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Abstract

In this paper, we present a cubic planar switching polynomial system with Z,-symmetry, and prove that
such a system can exhibit at least 9 small-amplitude limit cycles around each of two symmetric foci, giving a
total 18 limit cycles. This is a new lower bound for the number of limit cycles bifurcating in cubic switching
polynomial systems around foci, simultaneously obtained around the same time when more limit cycles are
achieved by perturbing a cubic switching integral system.
© 2020 Elsevier Inc. All rights reserved.
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1. Introduction

The well-known self-sustained oscillation, leading to limit cycles, can often exist in almost
all fields of science and engineering. Thus, developing limit cycle theory is not only theoretically
significant, but also practically important. This phenomenon is closely related to bifurcation the-
ory, and was studied by Poincaré one hundred years ago with his developed qualitative theory
for differential equations. Nowadays, limit cycle theory has been extensively studied in planar
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vector fields, (e.g. see [18,20,25]), stimulated by the Hilbert’s 16th problem [24]. In particular,
the second part of Hilbert’s 16th problem is to find an upper bound on the number of limit cy-
cles that planar polynomial differential systems can have. This number is called Hilbert number,
denoted by H (n), where n is the degree of the polynomials. So far, the best result obtained for
quadratic systems is four limit cycles, i.e. H(2) > 4 [7,33,34]. For cubic systems, many results
have been obtained on the lower bound of the number and the best result is H(3) > 13 [26,27].
Although Ilyashenko [22,23] and Ecalle [12] independently proved in 1990’s that the number of
limit cycles is finite for given planar polynomial vector fields, the problem is not even completely
solved for general quadratic systems, i.e. H(2) =4 is still open.

Recently, increasing interest has been attracted to discontinuous or non-smooth systems,
which often arise in modeling physical and engineering problems. Practical examples include
impact and dry frictions in mechanical engineering [4,10], switching circuits in power electron-
ics [2], and feedback systems in control theory [1,3], etc. One type of the discontinuous systems,
so-called switching system, is defined by different continuous vector fields in at least two differ-
ent regions divided by switching lines or curves. The simple switching system can be described
by the following equations:

(4, dry (F7 Gy ), GT0x, o), for y>0, (1.1)
dt’ dt (F~(x,y,w), G~ (x,y,p), for y<O0,

where F jE(x, y, i) and Gi(x, y, n) are analytic functions in x and y. It is seen that system (1.1)
actually includes two systems: the first equation is called the upper system, defined for y > 0,
and the second is called the lower system, defined for y < 0. Note that y =0 (i.e., the x-axis) is
a switching line.

The investigation of limit cycle bifurcations for switching systems started 50 years ago
(e.g. see [13,31,32]). In particular, Filippov [13] established some basic qualitative theory for
switching equations and defined three types of pseudo-focus singular points: focus-focus (FF),
parabolic-focus (PF) and parabolic-parabolic (PP). Coll et al. [9] derived the formulas for com-
puting the first three Lyapunov quantities associated with the three types of singularities, and
proved that at least 4 limit cycles can bifurcate from the weak focus in the FF-type case. Later,
Gasull and Torregrosa [15] obtained 5 limit cycles in a quadratic switching system, two more
than that of general smooth quadratic systems. It is well known that smooth linear systems can-
not have limit cycles. However, for piecewise linear systems, Han and Zhang [21] proved that 2
limit cycles can bifurcate from a focus of either FF, FP or PP type. Chen and Du [5] constructed
a switching Bautin system (i.e., both the upper and the lower systems are in the Bautin form) and
proved that 9 limit cycles can bifurcate from a center of the system. Chen et al. [8] constructed a
class of discontinuous quadratic Bautin system and showed that at least 5 and 8 limit cycles can
bifurcate from weak foci and centers, respectively. Recently, Tian and Yu [36] also considered
the switching Bautin system and gave a complete classification on the conditions of a singular
point to be a center, and constructed an example to prove the existence of 10 limit cycles bifurcat-
ing from the center, which is much larger than 3 limit cycles obtained from an isolated center of
smooth quadratic systems. Recently, a planar quadratic switching system has been constructed to
obtain more limit cycles [11] by using the averaging approach up to ¢? order, which is equivalent
to second-order Melnikov function method. It is shown in [11] that 8 limit cycles are obtained
from the e-order perturbation, while 16 limit cycles are obtained from the 2-order perturbation,
which is surprisingly high with a jump of 8 limit cycles from the e-order.
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However, very fewer results have been obtained for cubic switching systems. Llibre et al. [29]
obtained 12 limit cycles in a family of isochronous cubic polynomial systems, bifurcating from
periodic orbits. Li et al. [28] constructed a switching Z» cubic system to show the existence
of 15 limit cycles. Recently, Tian and Han studied bifurcation of periodic orbits by perturbing
high-dimensional piecewise smooth integrable systems [35]. Also, Han et al. [19] developed a
more general bifurcation theory for finitely smooth planar systems. Very recently, the method
presented in [14] and the “normal form” of switching linear systems have been used by Gouveia
and Torregrosa [16] to find 24 limit cycles in a cubic switching polynomial system, which is
associated with a rational first integral, by perturbing a single Darboux center. The authors first
obtain two limit cycles by using two parameters in the linear switching system: one by breaking
the trace and the other by sliding. The sliding feature corresponds to the so-called “Pseudo-Hopf
bifurcation”. Then, they proved that the linear terms of the 23 Lyapunov quantities are linearly
independent, but only 22 hyperbolic crossing limit cycles are obtained, yielding a total 2+22=24
limit cycles. We have used the method presented in this paper as well as our Maple program to
confirm the existence of the 24 limit cycles by computing the e-order and ¢2-order Lyapunov
quantities.

