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Abstract

In this paper, we study the explicit expansion of the first order Melnikov function near a double homo-
clinic loop passing through a nilpotent saddle of order m in a near-Hamiltonian system. For any positive
integer m(m > 1), we derive the formulas of the coefficients in the expansion, which can be used to study
the limit cycle bifurcations for near-Hamiltonian systems. In particular, for m = 2, we use the coefficients
to consider the limit cycle bifurcations of general near-Hamiltonian systems and give the existence condi-
tions for 10, 11, 13, 15 and 16 (11, 13 and 16, respectively) limit cycles in the case that the homoclinic
loop is of cuspidal type (smooth type, respectively) and their distributions. As an application, we consider
a near-Hamiltonian system with a nilpotent saddle of order 2 and obtain the lower bounds of the maximal
number of limit cycles.
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1. Introduction

As we know, the study of the number of limit cycles for a near Hamiltonian system is closely
related to the known Hilbert’s 16th problem presented by D. Hilbert more than one hundred years
ago [1]. There have been many studies on the number of limit cycles for the following general
near-Hamiltonian system

x=Hy+ep(x,y,60), y=—Hy+eq(x,y,¢9), (1.1)

where p, g and H are C* functions, &€ > 0 is a small perturbation parameter and 8 is a parameter
vector, § € D C R? with @ € ZT and D compact. When & = 0, system (1.1) becomes the
following Hamiltonian system,

i=H, y=—H,. (1.2)

Suppose that system (1.2) has a nilpotent singular point, which, without loss of generality, is
assumed at the origin. That is to say, the function H (x, y) satisfies Hy(0,0) =0, H,(0,0) =0,
and

o(Hy,—H Jd(Hy,—H
(Hy =H) g g 2y =Ho) _
a(x,y) a(x,y)

Without loss of generality, we further suppose that

0.

Hyy 0,00 =1, ny (0,0) = Hyx(0,0) =0,
which means that the expansion of H at the origin can be written as
_1lp hijxtyd 1
H(x,y) =5y + 3 hijx'yl. (1.3)
i+j>3

By the implicit function theorem we can show that there exists a unique C* function ¢(x) =
> ejx/ such that
j=2

Hy(x, 9(x)) =0 (1.4

for |x| small. Then, H (x, ¢(x)) can be expanded in the form of

H(x,px)) = Zﬁjxj.

j=3
Let k > 3 be an integer such that
hi #0, h; =0, for j <k. (1.5)

For cubic Hamiltonian systems, Han et al. [2] gave the following definition by using a well known
result introduced in [3].
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Definition 1. ([2]) Consider system (1.1) with (1.5) being satisfied. Then the origin of system
(1.2) is called a cusp of order m if k = 2m 4 1. It is called a nilpotent center of order m (a nilpo-
tent saddle of order m, respectively) if k =2m + 2 and hy > 0 (if k =2m + 2 and h; <O,
respectively).

Suppose the level curves H (x, y) = h, h € J of the Hamiltonian system (1.2) contain at least
a family of closed orbits with clockwise orientation denoted by I';,, where J denotes an open
interval having an endpoint 4 = 0. Introduce ([4])

M(h,d) = ?qux — pdy|e=0,
I

which is called the Abelian integral or the first order Melnikov function of system (1.1). The
so-called weak Hilbert’s 16th problem is to find the maximal number of isolated zeros of M (k, §),
which is closely related to the maximal number of limit cycles of system (1.1) (see [5], [6]). Many
studies have been done on the expansion of M (h, §) and limit cycle bifurcations of system (1.1).
In the following, we briefly summarize some of these works.

Let (1.3) and (1.5) hold. If the origin of system (1.2) is a nilpotent center of order m, i.e.
he >0k =2m + 2), Han et al. [7] derived the asymptotic expansions of M (h,§) at h = 0 for
system (1.1), given by

2+

M(h, 8) = h 2D Zbl(a)h#l, for 0 <h < 1. (1.6)
>0

The method of computing b; given in [7] is hard to be extended to derive explicit formulas of b;
for larger /. Then in [8], the authors developed a new approach to obtain (1.6) and established an
efficient algorithm for computing the coefficients b; for any m > 1.

If the origin of (1.2) is a nilpotent cusp of order m, i.e. hi #0 (k =2m + 1), there have also
been many studies. For the special cubic Hamiltonian system,

xX=y, y:—xz(x— 1),

which has a homoclinic loop passing through a nilpotent cusp of order 1 at the origin, Dumortier
and Li [9], and Zhao and Zhang [10] studied the property of M (4, §) near a cuspidal loop under
different perturbations. Later, for general near-Hamiltonian system (1.1), Han et al. [11] de-
rived the expansion of M (h, §) and developed symbolic programs to calculate the coefficients of
M (h, 8). Later, by using the method given in [11], Atabaigi et al. [12] and Xiong [13] obtained
the first seven and eleven coefficients in the expansion of M (h, §) for the cases m =2 and m =3,
respectively.

If the origin of (1.2) is a nilpotent saddle, then it is a cuspidal type or a smooth type as shown
in [14]. Yang and Zhao [15] obtained the upper bound of the number of zeros of Abelian integral
for a quartic Hamiltonian with figure-of-eight loop through a nilpotent saddle. Zhao [16] studied
the upper bound of the number of zeros of Abelian integral for a class of hyper-elliptic Hamilton
systems with a double homoclinic loop through a nilpotent saddle. Suppose

1 . .
Hny)= =23+ 3 hiox' +y 30 hijaty), (1.7)
i>5 i+j>0
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(a) Cuspidal type (b) Smooth type

Fig. 1. A double homoclinic loop with a nilpotent saddle of order 2.

Zang et al. [17] gave the expansion of M (h, §) at h = 0, and obtained the formulas of the first
seven coefficients of the expansion in the case of cuspidal type. The following system

x=y, y=—gx) —ef(x)y,

is called a Liénard system of type (m, n), where f(x), g(x) are polynomials in x with deg f =
n,deg g = m. Using Chebyshev property and the asymptotic expansions of M (h,§) given by
Zang et al. [17], Wang and Xiao [18] studied small perturbations on Hamiltonian vector field with
a hyper-elliptic Hamiltonian of degree five, which is a Liénard system of type (4, 3). They proved
that this system can have at most three limit cycles in the plane for sufficiently small positive €.
Then, using the expansion of M (h, §) given by Zang et al. [17], Kazemi and Zangemeh [19]
gave the expansion of M (h,§) for a planar near-Hamiltonian system near a heteroclinic loop
connecting two nilpotent saddles of order 1 and studied the bifurcation of limit cycles in such
systems. Asheghi and Bakhshalizadeh [20] studied the sharp upper bound of the maximal number
of isolated zeros of M (h, &) for a Liénard system of type (6, 5) by using Chebyshev property and
the expansion of M (h, §) given in Zang et al. [17].

However, it has been noted in [11] that, if H(x, y) does not satisfy (1.7), the result given in
[17] is not applicable.

For general system (1.1), suppose it has a double homoclinic loop L passing through a nilpo-
tent saddle of order m (see Fig. 1). It can be seen that there are three families of periodic orbits
denoted by Ly, L and L7, respectively. Correspondingly, there are three Melnikov functions as
follows

M (h, ) =fqu — pdyle—o, M(h,8)= fqu — pdyle=o, M*(h,d) =¢qu — pdy|e=0-
Lj Ly L
(1.8)
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Han et al. [14] gave the expansions of M (k, §), ]Vl(h, 8) and M*(h, §) for the cases of cuspidal
type and smooth type. As we know, to study the limit cycle bifurcations we need to know the first
several coefficients in the expansions. But, only for m = 1, Han et al. [14] gave the formulas of
the first seven coefficients in the expansions of M (k, §) and M (h, 8) and the first five coefficients
in the expansion of M*(h,d). Then, based on the results given in [14], Sun [21] studied the
expansion of the first order Melnikov function near a heteroclinic loop connecting two nilpotent
saddles of order 1, and Tian and Han [22] studied the expansion of the first order Melnikov
function near a compound loop passing through a nilpotent saddle of order 1 and a nilpotent
cusp of order 1.

The coefficients for m > 2 in the expansions of M (4, §), M (h, 8) and M*(h, §) were not given
in [14] and no any relative results exist so far. For general m € Z™, not a concrete value of m, in
this paper, we derive the explicit expansions of the above three Melnikov functions in both cases
of cuspidal type and smooth type, and thus, the limit cycle bifurcations for near Hamiltonian
systems with one or more nilpotent saddles of any order can be studied further. The main results
of this paper are stated in Theorems 3.1 and 3.2.

Especially, for m = 2, we present some sufficient conditions to determine the number and
distribution of limit cycles. For example, in the case of cuspidal type, we give the existence
conditions for 16, 15, 13, 11 and 10 limit cycles and their distributions. In the case of smooth
type, we obtain the existence conditions for 16, 13 and 11 limit cycles and their distributions.

