary roots +iw,
and the remaining roots have negative real part. We
take perturbation as 7 = 7. + e7.. Let £ = y, and
rescale the time delay by ¢ +— ¢/7. Then, (101) can
be rewritten as

T =TY,
(102)
§ = —1x+ckra(t —1) —er(2® — 1)y.

According to the MTS method, we have
0 1 0 0
N() =T y N1 =T
-1 « ek 0

€+ iw

1 . €+ 2iw
pP1 = . ) P =
iw 1

76+21w

and

The linear solution of (102) can be expressed in the
form of

Uy = GpleiwrcTo + az—)lefinCTO.
By Eq. (32), we obtain

(14 w? — cke™w)r.G
€ — 2iw — Teke~iwTe

DG =

Thus, the particular solution of Eq. (29) is ug = 0.
Then, by Eq. (35) we have

TiweG2G

€ — 2iw — T.eke~iwre”

DoG =

Therefore, it follows from Eq. (36) that the nor-
mal form of Hopf bifurcation derived by the MTS
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method is

(14 w? — gke™ ) 7. G
€ — 2w — T.ekeiwTe

G =

TiweG2G

€ — 2iw — T.eke wTe

(103)

Next, for the CMR method we choose

B eiuJTCB efinCO
(I)((Q) - iweiuﬁcg _iweiuﬂc@] and
_d<6 o iw>e7iw7'cs _de*iWTcS
U(s)=| _ . _
I d<6 + iw>e1w7'cs —dewTes

where d = (¢ — 2iw — T.eke™*“7)~1. Then, by using

the Egs. (40)—(44), we obtain the same normal form
(103) associated with the Hopf bifurcation.

7.1.2. Case 2: Hopf-zero bifurcation
(’I’Ll = Ng = 1)
Assume f(z) = eg(z(t — 7)) [Wang & Jiang, 2010],
where g € C? is an odd function, satisfying
9(0) =g"(0) =0, 4'(0)=Fk#0,
9" (0) = 6b # 0,

showing that system (101) does not contain
quadratic terms. When the parameters satisfy

1
k==,
£
1
———[m — arcsin(e /2 — €2)],
V2 — g2
for0<e <1,
T=17=

1
————arcsin(ey/2 — €2),
V2 —g?

for1§5<\/§,

\

the characteristic equation of system (101) with
f(z) = eg(z(t — 7)) has a single zero and a pair
of purely imaginary roots #iwy with wy = v2 — &2,
with the remaining roots having negative real part
(see [Wang & Jiang, 2010]). Again, let & = y, and
rescale the time delay by ¢ +— t/7. Then, with
f(z) =eg(z(t — 7)), Eq. (101) becomes

&= Ty(t),

y = —1a(t) +er(kx(t —1) + bzt — 1))  (104)

—er(a(t) — Dy(t) + -+

Similarly, for the MTS method, we choose

1 1
p1 = iwo’ P2 = o)’

€ + 1wy
e+ 2iw0
1 _

e+ ino

Thus, the linear solution of system (104) can be
expressed in the form of

uy = Gip1e°™7 4 Gipre 070 4 Gop,.

It then follows from the Egs. (32), (35) and (36)
that the normal form of system (104) associated
with the Hopf-zero bifurcation, obtained using the
MTS method, is given by

G’l = ’I’TL(iS + 2&)0)&)0#2G1

— meTtpe” 0 u1 Gy

—iwoTo

— meTo(be — iwp)

_ 1
(G124 G2C) 4., 109

X (G% + 6G2G16’1) + - 5

where m = (& — 2iwg — 70e~“7) "1, which is identi-
cal to that derived by using the CMR method (see
[Wang & Jiang, 2010]).

7.1.3. Case 3: Double Hopf bifurcation
(n1 = 2, no = 0)

A modified system of (101), given by
#(t) + wiz(t) — [b—y2® (O))a(t) + B’ (1)
= Alx(t — 1) — z(t)], (106)

which again does not contain quadratic terms, has
been considered by Ding et al. [2013a] to show that
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Eq. (106) may undergo a nonresonant double Hopf bifurcation at the critical point: (A, 7) = (A¢, 7¢), where
T, is given by

Tc:ng):Tél)a l,j=0,1,2,...,

with

1 [ w? — w?

— |arccos | 14+ 22 “L2 ) 4 2jm |, for A. > 0,

) wi,2 | Ac
Tl]’2 - r 2 2

1 W — Wi .

— |27 —arccos| 1 + ———= | + 247w |, for A. <0,

wi,2 | Ac

where 7 =0,1,2,..., and

\/2Ac +2w2 — b2 £ /(b2 — 2w2 — 2A.)? — 4(w] + 24.w3)
w12 = )
’ 2

and the corresponding A. is then determined by |

D=0 i=01,2,.... and
We assume that system (106) undergoes a non- 1 1
resonant double-Hopf bifurcation at the critical p1 = ( ) . po= ( ) ,
point: (A4, 7) = (A, 7c), and the characteristic equa- Wy W2
tion of the linearized system of (106) has two pairs
of purely imaginary roots +iw; and +iws, with the b+ iw b+ iwp
remaining roots having negative real part. We take . b+ 2iwq . b + 2iwo
perturbations as (A, 7) = (A., 7.) + €(Ae, 7). Intro- p1= 1 v P2 = 1
;lue%r;g & = y and rescaling ¢t — /7 into Eq. (106) T T i,
i =Ty(t), The linear solution of system (107) can be expressed

Yy =bry(t) — ngx(t) + Arjz(t —1) —z(t)] (107)

— )y (t) — Bra’(t).
With the MTS method, we have

0 1
fw%fA b

Uy = GlplelwlTCTo + Glpleflwlcho
+ GzpzeinTCTo + a2p2e—iw2frcT0.

