Provided for non-commercial research and education use.
Not for reproduction, distribution or commercial use.

Volume 19, issue 8, August 2014 ISSN 1007-5704

ELSEVIER

Communications in
Nonlinear Science and
Numerical Simulation

www .elsevier.com/locate/cnsns

This article appeared in a journal published by Elsevier. The attached

copy is furnished to the author for internal non-commercial research

and education use, including for instruction at the authors institution
and sharing with colleagues.

Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to personal, institutional or third party
websites are prohibited.

In most cases authors are permitted to post their version of the
article (e.g. in Word or Tex form) to their personal website or
institutional repository. Authors requiring further information

regarding Elsevier’s archiving and manuscript policies are
encouraged to visit:

http://www.elsevier.com/authorsrights


http://www.elsevier.com/authorsrights

Commun Nonlinear Sci Numer Simulat 19 (2014) 2690-2705

Contents lists available at ScienceDirect

Commun Nonlinear Sci Numer Simulat

journal homepage: www.elsevier.com/locate/cnsns

Twelve limit cycles around a singular point in a planar @CmsMark
cubic-degree polynomial system

Pei Yu™, Yun Tian

Department of Applied Mathematics, Western University London, Ontario N6A 5B7, Canada

ARTICLE INFO ABSTRACT
Article history: In this paper, we prove the existence of 12 small-amplitude limit cycles around a singular
Received 27 October 2013 point in a planar cubic-degree polynomial system. Based on two previously developed

Received in revised form 23 December 2013
Accepted 23 December 2013
Available online 3 January 2014
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point. This is the best result so far obtained in cubic planar vector fields around a singular
point.

Keywords:

Hilbert’s 16th problem
Cubic planar system
Center

Limit cycle

Bifurcation

Focus value

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

Studying bifurcation of limit cycles in planar polynomial systems is related to the second part of the well-known Hilbert’s
16th problem [1]. The progress in the solution of the problem is very slow. It has not even solved the simplest quadratic sys-
tems after more than one century since the problem was posed by Hilbert at the Paris conference of the International Con-
gress of Mathematicians in 1900. More precisely, the second part of Hilbert’s 16th problem is to find the upper bound, called
Hilbert number H(n), on the number of limit cycles that the following system,

X:Pn(xuy)v y:Qn(xuy)v (1)

can have, where P,(x,y), and Q,(x,y), represent nth-degree polynomials of x, and y. In early 1990’s, llyashenko and Yak-
ovenko [2], and Ecalle [3] independently proved that H(n) is finite for given planar polynomial vector fields. For general qua-
dratic polynomial systems, the best result is H(2) > 4, obtained more than 30 years ago [4,5]. Recently, this result was also
obtained for near-integrable quadratic systems [6]. However, whether H(2) = 4, is still open. For cubic polynomial systems,
many results have been obtained on the low bound of the Hilbert number. So far, the best result for cubic systems is
H(3) = 13 [7,8]. Note that the 13 limit cycles obtained in [7,8] are distributed around several singular points. This number
is believed to be below the maximal number which can be obtained for generic cubic systems. A comprehensive review on
the study of Hilbert’s 16th problem can be found in a survey article [9].

In order to help understand and attack Hilbert’s 16th problem the so called weak Hilbert’s 16th problem was posed by
Arnold [10], which is closely related to the so-called near-Hamiltonian system [11]:
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x:H)’(X7y)+8pn(X7.V)7 yszx(X7Y)+8qn(x>y)> (2)

where H(x,y), p,(x,¥), and q,(x,y), are all polynomial functions of x, and y, and 0 < ¢ < 1, represents a small perturbation.
Investigating the bifurcation of limit cycles for such a system can be now transformed to investigating the zeros of the (first-
order) Melnikov function, given as an integral

M(h,s) = f Y )y 3)
H(xy)=h

along closed orbits H(x,y) = h for h € (hy, hy), where § denotes the parameters (or coefficients) involved in the polynomial
functions g, and p,,.

When we focus on the maximum number of small-amplitude limit cycles, M(n), bifurcating from an elementary center or
an elementary focus in system (1), one of the best-known results is M(2) = 3, which was solved by Bautin in 1952 [12]. For
n = 3, a number of results have been obtained. Around an elemental focus, James and Lloyd [13] considered a particular class
of cubic systems to obtain 8 limit cycles in 1991, and the systems were reinvestigated couple of years later by Ning et al. [14]
to find another solution of 8 limit cycles. Yu and Corless [15] constructed a cubic system and combined symbolic and numer-
ical computations to show 9 limit cycles in 2009, which was confirmed by purely symbolic computation with all real solu-
tions obtained in 2013 [16]. Another cubic system was also recently constructed by Lloyd and Pearson [17] to show 9 limit
cycles with purely symbolic computation.

On the other hand, around a center, there are also a few results obtained in the past two decades. Zotadek studied clas-
sification of cubic centers and listed 17 cases for reversible centers and 35 cases for Darboux centers [18,19]. In 1995, Zotadek
[20] first proposed a rational Darboux integral,

i (X* + 4x% + 4y)°
(x5 +5x% +5xy +5x/2 + a)*’

Ho (4)
and used it to prove the existence of 11 small-amplitude limit cycles around a center. This result was extensively cited by
many researchers in this area. After more than ten years, another two cubic systems are constructed to show 11 limit cycles
[21,22]. Recently, the system defined by (4) was reinvestigated by Yu and Han with the method of focus value computation,
who only obtained 9 limit cycles [23]. This obvious difference motivated a further investigation on this problem. Very re-
cently, Tian and Yu [24] has proved that the 11 limit cycles obtained by Zotadek [20] are not correct, and the mistakes leading
to the erroneous result have been identified.