This paper is organized as follows. We first present some preliminary lemmas in Section 2.
Then, we give the explicit expansions of M (4, §), M (h,8), and M*(h,8), and their first several
coefficients in Section 3. In Section 4, we further study the limit cycle bifurcations near a double
homoclinic loop with a nilpotent saddle of order 2, give the conditions that limit cycles exist and
obtain the distribution of these limit cycles. As an application, in Section 5, we consider limit
cycle bifurcations of a type of system with a nilpotent saddle of cuspidal type.

2. Preliminary lemmas

__ If the origin of system (1.2) is a nilpotent saddle of order m, the expansions of M (h, ),
M (h, §) and M*(h, §) in both cases of cuspidal type and smooth type are obtained by Han et al.
in [14] as shown in the following two lemmas.

Lemma 2.1. ([/4]) Let (1.5) hold with hy < 0 and k > 4 even, and LS be a double homoclinic
loop defined by H (x, y) = 0 of cuspidal type. Then the functions M (h, §), ]lz(h, 8) and M*(h, 8)
in (1.8) have the following expansions:

1) for0 < —-h <1,

_ hinh IR . r
M(h,8) =¢h,8) — ——1 (h) + |h|x™2 Y A If (h)|h|x,

1’%_1 r=0
r#k—1
I o 2.1)
~ - n 1.1 = r
M(h,8) =@(h,8) + (=D2=—=1F )+ 1hFT2 Y~ A nlalE,
=0
r;régfl

where ¢(h,8) € C® for 0 < —h <« 1, Zr O<r<k—-2,r# % — 1) are constants satisfying
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2 —r— 2 k
k+2(]+r)f for r<§—l,
A, = k p3kr2 k (2.2)
’ T k2(1+r) |:k 20+D) fo m(Hm) } for 3 —T<r<k-1,
0, for r=k—1,
and I, (0 <r <k —2) satisfy
Il*r(h) = Z ?’ﬁk'f‘r’ja:ﬁk-i-r,jﬂ;zk-ﬁ-rthﬂh’
L 2.3)
m,j>0
with Fk4r,j given by (18) in [14] and
3,5 2j+1
3p.2k... 2t
7 , i20, j=1,
aff =1 Gk+i+ D (Fmk+i+1)
15 1207 ]=07
_ 2.4)
—1" Dk - (m— 1Dk 1
COM 4 Dkr Do @ DRt D) oy gy
1, m=0,0<r<k-—1;
(ii) for 0 <h K 1,
k_q
11— - . . .
©*(h,8) +2hFT2 Z Arh% J7 (h), if ri is not an integer,
r=0
M*(h,8) = . 2.5)
hinh i
o*(h,d) — Jlrl (h)+2hk+2 ZA hk Ji.(h), if ry is an integer,
"

where 2r| = % —1, ¢*(h,8) e C? for 0 < h K 1, A,(O <r< % — 1,7 # r1) are constants
satisfying

o0
k v dv f ) K
, or 2r<s=s-—1,
k+2(142r) )] J1+0F 2
- 0
A= - (2.6)
k v dv x
— , for §—1<2r,
k204200 ok + 0BV + VT4 k]

and Ji (0<r < — 1) satisfy
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Jl*r(h) — Z l(Jl)— Ima'f'[ ]

i:#+r
m>0,j>1o0dd
() . .
with rij given by (20) in [14] and
1, i>0, j=1,
aji = 3k .Sk Lk
Y . 22 , >0, j>3odd,
Gk+2i+DGk+2i+1) - (3k+2i+1)
L, 0<i<h-
Bi =1 (—=D"Qi+1—k)Q2i+1—2k)---(2i +1— k) i:fﬁT+,n-1
Qi+1+10Qi+1-1b-@i+1-2238 " O0<sr<j5-

—_—

'—‘IV

461

2.7)

Lemma 2.2. ([14]) Let (1.5) hold with hy < 0 and k > 4 even, and L{j be a double homoclinic
loop of smooth type. The functions M (h,8), M(h,8) and M*(h, 8) in (1.8) have the following

expansions:
(i) for0 < h <« 1,

k
k_
o(h,8) +h%+% ZA,hzk_r Ji.(h), if ry is not an integer,
r=0
M(h,8) = 1
nh =
0(h,8) — ——J* (h) +hit2 > Ach T J%.(h), if ry is an integer,
2k ] r=0
r#ry
1 1 g_l - 2r
@(h,8) +hit2 " A% Jfh (h), if ry is not an integer,
r=0
M(h, ) = £
~ nh 41
o(h,d) — % ——J1,, () +hits Z Arh ¥ Ji.(h), if ry is an integer,
r;érl

2.8)

(2.9)

where ¢, ¢ € C* for 0 <h < 1, J;. (O<r< — 1) satisfy 2.7), A, (0<r Sg—lr;ﬁrl)

are constants satisfying (2.6), and 2r1 5—1;
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(ii) for0 < —h K 1,

k=l
2

¢ (h.8) +20h[F+2 3" Koo lh| T I}, (), if ry is not an integer,

r=0
M*(h,8) = [u]
. hin|h] e
¢ (h,8) — . —I 2 (h) + 2|h|k 2 Z A2,|h| ¥ 11 o (h), if rq is an integer,
"

(2.10)

where ¢* € C® for 0 < —h <« 1, I1 o Satisfy (2.3) and Ay, are constants satisfying (2.2).

By (2.1),(2.3), (2.7), (2.8)~(2.10), it is easy to see that in order to obtain the coefficients in the

expansions of M, M and M* in Lemma 2.1 and Lemma 2.2, we need to compute 7 in (2 3) and
(1)

rij in (2.7). For general k > 3, we first present the algorithm for computing 7;; and r

glven in
[14] to give the relationship between 7;; ; and r(l)

Consider system (1.1), where H(x, y) sat1sﬁes (1.3) and

p(x,y,e8) = Z a;jix'y’, q(x,y,88) = Z b jx'yl.
i+j=0 i+j=0

Suppose system (1.1) has a nilpotent singular point of order m at the origin.

Introduce a new variable

v=y—@x). (2.11)

Then system (1.1) becomes

X =Hj(x,v)+ep*(x,v,68), v=—H;(x,v)+eq"(x,v,¢,0),
where

H*(x,v)=Hx,v+o¢x)), p*(x,v,88) =px,v+ek),s,d),

g*(x,v,6,8) =qx,v+¢x), &8 —¢'(x)p*(x,v,¢,0).
By (1.3) and (1.4) we know that H*(x, v) can be written as
H*(x,v)zHg(x)+ZH7(x)vf'+1,
jz1

where

j+1

Hy(x)=H(x,¢(x)), Hj(x)=— 310y T ), j= 1
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Letg(x,v,8) =¢*(x,v,0,8)—¢*(x,0,0, 8)—|—f0v pi(x,u,0,8)du. Then it can be shown that

Gv = (P} +q))le=0 (2.12)
and g(x, 0, §) = 0. So we can write
q(x,v,8)=v Z Eijxivj=2qj(x)vj, (2.13)
i+j>0 Jj=1
where
3/ o
qj+1(x) mw(px+qy)<x,<p<x),0,8>=i§b,;,~x’, jz0. (2.14)

Note that the periodic orbits of system (1.1) is in clockwise orientation. So, if the origin is a
nilpotent center of order m, the equation H(x,y) = h,h > 0 (or H*(x,v) = h, h > 0) defines
a family of periodic orbits surrounding the origin. If the origin is a nilpotent cusp of order m,
the equation H(x, y) =h,h <0or H(x,y) =h, h > 0 defines a family of periodic orbits inside
or outside the cuspidal loop. And if the origin is a nilpotent saddle of order m as shown in
Fig. 1, the equation H(x,y) =h,h > 0 (or h < 0) defines a family of periodic orbits L} (or
two families of periodic orbits L; and Zh). By [8], [11] and [14] we find that for any k > 3,
the equation H*(x, v) = h has exactly two C* solutions v (x, w) and vy (x, w) in v satisfying

v (x, w) =vi(x, —w), where w = \/h — Hy (x). We then write

G(x,v1,8) = G(x,v2.8) =Y _Gjx)w . (2.15)
j=0

1 1
Let ¥ (x) = sgn(x) [ H{ (x)]* if the origin is a nilpotent center, ¥ (x) = [ H§ (x)]* if the origin

1
is a nilpotent cusp or ¥ (x) = sgn(x) [—H(;k (x)] F if the origin is a nilpotent saddle, and

~ q;j(x) ~ i
qgi(u)y=—— = riju'. (2.16)
j V) eyt g ij
We further let
G+ (—uy=>riju* 2.17)
i>0
and
g, v(x, w),8) =Y q(x)w,
Jj=1
1 (x) O 2 (2.18)
~ — 11; , ~ ~ — ) i’ l:1’2’
qu (M) U (x) x:]ﬁ—](u) qu (u) + ql]( u) iézorlv./u

where g2 (x) = (—1)/g1;(x), G2 () = (—1)/G1 () which gives r>) = (=1)/r{") by [14].