By using the formulas (32), (35) and (36), we obtain
the normal form of Eq. (106) by using the MTS
method, associated with the double Hopf bifurca-
tion, as

0 0

No=7
0 A 0

’ Ny =71 )

Gi = —g1 AT (e — )Gy + g1[w? + Wi — A(e7 — 1)]7.Gy

+ g17(iwry 4 38)G3G + 2917 (w1 + 38)G1G2Gy + -+ -, o
108
Ga = —goAct(e7927 — 1)Gy + golws + wi — Ac(e72™ — 1)]7.Go

+ gae(iwey + 38)G3G: + 2g27.(iway + 38)G1G1G2 + -+ -,

where g; = (b — 2iw; — Acree @iT) 7L j=1,2.
Next, for the CMR method we choose

eiwch9 e—iwlrce eiWQTce e—iwzrce

o(0) =

iwlelwlfcﬁ _iwleflwlTCH iw2elw2ﬂ;9 —i(,UQeMQTCO
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and
_91(17 1w1)6 wires g emionTes |
92(5 IMQ)Q_MTCS —goe T 1W2Tes
G2(b + iwg)el?es  —goelaTes

where g; = (b — 2iw; — Actee @iT)7h = 1,2,

Then, applying the formulas (40)—(44) yields the
same normal form given in (108). The detailed
derivation for the normal form by using the CMR
method can be found in [Ding et al., 2013al.

7.2. Multiple delays: A recurrent
neural network model

In this subsection, we consider a recurrent neu-
ral network model with four time delays and use
the MTS method to find the normal form of this
model [Ding et al., 2013c|]. The MTS method can
be directly extended to consider such cases, while
the CMR method has difficulty to deal with if at
least one of the delays is treated as a perturbation
parameter. This model is described by the following
DDEs:

£1(t) = —z1(t) + f(@2(t — 72)),
:L'g(t) = —$2(t) + u(t),
:L'3<t> = —$3(t) + af($1<t — T1>) (109)

y(t) = flas(t — 7)),

where z;(¢) (i = 1,2,3) is the state of the ith neu-
ron, ¢ and b are the connection weights, %]’-s (j =
1,2,3,4) are non-negative time delays. Here, u(t) =
y(t), u(t) is the input, and y(¢) the output. The trig-
gering nonlinear function of the neurons takes the
hyperbolic tangent function, i.e. f(-) = tanh(-).

For simplicity, let uq(t) = z1(t), ua(t) = zo(t —
To) and ug(t) = x3(t — T2 — 74). Then, system (109)
can be transformed into the following equations
with only two delays:

iy (1) = —ua(t) + f(ua(t)),
ta(t) = —ua(t) + f(us(t)),
u3(t) = —us(t) + af (ur (t — 71))
+ bf (ua(t — 72)),

where 7 =71 + 7o + T4 and 75 = T3 + T4.

(110)

Under certain conditions, system (110) may
exhibit different types of bifurcations, such as
fixed point bifurcation, Hopf bifurcation, Hopf-zero
bifurcation, and nonresonant and resonant double-
Hopf bifurcations. Here, we consider Hopf-zero and
double-Hopf bifurcations, and take at least one of
the delays as perturbation parameter. Thus, the
CMR method cannot be applied here. For our pur-
pose, we will omit the detailed linear analysis, but
focus on the normal form derivation by using the
MTS method.

The Taylor expansion of Eq. (110) truncated at
the cubic order terms is as follows:

u(t) = N()u(t) =+ Nlu(t — 7'1) =+ N2u<t — TQ)

+ f(u(t),u(t — 1), u(t — 1)), (111)
where
uy (t) -1 1 0]
u(t) = u2(t)) , No=1| 0 -1 ,

us(t) 0 0 -1

0 0 O 0 0]

Ni=al|0 0 0], No=b|0 0 O
100 10

1
*gug(t)
1 3
= _—— t ;
3“3(>
b
—%u:{’(t — 7'1) — gug’(t — 7'2)

which does not contain quadratic terms.

7.2.1. Case 1: Hopf-zero bifurcation

(n1 = No = 1)

We treat the connection weight a and the time delay
T as two bifurcation parameters. Suppose system
(110) undergoes a Hopf-zero bifurcation from the
trivial equilibrium at the critical point: (a,m72) =
(ac, Toc), and the characteristic equation of the lin-
earized system, u(t) = Le(u(t), u(t — 1), u(t — 12¢)),
has a pair of purely imaginary roots +iw and a zero
root, and other roots have negative real part. By
a simple calculation, we obtain the eigenfunctions
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at the critical point, associated with the Hopf-zero
bifurcation, as follows:

p1=(L1+iw, (1 +iw)*)T,
P2 = (1a ]-7 1)T7

. a e (1-— iw)2
P = 2<1 _ iw)3 + aceiwn ’ 2<1 _ iw)3 + aceiwﬁ )

1—iw T
2(1 —iw)3 + acevn ) 7

Equivalence of the MTS Method and CMR Method

The linear solution of system (110), associated with
the Hopf-zero bifurcation, can be expressed as

Uy = GlpleiWTO + alﬁle_i‘ﬂb + Ggpg, (113)

where p;, j = 1,2, are given in Eq. (112).