The above results show that perturbing centers can generate more limit cycles than perturbing
foci does, like what was done in [17] in which perturbing two foci yields 16 limit cycles while
perturbing bi-centers gives 18 limit cycles. As a matter of fact, perturbing foci to find limit cycles
is much harder than perturbing center to find limit cycles, since the former solves nonlinear
algebraic equations while the later solves linear equations. So far, for continuous planar cubic
polynomial systems, the best result for the limit cycles around a singular focus is 9 [6,37,30],
while around a center such a cubic system can have 12 limit cycles [38].

The purpose of this paper is to find maximal number of limit cycles by perturbing foci, rather
than perturbing centers. Moreover, using symmetry may make it easy to generate more limit
cycles. Therefore, in this paper, we consider bifurcation of limit cycles in a cubic switching
Z»-equivariant system and show that the system can have 18 limit cycles bifurcating from two
symmetric singular foci. It should be noted that those 18 limit cycles given in [17] were obtained
by perturbing two symmetric centers using a center condition for the unperturbed system, while
our 18 limit cycles obtained in this paper are around two symmetric fine foci. In fact, the authors
of [17] proved the existence of only 16 limit cycles around two symmetric foci.

For the general dynamical system:

Dby, P o owy (1.2)
— =P(x,y), —=0(x,y), .
dt Y dt Y
it is Zp-equivariant if and only if
P(—x,—y)=—P(x,y), and Q(—x,—y)=-0(x,y), (1.3)

regardless whether the system is smooth or discontinuous. Therefore, the switching system (1.1)
is Zp-equivariant if and only if

F+(—x7_y,ﬂ)=_F_(x,y7ll) and G+(_x,—y7l/«)=_G_(x,y7ﬂ)- (14)

Hence, without loss of generality, a piecewise cubic Z,-equivariant system can be written in the
form of
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aoo + ajox +aopry + azx’ + apxy + a02y2
Hazox® + az1x2y + 6112)6)12 + 6103y3
) 5 |- for y>0,
dx boo + biox + bo1y + baox” 4+ b11xy + booy
dr | _ +b30x + ba1x?y + bipxy® + bozy’ (1.5)
dy —ago + ajox +agy — axx> — anxy — apy’ -
dt +azox® + a1 x?y + appxy® + agzy®
) > |- for y <0,
—bgo + b1ox + bory — boox™ — b11xy — bozy
+b30x> + by1x%y 4+ biaxy* + b3 y?

where a;; and b;; are real coefficients. Further, assume that the system (1.5) has two symmetric
Hopf-type singular points at (1, 0), which yields

1 1
app = —ax) = Eb”’ alp=—az = 5(1901 +b21), by=—boo, b3 =—bio. (1.6)

In order to overcome the difficulty in the computation of the Lyapunov constants of system (1.5),
we simplify the system by setting

1
apo =0, a]0=—§8, (1.7)
and in addition, let

boo = —4bw, bio=2(ao1 +az1), a1 =—2bp. (1.8)

It should be noted that the sliding feature described in [14] for switching linear system, associated
with Pseudo-Hopf bifurcation, can generate one more limit cycle besides the crossing limit cycle
due to breaking trace. For system (1.5) to have sliding feature, the condition agg 7 0 must hold.
However, for agg # 0, we found that computing the Lyapunov quantities and solving the multi-
variate polynomials become extremely difficult and it is not possible to obtain 18 limit cycles.
Thus, in this paper we do not consider Pseudo-Hopf bifurcation due to sliding, which requires
aoo # 0.

1
Now, under the conditions given in (1.6), (1.7) and (1.8), and using bg; + 58 for byp, system
(1.5) becomes

1)
5(—x +x%) 4+ aory — 2bpxy + agy?

+021X2y + alzxy2 + 6103)’3
s , fory>0,
dx 7Y~ 4bgs + 2(ao1 + a21)x + bory + 4bgrx? + by y?
dr | —2(ag1 + a21)x* — bor1x%y + bioxy* + bz y® (1.9)
= 5 )
Z_y 5(—16 +x3) + a1y + 2boaxy — agn y*
t
+021X2y + alzxy2 + ao3y3
s , fory<0,
7Y +4bgy + 2(agr + az1)x + boty — 4bpax? — bopy?

—2(ag1 + a21)x® — bo1x%y + bioxy* + bz y*
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where the small perturbation parameter § is added in order to yield one more small-amplitude
limit cycle from a linear perturbation (i.e., breaking the trace). Then, the critical eigenvalues of
the upper and lower systems of (1.9), evaluated at the symmetric singular points (1, 0) when
8 =0, are given by *i w.4 and %i w._, respectively, where

wet = 2lagr + az1 + 2bp2|,  we— =2lap1 + a1 — 2bga|. (1.10)

However, in order to have a closed orbit which consists of an upper plane orbit and a lower plane
orbit, it requires that the upper plane orbit and the lower plane orbit must rotate in the same
direction. Therefore, the following condition must hold:

(ao1 + a21 + 2bp2)(ao1 + a21 — 2b) > 0, (1.11)
where the subscript “c” indicates the critical value of w4 at § = 0. Note that in general w.4 # w.—
unless by = 0. In almost all published articles related to the topic discussed in this paper, authors
usually, for convenience, made choices on parameters such that w.y = w.—, which guarantees
that the upper and lower systems have a same frequency for the bifurcating limit cycles. However,
this is not necessary, and choosing w.+ # @w.— may increase the possibility of having bifurcation
of more limit cycles. It should be noted that due to the condition (1.11), we are not allowed to
choose

apl +a21 =0, bor #0, (1.12)

since this would yield

(ao1 + aa1 + 2bop) (ao1 + az1 — 2by) = —4 b, <0,

violating the condition (1.11).