5
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From the process of computing 7;; and 7'1(]] ) , it can be seen that the computation is very compli-

cated. Now, at first, we give a relationship between 7;; and r[.(/.l). Further, note that the programs
in [11] with appropriate modifying can be used to compute 7;; in this paper. Then, based on
the programs in [11] and the following Lemma, for k = 2m + 2(m > 1,m € Z7), hy <0 we
can compute some coefficients of the expansions of M, M and M* in (2.1), (2.5), (2.8)—(2.10),
respectively.

Lemma 2.3. Let k > 3 be an integer and (1.5) hold. Then for r,-j,7,-,j and rfylj) in (2.16), (2.17)
and (2.18), we have

rij =27 ;, rl'(‘12)j+] =i, i=0, j>0.
Proof. By (2.16) and (2.17), we have

G+ (-uy=Y Frju' + ) Fijw)' =) 2% u*, j=0. (2.19)

i>0 i>0 i20
Note that

i)+ (—u)y=>_riju*, j=0.

i>0

We easily get rij =27 ;.
By (2.18), we have

G, v1,8) —q(x,v2,8) = Y. qijw! = 3 gaj(x)w’

j>0 Jj=0

=Y qijw = Y (=Dgjx0w/
j=0 Jj=0

= Y 2G12j1 (X)W HL,
j=0

which, together with (2.15), gives
qgj(x)=2q12j41(x), j=0.

By (2.15), (2.16) and (2.18), we further obtain

- - qj(x) qj(x)
qjw) +qi(—u) = =% L
V) lemytay - VO iyt
_ 2q12j+1(x) 2q1,2j+1(x)
¥ (x) x=y~1(u) ¥ (x) x=y~1(—u)
=2q12j+1) +2G12j+1(—u)
(D 2i
= ZZri’szu '
i=0

It follows from (2.19) that ri(,12)j+1 =72, j. This ends the proof. O
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3. The coefficients in the expansions of M, M and M*

Suppose the origin of (1.2) is a nilpotent saddle of order m (m > 1). In the following, we will
give the formulas of some coefficients in the expansions of M (h,38), M(h,d) and M*(h, §). At
first, in the cuspidal case we have the following theorem.

Theorem 3.1. Ler (1.5) hold with hy <0 (k=2m +2,m > 1) and L* = Lo U Zo be a double
homoclinic loop of cuspidal type. Then for the expansions of M (h,8) and M(h,§) in (2.1) we
have

k

r+l 1
M(h,8) =co+ Z c,+1|h| s +Ckh1n|h|+Ck+lh+ Z cri2lh| ® +3
r=0 r=k
ko
+ Z Cortarh] T+ +e; Pkl 4+ O0(h?), 0<—h <1,
r=0
__2 .
M(h,8) =2+ Z( D" Cr+l|h| +( 1)2+10khln|h|+6k+1h+2( 1) ¢rgalh]| T+ 2
r=0 r=§
ko
+ Z()(—l) kel TR 4 (=D ey B2 Inih 4 0), 0< —h <1,
(3.1)
where
~ k 1
CO=M(O’(S)= qu—de, C}’+1 =Arrr,07 r=07 1’ ) E _2’ C% =_Er§71 0
Lo
k
- - —_ — l\ 1 2
Chy =7§ (Px +qy — bo.o — bi.ox — byox® — -+ —bi_y ¥ )dt +Y 01,
Lo i=1
_ i _k k
Cry2 = Ariy, r—§,§+1,~'-,k—2,
Ciorttr = 5 (0 Do = 3k71) . r =01, 5 =2,
— 1 ( _ 27
3k = Bk (’%—1,0 3r§—1,1>’
k
~ - - - - k_
kil =7§ (Px +qy —bo,o—b1.ox — by ox” —- - —bi_ gx2 )dt +Z 01(ci),
zo i=1
(3.2)

where_?,',o,?,-,l and l;,',o can be obtained by [14], based on the programs in [11]. For example,
some b; o are shown as follows:

bo.o = a1o + bo1, b1.0 ="2ax + b1, bao = 3az + b2 — hai(ar; + 2bp),
b3.0 = 4aso + b31 — 2ha1(az1 + b12) + Bhiohar — h31)(an +2bga), - - -

O1(c) denotes c multiplied by a constant and A, satisfies (2.2).
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For the expansion of M*(h, 8) in (2.5) we have

k
" " i3 N il 1 " =l 241 1
M*(h,8) = c; + > Arcorpth ® T242cihinh+c¢§ sh+ Y. Ajcyph kT2
r=0 : ata r=§+%
— 5 Arcrpriah T2 +2¢3 k2 nh+ O(), 0<h <1,
r=0
if m is even, or
L k1
- el 1 A 211
M*(h.8)=cl+ Y Arcor1h +2+c’§+1h+2Arczr+2h Tt
r=0 r=k
=7
é_l A~ 2r+1, 3
- Z Arck+1+2rhT+7 + O(hz)v
r=0
if m is odd, where
¢y = ¢o + <o, Ar=g£—:,
k
- — - — k_q 2
c’§+% = jg (px +gy —bo,o — b1,0x — bz,oxz = bgfl’oxf_ )dt + Z 01(c),
LY i=1 (3.3)
o o, 3!
5’§+1 =f (Px +qy — boo — brox — by ox® — -+ — b§_2,0x7_2> dt+ " Oi(e),
Lg

i=1
and each A, satisfies (2.6).

Proof. By (2.3), I{'.(h) can be written as

Il*r (h) = 7:}’,0‘)5:<1()/3;k + (?k+r,0a]t+r,0ﬂ]2k+r + ?r,lailﬂ;k)h + O(hz)v 3.4)
= 710+ Girr0Bis, +Trae Dh+ O(h?), 0<r <k -2, '
by (2.4), where
ar,Ozl’ ﬂr =1, ak—i—r,O:l’ 13k+r= EVE =

_ , Q= .
Setr+10 T dehr 41

Substituting (3.4) into the formula of M (h, §) in (2.1) we get
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M(h,8) = ¢(0,8) + 40, 8)h — L=t [rk R G S ST )h]

k_o
2 ~ el 1~ rl 3
+ 3 [AFolhl T3 = A, (FrnoBly, + e, ) I3 ]
r=0
k—2
Frolhl T £+ + 0(h?)
,:5
’ 3.5)
ko G
= ¢(0,4) + Z AT olh|” Tt —ﬁ iy Lot In|hl + ¢n(0, 8)h
r=0 ’
k=2 by il 3
ISy S O P (FerroBiy, +Frrasy ) 1) 43
k r=0
r=3

— 5 (@_10,6;,1 +Te 0 1>h21n|h|+0(h2).
27 Y 5 2700 51

Comparing (3.5) with the expansion of M (k, §) in (3.1) yields the formulas of ¢;, 0 <i < %k, i #
% + 1 as shown in (3.2).
Similarly, substituting (3.4) into the formula of M (h, §) in (2.1) we have

ko
F(h.8) = 30.6)+ ¥ (-1 AFolhl T+ + (~DE A7, hinJhl + 3,0, 8)h
r=0
k-2 -2 r+1 3
+ X 1 AT L Z( D7 A, (FerroBly, +Fraas, ) InIE 3

r=0
’—2

H(=1)" ﬁ(rw%_l’oﬂ’%k_l +7%_171a’§_1,1)h2 In|h| + O (h?)

,_2 k=2
= T+ Z Cr+l|h|% 143 ln|h|+Ck+1h+ Z Cr+2|h|% 2
r=0 2 r—z
ko
4l 3 2
+ch+l+r|h| 12 % 2In|h| + O (h?),
r=0

where

Co= M, 5)=fqu—pdy,
Lo

~ r k ~ LS|

Cr+1:(_1) Cr+1, r:O’ls"'rj_z’ =(_1)2 Cc

G2=(D'crpa, r=5%+

Ek+1+r =(=D"ckt14r, r=0
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Next, we derive the formulas of ¢ ki and E% 41 It follows from (2.12), (2.13) and (2.14) that

Pital =qu=2> jqj(x)v/7!
j=1

- - — - k
= bo.0+biox +haox® by ox 37 4236100 + va(x, V),

where ¢ (x) is a polynomial in x and ¢ (x, v) is a polynomial in (x, v).
Note that p, 4+ g, = p} + g, and by [23],

My (h,8) = yg(px +gy)dt.
Ly

Then, M (h, §) can be rewritten as

Mh,8) = M(0,5)+/M,;(h,5)dh

h

M(O,8)+/ jg(pﬂrqy)dz dh

0

e
M(0,5)+/ ?g(p;“rq;‘)dt dh

0

k
ko

M(0.8) + ) biomi(h) +my (h) +mg_ (),

i=0
where
h h r
mo(h)—/ (h)dh, m,~(h)=/ ?gxidt dh, i:1,2,--~,§—1,
0\
h
my (h / fx%l(x)dt dh, m%_H(h):/ fmpz(x,v)dz dh,
0 \Li 0 \L;

and T (h) denotes the period of L}. Note that

M(h, ) = f gdx — pdy = f q*dx — p*dv.
H(x,y)=h H*(x,v)=h

(3.6)