By using the MTS method, we obtain the fol-
lowing normal form up to third-order terms asso-
ciated with the Hopf-zero critical point: (a,72) =
(ac; 7_2c>7

G = 0,G1 + 0,G2G 1 + 03G1G2 + - - -,

T
p§:< e 1 L > , , B (114)
ac+2 ac+2" ac+2 Gy = 64G2 + 05G3 + 66G1G1G2 + - -,
112
( )I where
5 — (1 +iw)e g, —i(1 + iw)2brgcwe ~WT2e
T 214 1w) + ace 9T + agrie 9 (1 + iw) + brgce wme (1 + iw)?’
5 (14 iw)?(1 —iw) + (1 +iw)®(1 —iw)? + ace™ T (1 + iw)
27 214 iw)? £ ace T + agrre 9 (1 4 iw) + brace—wme (1 + jw)2’
5o 200 (1 +iw)e™ T + (1 4 iw)* + b(1 + iw)2eiwrze
K 2(1 4 iw)3 + ace ™ + q.me W (1 + iw) + broce w26 (1 + w)?’ (115)
Qe
64 = ’
ac+ 2+ acti + broe
2a.+1+0b
55 = - ’
3(ac + 2+ acm + brac)
5 20ac(l+w?) + (1 +w?)? +ac +b(1 +w?)]
0 (e + 2+ aeTy + brog ’
in which a. = a — a¢, T = 79 — Toc. I
pj = (1,1 +iw;, (1 +iw;)*)7T,
7.2.2. Case 2: Nonresonant double-Hopf Pt = < ae'wime
bifurcation (ny = 2,1y = 0) J 2(1 — iw;)3 + aewimie’
Next, we consider a double-Hopf bifurcation and (1 — iw;)? (116)

treat both time delays 71 and 75 as bifurcation
parameters. Suppose system (110) undergoes a non-
resonant double-Hopf bifurcation from the trivial
equilibrium at the critical point: (71, 72) = (T1¢, T2¢),
and the characteristic equation of the linearized
system, @(t) = Lc(u(t),u(t — 11¢),u(t — 72.)), has
two pairs of purely imaginary roots +iw; and +iws,
with the ratio Zj—; being an irrational number, and
other roots have negative real part. With a sim-
ple calculation, we obtain the eigenfunctions associ-
ated with the nonresonant double-Hopf bifurcation
as follows:

2(1 — iw;)? + aelwime’

1 —iw; R
21— iw;)® +aowme ) T 0%

The linear solution of system (110), associated with
the nonresonant double-Hopf bifurcation, can be
written in the form of

uy = Gypret 70 4+ Gypre wrto

+ Gzpzeiw2T0 + azﬁze_iszo, (117)

1450003-37



Int. J. Bifurcation Chaos 2014.24. Downloaded from www.worldscientific.com
by CITY UNIVERSITY OF HONG KONG on 02/19/14. For persona use only.

P. Yu et al.

where pj, j = 1,2, are given in Eq. (116). Then, the normal form up to cubic order, associated with the

nonresonant double-Hopf bifurcation, is given by

G’l =01G1 + 53G§@1 -+ (55G1G2(_;'2 + - Gz = 0yG9 + (546%(_;2 + (56G1(_;'1G2 + - (118)
where
5. — iw; (1 + iw;)e “iTeary, +i(1 + iw; ) ?broew,e " wiTe 19
J 2(1 +iwj)3+aefiwj7’1c +aTlcefiquT1c( +1wj) +b7’2¢e MJTQC(lﬁLle) J =14
e (1 +iw)* (1 + w?) (2 + w?) + a(1 + iwy e w17t
7T 21 + iw1)? + ae 9iTie 4 arye 9T (1 + iwy ) + brace— @172e (1 + iwy )2
5 — (1+iw2)4(1+w%)(2+w%) +a(l +iwg)e —iwaTie (119)
4 2(1 + iwe)3 + ae~w2Tie 4 Ty e W2Tie (1 4 iwg) + brpee™W2T2e (1 + iws )2’
P 2(1 4 iw1 ) (1 + w3)(2 + w2) + 2a(1 + iwy e~ wi1me
T 21+ iw1)? + ae @imie 4 a7y @i (1 + iwy ) + brace @1m2e (1 + iwy )2
5e — 2(1 4+ iw2) (1 + w?)(2 + w?) + 2a(1 + iwg)e~w2Tte
07 T2(1 F iwe)3 + ae—@2e £ ary e 92Tie (1 + iwg) + brace 272 (1 + iws)2’
with 7je = 75 — 7je, j = 1,2.
Ul = G eion() +é’ = e—iono
7.2.3. Case 3: 1:3 resonant double-Hopf ! P . ﬂf ‘
bifurcation (ny = 2,n9 = 0) + Gopae®0T0 4 Gaypoe™0T0 - (120)

Now, for system (110), we consider a 1:3 resonant
double-Hopf bifurcation and again treat the time
delays 7 and 7 as two bifurcation parameters.
Suppose system (110) undergoes a resonant double-
Hopf bifurcation from the trivial equilibrium at
the critical point: (71,72) = (Tic,T2¢), and the
characteristic equation of the linearized system,
U(t) = Le(u(t), u(t — 71c), u(t — 72¢)), has two pairs

where p;, j = 1,2, are given in Eq. (116) with
w1 = wgy and wy = 3wy.