In this paper, we will consider the two cubic systems proposed by Christopher [21], and Bondar and Sadovskii [22]. The
first system discussed in [21] is determined by a Darboux first integral,

Xy +x+1)°

H; = ,
X (xyS +3xy3 + 393 + Bxy + B+ a)’

(3)

where a is a parameter, from which we obtain the following dynamical system,

% =10(32a% — 75)°x(—6 — 9x — 3x? + 8axy — 12)?2),

(6)
y = (32a? — 75)*(24a — 16ax + 90y + 15xy — 16axy? + 60y?), (32a? — 75 # 0).
System (6) has an equilibrium point, given by
_ 6(8a% 4 25) _ 70a
=330 75 YT 3@z 75 @

Shifting the equilibrium point (x.,y,) to the origin and setting a = 2 yields the system:

% = —10(342 + 53x)(289x — 2112y + 159x* — 848xy + 636y?), .
y = —605788x -+ 988380y — 432745xy + 755568y — 89888xy> + 1685402,

which has been studied in [21] to show 11 small-amplitude limit cycles around the origin (i.e., around the equilibrium point
(Xe,y.) of system (6)).
The second system given in [22] is described by
x=y[1-2r3rr +5)x + (2 +3)32 + 1)°’x%] = f1(x,y),
¥y =—x(1-8rx)[1 = 3r(r* +3)x] +2[2(3r* — 1) — r(r? + 3)(15r* = 7)x|xy — [r(r* + 11) — (r* + 3)(3r* + 22r* — 1)x]y?
+2r(2 4+ 3)(r = 1)y* = fa(x.y),
9)

where r is a parameter. It can be shown that the origin of system (9) is a center [22].
To find the small-amplitude limit cycles bifurcating from the origin of the systems (8) and (9), in general we may apply
perturbations to the systems and then compute the Melnikov functions around the loops defined by the first integral
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H(x,y) = h. For system (8), we may use H;, while for system (9), we need to find the first integral, which is not an easy job.
Even we have these H functions, it is difficulty to compute the Melnikov functions. Therefore, we turn to using focus value
computation to analyze bifurcation of limit cycles around the origin. Suppose the focus values around the origin of the sys-
tem (8) or (9) are given in the following form:

V=> ¢V where V;=/{vp,vn vq,. .}, (10)

i=0

where ¢ is a small perturbation parameter. We call »; the jth &-order focus value of the system, and note that
v =0, j=0,1,2,... since the origin is a center of these two systems. We use M(n) to denote the number of limit cycles
bifurcating from a singular point, where n is the order of the system.

The rest of the paper is organized as follows. In the next section, we use the method of focus value computation to show
that there are 11 small-amplitude limit cycles around the origin of the systems (8) and (9). In Section 3, we use system (6)
with the free coefficient a to prove that there exist 12 small-amplitude limit cycles around the origin. Conclusion is drawn in
Section 4.

2. 11 Limit cycles in systems (8) and (9)

In this section, we will use the method of focus value computation to show that the systems (8) and (9) can have 11 small-
amplitude limit cycles bifurcating from the origin, i.e., M(3) > 11. First, we consider system (8) and have the following
result.

Theorem 1. System (8) can have 11 small-amplitude limit cycles bifurcating from the origin by proper cubic perturbations.

Proof. Adding perturbations to the non-perturbed system, we have two choices: either to the original system (6) (with
a = 2) or after the shifting the equilibrium (7) to the origin plus a linear transformation applied such that the Jacobian of
the resulting system is in the Jordan canonical form. These two choices are equivalent, giving the same result on the number
of limit cycles, but the latter is simpler. Therefore, we take the second choice. We first apply a linear transformation and a
time scaling, given by

<X> 1 0 <x> ; t
y a2 \y)/ 121/23602332855
into system (8) to obtain

| 38483312V23602332855 , | 5022227 5312y23602332855 , 2039614912y23602332855 4
6969827487744 10593792 1271255040 2383681000808448
1047757 1, 280912V23602332855
*21187584~ Y 434769223680 Y TP Y) ShxY) +eps(x.y),
o 15317 , 15481312/23602332855 5149003 , = 4490071331 ,
371712 757589944320 35312640° ' 774425276416
| 44892505312V/23602332855 , 165731 o 280012V236023IWSS s L
23836810008084480 Y+ 47083520 869538447360  ° | (BN =LXY) T EGXY),
(11)

where the linear part of the unperturbed system is now in the Jordan canonical form, and the cubic polynomial perturbations
have been added, given in the general form:

P3(X,Y) = @10X + Ao1Y + A20X> + A11XY + AeaY* + A30X° + A1X*Y + A12XY? + Ag3y”, 12)
qs(x,y) = bioX + bory + byox* + biixy + bozy2 + b3ox® + b21X2}’ + blzxyz + b03y3-

To make the origin of the system be an elementary center, it requires that a;o + bg; = 0, or bg; = —ayo. To further simplify
the analysis, introducing another linear transformation and a time scaling, given by

(x) { &dqo 1+8a01](x> t
— , t——
y —1+4+¢ebyy —eaqo y e

where w, = \/1 + &(ao1 — b1o) — €2(a3, + ambno), into system (11) yields
x=fix,y) +ep3(x,y),
V=HL{xYy) +eqs(x,y),

where higher-order ¢ terms have been dropped since system (11) only has ¢-order terms added, f; and f, are given in (11),
and ps; and gs are given below,

(13)
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53v/23602332855 5022227

5022227 1937634155 . aly
52968960 10~ 10593792 %01 | XYY

ayg +
10593792 '° " 2478081/23602332855

[73()(,_)/) = |:020 - (am - b]o):lxz + (a1 +

4389205759 3
743424+/23602332855

2809v23602332855 1047757

1047757 5404979485
21187584 ° " 4460544/23602332855

+ {aoz + o1 + blo)]yz + {030 - (ao1 — b1o)]x3

232627905227

_ 2 2 3
% 18115384320 M0 T 21187584 ™ Xy+{a12+254251008 23602332855 (3a°‘+b1°)}xy o)
Dalty) {b L, 5233613631 Lo 15317 ]x2+ {b | 4832063 3585623893 o —b )}Xy
7 T 123904v23602332855 0 371712 ° "1 726484480 "°1239041/23602332855
o[y 53v23602332855 5149003 |, [, 4327705513 ooy 4490071331 7,
02 105937920 10~ 353712640 101 |Y 30 486848/23602332855 ° ' 774425276416 °
[y, 8985991 448925953,/23602332855 (a0 + bro) |2
217211875840 ° 3972801668014080 o1+ Do) Xy
,. 2809v23602332855 165731 | , [ = 2809v23602332855 , . ], 14
P2 == 344092307456  “° " 27083520 % ¥t P~ {44023074560 O + Do) |y (14)

Now, based on system (13), we use focus value computation (e.g., using the Maple program developed in [25]) to obtain the
e-order focus values vy;, j=1,2,..., all of them are linear functions of a; and b. For example, vy, is given by

8776116145175287 215539887437v23602332855 440628167+/23602332855

U1 = 1132248475384012800 1%~ 2264496950768025600  °' ~  13242672226713600 bo
4187 24857\/23602332855a 57611 _ 2597\/23602332855[) 159
T 601927 T T 171005581440  °"' T 601920%2 T~ 5500179520  2° " 121601
371v23602332855 1
~ 2044631952 P02 g (@2 + ba1 + 350 + 3boy).