3.7
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(3.7), we obtain

Taking p*=0and ¢* =v, x'v (i=1,2,---, % - 1), x%q)] (x)v, fov s¢2(x, s)ds respectively in

mo(h) = %m- fvdx,
Ly L}
i i . k
mi(h)zﬁx vdx—?{x vdx, 1:1,2,...75_1’

Ly Ly

my (h) = fx’%dn (x)dx — fx’%dn (x)dx,

L; Ly

mi () =?§¢~>z(x, v)dx — 5552()6, v)dx,
L; L

where az(x, v) = fov s¢o(x, s)ds. By the expansion of M (h, §) in (3.1), we may assume
Lo
o ‘ 1yl TR
m,(h)_Zx,ﬁ”m EH2 g hg chinlhl 42 e h+O(RR), j=0,1,--- S +1, (3.8)
r=0
where A ,11(r=0,1,---, %) are some constants if j =0, 1,---, ]5 — 1, are polynomials in l;,-,o

i> %) if j = %, and are polynomials in bis (i=0,s>1if j= % + 1.
Substituting (3.8) into (3.7), we get

M(h, )
k1 k1
— 1,1 - 2,1

=M(0,8) + E biokin +he +riy |h|x T2 4 i;)bi,o)\i,Z"‘)\%’z“‘)\%_,_],z |h|E*2

k_1 k_1

S Bioh i+ A A B | Bron k +2u x + 2 hin|h|
Tl 4 bokisa e A L bokig i

b I+7
+ l:OblvO)‘ik+1+)"§,§+l+)"%+l,§+l h+ O(|h]" %),
(3.9)

By (2.18), (2.19) and (2.20) in [11], we know that

Go(x) =2q1()ar(x) = Y_aiox’,

i>0
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where aj(x) = Y Eziylx", ax)=> biox', where a;,1 is a constant for each i. It follows that
i>0 i>0
i _
ai0= Y. Wsbso, where ¥y, s =0, 1, ---, i are some constants. Further, by (2.16), we know that

s=0
7r,0 can be written as

r r
Fo=Y Waro=Y Wb,
1=0 1=0

where \ill, qﬁ, [=0,1,2, -, r are some constants.
By the formulas of ¢, 41,7 =0,1,---, % — 1in (3.2), it is seen that ¢,4 has the form of
: k
Cr+1=Z‘I’Ibl,O» r=0,1,~--,§—1, (3.10)
=0
where \ilz,l =0,1,2,.---,r are some constants. Then comparing the expansion of M (k, ) in

(3.1) and (3.9), we obtain

k k
hj=0. j=1.23 o andi=j j 41 o+ 1 (3.11)

Noticing 9§Lh xidt = fLZ x'dt by (2.11), we further have

7 - - - k_
f (Px +qy —boo — b1ox — by ox* — - — b§_170x2 1) dt
Ly
* * N T - 2 - k_q
= %(Px TGy —bo0 —b1,0x —boox" — - —bi_ ox2 )dt
Ly

= f(x%l(xwwz(x,v)) dr

Ly

_ (m/%(h) +m§+l(h))/.

Thus, by (3.6), (3.8) and (3.11) we have
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- - - - k
f (px +qy —boo—brox —byox® — - — bg—l,ole)dt
Lo
/

. NERY (3.12)
= }}%(A§1§+lh+kg+l cyih+ On] k))
- ;}%(A%,QH“” Lo ORD)
AT S R s S

Chyr = bo,ok, & kg1 +b1o, At +bk —roM ok AR kL AL Ky
l%
=Aixgtregg et era
1=
where [i; are some constants. This, together with (3.12), implies that
k
— - - _ k 1 2
C%+1 = f (px +qy — bo,o — b1,ox —bz,ox2 — —b%_1’0x7_ )dl + 21: 01(cj).
Ly 1=

The formula of F% 41 can be obtained in the same way.

In the following, we derive the formulas of the coefficients in the expansion of M*(h, §). By
Lemma 2.1 (ii) we know that r = 5 (— -1)=1%.
<r<

If m is even, then r| is an integer. For 0 % — 1, by (2.5) we have

L

2
L +20ETE S LRI, 0<h<1, (3.13)
2

r=0
r;égf—

hlnh

M*(h,8) = ¢" (h.8) = — I}

k_
7
where J 1*r can be written as

1) - 5 1 — o 1) - 5
Ji = rr(’l)ar’lﬁr + ( ij_r 10“5+r,1'3’§+r + rr(’;ar,S,Br> h+ O(hz),
(3.14)

:rr(,11)+< 0 B +r+rr3a’3>h+0(h2)
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with

- a - 2
Ga=1 p=1 ay, =1 &3=5—"—0

Substituting (3.14) into (3.13) yields

k_3
a2 241, 3
¥ [ZA iV RTTTT 424 (m Biy, +ri5as )h : ﬂ
l%
1
+ ¥ (24 S8) o)
=
i3 -
2r+1 1 2r+1 1
=cy+ 2 b 1:r+7+c>z (hinh + z sh+ X cfLh Rt
r=0 it2 it3 r=kyl
37T2
=
* el 3 2 2
+r20c%+2+r +C3k 3h Inh 4+ O(h9),
where
g = ¢%(0,8) = M*(0,8) = co + Co,
iy =240, r=01, k-3,
1 1.1 k 1 k 3 k
iy T _r%ijl’ ra=24m 0 r=ft g i i -
8 PF 3.15
C9§+2+r = 2A ( L 1ﬁk+r+rr(,3)a”v3> ( )
— 24, 3, o) _ k3
T Skt2r+1 <2krr, = @r+Dry +’1>7 r=0,1, y 4 T A
* _ (1) 3 @ H - _1{,M _2,.(D
C%k+% = k( 3k_7 ,3% -1 %_%’3()5%_%’3)—4]{ <r§k—%,1 3r,4£_%’3).

By Lemma 2.3, we know that

(1) ) _~ .
ril =720, Ti3 =ri1, i >0,

Further, we have
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24 k_3
r+l =24, r ] | =247 r’2r0 = A~2’62r+1, r=0,1,---,3—3,
r
* 1~
c =—ITrk =2ck,
k+3 k73-1.0 z
L)) e 24 kg1 k3 k
Clpn =241, =2A/For0 = Z;VCZHZ, r=z+551+t5 - ,5—1,
* 24, 35 ~ 24 k_3
c =3+t — (5kr1— Qr+ 17 == r=0,1,---,%—3
o = Torar (5kT2r1 — 2r 4+ DFiy2r0) T, k142 RS Sl B
* 1 (~ ~
c = (73 — 3F ):26‘3.
343 4k< 3k-1,0 k11 3k
(3.16)
By using the similar procedure in obtaining c« kpp, We obtain the formula of ¢} R shown in
it2

(3.3).
If m is odd, then r; is not an integer. In this case, by (2.5) and (3.14) we have

M*(h, )

kg

4 = (1), 2+l ] = n 3 - 2413

©*(0,8) + ¢, (0, 8)h + ZO |:2Arrr(,1)h T2 424, (r%lr,1ﬁ§+r+rr(,3)ar’3)h 5 +2:|
=

k

+ Z 24, r(l)h 24 0h?)

’—4
,,1 771 —71
r+1+l % 2r+1+ 2
:co—i—Zc : 2+C§ h+Zc+2 +ch+2+ I 4+ O(h?),
r_4 =
where
¢y = ¢*(0,8) = M*(0,8) = co + <o,
= 1) k
f+1_2Arr1, r=0,1,---,7—1,
(1) k k k
Cr+2_2Arr1’ sz,z—f-l,"-,z—l, (3.17)
= Y (1)
c*,%‘+2+r = 2Ar< ﬂ by, T, 3ocr3)
_ 24, 3> ~ _ k
= sty (K = @ 4 Diisaro), r=0.1,, f = 1.
Similar to (3.16), we further have
E:+1=%C2r+l, r=0717"'s§_15
Criy = i ca, r=§ R WP (3.18)
= _ 2Ar k
2+2+r =~ k2, 1 =0,1 sz — 1

The formula of E*,:H can be obtained by using a similar procedure as used in obtaining Ck iy
1
The proof is complete. O
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When L is a double homoclinic loop of smooth type, we have the following result.