By using the MTS method, we obtain the nor-
mal form up to cubic order, associated with the 1:3
resonant double-Hopf bifurcation, given by

G1 = 61G1 + 02,G3G + 63G1GoG

=2
of purely imaginary roots #iw; and iws, with GGty (121)
:’)—; = %, an.d other r09ts have negative real parF. Gy = 865Gy + (56G§(_}'2 4 6:G1C1G
Then, the linear solution of system (110), associ-
ated with the 1:3 resonant double Hopf bifurcation, + 58(;'? +
can be expressed as
| where
5 = i(,U()(l -+ iw0> 7iw0nca7'1 + i( -+ iwo)Qngewoe*iw(’”C
L= 2(1 + iwg)? 4+ ae~woTie 4 g7y e~ woTie(1 4 iwg) + broce™wWom2e (1 4 iwg)?’
5 — _ (1 4+ iwo) (1 + w3)(2 + wd) + a(l + iwg)ewoTte
2 2(1 + iwg)? 4 ae™woTie 4 Ty e~ WoTie (1 4 1w0) + broce™iw0m2e (1 4 iwg)?’
be = 2(1 + iwo) (1 + 9w) (2 + 9w?) + 2a(1 + iwg)ewome
57 (1 Fiwg)3 4 ae i 0ie + e 90mie (1 + iwg) + brace 0™ (1 + iwg)2’
5 (1 — iwo)?(1 + 3iwg ) (1 + iwp)? + (1 + iwp)?(1 — iwg)*(1 + 3iwg)? + a(1 + iwg)e~woTte
4= — ’

2(1 + iwp)? + ae™woTie 4 a7y e~ W0Tie (1 4 iwg) + bTace™WoT2e (1 + iwg)?
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Biwo (1 + Biwg e H0 e ary + 3i(1 + Biwy) 2brycwoe*w0me

b5 = — . . .
> 7 T 2(1 + 3iwg)? + ae30Tie + a7y e 307ie (1 4 3iwg) + brace 39072 (1 + 3iwg )2’
5 — — (1 + 3iwo)*(1 4+ 9w3) (2 + 9w3) + a(1 + Jiwg)e SiwoTe
2(1 + 3iwg)? + ae~3iwomie 4 a7y e~ 31w0Te (1 + Biwg) + broce31wom2e (1 + Jiwg)?’
5 — 2(1 + 3iwg) (1 + w3)(2 + w3) + 2a(1 + Ziwg)e3woTie
2(1 + 3iwg)? 4 ae=3iwomie 4+ a7y e731w0T1e (1 + Biwg) + broce31w0m2e (1 + iwg)?’
5 — — (1 4 iwo)3(1 + 3iwg)® + (1 + 3iwg)?(1 + iwg)® + a(1 + 3iwg)e3woTe

3[2(1 + 3iwg)? + ae3iwomie + g7y e ~31w0T1e (1 4 Biwg) + broce31w072¢ (1 + 3iwg)?]’
(122)

in which 75 = 7 — 75, j = 1,2.

7.3. An NFDE example

In this subsection, we consider a container crane model with a delayed position feedback [Ding et al.,
2013b] to illustrate the application of Theorem 3 (or Corollary 3.1 or 3.2). The equation of the model is
described by

o(t) + ar1o(t) + 2ud(t) + ko(t — 7)
= —cazd®(t) — easd(t)P?(t) — caud® (L) (t) — ekp(t — 1) (t — 7)

— eka5¢2é(t —7)— %ek(bQ(t — 7)ot — 1), (123)

where ¢ is the oscillating angle, 7 the time delay, 4 the inherent damping coefficient, k = —%, in which

k is the feedback gain (here, we also call k the feedback gain), € is a small dimensionless parameter and
as (i =1,3,4,5) are known constants, given by

o 9% e - Ao0s oy = GAF96(b—aR)ds 34
T —aR)?2 TP T b—aR)?2 ' T 1602(b—aR)? 0 b—aR’
with
d—c 1 N 2 2 2 2
a= , b= L271a202, &1 = 4b" 4+ 4a*bR + a*(1 + a)c?,
C

160" + 16a2(8 + 12a + 3a®)b° R + 4a2(2 + 14a + 1542 + 3a*)b*c? + 3a*(1 + a)?c
a3 = ’
96b°

4b% + 4a(2 + 3a)bR + 3a%(1 + a)c?
8b '
It is seen that system (123) has cubic nonlinearity.
Let ¢(t) = v1(t) and ¢(t) = va(t). Then, rescale v; — v;/v/€ (i = 1,2) and t — ¢/7, and thus system
(123) can be rewritten in the form of (53) with

<v1(t)> <0 0) ( 0 1 ) <0 0)
ut): y Mlz 5 NO:TC ’ le )
va(t) 0 k —a1 =24 0 0

0
Flw) =7 <0<30?(t) — a1 (t)v3(t) — kvi (t — 1)v3(t — 1)> ’

G5 =
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G(ug,u(t —1),u(t),u(t — 1)) =

foz4v%(t)i)2 (t) —

By a simple linear analysis, we can show that when
1 — k% > 0, ap — 4% > 0, system (123) may
undergo a double Hopf bifurcation at the critical
point: (k,7) = (ke, 7c), where 7, is given by

Te=Ty =Ty, L,7=0,1,...,
with
1| o — w?
—— |arccos 17212 + 297,
w1,2 k‘cwl,z
for k. < 0,
) _ ot
1,2 _
1 ar —wi,
— |2(y + 1)m — arccos| ———— | |,
wiz | A < kew?
for k.p > 0,

where j =0,1,..., and

a1 — 2p2 £ /At + aFk2 — daq p?
wi1,2 = B) )
1— k2
and k. is then determined from ng) = Tél), l,j =