Thus, we can use any one of the parameters, say bgs, to solve 7y; = 0 to obtain by; expressed in terms of other parameters.
Similarly, we can solve the equation v, = 0 for by, v13 = 0 for by, v14 = 0 for bsg, 715 = 0 for by, v16 =0 for by, 17 =0
for byg, v15 = 0 for b1y, 19 = 0 for asg, 110 = O for ayq, respectively. Finally, under theses solutions, the 11th- and 12th-order
focus values are given by v11; = ¢11F10 and 2112 = ¢12F10, Where c¢;; and ¢y, are some constants, and the common factor Fyg is
a function of ayg, a1, Az0, @11, Aoz, a1z and aes, given by

F1p = 691234068956115v23602332855a,¢ + 77703544185425357945ay; — 2095858834724574
x v23602332855a,9 — 302178196047882421530a11 + 3804860775858270v23602332855ay,
—42463100922992640v 236023328550, — 21814740024914038118400a;.

This shows that the best result we can obtain is »;; =0, j=0,1,2,...,10 but 241, # 0, implying that system (11) can have at
most 11 small-amplitude limit cycles bifurcating from the origin. The above function F;, also implies that besides the b; param-
eters, only two a; parameters are used to solve the focus values. In other words, we may leave one free parameter, say a;o, which
can be used to scale the focus values, and set all other parameters zero, ag; = a9 = @17 = Az = A1 = Aoz = 0. Certainly, one can
choose other possible combinations of the parameters a; and b; to show the same result. Thus, without loss of generality, we may
assume 0 < o111 < 1.

Finally, taking small perturbations in backward order on ay; for 2119, on asg for 19, on by for v1g, on by for v17, on by; for
v16, ON by for 15, on bsg for v14, on by for 43, on by, for vy, on bgs for v41, and on by for v4g so that

V1jV13+1) < 0, |U]j| < ‘V1U+1)| fOl'j =0,1,2,...,10. (15)

This shows that there exist 11 small-amplitude limit cycles around the origin of system (8). O
Next, we consider system (9) and have the following result.

Theorem 2. System (9) can have 11 small-amplitude limit cycles bifurcating from the origin by proper cubic perturbations.

Proof. According to [22], the perturbations added to system (9) are given by

D3(X.Y) = GoX + a1X* + XY + A3Y° + A4X® + AsX>Y + AXy?,

i 16
43(X,y) = QoY + a7%* + AsXY + Aoy* + A10X° + A11X%Y, (16)
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and so the perturbed system (9) becomes
X=f1x.y) + eps(x.y),
y :f2(x7y) + 8@3(){73/)7

where f] and fz are given in (9). First note that the zero-order ¢-order focus value v;o = a;o. Letting a;o = 0 and then exe-
cuting the Maple program for computing the focus values [25] results in

(17)

v = é [4r(3r* + 11)a; + 8r(r* + 4)as + 3as + a6 + 4(3r* — 1)(a; + ag) + 2r(r* + 3)as + ay1,

vy = 4r(729r® + 781615 + 26110r* + 2765612 + 89)a; — 24r2(3r% + 1)(2 + 3)’a

g6
+8r(245r% 4-2773r°% +9669r* + 10643r* — 2)as + (709r® +5107r* + 7227r* 4 45)a, — 4r(3r* + 581* — 13)as
+(215r° +1809r* + 3177r% 4 15)ag + 4(759r® + 4548r° — 25961* + 5022r* 4 11)a;

+2r(r? + 3)(263r° + 1601r* + 25851 — 1)as + 4(735r° + 474415 + 5778r* — 2744r* — 1)aq

+20r(3r* — 2217 4 3)ay + (2631° + 1553r* + 26492 — 17)ay,],

Similarly, we can linearly solve the equations vy; = 0 fora;, i =1,2,...,10 one by one. Then, the 11th and 12th-order focus
values are obtained as v;;; = 2340220 F,, (r) and vy, = —120%1722(0, where Faon, Foop, Fo1 and Fa, are all polynomials of

Faop(r)

r, given by

Faov = anr'2(? = 1) (7 +3)°3r2 + 1)°(3r° - 31r* - 19 — 1),

Fyop = 1323377757r** 4+ 269960021373 + 37965987792r*° — 3268655299296r* — 16760339520156r%°
+ 12963886884900r** + 386425488101761* + 31474301515681*° + 660496142349418
+38723884663134r' + 6683800535760r'* — 3528405585600r'? — 58333647916r'° + 237931831540r°
+32335049504r° + 6091835792r* + 715493989r% + 26239665,

Fy1 = 63r'2 4 868r'0 4 1407r% — 123215 — 803r + 588r2 + 133,

Fy = 35576118 4+ 9537262116 + 77877345114 + 179927041r'? + 41987927r1° — 169741431r® — 36416005r°
+63798403r* + 14431452r% + 383173.
In order to obtain maximal number of limit cycles, we may solve F,; = 0 for r. However, unfortunately, F;; = 0 has no
real solutions for r. Thus, the best result we can get is ;; =0, i=0,1,2,...,10, but v11; # 0, implying that system (17)
can have at most 11 small-amplitude limit cycles bifurcating from the origin. Again, without loss of generality, we may
use the parameter a;; to scale the focus values such that 0 < 7z4;; < 1. Further, by perturbing the parameters, in back-

ward order, on a; for zy;, i=10,9,...,0, such that the relations given in (15) hold, which implies that system (17)
exhibits 11 small-amplitude limit cycles around the origin. O

3. 12 Limit cycles in system (6)
Now we return to system (6) and let the parameter a be free to vary. In this case, we have the following result.

Theorem 3. System (6) can have 12 small-amplitude limit cycles bifurcating from the origin by using proper cubic perturbations
with a properly chosen value of a, i.e., M(3) > 12.

In order to prove Theorem 3, we need a lemma. Consider the following generally perturbed system:

X= P(X7Y7 51) + Ep(X,y, 52)7

18
Y= QY1) + £G(x.3,6), (18)

where P, Q, p and g are polynomials of x and y. Suppose that the vector parameter §; involved in P and Q is m dimension,
while the vector parameter J, involved in p and q is [ dimension. It is further assumed that when ¢ = 0 system (18) is
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integrable. In Hamiltonian case, P = Hy, Q = —H,, where H is a Hamiltonian. If it is not a Hamiltonian system one needs to
multiply the integrating factor in order to use Melnikov function. This increases complexity of computation. While with the
method of focus value computation, it does not need to find the integrating factor and thus greatly simplifies the computa-
tion. For system (18), we have the following lemma.

Lemma 1. By properly choosing the parameters 6, and 5, in system (18), k small-amplitude limit cycles exist around the origin of
the system, satisfying k < m+ L The exact number of the limit cycles depends upon how many parameters can be chosen
independently to solve the focus value equations (or to determine the zeros of Melnikov functions).

The proof can follow the proof for Theorem 3 in [26].

We first consider ¢-order focus values (equivalent to first-order Melnikov function), and then consider &?-order focus val-
ues. We will show that using &-order focus values does not increase the number of limit cycles.

3.1. Based on ¢-order focus values

Proof. Following the procedure in the proof for Theorem 1, for system (6), we first shift the equilibrium point defined in (7)
to the origin, and then apply a liner transformation with a proper time scaling such that the Jacobian of the resulting system

evaluated at the origin is in the form of [_01 H The time scaling is taken as t — where w, is given by

_t
12w’

= /5(8a2 + 25)(32a2 — 75)(16384a5 — 14400a* + 165000a2 + 84375). (19)

Then, adding the ¢-order perturbation terms p;(x,y) and q;(x,y), given by

P3(X,Y) = Qio1X + dony + @01X* + A111XY + 0021)’2 + @313 + a211x2y + a121xy* + 0031}’37

(20)
q3(X,¥) = b1o1x + bo11y + b01x* + b111XY + bo21y* + b301x> + b211X%y + b121xy* + bos1y?,

into system (6), resulting a new system. Here, note that we add one more sub-index “1” to explicitly indicate the &-order
perturbations in order to distinct from the &2-order perturbations considered in the next subsection. Further, under the con-
dition bg;; = —aq01, we apply another linear transformation and a second time scaling, given below,

— _&l I - % 7
y 1431!11;111 1+‘::;C0” y @

where w; = \/1 + &(ao11 — bim) — €2(a3y; + do11b101), and obtain the final system, given by

o V5C, o (20 —T75)A, V5320~ 75)0 , V53262 ~75)Cy
= 768a2(4a — 5 0 3848, 38408, 4608B,00;
| (32a 75)*(128a* — 176a? — 225) o V5(320° - 75)* o, o2
23048, Y~ 23040(8a% + 25)B,
_(32a® - 75)A V5(8a? +25)C, B 5
+ 8{ o1 —384Ba Q101 +—1536Baa)c (o11 — bion) |x
(32a% — 75)A, V5(32a% — 75)w, V5(32a% — 75) o, X
+|a — ap11 + Gq01 | XY + |Go21 + 3ap11 +b
111 3848, 011 19208, 101 | XY 021 76308, (3ao11 101) | Y
_ (32¢° - 75)°(128a* — 1764 - 225) V5328 - 75)Ca, s
=+ | d301 2304B, aqo1 +—92163awc (Go11 — bio1) | x
_ (32¢° - 75)°(128a* — 1764 - 225) V5(32a? — 75)* o, X
+|@n 23048, ot +11520(8a% + 25)B, ' |¥ Y
V5(32a2 — 75)w
+|%121 + 26080(807 + 25)8, CCort * bion) |7 + ey’ 1.
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__(80+25)(32¢> ~75)(16a2+225) , /5(8a? +25)%(32a% — 75)*(4288a* — 1200a? + 3375)

- 7688, 1920B,00. Xy
_ (32a* ~75)(20480° ~ 30400a* + 23000” - 28125) , | (8a? +25)*(16a +225)(32a — 75)* (3328a* — 8320a? ~3375) 5
38408, Y 3072B,0)2
V5(32a2 75w 5 7V5C.(16a>+15)(16a2 +225) ,  (320? —75)*(512a% — 1040a? ~5625)
46080(8c? 1 25)B,” 46080(32a% +9)B, 0, y 460808, Y
vel |, 588 +25)(16° + 225)(32a° - 75), V5(8a2 +25)° (32a% — 75)° (1152a* + 272042 +3375) |
201 38408, 1o 12808, 1ot
N 'b | (320* 75)(6144a° —17120a" - 28125)/(960B,)  v/5(8a? +25)°(32a? — 75)° (4288a* — 120002 + 3375) o bron) |
111 a . 3840B,0.) 011 101) | XY
. 'b | (320° - 75)(2048a° - 304000 +23000a” - 28125) V5(322 ~75) | 5
021 38408, on 38408,  o|¥
[ 5(8a? +25)(16a2 +225)(3328a* — 832042 — 3375)C, V/5(2816a* — 1600042 — 10125)C, s
+ | b3o1 + bio1 — Q101 X
15360(32a +9)B, 2 15360(32a +9)B, o,
[ 7(32a% —75)° (256a* — 40042 — 1125) 7v/5(16a +15)(16a? +225)C, 5
+ |ban 230408, ot 92160327 + 9)Bsr. o~ Do) | XY
(324> - 75)°(512a* ~1040a® - 5625)  /5(32a> ~75)*w. , V5(320° - 75)° s
+ | b+ 460308, %11~ 93168021 25)8, ' | T |P “ 521600802 1 25)B, S TR0 |V -

where
= 2048a® — 768a* — 4600a® — 5625,

Aqg
B, = a*(4a® — 5)°(8a® + 25), (21)
Co=

(8a% +25)(32a% + 9)(32a — 75)’,

and . is given in (19). Now applying the method of focus value computation (e.g., executing the Maple program in [25])
yields vy;, j =1,2,.... For example,

1 (32a%—75)’ (80530636842 +3501916160a'® — 870784000048 — 6744000000a°)
V11 =g @121 +ba11 +3(azo1 +boz1)] + 3
8 (46080002 (4a? — 5)° (8a? +25)w?
(32a%—75)° (—~55188750000a* — 3332812500042 — 83056640625)
(46080002 (4a? — 5)* (8a? +25) w2
~ 7v/5(320° - 75)*(111616a° + 270400a* — 2325000> + 421875)
921600B, 0,
~21V/5(32a> - 75)° (1024a* + 100 +5625) (16a° +15)(320° - 75) +7\/§(32a2—75)2(128a2+225)
92160002 (4a> — 52, 96(4a%—5)(8a2+25) ! 1920(4a2 —5).
_(32¢°-75)(128¢° +575)  49v/5(8a’ +25)(320° —75) (3202 —425)(32a*>—75)
960(4a®> —5)(8a? +25) ' 320(4a2 —5)m, 1920(4a® —5)(8a?+25) '
V520 +15)(324> - 75)°
48(4a% —5)m,

+ 101

Qo11

bio1 — a1

b201 -

b021-

Similarly, we linearly solve the polynomial equations one by one for v;; = 0 using bg3, for v, = 0 using bi,q, for 13 =0
using by11, for v14 = 0 using bsq;, for v15 = 0 using bgy1, for 716 = 0 using by11, for 217 = 0 using b,g, for v13 = 0 using b1,
for v19 = 0 using asg;, for v1;9 = 0 using a,1, and then obtain

Vi = 12103F3ﬂF31, Vinp = —931F3ﬂF32, (22)
F30D F30D

where F3qp is a 62th-degree polynomial of a, and Fsqy is given by

15(32a? — 75)°2(2048a° — 3200a* — 1350002 + 5625)
a'?(4a? — 5)" (8a? + 25)' 1w?
. V5(16a? + 15)(32a% — 75)>3(2048a® + 7360a* — 55300a? + 16875)
a'?(4a? — 5)"' (8a? + 25)' 0w
6(8a? + 25)(32a2 — 75)°1(17408a’ — 40640a* — 6750002 + 28125)

— a
a'2(4a? — 5)" (8a? + 25)" w? 20

F3on = Q101

011
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6v/5(32a? — 75)**(16384a® + 109056a° — 558080a* — 5250042 + 84375)
- a2(4a? — 5)"(8a2 1 25)°w? i
. [30(32:12 — 75)°2(67108864a' — 6291456a'2 — 20599275524 + 5214044160a°)
a'?(4a? — 5)" (8a? + 25)°w}
| 30(320° - 75)(~809408000a° — 7945500000a* + 1307812500a” + 474609375)|
a2(4a? — 5)"(8a2 + 25)°w o
23040(32a% — 75)°' (1642 + 15)(2048a® + 7360a* — 5530042 + 16875)
- a'°(4a? — 5)°(8a2 + 25)%w?
7680+/5(32a2 — 75)°2(44171264a' + 194867200a® — 849510400 * a°)
- [ a'%(4a? — 5)°(8a2 + 25)°ws
| 7680v/5(320” - 75)" (~1291260000a* -+ 473625004” + 170859375)|
a°(4a? — 5)°(8a? + 25)°ws o

Q121

The lengthy expressions for F3; and F3, are given in Appendix A. It can be shown by using the Groebner basis reduction pro-
cedure that Fs; |, _o # 0 and Fspp|g, _, # 0. The polynomial equation F3; = 0 has three real solutions for a* (up to 1000 digit
points, but only list 50 digit points here):
a? = 4.08009735271177103610297484395201964354626904458021 . . .,
55.41863304110367260819951662137654320234143464768321 ...,
244.18157931458134109747463727402489732946108654167498 .. .,

and all of them satisfy w. > 0 (see the expression of w, given in (19)). So there are in a total six solutions. Taking the positive
value of the second solution for a:

a =7.44436921714013810024462398546267395063347650296272 . ..

and setting the non-used parameters dg;; = G201 = G111 = do21 = A121 = do31 = 0, and a;o; = 1, we obtain the following critical
parameter values:

bos1 = —0.19166152145498089355202548357797946751132495935848 . . .,

b1 = 0.11417084514014593144202950698087209236746686969414 . . .,

by;1 = —1.21440862253395164484193434261717547030904451575014.. ..,

bso; = 0.13315882740016516186295687278609694132824695861367 ... .,

boa1 = 0.39631189749427819043808615679104642347912703580286... .,

bi11 = -5.32984926540348883870841754242680645572842701602586. . .,

b1 = —0.12480581817579714308657357120962081536587770395955 .. .,
biot = —19.01617439016444745664609221188921421020650255893027 ... .,
asnn = —0.34039103269248693441579309816048517526296907212322.. ..,
a;11 = —0.15448521013159245023264811458682922516993711282715.. .,

under which the focus values become

11 =-06x10"" 9, =04%x10"°, p3=-0.6x10"",
014 =012x10°% 2,5=-013x10%", 2;6=0.8 x107%,
017 =04 %10 2,5=08x10"", p;9=-02x10",
V110 =0.16 x 1072, ;3 = -05 x 107",
V112 = 0.344486281117620615510983080164 ... x 1078,
Therefore, we can take perturbations in backward order on a for 711, on ay1; for #4119, 0n asg; for 19, 0N b1g; for vyg, on by,

for V17, 0N b]]] for V16, ONN b021 for V15, ONN b3o] for V14, 0N bz]] for V13, 0N b]z] for V12, 0N b031 for V11, 0N b0]1 for V10, tO obtain 12
small-amplitude limit cycles bifurcating from the origin. O

3.2. Based on &?-order focus value

Proof. In order to show that higher-order Melnikov functions will not generate more limit cycles, equivalently, here we use
the g2-order focus values to prove this. To achieve this, we change the perturbations to include the g2-order perturbations,
given in the form of
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P3(X,Y) = Mo X + Aoy + o X + a1nXy + C1021y2 + a301%% + Clznxzy + Clmxyz + Clo31y3 + &[a102X + Ao12y + a202X°
+ @112XY + Ao22)? + A302X3 + A212X2Y + A122XY* + o327,
qs(X,¥) = bio1x + bo11y + byo1x* + bi1ixy + bozﬂ/2 + b3onx® + b211x2y + bmxy2 + 170313/3 + &[b102X + bo12y + by X?
+ biiaxy + bozz)’2 + b3gex® + b212x2y + b122xy2 + bo32y3}-
(23)
In order to make the origin an elementary center, we have bg1; = —aj0; and by, = —ay02. Also, in order to have all e-order
focus values to vanish, we may solve a;,; from the equation Fsoy = 0. Then, all the solutions for the &-order perturbation
parameters are obtained, as given in Appendix B. Now, we use these parameter expressions to simplify the &2-order focus
values v, j=1,2,... and then linearly solve the polynomial equations one by one for v,; = 0 using bgs;, for v, = 0 using

b1z, for v,3 = 0 using byia, for 7,4 = 0 using bsgy, for v,5 = 0 using boy,, for 7,6 = 0 using bqq, for v,7; = 0 using by, for
128 = 0 using byqy, for v,9 = 0 using asgy, and for 7,19 = 0 using ay1,. Finally, we obtain

V211 = —146381281540702208 5FI;‘°” Fs1,
30D

V212 = 180161577280864256 Faon F3,
5F30p

(24)

where the common factor F4oy is a function of the unused ¢-order perturbation parameters, ao1, do11, G201, d111, do21, Qo031
and &2-order perturbation parameters, a0z, do12, G202, G112, Gozz, G122, o3z, While the polynomial functions, Fsgp, F3; and Fs,
are exactly the same as that obtained from using the ¢-order focus values, see Eq. (22). Therefore, the best result we can have
is25;=0, j=0,1,2,...,10, but v511 # 0, indicating that using &2-order perturbations still gives 12 small-amplitude limit cy-
cles bifurcating from the origin. This suggests that using higher-order perturbations may not increase the number of limit
cycles. O

4. Conclusion

In this paper, we have applied the method of focus value computation to confirm the results of 11 small-amplitude limit
cycles around a singular point in two existing systems in the literature. Further, we used one of the two systems with a free
parameter to obtain 12 small-amplitude limit cycles. This is the best result so far obtained in cubic planar vector fields
around a singular point.
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Appendix A

In this appendix, we list the expressions for Fsq, F3; in Eq. (22)..