Theorem 3.2. Let (1.5) hold with hy <0 (k=2m +2,m > 1) and Ly=LoU Zo be a double
homoclinic loop of smooth type which is defined by H (x, y) = 0. Then for the functions M (h, §),
M(h,8) and M*(h,§) in (1.8) we have

4>\>v~

M(h,s

i _k
=4 (3.19)

k1
— Z LA it h T 43 £ 02), 0<h <1,
r=0
k1 - k1
M(ha)—co+ZA +é§ +ZA
r—4

l

r=0
(3.20)
k1
- Z LA a0 3 400, 0<h <1,
ko £
1
M08) = i+ 3 2ea 41 (RT3 et Z 2ea4alh| T2
=0
= (3.21)
L1
+ Y 2012 B EH 00, 0<—h <1,
r=0
if m is odd, where A, = A2 L and
ko k1
6§+1 =‘¢lL0 (px +qy — Z bz 0X )dt + Z O1(ci),
N ko k1
5§+] :9%0 (px +qy — 2(:) bl 0X )dt + 2:1 O1(ci),
= 1=
-2 k1
C?‘EH =55L3 (px+qy— X biox")dt + Y O1(cy),
i=0 i=1
and
k_3 Kk
‘g PES = 3 13 eyl
M(h,8) = ¢co+ Z zArC2r+1h k 2 +C%h1ﬂh+€§+%h+ Z iArC2r+2h 2

_3
2 2r+1

Z LArciyrpoh ® 2+03kh21nh+0(h2) 0<h<1,

4>\?v-

(3.22)
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M(h,8) = S+ Z% searth i E +2+Ckhlnh Coah+ X %Arczrﬂhz’:#%
=0 MR
k_3
i_2 12 2r+1+ 2 2
— 3 ArCip1420h F T2 +C3 h"Inh+0Oh°), O0<h<K1,
r=0
(3.23)
k_3 kg
172 ~
M*(h,8) = ci+ Y 2eor1|h| T +2 +2cghin ||+, 3 h +3
r=0 LA R
1172
k_3
N w3 2 2
Z 2esivar )72 4+ 203, Infh| + O(hD), 0<—h <1,
(3.24)

if m is even, where

k

\ Sk

N

ki3 :f]‘o (px +qy — Z bz 0X )dl + Z O1(ci),
i i=1
,,1 k

E§+% :9%:0 (px +qy — Z bz 0X )dt + Z O1(ci),
=0 i=1
k_q k
= 2 - . 2

Cioy = (pxtay— X biox')dr+ 3 O1(ci).

i=0 i=1

Proof. Note that r; = % by Lemma 2.2. If m is odd, then by (2.8) and (3.14) we have

k_y k_j
Mh,8) = co+ X%)A r(l)h2r+l+ +Ck+1h+ Z A r(l)h
,

2r+1

-bl

Lo
+ZA ( B+,+rr3ar3>h2'k“+3+0(h2),0<h<<1,
where

co=M(0,9) =7§qu — pdy.
Lo

Then by (3.17), we obtain
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_,] k_1
2r+1 1 R = 1= 2r4l 1
M(h,8) = co+ Z SRR N TR DI el
r—k
1 =% +5 2
5C h 24+ 0(h

This, together with (3.18), gives (3.19). Similarly, we can get (3.20).
By (2.10) and (3.4) we have

L] kg

M*(h,8) = c5+ Z 2A2rV2r0|h| B +¢;(0,8)h + Z 2A2rr2ro|h| s
r=0 r=t
kg

- Z 24, (rk+2r 0B} o, +T2r 105, 1) Ihl T4 o(h?), 0<-h<1,
r=0
where
¢y =M*(0,6) :fqu — pdy.

Ly

Then, (3.21) holds by the formulas of ¢, 41, ¢;42, Ck+14+ in (3.2).
If m is even, by (2.8) and (3.14) we have

k_3 k

12 1), 24l 1 1 = L (=
M8 = o+ T A+ %r;i%’l+c§+%h+ > AsrnTE e

r_

k_3
(. e 3
+ Ar< (_~)_ 1:3 +r+rr3ar3)h T2
2

1, n oz M - 2
h lnh(r%k_%’lﬂ%k_%+r§_%’3(x% 13 >+0(h ), O<h 1.
Then, by (3.15) we get
-
2r+1 1 = 2r+1 1
M(h,8) = co Ser W Sl hinh+G sh+ X deroh it
= . =}
-3
l % 2r+]+ 2 2
¥ 3, 3y cgk Pk 0(r?).

Further by (3.16) we can get (3.22). Similarly, we can prove (3.23).
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By (2.10) and (3.4), we have

INE
™

~ o IS U U ~
M*(h,8) = c§+ D 20 aolhl % T2 = Fi_y GhInlh| +Chy3h
0 , k 2-L0 it3
r=0
i o3
~ o~ 2r41 4 1 ~ ~ ~ 2r+1, 3
S 2K Farolhl = Y 2, (ResanoBiy, +Faaa, ) 113
r=§+% r=0

1,2 ~ ~ 2
.y 1n|h|<r32kl’oﬁ%_lJrr%Llaz_l,l)JFO(h ), 0<—h<1.

Then (3.24) holds with the formulas of ¢, 41, c% , Cr42, Ck+1+r and c% in (3.2).

. - . .. . N o st

Using a similar way in obtaining C%_H we can obtain the formulas of c§+1 s C§+1 , C§+1 Chids
~ % .
€k 3, Ck 3. This completes the proof. O
412

[SI[o%)

L
Let Lo be a homoclinic loop defined by H (x, y) = 0. Then, for the expansion of M (k, §), we

have the following corollary.

Corollary 3.1. Let (1.5) hold with hy <0 (k =2m 4+ 2,m > 1) and Ly be a homoclinic loop
defined by H(x,y) =0. Then,

(i) if Lo is of cuspidal type, the expansion of M (h, §) in (3.1) holds;

(ii) if Lo is of smooth type, the expansion of M (h, ) in (3.19) holds.

4. Limit cycle bifurcation

In previous section, we have derived the coefficients in the expansions of M (h, §), M (h,$)
and M*(h, §). In this section, we study limit cycle bifurcations near a double homoclinic loop
with a nilpotent saddle of order 2 based on Theorems 3.1 and 3.2.

For m =2,k = 2m + 2, we first execute the symbolic programs in [14] with appropriate
modifying and obtain

_ 1 _ 1 -
2v2|he| "8 (a1,0 + bo,1) = 2v/2|he| 5 bo 0.
- 4 - - -
710 = —33/2|he| ™3 [=3lhel(2az,0 + b1,1) + (a1,0 + bo,1) (h7 + 3hehy 2)]
_ 1 — _
= 2V2|hg|"3b1,0 + O1(bo,0),

2,0 = %\/ilf_lﬁlfg {8h2[Bazo+b21) — a1 (a1,1 +2b02))]}
— (az,0+b1,1) (4heh7 +8h%h12)

S
(=}
[

+ (@10 +bo,0) (373 + 4Rl 2 + 24720 3ha,1 + 1202h3 , = 8 2oz — 4hohs )

- 1 = - -
232 he|"2ba 0 + O1(bo o) + O1(b1.0).

Then by Theorem 3.1, we have the following result.
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Theorem 4.1. Let (1.5) hold with hy <0 and k =6, and L} = Ly U Zo be a double homoclinic
loop of cuspidal type. Then for the expansions of M (h, 8), M (h, 8) and M*(h, §) in (2.1) we have

M(h,8) = co+c1lh|3 + calh| +eshIn|h| + cah

T oslhlE 4 cglhl3 + crlh]3 +cglhl® + coh?Inlh] + O(h?), 0<—h <1,
M(h,8) = To+c1|h|3 — calh|® +c3hIn|h| + S

— es|h|® + colh)3 +c7lh]3 — cglh]S + coh?In|h| + O(h2), 0<—h < 1

M*(h,8) = ¢t +cth3 +cihinh + cth+ cih3 +cth + cth2Inh + 0(h?), 0<h < 1

“.1)
where
~ o - _l ~ -
co=M(0, ) :%qu — pdyle=o, 1 = AoFo.0 = 2+/2|hs| 5 Agho.o,
Lo
~ o - _l ~ -
= A1F1,0 = 2v/2lhg| "3 A1b10 + O1(c1),
1 2 - 1=
3==15M0= _?|h6| 2by,0 + O1(c1) + O1(c2),
c4= f[(Px +qy)le=0 — bo.0 — b1.ox — baox*1dt + O1(c1) + O1(c2) + O1(c3)
Lo
~ ~ 1~ B
c5 = A373,0, C6 = A4qra0, 7= _EAO (97,1 —76,0) ,
L1 (2790 - 97 = L (eo—37
ﬁ ( r7,0_ rl,l)s CQ—&(V&O— ”2,1), (42)
So=M

0,68) = f gdx — pdyle=0,

Lo

[(Px + Gy)le=0 — bo.0 — b1.0x — b2 ,0x?1dt + O1(c1) + O1(c2) + O1(c3),

jald

0

~ A
cy=co+co, ¢} = 2::%6‘1, c; =2cs,

c3 yg[(}?x +qy)le=0 — bo,o — b1,0x — by,0x*1dt + O1(c1) + O1(c2) + O1(c3)

Ly
cZ:ZﬁCG, §=—-27¢c7, cf =20,
with
= —0.5258182899 - -

= —0.7285951946 - -

, A3 =0.3200718001 - - - ,
, Ao =1.051636580--

4.3)
A4 =0.0808471737 - - = —0.1616943474 .-
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Introduce the following notations

o1 =co, Cop=co, ¢1=hoo. G2=Db10, ¢3=byp.
C41 = fLO[(Px + gy)le=0 — bo,0 — b1,0x — by ox?*]dt,
Cap = fzo[(Px + gy)le=0 — bo.o — b1.ox — baox*1dt, (4.4)
= fLs[(px + qy)le=0 — bo,0 — b1,0x — b px*1dt,
Cs =730, C6 =740, ¢71=970,1—760, C8 =971.1 —2770, Co=T80— 3721
Next, for system (1.1) we discuss the bifurcation of limit cyclei near Lg. If system (1.1) has
i + j + k limit cycles near L, of which i limit cycles are near L inside, j limit cycles near

Lo inside and k limit cycles near L outside, then we say that system (1.1) has a distribution
(i, j) + k of limit cycles. We can prove the following theorem.