0,1,....
We assume that system (123) undergoes a

kv (£)o(t — 1) — %m?(t )it — 1)
(124)

equation of the linearized system of (123) has two
pairs of purely imaginary roots +iw; and +iws, with
the remaining roots having negative real part. We
take perturbations as (k,7) = (k¢,7c) + €(ke, Te).
Then, with the MTS method, by a simple calcula-
tion, we have

pj = (Liw))",

) T
* aq IWj .
.= 5 :].,2.
P; <a1+w?’a1+w?> J

The linear solution of system (53), with M,
Ny and Nj given in Eq. (124), associated with
the nonresonant double-Hopf bifurcation, can be
expressed as

(125)

uy = GlplelwlTCTo + Glpleflwlcho
iwo T T A = —iwa T T
+ Gap2e™27e70 + Gapae™ 2770,

where p;, j = 1,2 are given in Eq. (124). Then,
by the MTS method, the normal form up to cubic
order is given by

G1 = $1Gy + PLG3G1 + P,G1G2Gy + - - -,
Ga = oGy + P3G3Gy + PyG1G1Go + - - -,

nonresonant double-Hopf bifurcation at the criti- (126)
cal point: (k,7) = (k¢,7.), and the characteristic
| where
5 — 2(iwja1 — w?#)Te — iW?Tce_iijc k. 1
J a +w§ +w§kcefiwj'7’c o iw?chcefiijC7 J=14
P—_ w170 (2917wl ks — 6ag + dwiay + e 1wk, + de 1T w2 kL ary)
2(a1 + w? + wikee 17 — jwIk T emiW1Te) ’
Py w7 [4keasws 2 cos(wate) + ek + 204w3 — 6ag + 2wiay + 2T W1 Tewlk 045] (127)
a1 + wl + wzk e iwiTe 1w§’k‘c7'ce lwiTe
Py= iwo T (20927 w2k s — 6z + dw3ay + e 2wk, + de V2T w2 kary)
2(ay + w3 + wikee 2T — jwk T emiwTe) ’
P IWQTC[4]€ asw? cos(wiTe) + e 792wk + 204w3 — Bag + 2w3ay + 2792wk 045]
4 p—

a1 + w3 + wikee w2 — w3k, T e IwaTe
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Next, for the CMR method, we choose

iwq Tl

[§] e

@(0> - iwq Tl

iwie —iwie

and

dl elW1Tes

d2 elw2Tes

(&5}
ai +w]2. +w]2. kee 93T fiwg? keTee

where d; = —o J

—iwy Tl

—iwy Tl

i iwidy
dle iwiTes e wiTes

. iwads e*iU}QTCS

d2671w27'cs

=1,2.

Equivalence of the MTS Method and CMR Method

eiwzfca efiu)gTCO

iwo T —iwoTe0

iwge —iwge

(€51
lwidy w1 Tes
—e

g

aq

iwady elw2Tes
aq

We also use the same bifurcation parameters given by (k,7) = (kc, 7c) + (ke, 7e), where k. and 7. are

perturbation parameters, and denote ¢ = (k., 7). Thus, F(wy,¢) in Eq. (64) becomes

TeU9 (t)

F(wy,e) = (

0
+

Let © = (x1,%1,22,T2). Then, substituting w; =
®x+y; into U(0)F(wy, €), and noting that Tm(M})°
is spanned by kcxie1, Texier, keTies, T2, kexoes,
Teroes, keToey, TeIzeq, and Im(M3)¢ spanned
by .73%.%161, Tr1T2T2€1, .731.%%62, T1x2T2€9, .73%5‘263,
Tr1T1x92€3, :L'gf%&;, r1T1Toe4, Where e; (Z =1,2, 3,4)
is the 7th unit vector, we obtain the same nor-
mal form (by neglecting the difference in notations)
given in Eq. (126) for the NFDE (123), associated
with the nonresonant double-Hopf bifurcation.

7.4. Examples for the PFDE
system

In this subsection, we use two simple examples with
different boundary conditions to illustrate the appli-
cation of Theorem 4 (or Corollary 4.2).

7.4.1.

Hutchinson equation with
Neumann boundary condition

The first example is the Hutchinson equation
with Neumann boundary condition [Faria, 2000],

0
—aTevr(t) — 2/1,T€v2(t)> " <—(7‘c + 7o) [azvi(t) + agv (H)v3(t) + (ke + kv (t — 1)vi(t — 1)])

— a3 (t) iy (t) — [ke + (ke + ko)asvi(t) + %(kc + kv (t —1)| 0ot — 1)

given by
ou(z,t)  0%u(,t)
at - d 8.§U2 - au([]}, t - 1)[1 + u(xﬂ t)]?
t>0, ze€(0,m),
ou(x,t) B
T = 0, Tr = 0, ™,
(128)

where d and a are positive parameters. By lineariz-
ing system (128) at the equilibrium u = 0, we obtain
the characteristic equations

Aae ™ +dk?> =0, k=0,1,2,.... (129)

It is easy to show that when a < 7, all roots of

the equations in (129) have negative real part, so
the zero solution is asymptotically stable. When
a = a, = %, the equation in (129) with k& = 0 has a
unique pair of purely imaginary roots Fiwg = +7i,
and all the other solutions of the equations in (129)
have negative real part. Assume that the equa-
tion in (129) with £ = 0 has a pair of solutions,
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Mae) and M(a.) at the critical point, a = a.
Then, Re N (a.) > 0, and a Hopf bifurcation (i.e.
ny = 1, ng = 0) occurs at a = a.. Note that system
(128) has quadratic nonlinearity, and thus Corol-
lary 4.2 can be applied here, while Corollary 4.1 is
not applicable for this case. Theorem 4 can also be
applied here since normal form of Hopf bifurcation
does not have even order terms.

To study the qualitative behavior of system
(128) near the critical point: a. = 7, with the MTS
method, we take perturbation as a = a. + €a.. Note
that system (128) can be written in the form of (71)
with

K:d, N(]:O, lefa and

F(uy) = —au(z,t — Du(x,t).

By using the MTS method, from the e!-order
LDE, we obtain

Dou; — d Auy + acuyl = 0, (130)

where w11 = wy(z,Ty — 1,T1,...). Thus, the solu-
tion of Eq. (130), associated with the Hopf bifurca-
tion, can be expressed as

i (z,t) = Bo(x)Go(Th, Ty, . ..)e 0™
+ Bo(2)Go(Ty, Ty, .. .)e “0To (131)
where (y(z) = cos(kz)|k=o = 1.
Next, for the e?-order LDE, we have
Doug — d Aug + acusg 1
= —Dyuy + acDiur 1 — acuqury — acury,  (132)

where ug 1 = ua(x, To—1,T1, .. .). Substituting solu-
tion (131) into Eq. (132) and using the formulas in
Eq. (78), we obtain

aeGO

G, — elwo

(271’ — 4i)a€G0

DGy =
10 4+ 72

)

™
wo=ac=7%5

(133)

which shows that D1Gpla,—0 = 0, as expected.
Then, solving the resulting differential equation
yields the particular solution of us as

_ 20Ty
ug = Z[nk,l + g1+ N 2€74070
k>0

+ g g0 20 T0] By (1),

Note that (8o0k, Bo) = 0, Yk > 1. Thus, we obtain

0,1 = —efleG()Go’wO:g = iGoGQ,

age”wo G’%

2iwg + a.e~2iwo

- 2
miG§

omi— 7

To,2 =

wo:ac:g
Hence, using the formulas in Eq. (80) yields

_ac(672iu}0 + eiwo )CQC_;'()

1 — a.e~iwo

D2Go =

™
wo=ac=75

. 2_
_ 7T.(1 + 1)G0G0 ‘ (134>
(2i — 1)(2 4 7i)
Finally, it follows from Eq. (81) that the normal
form of the Hopf bifurcation, near the critical point:
a. = %, derived using the MTS method for the
PFDE system (128) is

(2m — 4i)aGo
4+ 72

7(14+1)G2Go
(21 —1)(2 + 7i)

Go =
(135)

In order to compare this result with that given by
Faria [2000], we introduce the scaling x — x//7 to
Eq. (135), together with Gy = pel¢+3) | to obtain
the following system in polar coordinates:

:4+7T2a6:0+ )p

p 5(4 + 2

+0(aZp+|(p,ac)),

E= T4 0((p.al)).

which is identical to that derived by using the CMR
method (see Eq. (5.10) in [Faria, 2000]).

7.4.2.  Hutchinson equation with Dirichlet
boundary condition

The second example is a scalar PFDE with Dirichlet
boundary condition [Faria, 2000], described by
ou(z,t)  O*u(w,t)
o 0x?

+ u(x,t)

t>0, ze(0,m),
u(z,t) =0, z=0,m, t>0,

where a is a positive parameter. In space X, the
sequence of eigenvalues of A is {—k? ,j:i, with
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normalized eigenfunctions [ (z) = \/g sin kx. By
linearizing system (136) at the equilibrium u = 0,

we obtain the characteristic equations,

Aae ™ +k2—-1=0, k=1,2,.... (137)
It is easy to show that when 0 < a < 7, all roots
of the equations in (137) have negative real part,
so the zero solution is asymptotically stable. When
a = a, = %, the equation in (137) with k£ = 1 has a
unique pair of purely imaginary roots +iw; = 471,
and all the solutions of the remaining equations
in (137) have negative real part. Assume that the
equation in (137) with & = 1 has a pair of solu-
tions, A(a.) and A(a.) at the critical point, a = a..
Then, Re N (a.) > 0, and a Hopf bifurcation (i.e.
ny = 1, ng = 0) occurs at a = a.. Thus, Corollary
4.2 can be again applied for this example.

To study the qualitative behavior of system
(136) near the critical point: a. = 7, with the MTS
method, we take perturbation as a = a. + €a.. Sys-
tem (136) can be written in the form of (71) with
= —a and

K=1,
F(uy) =

No=1, N,
,t— Du(x,t).

By using the MTS method, we obtain the €!-
order LDE as

—au(z

Douy — Auyp — uqg + Acly ] = 0, (138)

where w11 = uy(z, Ty — 1,17, ...). The solution of
Eq. (138), associated with the Hopf bifurcation, can
be written in the form of

ui(z,t) = By(2)G1(T, T, ... ) 70
+ Br(2)G1 (T, Ty, .. Je 170 (139)
where (31 (z) = sin(kz)|x=1 = sin(z).
Next, for the e?-order LDE, we have
Doug — Aug — ug + acuz 1
= —Dyuy +acDiui 1 — acuiug g
— Qeln,1, (140)

where ug 1 = ua(x, To—1,T1, .. .). Substituting solu-
tion (139) into Eq. (140) and using the formulas in
Eq. (78), we obtain

(2w 41)a6G1

D:Gy = =

(141)

Equivalence of the MTS Method and CMR Method

Then, solving the resulting differential equation
yields the particular solution of us as

_ %o T,
ug = Z[Uk,l + Tg,1 A+ N 274070
k>1

+ Tk 06~ 29070 By (2).
Noticing that
cr = BBk, Br)

0, for k even,

= 9\ 3/2 4 (142)
—| = ———— for k odd
(w) B2 —a) 0T
where k£ > 1, we have
mi
ug = Z C]f?
k>1
G2e2iwn To G2e—2iwiTo

X

kz—l—gJﬂri k271—gf7ri

Further, applying the formulas in Eq. (80) results

in
_7('2 E Ck (

(1+41)
—1—§+7ri> <1+§i>

(143)

D.G, =

k>1

X G%CY 1-

Finally, it follows from Eq. (81) that the normal

form of Hopf bifurcation derived using the MTS

method, near the critical point: a. = 7, for the
PFDE system (136) is

G - (2m — 4i)a.Gy

4 + 72
(1+1)G2G
+ Wgzck‘ +1) 1 T
= (RS m) (14 5)
+ e (144)

For a comparison with Faria’s result, let G =
pel€+21) which transforms (144) to

2T

Tt

p=

+0(alp+ |(p,ac)"), (145)

£=-Z+0((p,a)),
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where
2

x_ T 2
K= 4+ 7?2 chAk’
k>1

with

W DED) (-]

(g)
System (145) is identical to that obtained by Faria
[2000] using the CMR method (see Eq. (5.26) in
[Faria, 2000]). Comparing the above procedure with
that given in [Faria, 2000] shows that the MTS
method is simpler than the CMR method.

7.5. An example of DDE with
distributed delays

Finally, in this subsection, we consider the van der
Pol equation with continuously distributed delay
[Liao et al., 2003],

i () = /0 T e(P)ualt — T)dr
_f < /O T e (t T)d7> . (146)

+00
() = — /0 k(s (t — 7)dr,

where f(u) = au + bu®. The weight function
k(s) is a non-negative bounded function defined
on [0,4o00) that describes the influence of the past
states on the current dynamics. It is assumed in
this model that the presence of the continuous
time delay does not affect the equilibrium val-
ues. Therefore, we normalize the kernel to satisfy
+00
o HK(s)ds=1.

Here, as a demonstration, we choose k(s) as a
I'-distribution delay kernel, and only consider the
case of weak kernel,

r(s) = e, B >0, (147)

since the case of strong kernel can be treated
similarly.
The characteristic equation of the linearized
system of (146) is
M 4260+ 3(B+a))? + 82 =0.

By a simple analysis, assuming 0 < a < 2, we can
show that when 6 = (3, = 45{‘;2, Eq. (148) has a pair

(148)

of purely imaginary roots +iwy with wy = 4/ %a,

and so system (146) undergoes a Hopf bifurcation
at the critical point: § = (..

In the following, we compute the normal form of
system (146) by directly applying the MTS method
to this system without transforming it to a differen-
tial system having no distributed delays. First, by
a simple calculation, we obtain

1 1
p1 = _ /Bc ) pT = _ /Bcd() y
iwo (Be 4 iwo) iwo (B — iwo)
where
2
dO == 1 - ﬂc . 9 - aﬂ?
1wo (Bc + 1w0) ﬁc + 1wo
32 32

+ (149)

wi(Be +1iwp)?  iwo(fe + iwp)?
Then, with the MTS method, we take perturbation
as 3 = (. + €B.. Because the nonlinearity is cubic,
we seek a uniform second-order approximate solu-
tion of system (146) in powers of €'/2 [Nayfeh, 2008],
and thus obtain a set of ordered linear differential
equations with respect to €/2 (n = 1,3,5, .. .). Cer-
tainly, we may seek the solution in powers of ¢, and
obtain a set of ordered linear differential equations
with respect to €” (n =1,2,3,...), and the results
for these two different scalings are identical. Thus,
the solution of system (146) is assumed to take the
form:

1/2 3/2

uy =€ ’“uyp + €’ U+,

1/2

2
up = €Pugy + € Pugy + -

For the e'/2-order LDE, we have
—+00

Douq1 — ﬁcefﬁcSUm(t — s)ds
0
+oo
+a Bee P ugy (t — s)ds =0, (150)
0
+oo
Doug1 — Bee PeSuyy (t — s)ds = 0.
0

The solution of system (150) can be expressed in

the form of
uV) = GpreoTo 4 Gpre~woTo, (151)

where u(t) = (w11, u21)".
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Next, from the €¥/2-order LDE, we obtain

400 400
Douiz — Bee PeSugy (t — s)ds +a Bee PeSuya(t — s)ds
0 0
—+o00 +oo
= —Djuy — ﬁce_ﬁcleugl(t — 8)ds — Bcﬂese_ﬂcsum(t — s)ds
0 0
“+00 “+o00

+ Bee Py (t—s)ds+a ﬂcefﬁcSDlun(t — s)ds

0 0

“+00 “+00

+a ﬁcﬁese_ﬁchH(t —s)ds —a Bge_ﬁﬂsuu(t — 8)ds

0 0
(152)

+oo 3
— b< Bee PeSuy (t — s)ds> ,
0

—+00

Douos + ﬁcefﬁcsulg(t — s)ds
0
+00 +oo
= —Dju91 + ﬁce_ﬁcleun(t - 8>d$ -+ Bcﬂgse_ﬁcsull(t — 8)d$
0 0
“+oo

- ﬁeefﬁcsun(t — s)ds.
0

Substituting solution (151) into Eq. (152), and using solvability conditions, we obtain the normal form of
system (146) derived using the MTS method, associated with Hopf bifurcation, as

G:EG+@G2C_}’+---, (153)
do " do

where dy is given in Eq. (149), and
_ 2ﬂ§ﬂe — 285 (ﬂc + iWO) + aﬂcﬂe (/Bc + iw(])iw(] - aﬂeiwo (ﬂc + iWO)2

h :
! iwo(ﬂc + iw0)3
b3
hg = — . —.
(Be + iwo) (Be — iwo)
Now, for the CMR method we choose
eiwoa efiwog doe—iwos dOﬁC e—iwos
(ﬁc + in)in
o(0) = - B. ol B. oo and U(s) = B - |
in (ﬁc + iw()) in (ﬁc - in) doelwos 0 e!wos

(Bc — iw())iw()

We use the same bifurcation parameter, given by 3 = (. + 3., where [, is a perturbation. Thus, similar to
the treatment for the DDEs, in the space BC, system (146) becomes an abstract ODE

d -
d—lt" = Aw + XoF (wy, B.), (154)

where w € C, and A is defined by
A:C' - BC, Aw =+ Xo[Low — w(0)],
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with
o0

Bee P uy(t — s)ds — a

0
ng =
+oo

+00
Bee Sy (t — s)ds
0

- Bee PeSuy (t — s)ds

0

and

F(wtaﬁe) = oo

0

“+oo

+ 0

Let © = (x1,71). Further, denote w;, = ®x + y;.
Then, Eq. (154) is decomposed to

d
d_f = Bz + U(0)F(®x + yt, Be),

d ~
% = AQlyt + (I — W)XoF((I)ﬂf + yt,ﬁe),

(155)

where B = diag{iwg, —iwp}.
Moreover, let M3 denote the operator defined
in V3(C? x Ker™), with

M3 : V3(C?) - V3(C?),
(M3p)(z, Be) = Dup(z, Be) Bx — Bp(a, Be),

where V3(C?) represents the linear space of the
second-degree homogeneous polynomials in the
three variables (r1,%1,3.) with coefficients in C2.
Then, one may choose the decomposition V3(C?) =
Im(M3) & Im(M3)¢ with the complementary space
Im(M2)¢ spanned by B.rie; and B.Fiez, where
e; (i =1,2) is the ith unit vector.

Similarly, let M} denote the operator defined
in VZ(C?% x Ker™), with

MY : V3(C?) = V3(C?),
(Mp)(z, Be) = Dyp(x, Be) Bz — Bp(a, Be),

where V3(C?) stands for the linear space of the
third-degree homogeneous polynomials in the two
variables (z1,Z1) with coefficients in C2. Then, one

+oo
/ (Be + Be)eBetBsy, (t — s)ds —
0

+oo
Bee P uy(t — s)ds
0

—+o00
ﬂce_ﬁcsul(t —s)ds — / (6. + ﬂe)e_(ﬁc"'ﬁe)sul(t — s)ds
0

a /Bcefﬁcsul (t — S)ds —f </+Oo(ﬂc + /Be)e*(ﬁchﬁe)sul (t . S)d8>
0

0

may choose the decomposition V3(C?) = Im(M}
Im(M31)¢ with the complementary space Im(M
spanned by x%ilel and xli%eg, where ¢; (i =
1,2) is the i¢th unit vector. Thus, without giving
the detailed calculations, we obtain the same nor-
mal form (by neglecting the difference in nota-
tions) given in Eq. (153) for the DDE system (146)
with distributed delays, associated with the Hopf
bifurcation.

S
c

8. Conclusion and Discussion

In this paper, we have considered ordinary differ-
ential equations and general delay differential equa-
tions, including delay differential equations, neutral
functional differential equations and partial func-
tional differential equations, with particular atten-
tion focused on the semisimple ni-Hopf-ns-zero
singularity. We have applied the multiple time
scales and center manifold reduction methods
to derive the normal forms associated with the
semisimple ni-Hopf-ns-zero singular point for ordi-
nary differential equations, and rigorously proved
the equivalence of the two methods, which yields
the identical normal form up to any order for such
a singularity. For general delay differential systems,
if the second-order terms in the normal form vanish
at the critical point, then the normal forms asso-
ciated with the semisimple ni-Hopf-ns-zero singu-
larity, derived by using the multiple time scales and
center manifold reduction methods, are identical up
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to third order. This condition can be fulfilled by
either that the system does not contain quadratic
terms or that the semisimple nq-Hopf bifurcation
is considered. There two cases often occur in real
applications. For illustrations, a number of practical
examples have been used to show the application of
the theoretical results, particularly associated with
Hopf, Hopf-zero and double-Hopf bifurcations.

It has been shown that for differential equations
with time delays, the computation using the MTS
method is simpler than that of the CMR method,
and can deal with multiple discrete delays, for which
the CMR method cannot if at least one of the delays
is chosen as a bifurcation parameter. Using the MTS
method also makes it much easier to develop sym-
bolic software by using an computer algebra system,
such as Maple or Mathematica. This is particularly
useful for those who use the MTS method to solve
physical, engineering or biological system problems.
Maple programs for general delay differential equa-
tions, associated with the semisimple case, are being
developed, which only require a user to prepare
a simple input file without any interaction when
executing the programs. However, the extension of
applying the MTS method from the semisimple case
to nonsemisimple case, as well as to the case ny =0
(i.e. without purely imaginary eigenvalues, e.g. the
Bogdanov—Takens bifurcation), is not straightfor-
ward, while the CMR method can deal with these
cases, for example, the Bogdanov—Takens bifurca-
tion (double-zero bifurcation).
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