1000026716592044048191270590349312 a4 819686924091392323696339765486944256 4

124556484375 124556484375
631565347915542732579532606804066304 a8 144491654217902126140674110413441335296 4

199290375

F3 =

332150625
~ 115507069376852987648285501307291172864 o

39858075
~ 6732806604930966441 03991475399592771 5840 o

5314
~ 867565289921678101 84858626362595239526400 4%

177147
1635541261270023148372887981613624852480000 o

59049
70235227993601155933776510850258960384000000 3

59049
376899976798232659047065576520743321600000000 o

6561
171684034961379014743720051976420800000000000 a2

+ o+ o+ o+

243
~2596904471315354305194736912364454250000000000 ey

2187
229840243 17894706571442263665320020922851562500 02
243
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908740714146641997798947934773427473907470703125 2

324
4125233345223780686551133296904906654521942138671875 2

165888
107567819827193027781148287212115671421527862548828125 2

1179648
284999570580602343108427299249127665312290191650390625 2

50331648
_ 704195633244279596986967502655697730006158351898193359375 a8

536870912
~ 410853279732262501367963542595769453933392465114593505859375 1

68719476736
~ 16250392011965952848377341255043775151892863214015960693359375 o

1099511627776
~ 834793107195537567694252283677102759177903644740581512451171875 a2

35184372088832
~7301053088429557753325367797887383441864349879324436187744140625 "

281474976710656
~ 1392720382042689388626305375788253537783790961839258670806884765625 &

72057594037927936
~ 10907843491764222784369715798718827967621051357127726078033447265625 &

1152921504606846976
~ 51347944774510356671385745541771817633276441483758389949798583984375 4

18446744073709551616
~ 120902616645152499727691279661925752150591506506316363811492919921875 2

295147905179352825856
~ 6641108029952768765569085330070167137276939683943055570125579833984375

302231454903657293676544

5801794936047356569857584023552864689324032 5

84075626953125
4871211304076925410039730660578079195954937856 5

84075626953125
98]15617017701347629012133322377101678229848064 2

5605041796875
~ 19624689786663606432543732667761814026010216103936 4

3363025078125
~ 21256591905213042405396221854632976200299114921984 e

134521003125
~ 195263677424322371708861552414779290555435959975936 45

1793613375
~ 7011943597709914198500295736221723652294678493003776 e

1076168025
5772105063198199391608064251261116917800389025202176 o2

43046721
70992038737144757058356540939663171263951096564940800 4

4782969
10429634905075021491277172839820714249329922183004160000 8

14348907
83853150271215686752220226312264946195301195055104000000 4

4782969
87437962180467579496457634960502924312130761523200000000 o

531441
582678688158772734164733109697559543385741982720000000000 o

531441
21292488896396114083846506545169895680528187655000000000000 0

531441
47240009367317348656168824744785223517153830430859375000000 0

59049

F3p =

2699
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1 0919491620426678750599007836144315153629494616546630859375 ey

1458
891401 28376927347670942144404721861811295305640422821044921875 e

2519424
629691 266428426884575305752253104611762725698597240447998046875 >

11943936

130186402720436765803617626328118926015126601205780506134033203125
B 382205952 x a30
_ 119160273116346012695267181435439155038386739708407461643218994140625 5
48922361856
~ 165847643941527398290474279300538694341911125097103416919708251953125 o2
21743271936
_ 24407664203960220715836313385831611983950578039440028369426727294921875 ,,
1855425871872
_ 26822982831292963241441867136595001776015586686010472476482391357421875 »,
3298534883328
1237239683429339123586281174037416881980503446010383777320384979248046875 2
70368744177664
7253324110342472446370228429078979222726981398995849303901195526123046875 o
140737488355328
4154323473408135675207380714496250685227393743325475952588021755218505859375 e
72057594037927936
42329477774405611120670414032163925242228041885811762767843902111053466796875 4
2305843009213693952
_ 9872142202266738724544947588328934558180174750800733818323351442813873291015625 1,
295147905179352825856
_ 30759339192605941087292459791259656325044229693090301225311122834682464599609375
590295810358705651712
_ 10517418339169072658281117260237305664446979541714023298482061363756656646728515625 4
302231454903657293676544
_ 14619852069348093811561760308887976067989345860892882456028019078075885772705078125
1208925819614629174706176
_ 9278618885203336290965302082672859519981102111803039633741718716919422149658203125 ,
4835703278458516698824704
_ 3928798540956683603865726163827286688006574670861681397582287900149822235107421875 ,
38685626227668133590597632
341459314235364526862512053347845995876592650741798706803820095956325531005859375
618970019642690137449562112

Appendix B

In this appendix, we list the solutions for the ¢-order perturbation parameters under which all the ¢-order focus values
vanish.

mﬂ:_ONLJSQMMﬁﬂmmﬁ-B%MH&&@@MM_¢aw&—mfw .
3072(8a? + 25)*(16a2 + 15)B,D, 46080(8a? + 25)B,
(17408a° — 40640a* — 67500a” +28125)?
7680(8a? + 25)(16a2 + 15)B,D, 201

| V5(322 — 75)(16384¢" 1 109056a° — 558080a* — 52500a” + 84375)cx
7680(16a2 + 15)B,D,
3202 -75  [67108864a' — 6291456a'% — 20599275524 + 52140441600
1536(16a2 + 15) B.D,
__809408000a64—79455000002;i;1307812500a2——474609375 o
at’a

111
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V/5 [603979776a'4 + 304087040a'2 — 19492044800a' 0 + 5364300800048
*ﬁ[ (16a2 + 15)Dq) ),

7845600000a°® + 155209500000a* + 3585937500a> — 21357421875
- (1642 + 15)Da0x o1,

by — VEIOR []4680064a12 +195297280a'® — 106700800a® — 1193728000a°
15360 (32a% — 75)(8a? +25)*(16a2 + 15)B,D,
2031300000a* + 1746562500a2 — 791015625 (32a% —75)%(512a* — 104002 — 5625)
(32a2 — 75)(8a? +25)*(16a + 15)B,D, 460808, don
V50, [22020096a‘2 +985661440a'® — 812032004 — 4414080000a°
38400 (8a% +25)(16a% + 15)B,D,
10975500000a" + 8732812500a° —3955078125]
(8a% +25)(16a% +15)B,D, } 201
_ (32a® - 75)(8a? +25) {16777216a12 +17301504a'° — 299581440a8 + 495603200a°

101

7680(16a2 +15) B.D,
1821720000a* 4+ 761062500a% — 474609375
+ ai
B.D,
B \/3(802 +25)(32a% +9)(32a® - 75)2 22020096a'% +985661440a'® — 81203200a® — 44140800004t
16a2+15 D,
10975500000a* +8732812500a% — 3955078125
4 D Go21
a
(32a? —75) [19058917376a' — 78454456320a'* — 480496844800a'? +4597039104000a'®
+
3(16a% +15) D,w?
n 3557792000000a8 — 45933048000000a® — 40921650000000a* + 5299804687500a2 + 4805419921875 a
Daco? 031

b211

3532a% - 75) {1073741824a15 + 105360916484 — 1465909248042 — 130029977600a"°
46080(8a + 25) (16a2 + 15)B.Ds
206808064000a® -+ 2507328000004 — 557212500000a* — 1765546875000 + 106787109375
+ (1642 + 15)B.D, ]““”
L 7V5(16a2 + 15)(16a + 225)(32a* ~75)° 7 [536870912a"° + 170120970240’
(4608002 (4a? — 5) o, 1177680 (16a% + 15)B,D,
, 536870912a'° -+ 170120970244 + 13662945280a'2 — 259778150400a"® + 308864000000a°
7680(16a2 + 15)B.D,
, 317592000000a° — 914512500000a" — 294257812500a? -+ 177978515625)
7680(16a? + 15)B,D, 201
V5(8a2 +25)%(32a? — 75)° {4194304a‘2 — 522977284 — 169410560a° — 1519603200a°
7680(16a2 + 15) B.Da o
884160000a* + 42018750002 — 284765625
- B.D, . } a1
7(8a? + 25)° (32a2 — 75)° [32078036992a™ — 4847357132842 + 40654602240a°
1536(16a2 + 15) { B.Dy )2
, 151542988800a° — 581091840000a° — 411075000000a" — 7973437500a” + 64072265625} .
BDo? 021
V5(8a + 25)(32a2 — 75) [3848290697216a2° + 12685185908736a'8 — 98385621155840a'6
3(16a? + 15) { D,w?
, 46400222003200a' + 874754277376000a'2 — 4888711833600000a' — 2960110272000000a’
D,w?
, 18303755400000000a° - 10748143125000000ja" - 2100858398437500” 1081219482421875} “
D,w?
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V5(32a? — 75) [240518168576a'® + 1523102777344a'® — 12233610362880a'* — 12036918476800a'>

bll] = -

baor = 3072(16a2 + 15) BuDac
. 151498719232000a" — 200093644800000a° — 99326640000000a°
B.Dg,
. 274416187500000ja* + 270;2;343750%2 ~ 24027099609375| |
a awc

(8a2 + 25)(32a? — 75)° (162 + 225)(3328a* — 8320a? — 3375) .
3072a2(4a? — 5/ w2 o
V5(8a% +25)  [223338299392a'8 + 4358586499072a'® — 16686451261440a'

 2560(16 * a2 + 15){ BuD,

80077180108800a'? — 390446694400000a'® + 410136384000000a® -+ 223834800000000a’
- BuDo.

574332187500000a* — 25866210937500a® — 40045166015625
+ B.D.0 Q201

ata Cc

(8a2 +25)°(32a% — 75)° [21646802944a'? — 72642068480a'® + 179301990400a°
~ 512(16a? + 15) [ ByD,?

429881280000a® + 500337000000a* + 1898437500a> — 64072265625]
a ByD,? ]

V5(8a2 + 25)° (32a% — 75)°A, [21646802944a'? — 72642068480a'° + 179301990400a®
B 512(16a2 + 15) { B.D,w?

429881280000a® + 500337000000a* + 1898437500a> — 64072265625]

a

B.Doo? ] Ao21
N 5(8a? + 25)2(32a2 —175) {1 23145302310912a%? + 178533200560128a%° — 3617892545331200a'®
16a? + 15 D,w?

N 2980885141913600a'® + 21154374352896000a'* — 149298441420800000a'?

D,w?
_~_381401047552000000a10 +160875573600000000a® — 794835045000000000a°

D,

3 302276812500000000a* — 83774412-;73(4)14687500a2 —27030487060546875 31

awc

V5(135168a’ +227840a* + 432000a? + 646875) o,
80(8a2 +25)*(16a2 + 15)D,
V/5(3792896a® — 7065600a° + 18484000a* + 18675000a2 — 16171875)w,

101

- 200(4a? —5)(8a% +25)(16a2 + 15)(32a> — 75)D, %o
_5242884'° +9306112a° — 424832000° + 189188000a* +45975000a” — 73828125
40(4a2 —5)(16a2 +15)D, m

V5(8a? +25)(32a% — 75)(32a? +9)(3792896a8 — 7065600a° + 18484000a* + 1867500042 — 16171875)

40(4a2 — 5)(16a2 + 15)Dat;
~ 1536(10616832a' + 14177280a® — 174312000a° — 6425000a* + 5557031254 + 284765625)B,

(16 + 15)De? dosn

241172480 + 129826816a® — 414392320a° — 28512000a* — 34245000042 — 436640625
24(8¢% 1 25)(16a2 + 15)D, on
, [140509184a' -+ 63268454440 — 3217612800¢° -+ 4179008000a° — 5355000000a’
20(4a? — 5)(16a2 + 15)(32a2 — 75)D,

48656250000 — 3955078125 147v/5(8a? + 25)°(32a? — 75)(3328a* + 5400a> — 3375)

T 20(4d? —5)(16a2 + 15)(32a% — 75)D,| ' * 20(4a% — 5)(16a2 + 15)Da0.

. 147(8a? + 25)°(32a2 — 75)(3328a* + 5400a? — 3375)A, .
4(4a2 — 5)(16a% + 15)D,? 01

Qo21

a1
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~ 1024v/5(8a? + 25)B, [1543503872a™ + 6099828736a'2 — 36852367360a'° — 19248000000a°
16+a 115 D,
1043430000000° — 135160875000a* — 3525714843754 — 192216796875} .
- Du(l)? 031

b __V/5[7516192768a™ + 1080956026884’ 1 242027069440a'° — 4916920320000*
2017748 { (8a% +25)(16a% +15)Dy0c
7649280000004 + 1623960000000ja* + 3909515625000a + 2456103515625
- (8@ +25)(16@ +15)Dati; ot
. V5 {17179869184&5 +389936054272a' +381681664000a'2 + 1990696960000a'® + 15888230400000a8
40 (4a% — 5)(16a2 +15)(32a? — 75)Da(0c
69810300000000a6 + 27306562500000a* — 49485937500000a2 — 2669677734375
- (4a% —5)(16a2 +15)(32a% — 75)Da>; }“2‘”
(32a% —75)(8a? +25)” [67108864a'2 + 28786032644 + 655749120048 + 89104320000a°
8(4a% —5)(16a2 + 15) { D,?
149073300000a* + 14681250004 — 55529296875
+ a1
D,w?
V5(8a2 +25)*(32a — 75) [3580928983040a'6 + 9305952616448a'* + 196061429760000a'2
8(4a” —5)(16a2 +15) { D,?
, 78571315200000a' — 47351270400000a® — 1235033100000000a°
D,w?
| ~1516122562500000a + 1526343750000000” + 408460693359375]
Dawg ] 021
256002 (8a2 +25)° (4a — 5)° [481036337152a'® + 5655398187008a'® + 16872028241920a'*
B 16a2+15 { D,w?
51098320896000a'2 + 274010419200000a' + 661372152000000a8 + 403593750000000a®
a D,w?
. 1894665937500000a* + 29286364746093750” + 1081219482421875
D,

} Qo31

b _ o 2V5[343597383684"® + 36238786560a'° +443023360000a™ + 2845179904000a"

or= o Ty (8a%+25)(16a2 +15)(32a% — 75)D, 0,
~ 12819968000000a'° +17001600000000a® — 25578000000000a°

(8a? +25)(16a% +15)(32a% — 75)D;
 46800000000000a* +20012695312500a” —13348388671875]
(8a2 +25)(16a+15)(32a% — 75)D, ), 1ot
96v/5a%(4a? — 5) [536870912a'4 +96468992a'? + 6935347200a° + 4850176000048
5(16a%+15) (32a2 - 75)* Dyt
_ 193125600000a° +70267500000a* — 1718437500004 + 11865234375 _
(3242 —75)°Daco; 20

672a%(4a? —5)(8a? +25)° (232652808 — 41164800a° — 31260000a* — 877500002 + 18984375)

_ a1
(16a% +15)Dgw?
~ 96v/50(40® —5)(8a® +25)° [17179869184a'® + 746250567680 — 9824926433284 +1010963251200a'°
16«a?+15 D,w?

3191193600000a® — 1906850400000a° — 7689307500000a* — 635343750000a2 + 1601 806640625} .

- 021

D,w?
4915208 [5153960755241° + 4286914232324 — 4709364531202 — 4153282560000a°
16+a2+ 15 (324 —75)D,}
6479961600000a5 + 10387608000000a° — 15258600000000a* — 25445390625000a2 — 10144775390625
- (32a —75)D. 0 dosn
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o (320 - 75)° {67108864a14 —115343360a'2 — 2115502080a'° + 7158784000a®
1™ 7 4608(8a? + 25) (16a? + 15)B,D,
~ 298880000a° + 16416300000a* — 23034375000 — 1423828125 V5(32¢% + 9)(32a% — 75)"
(16a + 15)B,D, }a‘o T 4608 (402 — 5) o,
(32a% — 75) [67108864a14 — 6291456a'2 — 2059927552a'°
768(16a% + 15) 768(16a% + 15)B,D,
| 5214044160° — 809408000a° — 7945500000a" + 1307812500a° + 474609375} oo
768(16a% + 15)B,D,
V5(8a2 + 25)°(32a? + 9)(32a? — 75)° (1638448 + 109056a° — 558080a* — 52500a% + 84375) .

Qo11

- 768(16a% + 15)B,Daw, m
_5(8a> +25)° (324> + 9)* (324> — 75)*(17408a° — 40640a* — 67500a” + 28125) .
768(16a2 + 15)B,D,? 02
_V5(8a* +25)(32a% — 75)° [21474836484'° + 286890393600 + 83844136960a'2 — 491921408004'°
3(16a% + 15) D,w?
1668308480000a° + 2393026080000a° + 137097000000a* — 3767765625004 — 64072265625]
- Daa)? 031

V5(32a? — 75)* (136 + 75)(2048a’ — 3200a* — 135004 + 5625)cw,

ari1 = — a
2 768(8a% + 25)2(16a2 + 15)B.D, o
_ (32¢° - 75)°(128a* — 1764 — 225) .
23048, on
N V5(320° — 75)(1364” + 75)(17408a° — 40640a* — 675000 +28125)c.
1920(8a? + 25)(16a + 15)B.D, 201

(8a? +25)(32a? — 75) [4194304a'? + 4325376a'° — 110247936a® 4 128967680a®
384(16a? + 15) B.D,

92424000a* + 7762500a*> — 18984375

+ ain
B.D,
N V/5(8a2 + 25)(32a2 + 9)(32a* — 75)° (13642 + 75)(17408a° — 40640a* — 67500a> + 28125) .
384(16a® + 15)B,D, ¢ 021
5(32a* - 75)2 335544320 x a'4 + 7241465856 x a'2 + 17690132480 x a'0 — 85375795200 * a®

+

3% (16 x a2 +15) D,w?

246324832000 * a® + 96446400000 * a* — 39479062500 « a®> — 12814453125
a D,?

Qp31

2

(320> ~75)(2048a° —3200a* ~ 13500a> + 5625)2 V5(320* ~75)"wx _
1536(8a + 25)2(16a + 15)BD, 10 23040(8a2 +25)B, "
_ (174084° — 40640a* - 67500 1 28125)?
3840(8a2 +25)(16a% + 15)B,D, 201

v/5(320” - 75)(163844° + 1090564° — 5580800 — 5250042 +84375)cc _
- 3840(16a® + 15)B.D, m

(32a2—75) [67108864a' —6291456a'2 —2059927552a' +5214044160a®
768(16a2 +15) B.D,

809408000a® + 7945500000a* — 13078125004 — 474609375 a
- B.D, 021

44171264a'° +194867200a® — 849510400a° — 1291260000a* +-47362500a% + 170859375)
D o,

a1 =

V5(32a% - 75)
3(16a% +15)

031

where o, is given in (19), As, B, and C, are given in (21), and D, = 2048a%7360a* — 55300a? + 16875.
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