Theorem 4.2. Let (1.5) hold with k = 6, hy, < 0 and L{ be a double homoclinic loop of cuspidal
type defined by H (x,y) = 0. Suppose there exists a parameter 8y € R? (w > 7) such that

¢01(80) = c02(80) = ¢1(80) = ¢2(80) = ¢3(80) = ¢41(80) = C42(8p) =0,

¢5(80) #0, ¢6(d0) #0, 4.5)
det8(501’502’51’52’53’541’542);AO.
8(81a621 387)

Then for some (g, 38) near (0, 8), system (1.1) has 10 limit cycles near L with five different
distributions: (3,4)+3,(2,49)+4,3,3)+4,4,3)+3 and (4,2) + 4.

Proof. By (4.1), (4.2) and (4.4), M(h, 8), M(h,8), M*(h, 8) can be expressed as

M(h,8) = o — k151|h|% + (kac2 + 01(51))|h|% + [—k3c3 + O1(c1) + O1(c2)]hIn ||
+ @2+ 01G1) + 01(@2) + 01(E3)h — 5| A3| |l + Gl Aallh]3
+ wélAollnl3 — Ll ArlIale + kéoh2In|hl + O(h2), h <0,

M(h,8) = co1 — k151|h|% + [—koc2 + 01(51)]|h|% + [—k3c3 + O1(c1) + O1(c2)]hIn ||
+[E41 + 01(G1) + 01(@2) + 01@)h + &5\ A3 1[5 + G| Aallh] 3
+ t5ér| Aol 1hl3 + sl Arhl'S + fdoh®In ||+ OM?). h <0,

M*(h, 8) = (&1 + Gop) + kiG1hS + [—kid3 + 01(@1) + 01 @)1k Inh

+[G41 +En + O1@G) + 01(@2) + 01(@)h — 25| Aa|h s

+1&1A01h3 + Légh?Inh+ O(h?), h>0,
(4.6)

where
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ki =23/2lhs| 76| Aol > 0, k»=2+/2lhe|"3|A1| >0, k3 =L|hg|"? >0,
ki =4v/2lhg| 1Al > 0, k3 = %Z|hg|™* > 0.
We first introduce the following five cases which will be used later to obtain the number of
limit cycles that system (1.1) has.
Case 1. Suppose ¢ # 0 and vary (¢o1, co2) near (0, 0).
Let (co1, co2) = (0, 0). By (4.6) we easily get
&M <0, &M <0, for 0<—h<1,
ciM* >0, for 0<h < 1.
Then take Co1, Co2 as free parameters such that 0 < |co;| < |¢1], j = 1, 2. Then, one of the fol-
lowing four conclusions hold.
(1.1) If cg1¢1 > 0, cpocy > 0, then
GM=>0, &M =>0, for 0<—h<1,
ciM* >0, for 0<h<«l,
which indicates a distribution (1, 1) 4+ 0 of 2 limit cycles.
(1.i1) If cg1¢1 > 0, cpoc1 < 0 and (co; + coz)c1 < 0, then
GiM <0, &M >0, for 0<—h<1,
cM* <0, for 0<h k1,
which means a distribution (0, 1) + 1 of 2 limit cycles.
(1.ii1) Similarly, if co;c; < 0, cga¢1 > 0 and (cop + co2)c1 < 0, then system (1.1) has a distri-
bution (1, 0) 4 1 of two limit cycles.
(1.iv) If cp1¢1 < 0, coac1 < 0O, then system (1.1) has a distribution (0, 0) 4+ 1 of one limit cycle.
Case 2. Suppose ¢g; = co2 =0, ¢ca #0, ¢3 # 0 and vary ¢| near zero.
First, let ¢y = 0. By (4.6) we have
M >0, &M <0, for 0< —h <1,
aM* >0, for 0 <h <« 1.
Then take ¢ as a free parameter such that 0 < |¢1| < min{|c3], |c3]|}. Varying ¢| near zero gives
the following results.
(2i)If cico > 0, c1¢c3 <0, then
M <0, &M <0, for 0< —h <1,
csM* <0, for 0<h <k,
which implies a distribution (1, 0) 4 1 of 2 limit cycles;
(2.4i) If ¢1¢cp < 0, ¢1¢3 < 0, then system (1.1) has a distribution (0, 1) 4+ 1 of 2 limit cycles;

(2.i1) If ¢1¢c2 > 0, ¢1¢3 > 0, then system (1.1) has a distribution (1, 0) + O of one limit cycle;
(2.iv) If ¢1c2 < 0, ¢1c3 > 0, then system (1.1) has a distribution (0, 1) 4+ 0 of one limit cycle.
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Case 3. Suppose cg; = cop = ¢1 =0, ¢3 # 0 and vary ¢, near zero.
For ¢; =0, by (4.6) we have

GM <0, &M <0, for 0 < —h <1,
cM* >0, for 0<h < 1.

Then take c; as a free parameter such that 0 < |c2| <« |¢3|. By varying ¢; near zero we find that
(3.1) if cac3 > 0, then system (1.1) has a distribution (1, 0) 4 0 of one limit cycle;
(3.i1) if cac3 < 0, then system (1.1) has a distribution (0, 1) 4 0 of one limit cycle.
Case 4. Let ¢o; = cop =¢1 =2 =0, 416420 # 0 and ¢§ = C41 + C42 # 0, and vary ¢3 near
Zero.
For c3 =0, we have

GaaM <0, ¢yM <0, for 0 < —h <1,
(C41 +Ccap)M* >0, for 0 <h < 1.

Now take c3 as a free parameter such that 0 < |c3| < |¢4/| for j =1, 2 and vary c3 near zero. We
find that

(4.1) if c41¢42 > 0, ca1¢3 < 0, then system (1.1) has a distribution (1, 1) 4+ 1 of 3 limit cycles;

(4.11) if cq1c40 < 0,¢41¢3 > 0 and (C41 + ca2)c3 < 0, then system (1.1) has a distribution
(1,0) + 1 of 2 limit cycles;

(4.1i1) if c41c42 < 0,¢41¢63 < 0 and (c41 + ca2)c3 < 0, then system (1.1) has a distribution
(0, 1) 4+ 1 of 2 limit cycles;

(4.1v) if ca1¢42 < 0,ca1¢3 > 0 and (ca1 + cap)cz > 0, then system (1.1) has a distribution
(1, 0) 4+ 0 of one limit cycle;

(4.v) if ca1cap < 0,ca1¢63 < 0 and (ca1 + ca2)c3 > 0, then system (1.1) has a distribution
(0, 1) 4+ 0 of one limit cycle;

Case 5. Suppose cg; =cpp =c¢1 =2 =¢3=0, ¢5 #0, ¢ # 0 and vary (ca1, €42) near (0, 0).

First, for c41 = c42 =0, by (4.6) we have

GsM <0, &sM >0, for 0 < —h <1,
ceM™* <0, for 0 <h k1.

Then take c41 and ¢4 as free parameters such that 0 < |c4;| < min{|¢s|, |¢g|} for j =1,2 and
vary C41, C42 near zero. We obtain that

(5.1) if ca1ca2 > 0, c5¢ca1 > 0, ca1C6 > 0, then system (1.1) has a distribution (0, 1) 4+ 1 of 2
limit cycles;

(5.11) if ca1€42 > 0, 5641 < 0, ca1¢6 > 0, then system (1.1) has a distribution (1, 0) + 1 of 2
limit cycles;

(5.111) if c41¢42 < 0, ¢5¢41 > 0, (ca1 +Ca2)C6 > 0, then system (1.1) has a distribution (1, 1)+ 1
of 3 limit cycles;

(5.iv)if ca1€42 < 0, ¢s5ca1 < 0, (Ca1 +C42)Ce > 0, then system (1.1) has a distribution (0, 0) + 1
of one limit cycle.

(5.v) if carc42 > 0, c5ca1 > 0, ca1¢6 < O, then system (1.1) has a distribution (0, 1) 4 0 of one
limit cycle;
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(5.vi)if c41c42 > 0, ¢5¢41 < 0, 4166 < 0, then system (1.1) has a distribution (1, 0) + 0 of one
limit cycle;

(5.vii) if ¢41¢42 < 0, ¢s5ca1 > 0, (Ca1 + C42)C < 0, then system (1.1) has a distribution (1, 1) +
0 of 2 limit cycles;

Next, we describe the detailed steps to obtain 10 limit cycles and their distributions.

By (4.5) we can take co1, Co2, C1, C2, C3, Ca1, Ca2 as free parameters such that

0 < |cojl K le1| K lez] K |e3] < |esj| < min{|cs], [Cel}). 4.7

Firstly, as in case 5, let co; = cpp = ¢1 = c2 = c3 = 0. We vary c41, €42 near zero. As one of
seven cases, we first suppose the condition (5.7) holds, which implies a (0, 1) 4 1-distribution of
2 limit cycles. Note that any of the conditions (4.ii), (4.iii), (4.iv) and (4.v) is not satisfied if
(5.7) holds since c41¢42 > 0. Secondly, we vary ¢3 near zero as in case 4 such that (4.7) holds.
Together with (5.7), this gives a (1, 2) + 2-distribution of 5 limit cycles.

Thirdly, as in case 3, we vary ¢ near zero based on the conditions (5.i/) and (4.i). If (3.i)
holds, then system (1.1) has 6 limit cycles with a (2, 2) + 2-distribution. If (3.i7) holds, then
system (1.1) has 6 limit cycles with a (1, 3) + 2-distribution.

Fourthly, as in case 2, we vary ¢| near zero. At first, if (3.7) holds, we know that ¢;c3 > 0
which means that the conditions (2.i) and (2.iv) are not satisfied. So, we vary ¢, near zero such
that (2.i7) or (2.iii) holds. Then the conditions (5.i), (4.i), (3.i) and (2.ii) lead to a (2,3) +
3-distribution of 8 limit cycles. However, the conditions (5.7), (4.i), (3.i) and (2.iii) only lead
to a (3,2) 4 2-distribution of 7 limit cycles. Similarly, we vary ¢ near zero such that (2.i) or
(2.iv) holds. Then the conditions (5.i), (4.i), (3.ii), (2.i) lead to a (2, 3) + 3-distribution of 8
limit cycles, and the conditions (5.7), (4.i), (3.ii), (2.iv) lead to a (1, 4) 4 2-distribution of 7
limit cycles, respectively.

Finally, we vary co1, Co2 near zero as in case 1. If (5.7), (4.0), (3.ii), (2.iv) or (5.i), (4.i), (3.i),
(2.ii7) hold, we only get at most 9 limit cycles by varying cg; and cgz. Based on the conditions
(5.i), (4.0), (3.ii) and (2.i) we vary co1, Cop near zero such that (1.i), (1.ii) or (1.iii) holds
which implies a (3,4) + 3, (2,4) + 4 or (3, 3) + 4-distribution of 10 limit cycles, respectively.
Similarly, if (5.7), (4.i), (3.7) and (2.ii) are satisfied, we vary co1, Co2 near zero such that (1.7),
(1.i7) or (1.iii) holds. Then we can get a (3,4) + 3, (2,4) + 4 or (3, 3) + 4-distribution of 10
limit cycles, respectively.

The above steps are shown more clearly in the following flow chart.

(1.7)

(3.i) (2.ii) (1,H+0 G- +3
(1,0)40 @2+2 0,1)+1 N DN
G (1,2) 42 (3 o (2 ) (2,3)+3 o — 2, H+4 49
0,1)+0 ongo LI T2 (1,0)+1 7 (1 iii)
—> (3,3)+4
(1,041

If (5.ii) or (5.iii) holds, the steps to obtain 10 limit cycles are shown in the following flow
chart.
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| ) % (4,3)+3
N
iGN 5 1 o Cen (3.2)+3 (0( 11)1)1 (3.3)+4 (4.9
ll 1
0, H+ (2 2)+2 1,0)+1 /' 1.
: D 4,2)+ 4
(1,0)0+1
1“1” (G,4)+3
3. 2.
(1(0)1)0 (2.2) +2 (0( ll)t)l N (1,140
+ 1
GG o o ey @4 L 4)+4 @10)
123 1
O, D)+ (1 3)+2 1,0)+1 / 1.
* D, (3,3) +-4
(1,0)+1
1
1(11) (4,3)43
Ny v
(1(0)l)o G, D+2 ((; 131)1 ~ .
5140 L0)+ LD+ L.
GiDED o o (3.2)+3 &(3 H+4 (@411
(.ii) @2.0) ©0,H+
0,1)40 22+2 1,0 1/Y
b+ ot S 4,2)+4,
(1,0)+1

If (5.iv) holds, we can get at most 8 limit cycles using the similar steps as before. If (5.v),
(5.vi) or (5.vii) holds, we can get at most 9 limit cycles.

If ¢5¢6 > 0, then we can take C41, C42 such that one of (5.1) and (5.iii) holds. Then, for system
(1.1), by (4.8), (4.9) and (4.10) we get 10 limit cycles near L with five different distributions:
(3,4)+3,2,49)+4,3,3)+4,(4,3)+3 and (4,2) + 4.

If ¢s5¢c6 < O, then we can take c41, 42 such that one of (5.ii) and (5.iii) holds. Similarly, we
also can get 10 limit cycles near L with the same distributions as discussed above.

The proof is complete. O

Similarly, we have the following theorem.

Theorem 4.3. Let (1.5) hold with k = 6, hy, <0 and L{ be a double homoclinic loop of cuspidal
type defined by H (x,y) = 0. Suppose there exists a parameter §g € R™ (m > 8) such that

c01(80) = €p2(80) = €1(80) = ¢2(80) = ¢3(80) = C41(80) = c42(8p) =

Then the following conclusions hold.

(M If

¢5(80) =+ =Ck—1(80) =0, ¢k, (80) #0, k1 =60r7,

9(Co1, €02, C1, €2, C3,C41,C42,C5, "+, Chky—1) (4.12)

ank
L)

=k +2,
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then for some (e, 8) near (0,68p), system (1.1) has 11 (or 13) limit cycles near LS ifki=06
(or ki = 7) with distributions: (4,4) +3,3,4) + 4 and (4,3) + 4 (or (5,5 + 3,4,5) +
4 and (5,4) +4).

Especially, if

¢5(80) =0, c6(80) #0,
d(co1, €02, C1, C2, C3, C41, C42, C5) a(co1, co2, C1, €2, C3, Ca1, C42)
ank =rank =

a6 aé

7,

then for some (&, §) near (0, 8o), system (1.1) has 11 limit cycles near L§ with three distributions:
4,4)+3,3,4) +4and 4,3) + 4
) If

¢5(80) = c6(80) = c7(80) =0, c(80) #0, c9(p) #0,

d(co1, €02, C1, C2, C3, C41, C42, C5, Cg, C7
det ( )7&0,
9(81,82,--+,810)

then for some (g, §) near (0, 8o), system (1.1) has 15 limit cycles near L with three distributions.
Further,

(i) if cgcy < O, then the three distributions of 15 limit cycles are (5, 6)+4, (4,6)+5, (5,5)+5;

(ii) if cgco > O, then the seven distributions of 15 limit cycles are (6,5) + 4,(5,5) +
5,(6,4) +5.

(3) If one of the following conditions holds

(i)
¢5(80) = c6(80) = ¢7(80) =0, ¢cg(8p) =0, c9(dp) #O0,
d(co1, €2, C1, C2, €3, Cal,C42,C5, -+, C
ank (Co1, Co2, C1, €2, C3, C41, C42, C5 cg) — 10,
)
anka(Em, €02, €1, C2, C3, C41, C42, C5, C, C7) 10,
a8
(ii)
¢5(80) = c6(80) = ¢7(80) = c8(dp) =0, ¢c9(d0) # O,
9(Co1, €02, C1, C2, C3,Cal, C42,C5, - -+ , C8)
ank 55 =11,

then for some (¢, 8) near (0, &g), system (1.1) has 16 limit cycles near L(*; with three distributions:
(6,6)+4,(5,6)+5and (6,5) + 5.

Proof. (1) Suppose k1 =6 and ¢g; = oo =C1 = Cp =3 = €41 = 42 = ¢5 = 0. Then
ceM >0, ¢gM > 0, ceM* < 0.

By (4.12) we can take co1, co2, C1, C2, C3, C41, C42, C5 as free parameters such that
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0 <co1l, lcoz| K 1] Kez| K |3l K [eatls |can] K [es| K |cgl.

As the first step, one of the following cases can occur.
(6.1) If c5¢c6 > 0, then we have

GeM <0, ceM >0, cgM* <0,

which implies that system (1.1) has 1 limit cycle with the distribution (1, 0) 4 0.
(6.11) If c5¢c6 < 0, then we have

GoM >0, G¢M <0, GeM* <0,

which implies that system (1.1) has 1 limit cycle with the distribution (0, 1) 4- 0.

Note that (6.1) and (5.ii) can not hold simultaneously, and (6.i), (5.iii), (4.ii) also can not
hold simultaneously. So, by (6.i) and (4.8), or (6.i) and (4.10) we can get 11 limit cycles with 3
distributions (4,4) + 3, (3,4) + 4 and (4, 3) + 4.

Similarly, by (6.ii) and (4.9), or (6.ii) and (4.11) we also can obtain 11 limit cycles with 3
distributions (4,4) + 3, (3,4) + 4 and (4, 3) 4+ 4.

Suppose ki = 7. Then system (1.1) has 13 limit cycles near L with 3 distributions. The steps
to obtain 13 limit cycles are shown in the following flow chart:

(7.i0), (6.1), (4.8) \{
e <

(7.i0), (6.0), 4.10)\, | G5 +3
. . 4,5 +5 (4.13)
(7.i0), (6.ii), (4.9) / (5.4) + 4

(7.ii), (6.ii), (4.11) A

Other cases can be proved similarly, and the proof is completed. 0O

Next, if the origin is a nilpotent saddle of smooth type, we can similarly prove the following
theorems.

At first, it directly follows from Theorem 3.2 and (4.4) that the expansions of the functions
M(h, ), A~4(h, 8), M*(h, §) in (1.8) are given below.

Theorem 4.4. Let (1.5) hold with k = 6, hy <0 and L{ be a double homoclinic loop of smooth
type defined by H(x,y) = 0. We have

M(h,8) = co1 + %Aomh% +c3hInh + (c41 + O1(c1) + O1(c2) + O1(c3)h + %AZ%h%
—1Aoerh + coh®Inh + O (h?),
M(h,8) = &+ LAocrh® + eshInh + @ + 01(c1) + 01(c2) + Oy (c3)h + L Asceh’
—1Aocrh + coh®Inh + O (h?),
(4.14)

for0 < h < 1, where Ao <0, Az <0, and
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M*(h, 8) = (Co1 +Co2) +2¢1 |h|% +ZC3hln|h|+c§h+266|h|% —|—26‘7|h|% +2coh*In|h|+ O (h?),
for0 < —-h <« 1.

Theorem 4.5. Let (1.5) hold with k = 6, hy < 0 and L{ be a double homoclinic loop of smooth
type defined by H(x,y) = 0. Suppose there exists a parameter 8y € R™ (m > 7) such that

c01(80) = €02(80) = ¢1(80) = ¢3(80) = c41(80) = c42(8p) = 0. (4.15)

Then we have

M If

_ 9(Co1, €02, C1, C3, C41, C42)
c6(8p) #0, det 0,
7 9(81,02, -+, 86) 7

then for some (&, ) near (0, 8p), system (1.1) has 11 limit cycles near LS with three different
distributions: (4,4) + 3, (4,3) +4 and (3,4) + 4;
@ If
d(Co1, €02, C1, €3, C41, C42, C6)

c6(80) =0, ¢7(89) #0, det 0,
010 700) # ) #

then for some (g, 8) near (0, o), system (1.1) has 13 limit cycles near L with three different
distributions: (5,5) +3,(5,4) +4 and (4,5) +4;
3 If
9(Co1, €025 C1, €3, C41, C42, C6, CT)

Ge(80) = E7(80) = 0. Go(80) £0, det 0,
Go(80) = &1(50) =0, Eo(S0) #0, de G150, 5%) #

then for some (g, ) near (0, 8p), system (1.1) has 16 limit cycles near L(“; with three different
distributions: (6,6) +4, (6,5) + 5 and (5, 6) + 5.

5. Applications

Consider system

=y, y=x>(1—-x>)—¢f(x,8)y, n=38,9,10,11, 12, (5.1
n .
where f(x,8) = Y a;x' with § = (ag, a1, - - - , a,). We have the following Theorem.
i=0

Theorem 5.1. Let C}(n, 7) denote the maximal number of limit cycles of system (5.1). We have
Ci@®,7)>11, Cf9,7) =11, C{(10,7)>14, C{(11,7)>15, C{(12,7)>17.

We can prove the following theorem by Theorems 4.2 and 4.3.
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Proof. For system (5.1)|.—0, it has a nilpotent saddle of order 2 at the origin and two elementary
centers (1, 0) and (—1, 0). The Hamiltonian function of system (5.1)|,—¢ is

1 1 1
H(x,y)=§y2—6x6+§x8,

and it is obvious that

H(0,0) =0, H(l,O):H(—l,O):_i'

Note that B(),() = —ay, 51,() =—a, 1;2,() = —ay. By (4.4) and (4.2), we get

n
Co2 =Co1 = —%f(x)ydx = ail;,
A i=0

n n
C4p =C41 =f (—f(x) +ap+arx +a2x2) dtr = —ffzaixidf = Zail_i,
j i=3

Lo Ly =3
C1=—ap, C2=—aj, C3=—ay, 552—«/56% Raz+ay), (5-2)
G = —25 /230 (8042 + 559 + 128ay) ,
&7 = 2k 25 Y3 (218445 + 172940 + 30726 + 2688 as),
13276 (48a7 +48as +42a3 + 35ay)
Go = — 7055 v/3 (30240 a5 + 25515 ag + 36864 ag + 32768 ag + 34560 as) ,

cg

where

X2
I = —%xlydx = —§/Xl+3 YV 12—9x2dx,
0

Lo

) ' i T3
I'=—fxldt=—¢.—dx=—12/.7dx.
l y V12— 952

Lo Lo 0

For n = 12, there exists a parameter §12,0 = (ao, a1, az, as, a4, as, as, as, ag, ajo, a1, d12) sat-
isfying

640 368
ap=ai=ay=a3=as=ac=a9=ay =0, as=—a;7, a3 = 35da12, aip=—3i3342,
such that

(o1, €02, C1, C2, €3, C41, C42, C5, C6, €7, €8) (812,0) = (0, 0,0,0,0,0,0,0,0,0,0) (5.3)

and
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- _ 9(€01,€02,€1,€2,€3,€41,€42,C5,C6,€7,C8) __ 1125899906842624 __2
€9(812,0) = 153 3an, ety s e asandioan) = 3701802772395 (54

Then by Theorem 4.3 (3.ii), system (1.1) has 16 limit cycles near L{ for some (g, §) near
(0, 812,0) if a1z # 0, which have 3 distributions.

In the following we consider the sign of M*(k, §) for & > 0 to find more limit cycles.

Let G(x) = —#x® + £x% and G(x;(h)) = h, i = 1,2 with x2(h) < —%4/3 < 34/3 < x1(h).
Then using the similar way in Proposition 3.1 in [14], we have

M*(h,b12,0) = — f f(x,8)]s=5pydx
L/l
x1(h)
= -2 / f(x,812,00v2(h — G(x))dx
x2(h)
x1 (h) (5.5
x2
(h)F F
=2 MCIG(X),

V2(h—G(x))

where

f(x,8120) =a7(—x +x7)+012(

640 368
K820 10, 12
459 153

X
1280 4 736 >
F(x)= ,812.0)dx, F(x)—F(—x) = —x°— 1, “ 13 .
@ /f(x 1206, £ = HEH) (4131x es3® tzr )
0

There exists xg > 0 such that ﬁg? x? - 1763863 x4 13 x13 > 1 for xy > 0 since

1280 736 2
lim ( 9__x11+_x13):+oo.
X—> 400

4131 1683 13
Note that
01280 .9 736 2 13
/4131x e X X dG(x) = 0, as h— +o0, (5.6)
2(h — G(x))

and
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x1(h)

i — g+ 5 3a’G( )
2(h — G(x))
X0
x1 () | (5.7)
> | 46
=G

X0
= /2(h — G(x9)) —> +00, as h — +oo.

Then by (5.5), (5.6) and (5.7), we have

appM*(h, 812,0) > —o0, as h— +oo.

By (4.1), (4.3), (4.4) and (5.3) we further have

640
anM*(h, 812.,0) = -5 V3ad% h*Inh + O(h?) >0, for 0<h < 1.

Thus, there is a zero of M*(h, 812,0) for h > 0 large denoted by hg which leads to a limit cycle
near L.
0

F0r0<h+ﬁ<< 1, by [24] and [25], we have
~ ~ 1. 1.
Mh,8) = by ith+—)T, Mh,8 = b, j(h+—)T,
(h, 8) gz,x +57) (h,8) Z{;( +57)

where

12 12
bro=—v21 ai, bo=v2rY (-)"*g
i=0 i=0

We further have

~ 5
br,0(812,0) = b1,0(812,0) = 159 2w ap.

Then

aiM(h, 812,0) = 25v2mal,(h+35) + O((h+ £)?) > 0, for 0 <h+ % <1,
aiM(h, 812,0) = —320 V/3aZ,h*In|h| + O(h?) > 0, for 0 <—h < 1.

Here we can not find a zero of M (h, §) for 0 < h + ﬁ <« 1. Similarly, we can not find a zero of
M(h,8) for 0 < h+ 4 < 1.

From the above, system (1.1) has 17 limit cycles for some (¢, §) near (0, §12,0) if a2 # 0, of
which 16 limit cycles near L’(; and a large limit cycle near th which means that C*(12,7) > 17.
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Forn = 11, we can find 811’0 = (ao,al,ag,a3, a4, as, de, dg, ag, alo) with

55
ay=ay=ay=az=a4=0, as=3za; —ay,
16 8 61 7

ag=—7gdai, ag=3dajl, a9=—ydi, dlp=—gdail,
such that
(o1, €02, 1, €2, €3, C4, C5, C6, byr0) (811,0) = (0,0,0,0,0,0,0,0,0),

_ 64 6 23

¢1(811,00 = —§V2V6ai1, b.1(811,0) = — 2 2a,

d(co1, