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1. Introduction

The study of the well-known Hilbert’s 16th problem [1] is still very active though it has not been completely solved even
for quadratic systems, since it has great impact on the development of modern mathematics. Consider the following planar
system:

x:Pn(va)’ y:Qn(xv.y)v (l)

where P,(x,y) and Q,(x,y) denote nth-degree polynomials of x and y. Roughly speaking, the second part of Hilbert’'s 16th
problem is to find the upper bound, called Hilbert number H(n), on the number of limit cycles that system (1) can have.
A comprehensive review on the study of Hilbert’s 16th problem can be found in a survey article [2].

To help understand and attack the problem the so called weak Hilbert’s 16th problem was posed by Arnold [3]. The prob-
lem is to ask for the maximal number of isolated zeros of the Abelian integral or Melnikov function:

Mo = [ Qudx-Pody. @)

JH(x,y)=h

where H(x,y), P, and Q, are all real polynomials of x and y with degH = n + 1, and max{degP,, deg Q,,} < n. The weak Hilbert’s
16th problem itself is a very important and interesting problem, closely related to the following near-Hamiltonian system
[4]:

X =Hy(x,y) +&p,(x,y), ¥ =—Hx(x,y) + £q,(x.), (3)

where H(x,y), pn(x,y) and g,(x,y) are all polynomial functions of x and y, and 0 < ¢ < 1 is a small perturbation. Studying the
bifurcation of limit cycles for such a system can be transformed to investigating the zeros of the Melinikov function.
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On the other hand, if the problem is restricted to a neighborhood of isolated fixed points with Hopf singularity, the prob-
lem is then reduced to studying degenerate Hopf bifurcations, leading to computation of focus values, and many results have
been obtained (e.g., see [5-8]). Alternatively, this is equivalent to computing the normal form of differential equations asso-
ciated with Hopf or degenerate Hopf bifurcations. Suppose the origin of system (1), (x,y) = (0,0), is an element center. With-
out loss of generality, we may assume that the eigenvalues of the Jacobian of system (1) evaluated at the origin are a purely
imaginary pair, i. Further, suppose the normal form associated with this Hopf singularity is given in polar coordinates (ob-
tained by using, say, the method given in [9]):

F=r(wot+v Prvrte oy, (4)
d=1+trP+6r+ r g, (5)

where r and 0 represent, respectively, the amplitude and phase of the limit cycles, and »;,i=0,1,2,... are called focus values.

The basic idea of finding k small limit cycles around the origin is as follows: First, find the conditions such that
Vo=11=1=---=1_1 =0, but y # 0, and then perform appropriate small perturbations to prove the existence of k limit cy-
cles. For general quadratic system (1) (n=2), in 1952, Bautin [5] proved that there exist 3 small limit cycles around a fine
focus point or a center. Until the end of 1970’s, concrete examples are given to show that quadratic systems can have 4 limit
cycles [10,11], which have (3,1) configuration: three limit cycles enclose a fine focus point, while one limit cycle encloses
another element focus point.

In this paper, attention is focused on bifurcation of limit cycles in quadratic Hamiltonian system with various degree poly-
nomial perturbations, and in particular on the limit cycles which bifurcate from a center. Without loss of generality, we may
assume that system (3).-¢ has a center at the origin (x,y) = (0,0). For this problem, we may either use the Melnikov method or
the focus value method to determine the number of limit cycles in the vicinity of the origin. In this paper, we will apply the
method of focus value computation to study the bifurcation of limit cycles. For ¢ # 0, the focus values of system (3) at the
origin can be written in the form of

vi=vi+e0;+0(), i=0,1,2,..., (6)

where 7; =0, i=0,1,2,... due to the origin being a center. Thus, for sufficiently small ¢, we may use 7; to determine the
number of small-amplitude limit cycles bifurcating from the origin.

For quadratic Hamiltonian system with 2nd-degree polynomial perturbation, there are many results in the literature,
mainly published since the 90’s of last century. The conclusion is: quadratic Hamiltonian systems with 2nd-degree polyno-
mial perturbation can have maximal two limit cycles, i.e., Hy(2) =2 [12,13], where the subscript 2 denotes second-order
Hamiltonian systems. Recently, it has been shown that quadratic Hamiltonian systems with 3rd-degree polynomial pertur-
bation can have maximal five limit cycles in the vicinity of a center, i.e., Hy(3) = 5[14]. In [14], the Melnikov function method
is used, on the basis of the following Melnikov function:

M) = f a,dx—pdy - | / (%+%)dxdy7 7)
Ly

where L, is a contour around the origin, and D(h) is the region bounded by the contour. Suppose the general polynomial func-
tions pn(x,y) and gn(x,y) are given by

Yo gy, gy = > bxy (8)
1<itj<n 1<i+j<n
Then,
% %_ X1 b. 1_ i+1 1 j 9
+ *Z’au y’—i—Z]ny’ = Z [+ 1) @+ G+ 1) bigan X' Y. 9)
1<i+j<n 1<i+j<n 0<i+j<n-1

Thus, without loss of generality, we may assume a; = 0 (i.e., py(x,y) = 0), and bjo = 0.

For a comparison, in this paper we use the method of focus value computation to obtain the same result for n = 3. Further,
we will consider bifurcation of limit cycles for quadratic Hamiltonian systems with 3rd- to 20th-degree polynomial pertur-
bations. More precisely, we have the following main theorem:

Theorem 1. A quadratic Hamiltonian system with nth-degree polynomial perturbation can have maximal [ (n + 1)] small limit-
amplitude cycles bifurcating from a center, i.e, Hy(n) = [$(n+1)], 3 < n < 20, where [-] denotes the integer part.

It should be noted that the case n = 0 is meaningless since no perturbation is used, while the casesn =1 and n = 2 are known:
H,(1) =0 and H,(2) = 2. Since these two results do not satisfy the formula H,(n) = [ (n + 1)], and are thus excluded from
Theorem 1.

The rest of the paper is organized as follows. In the next section, we describe general formula for quadratic Hamiltonian
systems and apply the method of focus value computation to re-investigate the cases with 2nd- and 3rd-degree polynomial
perturbations, confirming the results Ho(2) = 2 and H,(3) = 5. The cases of 4th- to 8th-degree polynomial perturbations are
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considered in Sections 3, and the results for the cases of 9th- to 20th-degree polynomial perturbations are summarized in
Section 4. Conclusion is drawn in Section 5.

2. Quadratic Hamiltonian systems with 2nd- and 3rd-degree polynomial perturbations

In this section, we first derive a simple generic quadratic Hamiltonian, and then re-derive the results of H»(2)=2 and
H2(3) =5,

2.1. Quadratic Hamiltonian system

To obtain a simple generic quadratic Hamiltonian system, we start from the following general quadratic system:

dZ]
ar = C100 + C110 Z1 + C101 Z2 + C120 Z% +Ci11 Z1 22 + Ci,2 Z;
(10)

de
2 2
qar C200 + €210 21 + C201 Z2 + C220 27 + C211 Z1 22 + Ca02 25,

where cj’s are real constant parameters. It is easy to show that this system has at most four singularities, or more precisely,
it can have 0, 2 or 4 singularities in real domain. In order for system (10) to have limit cycles, the system must have some
singularity. In this paper, we assume that system (10) has at least two singularities. Without loss of generality, we may as-
sume that one singular point is located at the origin (0,0), which implies c;g9 = c200 = 0, and the second one at (p,q). Further
assume the origin is an element center (i.e., the linear part of the system has a center). Then introducing a series of linear
transformations, parameter rescaling and time rescaling to system (10) yields the following general quadratic system:

K—y+axy+ay?

(11)
Y- Xxtasx*+agxy+asy?

which has an element center at the origin (0,0) and another singularity at (% , 0). System (11) becomes a Hamiltonian sys-

tem when a4 =0 and as = —1 a,. Thus, we obtain the following quadratic Hamiltonian system:

K—y+axy+ay?

(12)
Y= x+a3x -1 a1 2
with
1 . center if a; < —as,
—,0) being a . .
as saddle point if a; > —as.

The details for deriving (12) from (10) can be found in [15].
Since we are interested in the limit cycles bifurcating from the center (0,0), we will ignore whether the singular point
(l 0) is a center or a saddle point. The Hamiltonian of system (12) is given by

as’?

1 1 1 1
Hxy) =5 @ +y) -5 6 X +5 a1 xy’ +5 & ¥, (13)

In this paper, we concentrate on the generic case: a; a, as # 0. Note that a; = 0 implies that the second singular point (é , 0)

is at the infinity. For as # 0, we can simply use a scaling to move the singular point (;-3,0) to (1,0). Alternatively, we may

simply set as = 1. Thus, in the following analysis, asz = 1, which does not affect the analysis and results.
The perturbed Hamiltonian system or near-Hamiltonian system of (12) can be generally written as

B—y+a Xxy+ay*+ep,(xy),

dy 2 _ 1 2 (14)
G&="XEX -3y +eq,xY),
where, as discussed in the introduction, we have assumed that p,(x,y) = 0 and q,(x,y) is given in (8) with b;o = 0.
2.2. Quadratic Hamiltonian system with 2nd-degree polynomial perturbation
When n =2, q(x,y) is given by
4>(X,y) = bor y + b1 Xy + bz y*. (15)

For this case, we have



P. Yu, M. Han/ Chaos, Solitons & Fractals 45 (2012) 772-794 775

Theorem 2. The quadratic near-Hamiltonian system (14) with 2nd-degree polynomial perturbation can have maximal two small-
amplitude limit cycles bifurcating from the origin, i.e., Hy(2) = 2.

Proof. First of all, in order to satisfy the condition such that the origin (0,0) is an element center, it requires

DOZ%bm:O = b()]ZO. (16)
Then, applying the Maple program [9] to system (14) with g»(x,y) given in (15), we obtain the focus value 74, given by
- 1
2 :_E [(Cl] —2) b11+4 [¢5) boz}. (17)
We may solve by, from the equation 7, = 0, as
(a1 —-2)

=— . 1

boa 4a b1 (18)

and then we have the following simplified focus values:
B =135 biy [(al +1) (@ —-2)7% -4 aﬂ,
D3 = 1155 b1 [(a1 +1)(a —2) - 4a§] (513a? — 228a; + 388 + 868a3),
U4 = grgeaes i [(a, +1)(a -2)° - 4a§} x [651969a} — 729000a; + 74642443 — 324384a; + 692368 (19)
+a3(2759400a — 871584a; + 957728 + 219956843)],

It is seen that letting 7, = 0 yields 7, =0, i =3, 4,..., leading to a center. In fact, in general, if b;; =0 and so by, = 0, then
system (12) is reduced to unperturbed Hamiltonian system. Hence, for the quadratic perturbation, one may set
2o = 01 = 0 by choosing bg; = 0 and by, given in (18), but 7, # 0. This indicates that we can have at most two small-ampli-
tude limit cycles around the center (0,0). Further, it is easy to show that by proper perturbations to by, and bg;, one can ob-
tain two small-amplitude limit cycles, and hence Hy(2)=2. O

2.3. Quadratic Hamiltonian system with 3rd-degree polynomial perturbation

Now we turn to consider the case n = 3, for which g3(x,y) is given by
G3(X,y) =bo1 ¥ +b11 Xy +boa ¥* +by1 X* y +b1a X y* + b3 y*. (20)
For this case, we have the following theorem.

Theorem 3. The quadratic near-Hamiltonian system (14)with 3rd-degree polynomial perturbation can have maximal five small-
amplitude limit cycles bifurcating from the origin, i.e., Hy(3) = 5.

Proof. Again set bg; = 0 in order for the origin (0,0) of the perturbed Hamiltonian system (14) to be an element center, under
which 79 = 0. Then, applying the Maple program to system (14) with gs(x,y) given in (20), we obtain the focus value 7; as

- 1

T [(ay —2) b11 +4 az bo; — 2 by — 6 bgs). (21)
Solving (21) for bgz results in

bos :%[(a] —2) bi1+4 a; by —2 byl (22)
Then, we obtain 7, as follows:

Dy = —41—8a2(5a1 —2) (a1boy — bya) — 11@ [20a2 + (3a, + 10)(as — 2)] (bi1 + bar). (23)

First, suppose a; # £ We solve 7, = 0 to obtain

20 @+ (3 ay + 10)(ay — 2)

bz = a1 b + == 572

(b11 + ba1), (24)

under which 73, 7,4, etc. become
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U3 = 5573 (355 ) [(al +1)(a - 2)° - 405] (b11 + b21) (303 + 1201 — 4 — 4a3),
i/4 = WM [(a1 + 1)((11 — 2)2 — 4(1%} (b]] + b21) [2673(1‘]t + 7740(1?
79312(1% +8592a;, — 2704 + a% (480(1% +22992a;, — 5024 — 75040%)},
= msnn [0 412710 5
x{6673023a’ + 12848868a> — 35889804a% + 3910896043
1 1 1 1
—280518240% +26599488a; — 7993664 + a% [18325764 a‘}

+120357792a3 — 102912288a? + 40278144a; — 11246016
—a3(26386608a3 — 141384768a; + 17966016 + 44573504a3)] }

(25)

There is a common factor [(01 +1) (a1 -2)* - 4a§] (b11 + by1) in the expressions of ;. Setting this factor to equal zero leads
to a center. Thus, in order for it to be non zero, let

azzi% 3 (a; +2)* - 16 (26)
for
a € <oo,4‘3/§2> U (4\3@2, :>o> ~ (—o0,—-4.309401) U (0.309401, ). (27)

Under the condition (26), 74 and s are reduced to

z};;:—W (a1 +2)° (a2 —8 a; +4) (by1 +ba1) x (11 a3 + 46 a2 — 84 a, + 24)

Us = — 75152 (75 a-2) (a1 +2)° (a2 -8 ay +4) (by1 + ba) (28)
x (638 aj + 3873 af + 428 a3 — 9366 aj + 5168 a; — 720).

Therefore, the only possibility for 24 = 0 but 25 # 0 is the roots of the polynomial
Fi(a1) =11 a3 +46 a3 — 84 a; + 24. (29)
It is easy to show that the discriminant of the equation Fy(a;) =0 is

86528 -
11979

indicating that F;(a;) = 0 has three real roots, given by
a; = —5.6118538340---, 0.3650705869---, 1.0649650652 - -,

D= 0,

which are all located in the interval given in (27).
Further, when a; satisfies (29), 75 is reduced to

- 91

b = sp3gzaca ) @t 2)* (a3 — 8ay +4) (3073@2 — 52724, + 1500) (by1 + by1) # 0

for by + ba; # 0 and a;taking one of the real roots of Fy(a;)=0.

The above results show that one may choose the perturbation parameters bgy, bos, b1z, a» and a; such that
v;=0,i=0, 1, 2, 3, 4, but 5 # 0. Combining with (26), we obtain a total of six sets of solutions for (a;,a;). Thus, for
this case, at most 5 small limit cycles can bifurcate from the origin. Further, by proper perturbations on the parameters ay, a,,
b12, bos and by, we can obtain five small-amplitude limit cycles. Alternatively, we can show the existence of five limit cycles
by verifying the determinant

x (165a8 —382a° — 4568a? + 48963 + 68842 — 1696, + 384) %0,

da, day

D3 =det Bt _2450a; (a} -8a1 +4) (@ +2) (b1 +bn)?
1572864 (5a; —2)*

if by + b1 # 0, where 753 and 2,4 are given in (25), evaluated at the critical point determined by (26) and (29), since the 6th-
degree polynomial in the above expression has the real roots:

a, = -4.756694 ..., -0.605725 ---, 0.818912 ..., 6.062837 ---,
none of them satisfies (29). This non-zero determinant implies that proper perturbations on a; and a, can be found such that

|4] < |0s| < € and 24 05 < 0. Other three perturbations on bq,, bos, bg; can be easily obtained one by one, satisfying
|i/]| < |i/j+]| and TNJj i/j+1 <0 forj=0, 1, 2, 3.
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Now, consider the case when a; = % For this special case, bg3 and b, become

bos =35 (b +8 a3 by — 4 ba),

30
biy =3 bo + 1585 (16 @3 +7) (bi1 +ba), >

under which 77 = 7, =0, and

D3 = s (32 @3 —7) (16 @2 —179) (byy + by),

¥4 = gmimss (3202 — 7) (120064a3 — 88729602 — 2974841) (byy + ban),

D5 = s (32 a2 — 7) (285270425645 — 1091709465644 (31)
~130732044816a3 — 126479453359) (b1 + by1),

Hence,

a, :j:‘ll\/179, (32)
and then

- 2302911

Vg = 562144 (b11 + b21), (33)

showing that when a; = 3, the system can have at most four small-amplitude limit cycles around the origin.
In conclusion, we have shown that Hy(3)=5. O

Remark 1

(i) The method and formulas presented in this section for proving Theorem 3 are different from that given in [14], but
lead to the same conclusion.
(ii) The coefficients a; and a, appeared in the Hamiltonian function do not play any role in determining Hx(2) = 2, while
they are used to obtain two additional limit cycles in obtaining H»(3) = 5.
(iii) In the case of cubic perturbation, the number of b; coefficients is more than needed. For example, we may set
b11 = boz =0. Thus,

- 20@ + (3 ay + 10)(as — 2)
n 402 (5 a1—2)

which will greatly simplify the computation in analysis.

1
bos = -3 by, b b, (34)

3. Quadratic Hamiltonian systems with 4th- to 8th-degree polynomial perturbations

In this section, we consider the quadratic near-Hamiltonian system (14) with higher-degree polynomial perturbations. In
particular, we shall study the cases n=4,5,...,8, and leave cases n=9,10,...,20 to be discussed in the next section.

3.1. 4th-degree polynomial perturbation - Hy(4) =6

When n =4, we have
qs(%,y) =b11 Xy +boa ¥> + b2 ¥* y+b1a xy* + bos y>. + b3y X3 y+ by X2 ¥? + b1z X ¥* + by ¥*, (35)
where by has been set zero in order for the origin (0,0) to be an element center under perturbation.

Theorem 4. The quadratic near-Hamiltonian system (14) with 4th-degree polynomial perturbation can have maximal six small-
amplitude limit cycles bifurcating from the origin, i.e., Hy(4) = 6.

Proof. The first focus value, 7, is the same as that given in (21), and thus the solution given in (22) also applies to this case.
Then, we obtain 7, as follows:

1
=153 {4 a,(5a; — 2)(a1bo; — b12) + [20a3 + (3a; + 10)(ay — 2)](b11 + by)
4+2 (3 a; —10) b3y +8 a3 by +6 (3 a; —2) by3 4+ 80 ap bys}. (36)

To have maximal number of limit cycles, suppose a; # 2. Then solving b;, from the equation #, = 0 results in
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1

b12 = (11b02 + m {[20 a% + (3 a; + 10)((1] — 2)} (b]] + bz]) +2 (3(11 — 10)b31 + 8a2b22 +6 (3(11 — 2)b13 + 80(12b04}.

(37)
Next, solving 73 = 0 for b,; yields
1
7(a? —3a? +4 — 4a2) (3a2 + 12a; — 4 — 4a3)
+4(21a2 — 1200, + 20)a3] bs; — 2 (21a2 — 36a; + 20 — 28a3) (2a1a2b2 — 3a2by3 + 8azbos) } (38)

Then we obtain

by = —byy — x {[57a* - 300a3 + 168a> + 336a; — 112

Vs = — 13355 Qu(@1,@2) Fa(ar,a2),

Vs = — gpes Qa(a1,02) Fao(ay, az), (39)
Vg = —m Q4(a1,a2) Fas(as, az),

Q.= (Cl? — 40%) bs1 +4a;axbyy — GG%b]B + 16a3bg4
4 3a2 + 12a; — 44d3 ’

Fa1 = —880a} — 8(63a? — 204a; — 212)a2 + 81a} — 648a; — 64842 + 632a; — 880,
Fy = —114400 dS — 48 (2787 a? — 4986 a; — 4088) a}
— 6 (4203 af — 10968 a3 + 11112 a? — 15840 a; + 5936) a3
+4617d$ — 393664; + 1296a? + 95184a; — 131184a? + 92448a, — 35200,
Fus = —3933966080 a — 14080 (495531 a2 — 640908 a; — 493084) aS
— 96 (34850991 a} — 87072328 a3 + 7103576 a2 — 1362400 a;
+17881520 ) a3 — 16 (13981653 a$ + 1079028 af + 152452836 a]
~366397536 a; + 326596848 a? — 124266432 a; + 2321600)a3
+63132129a% — 581959728a] + 5121182884 + 107091590443

- 2534554656a‘]l + 2774148864a? - 23531036160? + 1477155840a; — 515905280.
Eliminating a, from the equations F4(a;,as) = F43(aq,a,) = 0 yields the solution for a,:

1017948 — 81864a5 — 179172a% + 2049924 — 3249642 — 1240324, + 66880

2 _
@ = Ga(ar) 4 (5109 a? + 12076 ai — 75936 a2 — 167664 a, + 48944) ’

(40)

and a resultant equation: Fu4(a;) = (a; + 2) Fy4(a;) = 0, where

F,, = 77571a° — 1561014a® + 9024720a’ — 9985760a¢ — 33089760a; + 106013376a* — 124646144d>
+66931200a% — 14081280a; + 924160. (41)

Since G4(—2)=-4<0, a; = -2 is not a solution. The equation F,, = 0 has 7 real solutions, among which 6 solutions satisfy
G4 > 0, given by

ay = —2.4319249295---, 0.1214887712.-., 0.2396354793-- -,
0.8947127237---, 1.6003117430---, 10.4095039074---.

Thus, there are in total 12 solutions such that 25, i =0, 1, ---, 5. To show that under these solutions, 75 # 0, we simplify F43
under the condition (40) to obtain

114048 (a; +2)°
(5109a? + 1207643 — 759364 + 167664a; + 48944

sk

)4 Fis(a),

Fas(a1) = —
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where

F,5 = 11844230087997394893 2! — 305734345052493700746 a*°

+ 2418549504993958649976 al® — 1993460737939640264880 al®

—49564195151871383253936 a]’ + 124446997073560508108640 a;°

+336149120257114369619456 al®> — 1100132759938667715869696 al*

—404390893662441837426176 a;* + 4007067431279424190368768 a;>

—3282017492758532541804544 al! — 4446167875219670369935360 al®

+10247366647513025385472000 af — 6263798959014872049795072 a8

—3402158054124819221446656 a] + 9962770218462316965658624 aS

—9981602334009026481160192 a; + 6118456338015223696719872 a}

— 2364555390026654509694976 a3 4 544448019376266768547840 a2

—66279958873926831964160 a; + 3180778759235116728320. (42)
It can be shown that for the six roots of F,,(a;) = 0, F,5(a;) # 0. For example, taking the second root and truncated up to 100
decimal points yields the following critical parameter values:
a; =0.121488 .-, a, =0.685579---, by =—-0.918105--- b3,
b1 =2.625493---b3;, b3 =0.306035---b3;, be; =0,

where we have set b1 = bgy = bas = by3 = by = 0, under which the computed focus values, up to 100 decimal points, are
9=0, =0, 7 =06x10"Chy, @5 =-0.11x10" by,
74 =0.16 x 107%b3;, 5 =0.145522 x 10°2b3;, g = 0.004056 - - - bs;.

Without loss of generality, we may take bs; = 1. It should be noted that for the exact solutions (in other words, if we obtain
the solutions up to infinite decimal points), the focus values 2;, i =2, 3, 4, 5 should be exactly equal to zero.
Further, using (39) and (40) it can be show that

D, = det | 1 9 (QsFn) 0 (QsFs) 0 (QsFa1) 0 (QuFa)
47 lons 0w | T 5435817984 | oa a, oa, oa,
da;  9ay
_ 1 0Q4 9F41 (0Q4 F g 9Q4 OFq\ (0Q4 OF g
= 5435817934 Kaal Fa +Qq4 o0, ) (E)az Fgp +Q4 o, 90, Fa +Qq4 o, ) \oa, Fyp +Qq4 o,
G OFy OFy OFun OFp L L
= 5435817984 \ 90, da,  Oa, 0a, (due to F41 = F4, = 0 at the critical point)

B 99 a, (a; +1) (a1 +2)* Q2

262144 (5109 a? + 12076 a3 — 75936 a? — 167664 a; + 48944)’
x (10313314461333 a;® — 227551342138848 a;° + 1313462632863888 a}* + 2295518806514112 a}?
—33581578824741632 al? + 14478127272667136 al' + 261174703841748224 al® — 309215858243984384 a5
— 665789393081826816 a° + 1499325783540473856 a/ — 305360348854505472 af — 1885165145387286528 a3
+2400549071758000128 a? — 1298010355777404928 a3 +335191187245170688 a? — 37291867563622400 a;
+1126958853324800

since Q4 # 0, the denominator (which is the denominator of the solution for a,) is non zero, and the 16th-degree polynomial
factor in the above expression has eight real solutions for a;, but none of them satisfies F,,(a;) = 0. In fact, for the above
chosen parameter values, we obtain D, = 0.003608 --- b}, 0 (b3 = 0).

Summarizing the above results shows that one can choose by, bos, b1z, b1, a; and a; such that 7, =0, i=0, 1, ---, 5,
but 75 # 0. Further, we can perturb these coefficients in backwards to generate

|7j| < |931] and  7; 95,1 <0 forj=0,1, ---, 5.

This finishes the proof. O

Remark 2. Again it is noted that the number of bj; coefficients is more than needed. For example, we may set
b11 = boa = baz = b13 = bog = 0, which will greatly simplify the analysis.
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3.2. 5th-degree polynomial perturbation -Hx(5) = 8
For n =5, we have the following result.

Theorem 5. The quadratic near-Hamiltonian system (14)with 5th-degree polynomial perturbation can have maximal eight small
limit cycles bifurcating from the origin, i.e., Hx(5) = 8.

Proof. For this case, qs(x,y) is given by
@5(X,¥) = b11Xy + booy? + b21X%y + b12Xy? + bosy® + b31X%y + baax?y? + bi3Xy® + boay* + bay x* y + by X3 y?

+ba3 X% ¥ + bia X y* + bos ¥, (43)
where bg; has again been set zero in order for the origin (0,0) to be an element center under perturbation.

Now, based on the focus value computation, solving 7; = 0 for by gives the same solution as given in (22). Solving 7, = 0
for by,, 3 = 0 for by, 74 = 0 for bgs, and 25 = 0 for by, yields

1
4(12(5(1] — 2) {(
+80 a, b04 —-12 (b41 + b23) - 60 b05}7

b1, = a; by + 3(1? +4a; — 20+20(1%)(b11 +b21) +2(3a1 - ]O) b3y +8 a; by, +6 (3(11 - 2) bis

1
7(a@ — 3@ + 4 - 4@) (3@ + 124, — 4 — 4a) {l
+4 (21(1% — 120(11 + 20)(1%] b31 — 2(21(1% — 36(11 +20 - 280%)(2 alazbzz -3 a% b13 + 8(12 b04)

—4[36a3 — 13a? — 84a; + 28 + 12(6a;-)a3] bai +8ax(5a; — 2)(3a; — 2) b3, — 6a;(9a? + 4a; — 12 +28a3) by
+16 ay(7a; — 2)(5a, — 2) bia — 20[3(7a} — 9a? + 8a, —4) — 28(a; — 1) @3 | bos

by — —byy — 57a* — 300a2 + 16842 + 336a; — 112

bN
bis = 14 where

b,
and b05 = — 16 0 b7y’

N
bl = [81a% — 648a% — 64842 + 1632a; — 880 — 8 (63a2 — 204a; — 212+110a2)a] [(a® — 4a2) bs; — 6a2 bys
+4a1a; by, + 160, bos] + {a? (387a; + 1440a] + 600a? — 6464a; + 5104)
—4a2[363a? + 72843 — 15762 + 2112a; + 304 + 4a2 (87 — 144a; — 512 + 132a2)] }bayy
— 4a,{27a3 + 102a} — 1248a; — 768a? + 1360a; — 352 — [8(21a} + 93a? — 212a; + 44)
—48(11ay — 12)a3]a3 }bs; + 6 a;{27a3 + 21a] — 600a3 — 120a% — 272a; + 528 — 8[21a; + 30a; — 8a,
+256 — 2(33a; + 19)a2] 2 }bys — 64 a,[45a% — 241} — 68242 + 468a; — 72
+a3(77a3 + 11943 + 132a; — 44 — 44a3)] big,

bds =3 (3645 — 209a? — 41643 + 504a> — 384a; + 176) — 16 a2 [42a® — 87a% — 110a; + 128 + (22a; — 19)a2],

b, = {3a1 (a —2)*(27a3 + 37802 + 468a; — 104) — 8a3 [180a + 97545 — 62584 + 6584a;
+4848a% — 10704a; + 6752 + 4a2(117a3 — 8164} — 161a3 + 325842 + 1812a, — 3496
—4(13a3 + 15643 + 423a; — 130 — 130a3)a3)] } [(a] — 4a3)bs; + 4a;a:b2 — 6a2by3 + 16a5b4]
+ 4{3a?(a1 +1)(ar —2)*(27a3 + 37802 + 468a; — 104) — a? [(a1 —2)* x (1440a] + 15081d$
+12624d; — 139164} + 9824a3 + 2315242 — 149764, + 2496)
+164a3(192a] + 1984a$ — 4771a3 + 5862a] — 272a; — 102084 + 6768a;
~1760 — 2a2(a; (130a; — 939a3 + 2670a? — 1372a; + 408) — 8 (6502 — 3a; + 110 —39a2)a2))]} bas
+4ay(ay — 1){3a1 (a1 — 2)*(27a2 + 37842 + 468a; — 104)
—8a? [(a1 —2)% x (180a? + 1695a3 — 198a2 — 988a; + 1688) + 4a2(117a3 — 8164} — 161a3 + 32584
+1812a; — 3496 — 4a3(13a3 + 15642 +423a; — 130 — 130a2))] } b3, — fsaf{aa1 (a; —2)*(27a3 + 37802 + 468a; — 104)
- 8a? [(al —2)*(180a? + 1695a3 — 198a? — 988a; + 1688) + 4a2(117a5 — 816a? — 161a3 + 3258a?
+1812a; — 3496 — 4a3(13a3 + 15642 + 423a; — 130 — 130a2))]} bas,
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by, =3 (27d] +162a% — 190843 + 4360a} + 400a3 — 11424a2 + 10816a; — 1664) + 4a3{468as — 3180a] — 805645
+20955a; + 14814a} — 1277643 + 1584a3 — 2832a; — 3232 — 4a3[52a + 24394} + 663a; — 165943
+4110a2 + 1404a; — 3496 — 4 a3 (143a; + 15643 + 429a; — 350 — 52a3)]}.

Then, the 6th focus value becomes

- 143 715

Vs :—294912 Q5(a1,a2) F52(a1,a2) and 1~/7 = _7‘113246208 Qs(al;aZ) F53(a17a2)7

where Qs(a;,a;) = ?Z;EZ}Z? and

Fso = 3(a; — 2)* (27} + 37842 + 468a; — 104) + 4a2{ (a; — 2) (468a] — 2244a®
1254445 — 4133 + 6548a® + 32002 + 2224a; + 1616) — 4 a2 [52a°
+663a +2439a% — 16592 + 41102 + 1404a; — 3496 — 4d2(143a>
+156a3 +429a; — 350 — 52a3)] },

Fs1=d} (a3 —3a} +4 - 4a§)3 [(a} —4a3)bs; + 4a;byya; — 6a2bys + 16a3bos
+4(a3 + a2 — a2)bsy +4ax(ar — 1)bs3; — 6abys),

Fs, = 405 @ + 6264 o + 6264 @ — 5664 a; + 1360 — 8 a2 (99 a® + 708 a; + 524 — 170 a2),

Fs; — 8991aS + 96228a° — 890028a* — 39772843 + 2094480a? — 1063872,
+177344 +4 a2 [14553(1‘11 +269064a3 + 42559203 — 328032a; — 89328

—4 a2(8307a% + 664924, + 22332 — 11084a2)].

Next, eliminating a, from the equations Fs,(a;,a,) = Fs3(ay,a) = 0 yields

2 = Gy(ar) = 105165a$ + 194551203 + 4062996a% + 620224a3 — 60571242 + 294528a; — 70720
27 U 4 (17499a? + 7883643 + 664464a2 + 1162416a, — 72176) ’

and a resultant equation: Fs4(a1) = (a; + 2) Fi4(a;) = 0, where
Fi,(a1) = 224181ad 4 7250742a8 + 51634440a] — 140047504a5 — 106276800a; + 502223232a% — 39809344043
+ 109666560a% — 65395204, + 86528.

a, = —2 is not a solution since Gs(—2)=—4 <0. The polynomial F;,(a;) has three real roots, given by

a, = —2.0772478597 ---, 0.0187162703---, 0.0563411398---,

all of them satisfy Gs(a;,)>0. Thus, there are in total six solutions. It can be shown that for these six solutions,
v;=0,i=0, 1, ---, 7, but g # 0. For example, taking the second root of Fz;(a;) = 0 yields the critical parameter values,
up to 100 decimal points:

a; =0.018716---, a, =0.570840---, by =0.041161--- by,
bos = —0.098867 - - bs1, by =—-0.998052 - by,
b1y =-1.679929--- by, bo3 =0.332684:-- by, by =0,

where we have set by = bgy = b31 = byy = b3 = bos = b3, = by3 =0, and the corresponding focus values are

7%=0, D=0, 7, =02x107" by, B3 =0218 x 1071 by,
74 =—-0.1535x 1071 by, B5 = 0.849035 x 107'% by,

7g = —0.740965 x 107 by, 77 = 0.8023772269351 x 107 by,

75 = 0.0001470910 - - - by;.