In addition, we can show that when a;; = 0, only 16 limit cycles can bifurcate from (+1, 0).
Therefore, we assume az; # 0 and show that system (1.9) can have 9 small-amplitude limit cycles
around each of the two singular points, giving a total 18 limit cycles, a new lower bound for cubic
switching systems around fine foci, rather than the 18 limit cycles obtained from perturbing the
bi-centers under a center condition [17].

The rest of this paper is organized as follows. In the next section, we present some results
and formulas which are needed to prove the main result in Section 3. Then, in Section 3, we
investigate bifurcation of limit cycles in system (1.9) and show the existence of 18 limit cycles.
The conditions under which the two singular points of (1.9) become bi-centers are also discussed.
Finally, conclusion is drawn in Section 4.

2. Preliminary

In this section, for the convenience of the readers, we present some results and formulas which
will be used for computing the Lyapunov constants of the switching system (1.1). The results and
formulas are mainly taken from [28]. We omit the detailed proofs, which can be found in [28].

We start from the following switching system:
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(d.x dy)_ (_y+F+(x7y9M)a-x+G+(xay7/~’L))v fOr y>0a (2 1)
di”dt/ | (=y+F (e, y, 0, x+G (x,y,w), for y<0, '
which has a fixed point at the origin.

First, we introduce the classical method to compute the Lyapunov constants and period con-
stants of the following general differential system,

dx -
o=y + ) Xile,y, ) =X (x,y, ),
k=2
" - (2.2)
o =x+8y+ Y Vlr,y, ) =Y (x,y, ).
t k=2

With the polar coordinates transformation, x = r cos, y =r sin@, system (2.2) can be rewritten
as

dr -

- do
- r<8 4 k§=2 Ors2(O)r ) =14 k§=2 Vs 0K, 2.3)

where @i (0), Y (6) are polynomials of cosf and sin 6. From equation (2.3) we have

dr r(3+ i pes2(6)r")

A6 T+ Y @)k @4
whose expansion around r = 0 can be expressed in the form of
dr >
5= > R (2.5)

k=1

By the Poincaré—Lindstedt method, the general solution of (2.5) can be obtained as

r=70.h) = v @®)h",

k=1

where vy (0) = 1, vx(0) =0 form all £ > 2. Now, submitting the above solution r =7 (8, k) into
(2.5) results in a set of differential equations, which are then solved for finding the solutions
v1(0), v2(0), ... Then, we define the difference map (or successive function) as

A(h)=7Q2m, h) —h, (2.6)

which in turn gives the condition to define a center as r (2m, h) = h.

Now we consider the computation of Lyapunov constants for system (2.1). Since the above
classical procedure cannot be directly applied to a switching system due to discontinuity, we
may slightly modify the condition to define the Poincaré map. To achieve this, note that the polar
coordinates expression for (2.1) can be written as
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I
\ >
(a)
4y
(b)

Fig. 1. The Poincaré map: (a) for (2.1); and (b) for (2.8).

(RT(r,0),1+ 0T (r,0)), 06€e[0,rn],
(R (r,0),1+© (r,0)), 0¢€lm,2nx].

Q.7

Also note that although a return map cannot be simply defined for (2.1) like that for continuous
systems, we may follow the approach presented in [15] to define half-return maps for the upper
and lower systems of (2.1). Equivalently, we may introduce the transformation y — —y and with
a time reversing t — —t to change the lower half system into upper system, and thus compute
two positive half-return maps for

(dx dy) (_Y+F+(x’ Y, /'L)’ X+G+(.x, Y, I’L))v fOr y >0a (2 8)
dt’ dt/) '

(— y—F (x,—y,n), x+G (x,—y, pL)), for y <0.
The idea discussed above is illustrated in Fig. 1.
Now suppose the solutions for the two systems in (2.8) are respectively given by
oo o
ri=r0,h) =) u@h* and ra=r0.h) =) w@h,
k=1 k=1

satisfying u1(0) = v1(0) = 1, ux(0) = vx(0) = 0 for all £k > 2. Then we can thus define the
following Poincaré maps:

Ai(h)y=Fi(m,h) —h and Ay(h)=7ry(r,h) —h,
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for the two systems in (2.8), respectively. Finally, the Poincaré map for the switching system
(2.1) can be defined as

A(h) = Ay(h) — Aa(h) =Fi (. h) — 2 (7, h)

— Z (I/lk(T[) _ Uk(?T))hk — Z Lkhk, (29)
k=1 k=1

where Ly is called the kth-order Lyapunov constant (or focal value) of the switching system
(2.1).

Obviously, the symmetry principle for continuous systems cannot be used to prove the center
conditions of switching systems. The following lemmas give the sufficient conditions for the
origin of system (2.1) to be a center.

Lemma 2.1. [28] If the upper and lower systems of (2.1) have the first integrals H" (x,y) and
H ™ (x,y) near the origin, respectively, and either both H" (x,y) and H™ (x, y) are even func-
tions in x or H+(x, 0) = H™ (x,0), then the origin of system (2.1) is a center.

Lemma 2.2. [28] Assuming that § = 0, if system (2.1) is symmetric with respect to the x-axis, i.e.
the functions on the right-hand side of system (2.1) satisfy

Frx,y,m)=—F (x,—y,p), G (x,y,w)=G (x,—y,pn), y>0, (2.10)

or if system (2.1) is symmetric with respect to the y-axis, i.e. the functions on the right-hand side
of system (2.1) satisfy

Frx,y,u)=F(=x,y,pn), y>0; F (x,y,u)=F (—x,y,u), y<O0; o1

G (x,y. W) ==GT(—=x,y.,p), y>0; G (x,y, ) =—G (—=x,y,n), y<O0,
then the origin of system (2.1) is a center.

The following lemma gives sufficient conditions for the number of limit cycles bifurcating
from a singular point of system (1.1).

Lemma 2.3. [36] Suppose that there exists a sequence of Lyapunov constants of system (1.1),
Vie(©), Viy(e), ..., Vi (e), at a singular point with 1 =iy < iy < --- < ix_1 < iy, such that
Vi=0(Viy,..., Vi) foranyi; < j <ijq1. Further, at the singular point, if Vi, (0) = V;, (0) =
= Vir (0) = O’ ‘/ik (O) 7é 0’ and

det|:8(vi()v ‘/i17 T Vik_l)
d(er, 2,7+, &)

(O”O)}?é()’

then system (1.1) has exactly k limit cycles in a §-ball with its center at the singular point.
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3. 18 limit cycles in the cubic-order switching system (1.9)

In this section, we consider bifurcation of limit cycles around the two symmetric singular
points (%1, 0) of the Z;-equivariant system (1.9), and prove that there exist 18 small-amplitude
limit cycles around (£1,0). In the next section, we will derive the conditions under which
(£1, 0) may become centers. It has been shown in the introduction section that the Lyapunov
constants may belong to one of the four categories, given in (1.11). In the following analysis, we
present the details for the first category, i.e., we assume

(ao1 + a1 + 2bo2) (ap1 + az1 — 2bgz) > 0. 3.1

The Lyapunov constants for the other three categories can be similarly obtained.

Since the vector field is symmetric with the origin, we only need to study the singular point
(1, 0). To achieve this, we first shift (1,0) of system (1.9) to the origin. Introducing x =1 +
X1,y = x3 into system (1.9), we obtain

gm (1 +x1) (2 +x1) + (ao1 +az1 — 2bg2)x2
+2(az1 — bo2) x1X2 + (ao2 + ai2)x3
—|—a21x12x2 + 2a12x1x§ + ao3x§’

dx3 — 4(ap1 + az1 — 2bp2)x1 » (x2>0),

—2(3a1 + 3a21 — 2boo)x}

—2bo1x1x2 + (bop 4 b12)x3 — 2(ao; + az1)x;

dxq

W B —b()lxlzxz + 2b12x1x§ + b03)€§ (3.2)
dxy | | /8 |
;tz §x1(1+X1)(2+x1)+(001 + azi + 2bpz)x2

+2(az21 + bo2) x1x2 — (a2 — au)x%
+axxixy + 2a12x13 + ap3x;

8x2 — 4(ag + az1 + 2bg)x » (2<0).
—2(3ap; + 3az; + 2bga)x?
—2bg1x1x2 — (b2 — b12)x3 — 2(ap1 + ax1)x;

—b()]x%xz + 2b12x1x% + b03x§’

Thus, the origin of system (3.2) corresponds to the singular point (1, 0) of system (1.9).
We have the following result.

Theorem 3.1. There exist 9 small-amplitude limit cycles bifurcating from the origin of system
(3.2), and thus system (1.9) has at least 18 small-amplitude limit cycles with 9 enclosing each of
the two symmetric singular points (£1, 0).

Proof. In order to apply the method and formula (2.9) presented in the previous section to com-
pute the Lyapunov constants Ly (k > 1) associated with the origin of system (3.2), we first need
to transform the linear part of system (3.2) into the Jordan canonical form. To achieve this, intro-
ducing the following transformations:
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x1=—X, x=2Y
into (3.2) yields
1)
—w._Y + EX(I -X)2-X)

+2[2(a21 — bo2) XY —2(ap2 + a12)Y?
—a21X2Y + 4a12XY2 — 4a03Y3]

, (¥Y>0),
we— X +8Y — Bao; + 3az; — 2bx) X
+2b01 XY + 2(boz + b12)Y? + (ao1 + a2) X*
dXx 2 2 3
— —bo1 XY —4b1n XY~ + 4bg3Y
dt
oy 1= (3.3)
8
o —weY + 2X(1= X2 = X)
+2[2(a21 + bo2) XY +2(ap2 — ain)¥?
—an X2Y +4appXY? — dapzY?
21 12 03 ] (v <0).

wet+ X +8Y — Baor + 3az; + 2bp) X?
+2b01 XY — 2(boa — b12)Y* + (a1 + a21) X?
—b01X2Y - 4b12XY2 + 4b()3Y3

Now, for system (3.3), the zero-order Lyapunov constant is Ly = 27 §. So letting § = 0 yields
Lo = 0. It should be noted that when we compute the Lyapunov constants L;, i > 2 for the upper
and lower half vector fields under the condition § = 0, we need to make a scaling such that
wc+ — 1, and then after obtaining the Lyapunov constants for the scaled systems we multiply
the Lyapunov constants by w,4. Therefore,

32

Ly=—
3wc+a)c,

boz(ap1 — az1 — 2b12). 3.4

So we set by = 0 under which the condition L} =0 and w4 = w.— = 2(ag; + a21) # 0. Then,
we obtain

6(ao1 + a21)bo3 + 2(ao1 — az1 — 2b12)aiz + (a1 + az21 — b12)boi |
2(ao1 + az1) '

Lzzn[

Since when by, = 0, ag1 + a1 # 0 due to the restriction (1.11), we may solve bg3 from the
equation L, = 0 to obtain

_aia(aol —az1 — 2b1z) + boi(ao1 +az1 — b12)

boz =
6(ao1 + az1)

3.5)

under which

_ 32ag[16a12(az1 + b12) + bo1 (Baoi + az1 — 2b12)]
45(ao1 + az1)? '

3
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Suppose az1 + b1z # 0, we solve L3 =0 for aja, yielding

_ bo1Bao1 + a1 —2b12)

app = (3.6)
16(az1 + b12)
Next, solving L4 = 0 for agz we obtain
1
ap =
96(az1 + b12)*(ao1 + az1)(aor + 3az1 + 2b12)
x{6[24(a21 + b12)? — 5b3, a3,
+[16(14a21 — b12) (12 + a2)? — (59az; — 31b12)b3, |ad,
(3.7)

+2[24(3az1 + 2b12) (@21 — b12) (b12 + a1)?
—(16a3, — 47az b1y — 18b},)b§, +240(az; + bi2)*ad, |aor
+3(a21 — bi2)(az1 + 6b12)(3a21 + 2b12)bg
+480az1 (a1 + blz)zaé},
for which ag; + 3az1 + 2b12 # 0 is assumed. Summarizing the above results shows that we can
solve the first 5 Lyapunov constants equations L; =0, i =0, 1,2, 3,4 one by one using one

parameter for each, namely, § = 0 for Lo, bgpo =0 for L1, bp3 (given in (3.5)) for L, aja (given
in (3.7)) for L3 and ag3 (given in (3.7)) for L4, with the assumption:

(ao1 + a21)(az1 + b12)(ao1 + 3az1 +2b12) #0.

Starting from L5, the Lyapunov constant equations cannot be linearly solved like that in the above
process. However, it is noted that Ls is linear with respect to b(z)l , and so we solve Ls (b(%]) =0

B
to obtain b(2)1 — —0n
B

1 , Where
01d
Boin = 8(ao1 + az1) (a2 +b12)2{645a81 +2(713a21 + 68b12)aj,
+5[(3az1 + 2b12)(T1azs — 58b12) + 324ad, |aor + 1620az1a3, },
Boia = 3{265ag, +20(39az) — 14b12)ag; + 30(25a3; — 40az1b1> — 12b35)ad, (3.8)
—4(a3; +438a3,b1> + 108a21b3, — 64b3,)ao;
—5(3az) +2b12)(17a3, +42a3,b1> — 36a21b3, — 8b3,)}.

Thus, under the restriction:

Boin
01d

(ao1 + a21)(az21 + b12) (ao1 + 3az1 + 2b12) Boia # 0, >0, (3.9

the higher Lyapunov constants are simplified as
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57‘[[?()1

L6 = L6av
2304(ao) + a21)4B§1d
boi
L7 = 5 2 L7a7
30481920(ag; + az1) Bj4
(3.10)
boi
L8 = 6 3 LSaa
97542144 (ag; + a»y) B()ld
bo1

= — L ’
32188907520(ao1 + az1) By

where bo; # 0, and L¢,, L74, L, and Lo, are respectively 12th, 13th, 18th and 34th-degree
homogeneous polynomials in a1, agz, a1 and b12. Hence, in general it is not possible to have
solutions for the four parameters such that Lg, = L7, = Ly, = L9, = 0 and so bifurcation of
10 limit cycles from the origin of (3.2) is not possible. The next best result we can obtain is 9
limit cycles. Further, it can be shown that if agy = 0, then the maximal number of limit cycles
bifurcating from the origin of (3.2) is 8. Therefore, assuming agp, # 0 and letting

ap1 = Ao1ap2, az1 = Azian, b1z = Bpap, (3.11)
under which
Stboral?
Le=— = s Lo,
2304(ag1 + a21)* B2, 4

b()1a13

Ly = 0= s L,
30481920(aor + a21)° BY

bOlalg

Lg 02 Lgp,

" 97542144(ag1 +a21)0 B3,

where Lgp, L7, and Lgp are polynomials in Agy, Az and By,. Eliminating By, from the equa-
tions Lgp = L7, = Lgp = 0 yields a solution B> = B12(Ao1, A21), and two resultants:

Ry = (Aor + A21)RoRy,,

Ry = Ap1(Ao1 + A21) RoRoa Rop,

where

Ro = 158375A%, (16A3, — 1125)A3,
—50A3, (571496 A3, — 64311525AF, + 1447083225) A3,
—30A01 (1383992A85, — 127265400 A5, +4863651075 A5, +3424842000) A3,
+2 (2001448 A8 | + 1399647555A§, — 47313284625 A,
—85384854000A3, + 5978711250) A,
+Ag1 (14413856 A3, + 787844115A8, — 1710310545045,
—66536413200A3, + 11957422500),

Roa = (3A01 4 5A21)(10125A3, + 2259943, Ag1 + 14643 A21 A3, +2329A3)),
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and Ry, and Ry, are two lengthy polynomials in Ag; and Az, with 470 and 9867 terms, respec-
tively.

Further, it can be verified that the roots of the polynomial Ry, satisfy Lgp = L7, = 0 but
Lgp, # 0. The procedure is as follows: since Ry, is a homogeneous polynomial in Ag; and Ajy,
we first solve Ry, for App in terms of A, given in the form of A>; = C A1, and then substitute
each of roots into equation Ry, = 0 to obtain solutions for Ag;, and finally use these solutions
to verify if they satisfy Lgp = L7, = Lgp, = 0. Therefore, the roots of the polynomial Ry, do not
yield solutions for 9 limit cycles. So the only possible solutions for getting maximal number of
limit cycles are from the equations Ry, = Ry, = 0. Eliminating A from these two equations we
obtain the resultant

Rz = C 131 A4 (875343, — 388800)R12(AZ)) Rian(A)),

where Ry, is a 54th-degree polynomial in A%l, and Rlzb(Agl) is an extremely lengthy polyno-
mial. It can be shown that the roots of Rlzb(A%I) satisfy Lep = L7, =0, but Lgp # 0, and thus
388800

W is not a

these solutions are not what we want. Further, it is easy to check that A, =
solution satisfying Ry, =Ry, =0.

Solving Rz, = 0 for A%l yields 15 real positive solutions, and then it follows from Ry, =
R», =0 to get 15 solutions for Aj;. Since Ag; can take positive or negative values, we obtain
a total of 30 sets of real solutions (Ao, A21), which yields 30 corresponding solutions for Bjs.
However, 10 of them yield 53, < 0 and so only 20 of them are feasible solutions. Further, we use
the equations Lgp = L7, = Lgp = 0 to verify that these 20 solutions are indeed feasible solutions,
given by

an #0, (Agr, Aap) = ( £248.79821330 -+, F233.57405054---),
= (£150.92502137 -+, F65.91409014--),
= ( 427.58838890- -, £1267.58985568 - - - ),
—( F15.21386288---, £15.92266649--),
—( F3.94963193..., =£16.82017893---),
—(  4+3.74421627---, F1.55641859-..),
= (  £1.74784016---, +107.71189435--.),
=( F1.51708021---, £11.40541080---),
=( £0.62554539...,  £2.27540356---),
=(  F0.42994608---,  40.43805436--- ).

It should be noted that all the computations and solutions obtained in this paper are symbolic,
except, in the last step, for solving the roots of polynomial Rj2,, for which exact solutions have an
infinite number of decimal points. The above numerical expression of these solutions are given
in a form for a convenient presentation, which represent the exact solutions. One may use the
so-called “interval computation” (a built-in package in Maple) to isolate each of the solutions
in an interval as small as one wishes. For example, the solution Ag; = 0.62554539--- can be
expressed as
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25663 25663
Ao; = 0.62554539 ... ¢ [ =—= — 107100, =——— 4 107100}
41025 41025

It is now seen at the critical values under which by, = 0 that
wcx = 2|ag) + az1 = 2bpa| = 2|ao1 + az1| = 2[(Ao1 + Az1)aozl,

which satisfies the condition (3.1). For example, we choose the last second solution with agy =
—1 for which the original parameters take the following critical values (besides agg = ajp = 0):

boo=ai =0, ap=—1,  bjo=25.80189793.-

§=0, by=0, bo3 =0.65924104 - - -,
ajp =0.25224850- - -, ap3 = —0.97925833 - ..,
bo; = 6.89286156- - -, ap; = 0.62554539. ..,
a1 =2.27540356- - -, b1y =3.87732206- - -,
under which
L;=0,i=0,1,---,8, Lg=-—0.05995729--., @+ =5.80189792.-..

Moreover, a direct computation shows that

|: d(Ly, L2, L3, Ly, Ls, L, L7, Lg)
det

=—0.06223110---#£0,
9(bo2, boz, ai2, aps, bo1, ao1, az1, blz)] #

implying, by Lemma 2.3, that 8 small-amplitude limit cycles can bifurcate from the origin of
system (3.2). Further, a linear perturbation on § for L( yields one more small-amplitude limit cy-
cle, and thus system (1.9) has 9 x 2 = 18 small-amplitude limit cycles around the two symmetric
fine foci (41, 0).

It should be noted that although w. = w.— at the critical values, w4 # w_ since byy # 0
under perturbation.

This finishes the proof for Theorem 3.1. O

4. Conditions for (£1, 0) of system (1.9) to be bi-centers

Having proved the existence of 18 limit cycles in the previous section, we now turn to consider
the conditions under which the two symmetric singular points (31, 0) become bi-centers. Based
on the Lyapunov constants L, we obtain the following theorem.

Theorem 4.1. When one of the following four conditions is satisfied, the symmetric singular
points (£1, 0) of system (1.9) are bi-center:

(1) 8=bopxy=boz =bo1 =ai2=0, (ap1 +az #0),

(2) 8=bor=3bpz +ai2=bo1 =a +b12=0, (ap+azx #0, a2 #0),
(3) §=box =ao1 = a2 = ap3 = bo1 — 2a12 = bozaz; —appbi2 =0, (a1 #0)
(4) §=box =ao1 = a2 =ap3 =bo1 =boz =az1 +2b;p=0, (a2 #0).

A.1)
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Proof. To prove that the four conditions are necessary for (1, 0) of system (3.9) to be bi-
centers, it is suffice to show that each condition satisfies Ly =0, k = 1,2, 3, .... First note that
the condition given in (3.1):

(ao1 + az1 — 2bo2) (ap1 + az1 + 2bgz) > 0,

are needed to guarantee that the two singular points (£1, 0) are elementary centers, and that
the trajectories in the upper half plane and the lower half plane move in the same direction of
rotation. To find the four conditions, we consider the first Lyapunov constant L1, which is given
in (3.4),

B 8 boz(ao1 — az1 — 2b12)
3(ao1 + a1 — 2boo)(ao1 + azi + 2bg)’

L=

and the second Lyapnov constant Lj, given by

1
fa= 36(ao1 + az1 — 2bo2)?(ao1 + a2y + 2bg2)?
x{— 64ba (aor — az1 —2b12)[(ao1 — az1 — 2b12)*

—4(ao1 — b1z — bo2)(ao1 — b1z + boa) |

+ 97 [ — 16boz(az1 + bi2)(ao1 + az21)ao
+6(ao1 + az1)(ao1 + a1 + 2bgz)(ao1 + az1 — 2bo2)bo3
+2((ao1 — az1 — 2b12)(aor + az1)* — 4bg,(aor + 3az1 + 2b12))arn
+ (- 4b%,b12 + (ao1 — az1 — 2b12)* (a1 + az; — 5b12)
—4(ao1 — az1 — 2b12)(ao1 — b12)(3ap1 — 4b12)
+4(aor — b12)*(2aor — 3b12))bo1 ]}

“4.2)

It is seen from L that L; = 0 has the solution, either bgy = 0 (ag; + az; # 0) or ag; — a1 —
2b12 =0 (b2 # 0). Actually, the first solution generates four conditions given in (4.1), while the
second solution yields the following three conditions:

(1) 8 =ap1 —b1a =az + b1z =bo =ajz+3bpz =0, (bo2 #0),
(2 8=ap1 =az =b12 =amn =ap =0, (b2 #0),
(3)" 8 =ao1 =az =b12 =bo1 + 4boz = a1z + 2bp3 =0, (bo2 #0).

First consider the case byy = 0 (ap; + a1 # 0). It is obvious that L, = 0 if in addition
boz = a1z = bpr = 0 under which Ly =0, k = 2,3,...,9, yielding the condition (1). Now
suppose bp3 = ag; = 0 and bg; = 0 (aj2 # 0), then L, = 0 yields ap; + 2b12> = 0 for which

32apza12 Smapzain 3Smapzar . ..
=—— “"andsoayp =0.Then L4 = ————= and Ls = — —————=, yielding ap3z = 0,
3 15 b%z 02 4 1252 5 7 b%z y g ao3

under which L; =0, k =6, 7, 8, 9. This gives the condition (4).
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If bo3 = ap1 = 0 but bg; # 0, then

T
L= m[(bm —2a12)(az1 — bi2) + 6(bozazi — aizbi2).].
21

bozani
an

Letting bg; — 2a12 = 0 and bozaz; — aj2b12 = 0, we have (with bjp =

)

32a02(2bo3 + 3a12)
L= 3 .
15a3,

Setting L3 = 0 yields ago = 0 or 2bg3 + 3aj2 = 0. If ago = 0 we have

map3(2bosz + 3aiz)
Ly= .

2

a1
Thus setting agz3 = 0leadsto Ly =0, k =4, 5, ...,9, which is the condition (3). If 2by3 +3a2 =
Snagzalz

2
ay

0 (ap2 # 0), we then obtain L4 = and so setting L4 = 0 gives ajp = 0, which leads to

a subcase of (2).
Now assume bg; = 0. Then
T
2=
2(ao1 +az1)?
. -1
> 180(agr +a21)?

[(3bos + a12)(ao1 + a21) — 2a12(ax1 + b1o)].

L {(Bbo3 + a12)[ 757 Bao1 — az1 — 4b12)(ao1 — az1 — 2b12)

+512ap(ag1 — 3az1 — 4b12)]
+6bo3(az1 + b12)[ 757 (3aor — az1 — 4b12) + 1024aq; | }.

Hence, setting 3bg3 + a1o =0 and az; + b12 =0 we obtain Ly =0, k =2,3,...,9. This proves
the condition (2).

Next, consider the case ag; — aa; — 2b12 = 0 (bga # 0). First, it is easy to see that L, =0 if
bo1 =0 and a1 + b1 = 0 under which we have

_ 32ap(a12 + 3bo3)
45b%,

Ly =

)

(@ + 3bo3) {257 [28ag2a12 + 9bo2 (2aps + b12) | — 1024ag2bo2 |
144003,

4=

)

which indicates that a1, + 3bg3 = 0 should be chosen for L3 = L4 = 0, and then we indeed have
all Ly =0, k=3,4,...,9. This leads to condition (1)’.

Note that in the condition (1)’, bg; = 0 but ag, is free. Now suppose ag; = 0 and by is free.
Thus, az; + 2b12 = 0 under which we obtain

—7Tb12

= oy (8bomfanbio — boaan + 2b0s)] + (b, + 367 (bor + 4bos)).
( 02 12)

L,
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Choosing b3 =0, and so a1 = 0, we further have

— 8ap;
L= 5 [4(a12 + 2bo3) + (bo1 + 4bo3)].
45b7,
-1
Ly = ——— {(bo1 +4b03) [3a02 (14007 a12 — 757 bo1 —2048b02) +27007 ap3bos |
1152003,

+2Q2ajp — b01)[a02(14007m12 — 1757w by; — 2048bg,) + 9007'[6103[702]}.

It is easy to see from L3 and L4 that there exist two solutions such that L3 = L4 = 0: one is
any = apz =0, and the other is a2 + 2bg3 = bg; + 4boz = 0, which is equivalent to 2aj» — bo; =
bo1 + 4bo3 = 0. Further it can be shown that under these two solutions, Ly =0, k =5,6,...,9.
This gives the conditions (2)’ and (3)'.

However, it is easy to see from the conditions (1)’, (2)’ and (3)’ that

(ao1 + a1 + 2by2) (ap1 + az1 — 2bgp) = —41982 <0,

violating the condition given in (3.1), implying that the trajectories in the upper half plane and
the lower half plane of system (1.9) move in the opposite direction of rotation. Thus, the three
conditions (1)’, (2)" and (3)’ are not conditions for (&1, 0) of system (1.9) to be bi-center. Note
that we compute the Lyapunov constants under the condition (3.1). Now if the condition is not
satisfied, the Lyapunov constants are actually not equal to zero.

Finally, we prove that the four conditions given in (4.1) are also sufficient. First note that
besides the four conditions, the following conditions hold for all cases:

apo = aio = boo — 2a11 = b1o — 2(ap1 +az1) =ay +2byp =6 =0. 4.3)

First, consider the condition (1) under which system (1.9) becomes

dx ao1y + any” + anx’y + apy’

ar 3 L for y>0,

dr | ) \2lao1 +a2)x —2(ao1 +a21)x” + biaxy 44
d_y a1y — any”® + anx?y +agy? for y<0 .
dt 2(ao1 + a21)x — 2(aor +az)x> + biaxy* |’

It is easy to see that system (4.4) is symmetric with respect to the line y = 0 (the x-axis). In-
troducing the transformation x = 1 + X, y = Y into (4.4), we have a new system which is
still symmetric with respect to the line ¥ = 0 (the X-axis). Thus, by Lemma 2.2, the origin
(X,Y) =(0,0) of the new system is a center. This shows that the condition (1) is sufficient for
(£1, 0) of system (1.9) to be bi-center.

Next, consider the condition (2) under which system (1.9) can be rewritten as

aory + any* — b1ax?y 4+ ajaxy* + apzy’

dx an , fory>0,
I 2(ag1 — b12)x + biaxy* — 2(ag1 — bi2)x> — Ty3
= 4.5)
dy a1y — any”® — biax?y + appxy® + agsy?
dt

ap 5|, fory<0.
=V

2(ag — b12)x + bioxy* — 2(agr — bi2)x> — 3
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It can be shown that both upper and lower systems are Hamiltonian systems, with the first inte-
grals given by

+ 2 1 2, 1 3,1 4
H5 (x,y) = —(ao1 — b12)x” + o1y + 302y + 5(001 —b)x

1

1 1
- Ebnxz)’z + galzxy3 + Za03)’4-

Similarly by using the transformation x = 1 4+ X, y = Y we obtain

- 1 1
Hzi(X, Y)=— E(am — b12) +2(ag1 — b12X* + E(am —bip)Y?
1
+2(ag1 — b12X3 — b]zXY2 + g(d]z + aoz)Y3

Lo = 12Xt = LbX2¥? 4 Lap Xy + Sagsv?
+2(6101 12 b 342 FasY,
which satisfies I:IZ+ (X,0) = ﬁz_ (X, 0). Thus, by Lemma 2.1, we know that the origin of the
transformed system of (4.5) (under x =1+ X, y =Y) is a center and so the condition (2) is
sufficient for (%1, 0) of system (1.9) to be bi-center.
Now we consider the conditions (3) and (4), for which system (1.9) becomes smooth. Under
the condition (3), system (1.9) is described by the following equations:

— =X apnxy”’,
i 21X7Y 12Xy
dy 5 4.6)
E—Zazlx-i-Zalzy 2a21x° — 2a1x?y + biaxy* + a2 12y3
asy

which has elementary centers at (£1, 0). The system is integrable with the first integral, given
by

1
x "21 <a21 + sz-ﬁ- —yz), for az1b12 #0, by # azy,

b1 a1 —bn2 2
1
Hy = x2+§y2—lnx2, for az; #0, b;2 =0,
1 y2
+2 2+lnx for b1y =ap #0,

with the integrating factors:

1
%3 , for ax1 #0, bix # asy,

x @ (agx +any)
1

x3(ax +azy)’

for b12 =daj] #0.

So (%1, 0 are centers of system (4.6), implying that the two singular points (£1, 0) of system
(1.9) are centers under the condition (3).
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With the condition (4), system (1.9) becomes

dx 2 2
7 = —2b1px"y 4+ apxy”,
“@.7
dy _ 3 2
E = —4b1ox +4b1px” + b12xy”,

which has two elementary centers at (£1, 0). It can be shown that with the integrating factor

1
W = —, one can find the first integral of system (4.7), given by
X

Hy =~ (12b1ox — 4b1ox> — 3b1axy? + anny?). (4.8)

W | =

This shows that the two elementary centers (£1, 0) of (4.7) are indeed centers, indicating that
the condition (4) is sufficient for the two singular points (%1, 0) of system (1.9) to be bi-center.
This completes the proof of Theorem 4.1. O

Remark 4.1. The two bi-center conditions given in (4.1) are obtained under the restrictions listed
in (1.7) and (1.8). These restrictions are made for simplifying the Lyapunov constant computation
in order to find 18 limit cycles. If these restrictions are removed, the Lyapunov constant com-
putation becomes much more difficult and 18 limit cycles cannot be obtained, but more center
conditions might be found. But in this general case, the linear transformation yielding the Jordan
canonical form will introduce coordinates rotations. In order to keep the upper half vector field
and the lower half vector field to rotate in the same direction with a same angle, the following
conditions must be satisfied:

bii(ao1 +a2) + 2boa(boi + b21) =0,
[(Bo1 + b1 — b11)? + 2(boo + b1o) (@01 + az1 — ai1)] 4.9)
x [(bor + ba1 + b11)* — 2(boo + b1o)(ao1 + az1 +ai)] > 0.
However, it can be shown that for the general case, the Lyapunov computation becomes ex-

tremely involved and even Ls is hard to be obtained, which makes it almost impossible to
determine more center conditions.

5. Conclusion

In this paper, we have shown that cubic planar switching polynomial systems can have at least
18 limit cycles around two symmetric singular points of focus type. This is a new lower bound
on the number of limit cycles bifurcating in such systems. In addition, we have identified four
necessary and sufficient conditions for the two symmetric singular points to be centers.
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