This shows that there exist at most eight small-amplitude limit cycles around the origin. Moreover, by a similar argument,
one can show that
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D — det W G| 102245 9 (Qs Fs2) 9 (Qs Fs3) 9 (Qs Fsp) @ (Qs Fs3)
> 2k, 20 |~ 33397665693696 |  oa, da; oa; aa
a;  oay

_ 102245 Q3 (@ OFs; 0Fs @)

33397665693696 \ 9a; da, oa, oa

5214495 a, (a; +1) (a; +2)> Q2

33554432 (17499 a* + 78836 a3 + 664464 a? + 1162416 a; — 72176)
x (1415952528453 al® — 26280676678068 al® — 1352133619703352 a}* — 61067779774350096 a}®
—1302780775819382048 a!? — 5579295994527079488 al' + 23820127402904164992al°
+961838093966702743044a3 — 85551175416509872128a8 — 331020457294596480000a]
+226442252205945378816aS + 334597705832994361344a — 325860493104747700224 at

+90087065798674300928 a3 — 9230619970869952512 a2 + 392913556957888512 a; — 5852925912743936) # 0
1 1

at the critical point. Indeed, for the above chosen parameter values, Ds = 0.0000185376 - - - bfﬂ #0 (bg1 # 0). This implies that
appropriate perturbations can be made to ay, a,, bi4, bos, b21, b12, bos, bo1 to obtain eight limit cycles. O

3.3. 6th-degree polynomial perturbation —-H5(6) =9
In this section, we consider the case n = 6, for which we have the following theorem.

Theorem 6. The quadratic near-Hamiltonian system (14) with 6th-degree polynomial perturbation can have maximal nine
small-amplitude limit cycles bifurcating from the origin, i.e., Hy(6) = 9.

Proof. For this case, g¢(x,y) can take the following form:

Gs(x.y) = Y byx'yl, withby =0, i=2,3, -, 6. (44)
2<i+j<6
First note that the focus values #; and 7, are identical to that of the case n =5. Thus, the solutions of bys solved from 7; =0

and by, from 7, = 0 are identical to that for case n = 5. We then solve 73 = 0 for b,;, 74 = 0 for bgs, 75 = 0 for by4, and 75 = 0
for b,3 to obtain

b2l:=—(35%(al"3—-3*al"2+4—4xa2"2)*(3xal"2+12+al—4—4%a2"2)xbll+5*(57+al"4—300%al"3+168*al"2
+336%al—112+4%a2"2%(21%al"2—-120%al+20))*b31+(21%al"2—36%al+20—28%a2"2)*(—20*al*a2+b22
+30%al"2%b13—80*a2+b04)—20*(36+al"3—13xal"2—-84xal+28+72+al*al"2—-12+a2"2)+xbdl —30xal
x(9xal’2+4xal—12+28%2a2"2)*b23 - 100%(21*al"3—27+al"2+24%al—12—28xal*al"2+28%a2"2)*b05
+4%(5xal—2)*(10xalx(3xal —2)xb324+20%alx(7+al —2)xbld—5x%(3xal—14)xb51l—12*xalxb4d2
—3%(9%al—10)*b33—40%a2+b24 —15x(5*xal —2)*b1l5—420%a2%b06))

/35/(3%al"b+3xal"4—40%al"3+24%al"2+48+al —16—4%al"3xa2"2—48*al*a2'2+16xa2"4):

b05:=—(5%(81%al"4—648+al"3—648*al"2+1632xal —880—8*a2"2x(63*al"2—204*xal —212+110%a2"2))
*((al"3—4%a2"2)*b31+4*al*a2*b22—6xal"2+bl3+16%a2*b04)—5*(al 2 (387*al"4+1440%al"3
+600%al"2—6464%al+5104)—4+a2"2%(363%al"4—1576+al"2+728+a1"3+2112+al +304+4%a2" 2 (87
xal"2—144xal—512+132%a2"2)))xbdl —20+a2x*(27+al"5+102+al"4—1248%al1"3—768+al"2+1360xal
—352—-8%a2"2x((21*xal"3+93xal"2—212xal+44)—6x(1lxal —12)xal"2))*b32+30*xalx(27xal"b
+21%al"4—-600%al"3—-120%al"2—-272xal+528—8+a2"2%(21xal"3+30*al"2—8xal+256—66*al*al"2
—38%a2"2))xb23 —320*a2x(45*al"4—241%al"3—682+al"2+468xal —72+al"2x(77xal"3+119xal’2
+132%al —44—44%22"2))*b1l4—80*(al*(36+al"4—99%al"3—750%al"2+604xal+88)—a2"2x(—140
—644%a2"2+1844*xal —247xal"2+108xal*a2"2))*b51+16*a2*(171xal"4+375%al"3—-1914*al"2+244*al
+152—4%a2"2%(105%al"2+149%al —38—108%a2"2))*bd2 — 6% (549%al"5+990xal"4 +4816xal"2—1416%al’3
—6192%al+1760—8%a2"2x(105%al"3+114*al*a2"'2—220—-360%a2"2+984%al —167%al"2))xb33+80%a2
x(135%al"4+474+al"3—-884xal1"2—584xal+288—8xal"2x(28+al"2+31xal —22—22%a2"2))xb24 —20
*(3%(135%al"5+294%al1"44+80%al"3+2144%a1"2 —1584%al +288) —4*xa2"2%(630%al"3+1425%al"2
—212xal—"76—440*al*a2"2—"76%2a2"2))*b15+1680*a2*(45+al"3—70+al"2—-516*al+184+44xal"2%a2"2
+36xal*a2"2+40%a2"2)*b06)/100/(3%(36+al"5—-209*al"4—416*al"3+504xal"2—384xal+176)
—16%a2"2%(42%al1"3-87xal"2—-110%al+128+22%al*a2"'2—-19%a2"2)):

bld:=...

b23:=...
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The lengthy expressions for b14 and b3 are omitted here for brevity. Under the above conditions, computing the 7th and 8th
focus values yields

- 13 N 13
U= 37728736 Lo %) Feln @) and 0 = gooegpauss

F K
where Qq(ay,a;) = F:;Eg:zi)) and

Feo = 405a? + 6264a3 + 6264a% — 5664a; + 1360 — 8a3(99a? + 708a; + 524 — 170a3),

Qs(a1,a2) Fe3(ar, a2)

Fe1 = 5a%(a} — 4a3)bs; + 2(a} + 8a2)(2a:b4, — 3a1b33) + 80aiazbrg — 20(3a3 + 4a3)bys + 240a; azbos

Fs; = 37179a8 — 524880a] — 474724848 — 1243641645 + 7737120a? + 13042944a3
— 1729920007 + 6945792a; — 578816 — 16 a3 {12393 af — 102708 a3
— 802548 a} — 1317600 a3 — 40464 a2 + 232128 a; + 144704
—2 a3 [3(11475a] — 35496a; — 271896a; — 38688a; + 129712)
+18088 a3 (3 a} +12 a —4—aj)]},

Fs3 = 50526261ai° — 745329600a] — 559136293248 — 107740834564
+ 2142663580845 + 80327116843 — 30493584000a; + 349400494084’
— 198145820164 + 57233326084, — 456107008 — a3{1860437164}
—1187208576a] — 3220337088a +- 1913211187243 + 7488910084}
— 3915382579243 + 39396455424a* — 154350059524, + 2530583552
—32a3[36018189a$ — 6582254443 + 13940100a] + 2598709824a;
+520859376a; — 796391424a; + 6959296 + 4a3 (4688822743
—2181168a2 — 658959624a? — 592988164, + 250943344
+4522a3(6957a; + 35808a; — 10852 — 2948a3))] }.

Now, eliminating a, from the two equations Fey(a;,a,) = Fg3(as,az) = 0 yields a3 = Gg(a;) = A,, where

A2 = (309476589043365 x al1"23 — 5515299346319946 x 2122 — 65117402421565968 x 21”21
+343086542820896832 x al"20 + 6091504419437183088 x 21”19 + 20302707438672494624 x a1l"18
—22849915427488200576 % 21”17 — 203037391007744355072 * 21”16 + 9267870908120547840 * 2115
+977666560668401531904 % 21”14 — 163564694668683952128 xal1"13 — 2825180523848282816512+al1"12
+1652248941383106158592*al”11 + 4692526746364655321088 x 21”10 — 5725411348687671853056 x al"9
—2190121368214132359168 xal"8 + 7836770199015990558720 x al"7 — 4612471098580271235072 x a1"6
— 604405275220446806016 * al1"5 + 1733007734562386608128 * al1"4 — 602455690407660486656 * al”3
—12215416715527323648 x a1"2 + 37258420417286111232 x al — 3839759129400836096)

/(505036912585500 x 2121 — 5359814272145448 x 21”20 — 31830654715627344 x al"19

+833586636750573664 x a1"18 + 6440370133222457088 x al"17 + 8366639248289269248 x 21”16
— 29454268933673095680 * al"15 — 28346693116766745600 * 21”14 + 72380694071939567616 x al"13
—241173650638087282688 xal"12 —16590897148659154944 x al1"11 + 1650885296665533579264 * a1"10
—1242762519649553645568 x a1"9 — 3907821875385169674240 x 21”8 + 5797383741331795476480 x al""7
+1365604425394373787648 x al1"6 — 7928311543044728684544 x al”b + 6085713729955457138688 x al’4

—1552106766836555579392 x al"3 — 139669993254335545344 x 21”2 + 104083794857023242240 * al
— 5791825990506250240) :

and a resultant equation: Fes(a1) = (a1 + 2) Fgu(ar) = 0, where
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Fiy = (51 @ + 134 a2 — 2084 + 32)
x (517796645438250% — 2789137246241070a%°
+37823234268486528a2° + 133020593469673920a2*
— 3022610623559552736a2 — 15840657352752444864a2
+53824460894374680832a%' + 311838615653778129408a2°
— 790508745342083391744a!° — 3090977270839811084800a!
+10897630601847276933120a)” + 11578741470477118267392a!°
— 114618653284930562834432a}° + 242025050570805722185728a}*
— 168666323420044681150464a!® — 272714421423787810226176a!>
+ 886489069776602650312704a!" — 1227473280895318110633984a.°
+1075021293782770403770368a] — 6352249566072008312094724°
+246733299933549095288832a] — 53479864299307757731840a°
+490766647781826232320a + 3243995704522992254976a’

— 833100146880987267072a3 + 59909087602453512192a2
+62431383000144936964a; — 833543850067755008).

Again a; = -2 is not a solution since Gg(—2)=—4<0. The polynomial Fg,(a;) has ten real roots, all of them satisfying

Ge(aq) > 0, but only seven of them leading to 7, =0, i =0, 1, ---, 8, but 75 # 0. These solutions are
a; = —4.582523 ..., —-1.722947-.., -0.218276---,
—0.094202---,0.148117---,1.450129 - - -, 15.521628 - --.

Thus, there are in total twelve solutions. One example for taking the parameter values is given as follows (up to 100 decimal
points):

a; = —0.218276---, a; =1.459254 ... by; = —26.697001--- bs,

by4 =1.700641--- bs;, bos =—1.731869--bs;, by =—0.956680--- bsq,

by, = -22.353922-.. bs;, bos =0.318893--- bs;, by =0,

where by1, boy, b31, b2, b13, boa, bai, b3, baz, b3z, bya, bys, bgs have been set zero, associated with the following focus values:

Do=1=0, 7,=068x10" bs;, 3=0.10x10"" by,
7~/4 =0.165 x 10797 b51, 2/5 =-0.10 x ‘10797 b5]7 TNJG =0.8245 x 10796 bs]7

77 =09x%x10% bs;, 5 =-0.117076701074 x 107 b5,
D9 = —0.0058706767 - - bs;.

Further, we can similarly show that for all the twelve solutions (critical points),

o da;  9ay
Dg = det ovg g # 0.
da;  day

For example, for the above chosen parameter values, Dg = —0.000583 - - - bél # 0 (bs; # 0). Thus, we can perturb the param-
eters ay, az, b3, b14, bos, b21, b1z, bos, bo1 to obtain nine limit cycles. [

3.4. 7th-degree polynomial perturbation -Hx(7) =10
For n =7, we have the following result.

Theorem 7. The quadratic near-Hamiltonian system (14) with 7th-degree polynomial perturbation can have maximal eleven

small-amplitude limit cycles bifurcating from the origin, i.e., Hy(7) = 10.

Proof. For this case, q;(x,y) takes the following form

G, (xy) = Y by, withby =0, i=2,3, -, 7. (45)
2<i+j<7

The focus values 77, and 7, for this case are identical to that of cases n =5, 6, and thus the solutions for bgz and b, are the

same as that given in the previous two cases. Then, similarly solving 73 = 0 for b1, 24 = 0 for bgs, 5 = 0 for by4, s = 0 for
b,3, 77 = 0 for by;, and g = O for by, yields a family of solutions, for which computing the 9th and 10th focus values yields

SR | S ) B
s =~ 4076863488 &7(@1- @) Fra(t1,02) Vs = o5 qeieanes
where Q;(a;,a;) = Fni(@1.8) and

~ Fpo(ar.a)

Qs(a1,az) Fr3(ay, az),
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Fro = (483327(151a - 5086962(1? + 20097072(1¥ + 3194665920? — 161634528a?
—-31310841 Ga‘]1 + 600223488a? - 477823488(1% + 173065984a, — 15049216)
—16a2{161109a® — 991602a] + 1879524 + 1579608a; — 115548624a’

— 24810336(1? + 121888448(1% —77237120a, + 19723264

— 2a2[3(149175a8 — 40545005 + 595416a% — 11523792a> — 239793440
~5514784a, + 7372288) + 13643 (5187a] + 3930a3 + 20324a?
+283960a; + 162624 — a2 (172942 + 3458, + 72512))]},

F71 = (3a3 + 8a3) [5a% (a} — 4a3) bs; + 4ax(aj + 8a3) by, — 6a4(aF + 8a3) bss

+80ata; bos — 20(3a3 +4a3) bis +240a1a; bos — 20(3a3 + 4a3) bos]
+ 150, (a] — 4a$ — 8aja} — 8ajaj + 64a3) b
— (a3} + 8a3) [20a; (3aj — 4a3) bs, — 24(3aj — 5a1a5 — 2a3) bas]
+240aja; (a3 — a3 + 4a3) bss — 2400, (3a; — 8a,a3 — 8a3) by,

Fy, = 3365793a!? + 60938568a!! — 7742504884 + 1966200480
+ 13136171760023 — 80291243520¥ - 42401159424&2i + 61639418880(1?
+11348709120a} — 85053265920a3 + 68653025280a% — 20425531392,
+ 2343047168 — 8a§ {3(1620567(1}0 + 26340228(151a — 2148421320?
+216250560a] + 2573086176a° + 131414400a; — 4093628544a’
11881934848a3 + 1137593088a% — 12751656964, + 718412800)
- 20% [3 (10180485(1§ + 153299952aZ — 674144208(1? - 3530459520?
+ 4636649952(1‘]1 + 880277760a? - 32322101760% + 170572800q,
+1300940032) + 16a3 (7853517(1? +134834868a5 — 120423348a?
— 748001952(1? + 215457840(1% +31982400a; — 434094272
- 13361% (3(141 75(1‘11 - 722]60? - 41551261% —299616a; — 611344)
~8a2 (12154 — 74988a; — 63300 + 8602a2)))] }.

Fy3 = 595745361a* + 94561068604 — 180495550692a!2 + 8668840397764l
+1125517505040a!° — 7989977121984a° + 3366147119040a°
+ 343800422369280? — 59273145771264a? + 7717979427840(1113
+ 76097098183680a‘]‘ — 945868312]6640a? + 49990295040000(1%
—12029752197120a; + 1171523584000 — 405{9083901330}2
+9845436600a]" — 161757046008a}° + 687515327712a] — 956879159760a8
— 59278219061 76(1{ + 11861554007808a? + 5082805251072a?

— 21066056398080(1‘]1 + 169179339386880? — 44461792604160%

— 2461820755968a; + 1818858868736 — 4a> [2041291 125al°

+ 16484932404a? — 280533952044a§ + 1027663111872az
—1251444253536a5 — 7805437665408a3 + 10296688491648a?
+4987212991488a3 — 6768106036992a% — 5422521415684,

+ 1498038592512 + 4a§ (6850884663a§ + 97499706480a¥
—6203113889764a® 4 219072133440a3 + 3577077122976a?

— 2324658546432a? — 1344157539072a% +12278036674564,

— 445085841664 + 461% (40265918910? + 79808495508a? — 8899995020461‘11
- 494926244640(1? + 2439548739360% —33890758848a; — 111271460416
— 532a2(5614515a% — 253967764 — 2470477684 — 723044164
175991376 — 4a2 (248955a% — 220823400, — 13355108 + 2150500a2))))] }.

Then, eliminating a, from the two equations Fs(aj,az)=Fy3(as,a;)=0 yields a2 = Gs(a;), and a resultant equation:
Fr4(ay) = (a1 + 2) F34(ar) = 0, where
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F74 := (224181 %al"9 + 7250742 al"8 + 51634440 x 21”7 — 140047504 x 1”6 — 106276800 * al’5
+502223232 x al"4 — 398093440 xal"3 + 109666560 x al”"2 — 6539520 * al + 86528)
% (2319843658348711436300505043425 x 21”54 + 168683334913377195606713413919700 x al"53 + 215538
8002863595533529931128347900 x a1l 52 — 74072663221288950463925299730960160 * 21”51 — 9081938
03331934965216212380500186960 x al"50 + 26593256218653692191179625239452658240 * al"49 + 595
90309934254632532125125184435048768 x 21”48 — 5768624732920357744210267231054694516736%
al’47 + 44431384497510110320072710745554850758144 x a1"46 + 293884158659712027975922060194
232945637376 x al"45 — 7908058044715608701919790173283524690180096 * al"44 + 666787884293412
38249724078588834626032484352 x 21”43 — 283432427523733757215332571183936180360175616 * al
M42 4 350598541644286746132271912556254260015366144 x al41 + 2724678536946731479056188139
870455784846360576 + al"40 — 15652557904665280851995776359745759543055351808 x 21”39 + 24552
467898355009798648226672248370656515391488 x al"38 + 85101943537360971734036388883918354
553673351168 xal"37 — 520550469399370815728325492400956306030485831680 x a1"36 + 9305833133
96366534043387016394306392653274546176  al"35 + 106077891869469692195205496772620763132
1581223936 « al"34 — 9098310548946983636769659974424445102189164101632 x al33 + 18344409316
998706643474338776426550233432846237696 x al"32 + 12860952852724352320655291276289482331
44066113536 xal"31 — 96521917455713372257236632289978434999589965660160 * 21”30 + 248094279
322272697485504727507962022636305902469120 * 2129 — 24092909923996783358548565341497635
2343434545070080 x 21”28 — 326904271795471452249247492666265561486007530946560 x al"27 + 168
6092611738668486978264339134742554337303173529600 * 2126 — 3320158423697631792101749697
871193583468283407892480 x al"25 + 3790103642444937840707725267905940807945331838812160x
al”24 —1518970667294577288431963056308825973515566796767232 al”23 — 3809582384717630970
336159092312824121502481332043776 x 21”22 + 10494824674960839460872636857220238630579095
642046464 xal"21 — 15650734306374777560762171378891627414010838420291584 x al"20 + 17097960
479181083883475639338440342194670111350063104 xa1"19 — 14715249848371228011149119547977
033947363737126043648 xal"18 +10196037726987288079370857130712902341167145669361664 xal
17 — 5665172652888856714329418318999902855366202103955456 xal"16 4+ 243973646067802276152
2662913159399045806054730366976 xal"15 — 7269304776389307442327493456022446832415256378
08128 xal”14 + 71071861915935476965731202135144019440064306085888 x 2112 + 724973841764713
63851974017727963929213163607687168 xal"13 — 550366644255242066600274915915591404191766
22981120+ al"11 +23213198872392003098365841495901554285059648782336 21”10 — 671839725098
1524185401731669590733429072602333184 xal"9 + 13131483761890419110663494945489943102780
58344448 xal"8 — 127823673619133472018021432581584894345372237824 x al"7 — 1607111206640139
7934533970989148212169784950784 x 21”6 + 9491832972470796301751972966033478591436554240%
al’b — 2066947427209168200427007363391363277337395200 * al"4 + 276012758848568715197597874
676625159875461120 xal"3 — 23346877759907407965191624301038017582202880 x al"2 + 1137325766
437048541264886157263118490664960 * al — 23439719787744597763430408974529116241920

*

Note that a; = —2 is not a solution since G;(—2) = —4 < 0. The polynomial F;,(a;) has eleven real roots, nine of them satisfying

Ge(a;) > 0. But only six of them satisfy 2, =0, i=0, 1, ---, 9, but 219 # 0. These solutions are
a; = —2.3956026741 ---, -1.5368161998 ..., —0.3824986020 ---
—0.1957571086 ---, 0.5960015015 ---, 0.2940224977 ---.

Thus, there are in total twelve solutions. One example for taking the parameter values is given as follows (up to 100 decimal
points):

a; =—0.382498---, a, =1.278764---, by; =—0.288840--- bg,

bys =0.522636--- bg;, b14 =0.649003--- bgy, bos =0.381279--- bg1,

by; = -0.311091--- bg;, b1 =1.637032--- bg;, be3 =0.103697--- b1, bo1 =0,

where we have set by; = by = b3 = b2z =b13=Dboa= ba1 =D33=bs1=bas=b33=b24=Db15=bos= bsz=Dbas=b34=bs5=Db15=0.
The corresponding focus values are:
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70=0, 7 =02x10"0pg, #,=025x10""° b, B3 =-0.12x 10" by,
7,=02x10" bg;, 5=-0248 x 107 bg;, 75 =-0.116 x 107 by,

D7 =0.2656 x 107 bg;, #5 =0.2495 x 107 bg;, D9 = —0.381 x 107 by,
710 = —0.0278295512 - - - bg;.

Further, we can similarly show that for all the twelve solutions,

ovg  Jvg
_ da;  oay
D; = det ony o #0.
day aay
In particular, for the above chosen parameter values, D; = —0.046634 - -- b§1 # 0 (bg; # 0). Thus, we can perturb the param-

eters a,, ao, b07, b23, b14, bos, b21, b]z, b03, b01 to obtain ten limit CyCles. O

Remark 3. Following the pattern seen from solving the cases n =3, 4, 5, 6, it seems that b, can be used to solve 73 = 0, and
thus the case n = 7 may have eleven limit cycles. If this is true, then the number of small limit cycles around the origin would
obey the rule H,(n) = [} (3n + 1)], rather than H,(n) = [#(n + 1)]. However, it has been observed from the expressions 75 and
Vg that at this step all the remaining by; coefficients, bsy, bs, b33, bas, bis, bos, b1, bs2, baz, b3a, bas and byg appear in a common
factor F; (this factor also appears in 219, 211, ---), and so using any of these coefficients to solve 75 = 0 would result in
V9 = V10 = --- = 0. This unusual pattern will also appear in the cases n =13, 19, to be discussed in the next section.

3.5. 8th-degree polynomial perturbation —H,(8) =12
To end this section, we consider the case n = 8, for which we have the following theorem.

Theorem 8. The quadratic near-Hamiltonian system (14) with 8th-degree polynomial perturbation can have maximal twelve
small-amplitude limit cycles bifurcating from the origin, i.e., Hy(8) = 12.

Proof. For this case, gg(x,y) can be written as

Gs(x.y)= Y byx'yl, with by =0, i=2 3, .., 8. (46)

2<i+j<8

First it is noted that the focus values 7, 7, and #5 are identical to that of case n = 7, and thus the solutions bgs, b1, and by,
solved from 7, = ¥, = ©3 = 0 are also the same as that obtained in case n =7. Then, solving 24 = 0 for bgs, 75 = 0 for by,
s = 0 for bys, ©7 =0 for byy, v3 =0 for bye, and 79 = 0 for bys we obtain a family of solutions under which computing
the 10th and 11th focus values yields

_— 676039 Ou(@r. 0 Fan(r. @), Frr— 676039
10 = ~ 1358954496 28(01@)Fe(t,G), Ui =5a6a1a0 6357

where Qg(a;,a;) = ﬂz;ggigzi and Fg;, i=1, 2, 3 are polynomials of a; and a,. Their lengthy expressions are omitted here for
brevity.

Now eliminating a, from the two equations Fgy(aj,a;) = Fgs(a;,a;) =0 yields a = Gg(a;) and a resultant equation:
Fga(aq) = (a7 + 2) Fgy(a;) =0, where

Qg(ay,az)Fs3(ay, az),

F84x% := (411075 % al’9 + 6092010 xal"8 + 15940512 xal"7 — 65011456 x al"6 — 20424288 x al"5

+186530880 «al"4 — 100326400 x 21”3 + 15025152 x al"2 + 225024 xal + 512)

*(190919375832007088158733171666452480 — 14404963811991721050875671905294090240 x al + 4393
20120939814709233681837672617738240 xal"2 — 7791814492462835697837742000975663595520%
al”3+91433912781062073233666843888568395366400 xal"4 — 7408864662141965993633408441762
00712585216 xal"5 4+ 4012534116038538187164539251028100768595968 x al"6 —11057986974936220
536665931437395760614735872  al7 4+ 583439497280164097150243192564497580011028480 * al’9

—32128743243445242937979919781770268822732800 * 21”8 — 385787219455862652125436632056955
3706496819200 % 21”10 + 17021819529238805917736755932169045041708269568 x a1"11 — 546715468
13538084805304205362572249744344612864 x a1"12 4+ 12551110820288737032567491102448192499
2347406336 xal"13 —169902498196012315054310210437165352753333010432 % al"14 — 72109503455
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864762211007348837202042949419925504 x al"15 + 1174480198447445532464039624474057175250
564546560 x al"16 — 3851879904562185575678563163098643570088361328640 x al"17 + 82448035472
34809315077728793881411560894418124800 21”18 — 12968488004246153906991861697182393889
383902085120 % 21”19 + 15071130092721721632179415458551286637974991667200  a1"20 — 1190831
4359746895816334193949636485912631684628480 xal”21 + 396253166360078904233112327818344
5141645164544000 x 2122 + 4423245894545170451159257484219418436748275875840 * a1"23 — 8202
151328511502581222718068457868432380212019200 x al"24 + 6056926096586751490037066719088
474001282328166400 x 21”25 — 1292904032539214709424989212046686234927305850880 x 2126 — 18
17836628940105341691014145855475455315222200320 % 21”27 +19104913749169672254388482664
84474509694190223360 x 21”28 — 582468837538725701902219068897136838243191357440 1”29 — 3
00144055116251647792073251605824164928050692096 * 2130 + 33375033846732599123110715278
9508333569119879168 x al1"31 — 77048287986193180808332495777802454627287826432 x a1"32 — 461
18172787415070794159654224980287704887459840 x a1"33 + 32718267318372998207068757389662
422334402723840 x al1"34 — 2303858930899212957977927534883295251293798400 * 21”35 — 43469228
43714889880916709614013403454361567232 % al"36 + 13224614890064932014386332846925221119
57467136 x al"37 + 206707760372586786590987950265924641634451456 x 21”38 — 1467453015714744
23222403695256097056294961152 % 21”39 + 2343582590897290273699040483926399508054016 * al”
404 7421756840917673355467055546918825657139200 x al”41 — 981359149199676494424472773728
51761520640 xal"42 — 277429886523748938251968805155670946201600 x al1"43 — 1622974452352922
9696314194197287710935040 * al”44 + 5532901381958046559502773445237064222720 * 21”45 + 9956
06144394500949731530745145874444800 * a1"46 + 54398709378856164965098598106635520000 * al
M4 —1143484091605748919887571715329441600 x 2148 — 23064440449761866240070828587989920
0*al”49 — 3520508239367724355632763524932400 x 21”50 + 379675021430515533937951583700000%
al”51 + 6370173139734065915670075862500 * a1"52 — 447053538954349259201583112500 x 21”53 + 46
57830968006686085650734375 x al"54) :

a;, = —2 is not a solution since Gg(—2)= —4 < 0. The polynomial Fg,(a;) has thirteen real roots, eleven of them satisfying

Gs(aq) > 0. By verifying the original focus values, only eight of them satisfy 2, =0, i =0, 1, ---, 11, but 21, # 0. These solu-
tions are (up to 100 decimal points):
a; = —2.2464265320 ---, -1.5081587824 ..., —-0.4276404992 ...,

-0.1808215111 ---, 0.3159980682 ---, 0.2005876789 ---,

0.6971776483 ---, 1.5717242559 --..

Thus, there are in total sixteen solutions. One example for taking the parameter values is given as follows (up to 100 decimal
points):

a; = —1.508158---, a; =0.802414-.-, bgg =—-0.427430--- by,

bis = —1.170520--- b71, bo; =4.014705--- b;;, by = —0.544763--- by,

b4 =5561532--- by;, bos = —0.341210--- by;, by = —0.985713--- by,

bi; = —1.085828--- b7;, be3 =0.328571--- b;;, be; =0,
where we have set by =boy=b31=bypy=bi3=bos= bs1=bsy=bsi=byy=bsz=bys=bi5=bos= be1=bsy=bsz=bz4=
bas = by = bsz = bag = b3s = bag = b17 = 0. The corresponding focus values are:

Vo= =0,=0, 3=-04x10"by, 24=0.141 x 10 %by,

75 =-01x10"" by, ¥5=0.694x10"" b;;, 7, =-0.31386 x 107 b,

g = —0.356 x 107 bg;, 9 = —0.15999882 x 10~** by,

D10 = 0.811292 x 107 byy,  #1; = 0.295077675 x 10~ by,

V12 = —0.0042354468 - - - by;.

Further, we can show that for all the sixteen solutions,
vy
- da;  da
Dg = det oby o # 0.
day aay
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In particular, for the above chosen parameter values, Dg = 0.000489 - - - b%l # 0 (b71 # 0). Thus, we can perturb the param-
eters a,, ao, bog, b]g, b07, b23, b14, b05, b21, b12, b03, b01 to obtain twelve limit Cycles. [l

Remark 4. Following the pattern in the previous cases, b,s might be used to solve 79 = 0. However, it has been found that
after solving 73 = O for by, the expression of 79 actually does not contain the coefficient b,s. More precisely, it does not con-
tain any remaining of the 7th-order coefficients: bg1, bs,, bss, b34 and b,s. So one must use one 8th-order coefficient to solve
V9 = 0. Here, we have used bgg. This pattern will also appear in the cases n =14, 20, to be seen in the next section.

4. Quadratic Hamiltonian systems with 9th-to 20th-degree polynomial perturbations

In this section, we shall consider the casesn=9, 10, - - -, 20. In order to simplify the presentation, first we establish a rule,
based on the cases studied in the previous section, and this rule has been verified for 9 < n < 20 by using general computa-
tion with all bjcoefficients retained in the system, like what we have done for the cases 3 < n < 8. Then we present three
representative cases n =12, 13, 14, showing the transfer from the regular pattern to the unusual pattern, as we have seen
in the previous section. The results for other cases have been obtained, but computations are more involved for larger n.
4.1. The rule of using by coefficients in solving focus values

We have the following result.

Theorem 9. The bj; coefficients used in solving v; = 0 follows the rule shown in Table 1.
The pattern can be clearly seen from the table.

4.2. 12th-degree polynomial perturbation —-H,(12) =17
In this section, we consider the case n =12, for which we have the following theorem.

Theorem 10. The quadratic near-Hamiltonian system(14) with 12th-degree polynomial perturbation can have maximal
seventeen small-amplitude limit cycles bifurcating from the origin, i.e., Hy(12)=17.

Table 1
The rule of using coefficients b; in solving #; = 0.

n v; due to by v; due to (a,az) Nonzero v due to Nonzero bj; LC Note

2 by = b1 #0 -1, #0 2
boz - 1y

3 biz— v, (vs,04) by #0 — 150 5

4 by — 1 (04, v5) b31#0 - u5#0 6
bos — 4

5 bis — vs (ve, 7) bs1 #0 - g =0 8

6 b3 — 15 (25, 18) bs; #0 — 1g#0 9

7 bo7 - 17 (s, v9) bg1 #0 — v10# 0 10 bi6®
bis — 18

8 (bos — o) (v10,211) b71 #0 - v12#0 12 bas”
b09 — Uy
big — 10 (011, 012) bgr #0 - 01370 13

10 by7 — 14 (12, 113) bg; #0 > v14#0 14
boi1 = vz

11 bi1o = vi3 (014, 015) bio1 #0 - v16#0 16

12 bag — 14 (15, v16) bi1q #0 - 01770 17

13 boi3 — s (16, 117) biz1 #0 - v5#0 18 b112?
b1,12 — Vie

14 (bora = v17) (18, v19) biz1 #0 - 20#0 20 ba11®
bo1s — 017

15 by14 > 1 (v19, 20) bisr #0 - 15, #0 21

16 ba13 = v19 (220, V21) bisi #0 > v2#0 22
bo17 — 20

17 by16 = 1 (v22,122) bigt #0 - 1h3#0 23

18 ba1s = v22 (223, 124) bi71 #0 > 15 #0 25

19 bo1g — 123 (224, 125) big1 #0— 16 #0 26 by .18
bi1g = 24

20 (bo2o = 25) (226, V27) big1 #0 - 23 #0 28 ba17°

2 Indicates that the coefficient can not be used.
b Denotes that the coefficient does not appear in the process of computation.
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Proof. For this case, according to Table 1, q;(x,y) takes the form:
G12(X,Y) = b X2y + b1axy* + besy® + basx?y® + braxy* 4 bosy® + b16Xy® + bo7y” + basx2y” + bigXy® + booy® + byox?y®

+ b110Xy"® + bo11y'! + by1ax'y. (47)
We use the coefficients listed in Table 1 for n =12 to solve the focus value equations #; = 0 to obtain

b03:=—-1/3%b21:

bl2:=1/4%(4*al*b21+3*al"2%b21 +20*a2"2*b21 —20+b21 — 12 b23 — 60 * b05)/a2/(—2+5xal):

b2l :=2x%(—32xbld xal+240*Db05xal — 280 xal * b05 xal"2 — 270 * b05*xal"2 +12%al"2+b23 — 36 x al x b23 — 420 xb0O7 x al
+210%b05 *al”3 + 280 *b0b xa2 2+ 27 *al"3*b23 — 120 *b05 + 168 + b07 + 192+ al *bld * a2 + 84 xal * a2"2 * b23
—280%al"2xDbld xa2)

/(48xal +24xal"2—-48xal*a2"'2+3xal"4+16%a2"'4—40%al"3-16+3xal"5—4x*al"3%a2"2)/7:

05 1= —(—6144 xal *a2" 2+ b23 + 2304 * bld x a2 + 1584 xal xb23 — 816+ al"2+ b23 — 1344 xbl6 xa2 + 192+ al" 2+ a2" 2+ b23
+ 44016 % b07 *al — 360 *xal"3 % b23 + 840 *b07 * al"2 + 21824 xal"2 + bld x a2 — 15456 * bO7 + 672 * b27 + 6048 * b09
+7712%al"3+xbld*xa2 — 4224 *al xbld xa2"3 + 6496 xb07 xa2"'2 + 63 xal"5*b23 — 2016 xal *b27 +81 xal"6*b23
+ 1584 xal"2+a2"4% 023 + 1408 xbld xa2"3 — 31920 xal * b07 xa2"2 — 14976 xal *bld x a2 — 4536 xal"3 xbl6 * al
—14112%2l1"2*b07xa2"2 — 504 xal"4 xa2"2+b23 — 18144 *b09 xal — 1800 x al"4 x b23 — 3808 x al"2 x bl4 x a2"3
— 2464 %al"3+bld xa2"3 — 720 xal”"3%a2"2xb23 — 1440 xal"4*bld xa2+ 10080 xal +bl6 x a2 + 4788 * b07 x al’3
+912xal*al2"4%b23+2268%b07 *xal"4 —504*xal”2+b27 + 9856 xb07 xa2"4 + 1408 xbld x a5+ 672 % a2"2 x b27
+6048xal xbl6xal"3 —17136%al"2xbl6xa2 — 1344 xbl6x a3 + 6048« b09 xa2"2 — 4536 x b09 x al’2)

/(1392 xal"2 x aR"2 — 2048 xa2"2 + 108 x al"5 — 627 xal"4 — 1248 xal"3 + 1512*al"2 — 672 xal"3xa2"2 —1152xal
+1760xal xa2"2 —352xa2"4xal + 528 + 304 xa2"4)/10:

bld := —(4561920 % al"5 % b09 x a2"2 — 1330560 * al"6 x b07 x a2"2 + 54912 x a1"5 % a2"6 x b23 + 861696 x a1l 6 x a2"4 x b23
+ 329472+ al"4 xb16*a2"5 — 290304 * al"3 x a2"2 * b29 — 2230272 x al"2 x b18 x a2"5 — 27072 x 21”5 * a2"2 * b27
— 1913472 % al1"3 % a2"4 xb23 — 8059392 % al"3 * b09 x a2"4 — 1153152 * al”5 * bO7 x a2"4 + 14212800 * b07 x al"2
— 17076240 % al"b xb07 * a2"2 — 5381376 x al"4 * b07 * a2"4 + 1482624 x al"6 * b16 * a2"3 + 1070784 x al”4 * b23
— 1782528 x al1"2 % a2"2 % b23 + 2480896 * al"3 * b07 x a2"4 + 3691776 x al"2 x a2 4 * b23 — 24456960 * bO7 x a2"2
— 55782528 % al2 x b07 * a2"2 + 44334336 x al * bO7 x a2"2 — 152064 * al * a2 4 * b29 + 18730368 xal"2 % b16 * a2
+ 2825856 xal"3*a2"2 +*b23 + 30219264 *al *bl6 * a2"3 — 4097088 x a2 *al’b *bl8 + 512512 xal"3 * b07 * a2"6
— 1279872 al"4 % a2"2%b23 — 549120 xal"2*a2"6 *xb23 + 11017728 xal"3 xbl8 x a2 — 1726464 x al * a2"2 x b27
— 3440448 x 21”4 x a2"4 * 23 — 15003648 x al * b18 * a2"3 — 11132928 xal *bl6 x a2"5 + 8797248 xal"5+* bl6 x a2
— 21223680 xal"2+bl6*a2"3 — 19628928 xal"3*bl6xa2 — 7871232xal"3*bl6 xa2"3 — 14010624 * b07 xal"3
— 47264256 x al * b09 * a2"2 — 9040896 xal"2* b1l8+ a2 — 1738176 xal’"b x a2 2+ b23 + 10366560 xal"4 * b16 * a2
+ 34512384 x 21”3 x 07 x a2"2 — 11328768 + bO7 x al — 1856640 x a1l 2% a2"2 * b27 4+ 21676032 * 21”2 * b09 * a2"2
+ 33392016 % al"4 *xb07 xa2"2 + 1652112 al”6 % a2"2 + b23 — 9819456 x 21”2 * b07 x a2"4 — 1130976 * 21”5 x b23
+ 170016 xal"b a2 4+ b23 + 2331648 xal *b1l8* a5 — 7185024 a2 xal"4 xbl8 + 12718464 xal” 2+ bl6 x a2"b
+ 658944 xal"4 x a2 6 x b23 + 6614784 xal"2 %+ b011l * a2"2 + 36905472 x al * b09 x a4 — 149688 x a2 xal’7 * bl6
— 549120 % al”2%a2"8xb23 + 6918912 +xal”2 *b07 xa2"6 — 257400 % al"7 x a2"2 * b23 — 5271552 x al * b09 * a2 6
— 439296 xal”"2% b16*al"7 — 3193344 21”3+ b011l xa2"2 — 10708992 x al * b16 x a2 — 52928256 x al * bO7 x a2"4
— 4257792 %214 xbl8 % a2"3 — 1317888 al *bl6 *al"7 + 15772416 x al * b07 x a2"6 + 601344 x 21”2 x a2"2 x b29
+ 3518592 %al"3 % bl6*al"'b — 18718560 *al”4 * b09 x a2"2 — 18002304 * al”3 * b09 * a2"2 — 164736 * a1l 3 x b23
+9547776 xal"2* b18 % a2"3 + 1038592 xal x a2"4 * b27 — 102912 x 21”3 x a2"2 * b27 + 645696 x al”2 * a2"4 x b27
— 5436288 xal"5*bl6*a2"3 — 467424 xal"4xbl6*x a3 —123552*al"7 xa2"4 xb23 — 2443608 x a2+ al"6 xbl6
+ 22201344 % al"2 %009 xa2"4 + 1786752 x al"3 x a2"6 x b23 + 84336 x 21" 4 x a2"2 * b27 + 760320 x al x a2"2 * b29
+ 9593856 % al"3 xbl8xal"3 — 1672704 xal *b011l xa2"4 — 47520 xal"8 x a2"2 % b23 + 8363520 x al * b011l x a2"2
—21120%al"3xa2"4 % b27 + 684288 a2 xal"6+bl8 — 28160 xal *x a2 6 * b27 4+ 1571328 * b16 * a2 + 5347584 * b0O7
— 1181376 % al"2 *+ b27 + 48438016 * b07 * a2"4 + 2740992 * a2"2 * b27 4 431640 * al"7 *+ b23 — 5474304 * b0O11 * al
+19782144 % b09 xal"3 + 4672512 xal *bl8 x a2 — 4738560+ b16 * a2"3 + 36619776 * b09 * a2"2 + 2509056 * bO11
— 22934016 *b09 *al”2 + 9481392 x b07 * al"4 — 1676304 * bO7 x al5 — 39794688 * b09 * a2 4 — 608256 * b18 * a2
— 13221120 % b07 *a2"6 — 1104640 x a2"4 * b27 + 39600 x al"6 * b23 — 1073088 * b09 x al”b + 1125576 * b0O7 * al"7
+ 658944 % bl6 xa2"7 — 5930496 xb011l xal"3 + 17832960 * b09 x al + 2597184 x b09 x al"4 — 4866156 * b07 xal’6
+ 7185024 * b011l *al"2 + 1375488 xal * b27 + 1733328 x a1l 4 * b27 — 9732096 * b011 * a2"2 — 188892 x 21”8 * b23
+ 513216 % b011 *al"5 + 1444608 * b011 *x a2"4 — 2979504 * b011 * al"4 + 1586304 * b09 * 21”6 — 497664 * al * b29
+ 2359296 % b18 x a2"3 + 3294720 * b09 * a2 6 + 653184 x 21”2 * b29 — 785664 * b27 — 8211456 * b09 + 228096 * b29
— 2050048 * b07 * a2"8 — 256608 * b09 * al"7 + 332928 x a1l 3 * b27 — 674304 * bl6 * a2"5 — 884736 * a2"2 * b29
— 115456 * a2"6 % b27 + 131328 * a2"4 + b29 — 350208 * b18 * a2"b — 229716 * al”6 * b27 — 270864 * al"4 * b29
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— 375984 xal”"5 % b27 — 539136 * 21”3 * b29 + 16038 * 21”9 * b23 + 2673 * al"10 * b23 + 74844 x b07 x a1"8
+29808 xal"7 * b27 + 46656 x 21”5 x b29)
/(4992 — 22464 x a2 4 xal + 6336 xal"2+a2"2 —12928*a2"2 —11328*al xa2"2 — 51104 xal"3*a2"2 + 32448 x al
+ 1200 % al"3+ 13080 xal"4 + 55936 x a2"4 — 5724 x 1”5 — 34272+ al"2 + 486 xal"6 + 81 *xal"7 — 832 xal"6 xal"4
+ 26544 xal"3 xa2"4 — 22400 % a2"6 — 3328 xa2"'8 + 59256 x 21”4 x a2"2 + 9984 xal"2x a2"6 — 39024 x al"4 x a2"4
+83820 xal"bxa2"'2 — 65760 xal"2x%a2"4 — 32224 21”6 xa2"2 — 10608 xal"5xa2"4+ 9152%al"3 *xa2"6
+1872xal"8*xa2"2 — 12720 % al"7 xal"2 + 27456 x al x aR"6)/a2/88 :
b23 :=...
b07 :=...
bl6:=...
b09 == ...
bl8:=...
b27:=...
b011 :
1110 :=...
b29 :=...

Under the above conditions, computing the 15th and 16th focus values yields

V15 = *m Q12(a1,G2) Fraa(a1,02),

V1e = 1046495831253991525479424 Qu2(ar, a2) Frzp(ar, a2),
where Qj2(aq,a) is a common factor (rational function), and Fyp, and Fypp, are 16th and 17th-degree polynomials of a2,
respectively. Eliminating a, from the two polynomial equations F;, = F12, = 0 results in a2 = Gy»(a;), and a resultant equa-
tion: Fiac = (a1 + 2) Fipeq (A1) Fio0(a1) = 0, where F{,., and F7,., are 300th-and 108th-degree polynomials of ay, respectively.
It has been found that Fj,, has 16 real roots, but none of them satisfies 715 = 16 = 0, though these roots generate G;, > 0. On
the other hand, Fj,., has 24 real roots, 21 of them satisfy G12 >0 and 7;,i =1,2,...,16, but 747 # 0. Therefore, there are in
total 42 solutions for this case. One example is given by choosing the following parameter values (up to 100 decimal points):

4 = —0.3332384216- -, @, = 07285122463 ---,

bag = —335.2660464 - byy,  byig = 7.050743261 -+ by,

bot = —32.21729250 - biyy, by = —2393.202281 -+ by,

big = —1591.226517--- byy1, by = —399.8174247 - by,

byg = —1257.562384--- byyy, by = 235.6307204 -+ by,

bys = 11707.09117 -+ byyy,  bis =2422101585--- by,

bos = 517.9980964 -+ by11, by =—1.0014595077 -+ by 1,

byy = 16057.95547 - -by1y,  bos =0.3338198359--by11, bor =0,

for which the corresponding focus values are:

Do=1=0, 9,=0575x10""%by1;, ¥3=-0.1x10" by,
D4=-031x10" by, 75 =0231x10"% by,

7g =—0.1209 x 107 by1;,  #7 =0.160888898 x 10~ by 1,

Dg = —0.78577 x 1075 byyy, Do = —0.102844007 x 109 byy 4,

D0 = —0.2878923898 x 107 byy1, 73 = 0.5454574658 x 107 by; 4,
D12 = —0.3944240092 x 107 byyy, 43 = 0.2832152908 x 10°% by 4,
D14 = 0.6290073553 x 107%¢ by, 4, D15 = 0.7136148552 x 107%° by 4,
716 = —0.4395054496 x 107 byy;, 47 = —0.0000369260- - by ;.

Further, we can show that for the above critical values,

s Ovgs
] ]

D, = det {0;’1‘6 3;’4 =0.0000125138 --- b2, , #0, (byy1 #0),
oay day

which indicates that one can perturb a;, a, and the by coefficients to obtain seventeen limit cycles. [

4.3. 13th-degree polynomial perturbation —-H,(13) =18

For case n =13, we have the following theorem.
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Theorem 11. The quadratic near-Hamiltonian system (14) with 13th-degree polynomial perturbation can have maximal eighteen
small-amplitude limit cycles bifurcating from the origin, i.e., Hy(13) = 18.

Proof. According to Table 1, for this case, q;3(x,y) takes the following form:

Q13(%,Y) = b X’y + b1axy? + bosy® + b23xX?y® + b1aXy® + bosy® + b1gXy® + bo7y” + b27x2y” + b1sXy® + bogy? + baoX’y?
+b110Xy™® + bo11y"" + biz1X"?y + boisy™. (48)

We use the coefficients listed in the Table 1 to solve the focus value equations #; = 0 to obtain bgs, b3, b1, bos and b4, which

are the same as that given for the case n = 12. Other lengthy expressions for b3, bg7, b1e, bog, b1s, b27, bo11, b110, b29 and bg13
are omitted here for brevity. Having found the above coefficients, computing the 16th and 17th focus values yields

5. 21607465
V16 = sg51952880200680a 213(01, @2) Fisq(ar, az),
Dy = — 21607465 Qu3(a1,a3) Frsp(ar, az)
17 177288702931066945536 <1311, 42) F13b (81, 82/,
where Q;3(aj,a;) is a common factor (rational function), and Fy3, and Fy3p, are 20th and 21th-degree polynomials of a2,

respectively. We use the built-in solver “fsolve” in Maple to solve the two polynomial equations: F;3, = Fy35, =0, to find a
solution up to 1000 decimal points:

a; = 0.0257481687 ---, a, =0.7260217686 ---
Other corresponding bj; coefficients are given by (up to 1000 decimal points):

bois = —0.2063119737 - byz1, by = —3317.631354 - byy,
biio = 1.6405785173 - bip,  boy = 35.65167073 - byyy,
by = —44835.84962 - by,  big = —21136.38636-- by,
bo = 443.3249551 -+ biy1, by =—31711.19244 - by,
bo; = 1598673120+ byzi,  bos = 65849.79281- - by,

bia = 58.47934625 - -- byy, bos = —533.8629596 - - - by,
by = —0.9999950065 - b1y, b1y =139513.1753 - byyy,
bos = 0.3333316688 - byy;,  boy =0,

for which the corresponding focus values are:

Do=11=0, ,=-03641792x 107 b1y, 3 =0.9407780 x 107°% by,
D4 =—0.107 x 107 by, D5 = 0.2063478 x 107 by,

7 = —0.3023 x 1079 by, D7 = 0.2176313347 x 107 byyy,

Dg = —0.8321231688 x 107 byy;, 99 = 0.8378132516 x 107°% by,

D10 = —0.1045852 x 107°%° by, 711 = 0.2959753605 x 107 by,

D12 = —0.8352600340 x 107 by, 43 = 0.5771797060 x 107%8 by,
D14 = 07579489695 x 107°% byy;, D15 = —0.1040540821 x 107 by,
716 = 0.2101032732 x 1077 by, 717 = 0.8098677917 x 107782 by,

715 = 0.13113103624 - - x 107> bya1.

Further, we can show that for the above critical values,

[?'16 916

oa aa -8 1.2

Dis=det | M [ | =0.28521385848 --- x 10°° biy #0, (biz1 #0),
oay oay

implying that one can perturb a;, a, and the bj; coefficients to obtain eighteen limit cycles. O

4.4. 14th-degree polynomial perturbation -H,(14) =20
For the last case, n = 14, we have the following result.

Theorem 12. The quadratic near-Hamiltonian system(14) with 14th-degree polynomial perturbation can have maximal twenty
small-amplitude limit cycles bifurcating from the origin, i.e., Hy(14) = 20.

Proof. For this case, g14(x,y) can be taken as
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Q1a(X,Y) = b1 X’y + b1aXy® + bosy® + by3x*y? + braxy® + bosy® + b16Xy® + bozy” + by7x*y” + bigXy® + booy® + bagx’y”

+ b110xy™® + bo11y"" + b1.12Xy™ + bo13y"? + b131x"2y + boray™. (49)
We use the coefficients listed in Table 1 to solve the focus value equations #; = 0 to obtain bgs, b1, b1, bgs and b4, which are
the same as that given for the case n = 12. Other lengthy expressions for b3, bo7, b1s, boo, b1s, b27, bo11, b110, b29, bo13, b1.12,

bo14 and by3; are omitted for brevity. Having determined the above coefficients, computing the 18th and 19th-order focus
values yields

7 _ 112137057175

Vig = — 78855583159353344 Q14(a1 ) aZ) F14a (a] ) a2)7

7 _ 156991880045

V19 = §75585774066204672 Q14(a1,02) Fiap(a1,0z),
where Qi4(a;,a;) is a common factor (rational function), and Fy4, and Fy4, are 20th and 21th-degree polynomials of a3,

respectively. We use the built-in solver “fsolve” in Maple to solve the two polynomial equations: Fi4 = F145 =0, to find a
solution up to 1000 decimal points:

a; = 0.1393454226 - - -, a; = 0.4716609811 ---
Other corresponding b; coefficients are given by (up to 1000 decimal points):

bo14 = 0.0021865068 - - - by31, by12 = —0.0528713061 - - - by31,
bo13 = —0.0008911582 - - - by, byg = —127.0526814 - - - by3,
bi10 = 4.4143060020- - - bs31, bo11 = 8.2775044971 - - - by,
by; = -5872.921032--- b3, bis = —1585.602652 - -- b3,
bog = 294.6646844 - - - by, bis = —7133.416532 - by,
bo7 = 212.2641879 - - - by, by; =142578.7773 - -+ bs31,

bis = —136.7209413 - - b3, bos = —7347.932109 - - - by31,
by = —0.9999999952 - - - by, b1 =516531.7769 - - - by,
bos = 0.3333333317 - - - by, b =0,

for which the associated focus values are:

Do=11=0,  ¥=0.1946572 x 107°%° by, D3 = —0.2420 x 107 by,
7, =064%x 107" b3,  #5 =0.10778 x 107 by,

75 = 0.54055 x 107 b3y, 7 = 0.7293242778 x 107°%* by,

g = 0.86612349 x 107 by, Vg = 0.4677922416 x 1072 b5,

D10 = —0.9548521108 x 1072 b3y, 47 = —0.1447200857 x 107 by,
D12 = —0.7146995602 x 1079 b, 713 = —0.1008519561 x 10798 b5,
D14 = 0.3157956249 x 107%7 b3y, D15 = 0.7850157892 x 1076 b5y,

716 = 0.1526212083 x 107 by3;,  #y7 = —0.1126378381 x 107°% by,

g = —0.2323564724 x 107" by3;, 49 = —0.7445896836 x 10770 b3y,
D90 = 0.1288587954 - x 1077 bys;.

Further, we can show that for the above critical values,

g Oy
oa da —12 1.2
Dy4 = det az;:g %129 =0.799045764 --- x 10" ° by3; #0, (bi31 #0),
9a;  day
which shows that one can perturb a4, a, and the bj; coefficients to obtain twenty limit cycles. O
Finally, summarizing the results obtained in this section as well as in the previous section shows that the proof for the
main Theorem 1 is complete.

5. Conclusion
In this paper, we have studied bifurcation of limit cycles from perturbing quadratic Hamiltonian systems with nth-degree
polynomial perturbations. It has been shown at least up to n = 20 the number of small-amplitude limit cycles obeys a simple

rule, Hy(n) = [$(n + 1)]. For general n, we have the following conjecture.

Conjecture 1. The quadratic near-Hamiltonian system (14) with nth-degree polynomial perturbation can have maximal
[$(n+1)] (n > 3) small-amplitude limit cycles bifurcating from the origin, i.e., Hy(n) = [2(n+ 1)] forn > 3.
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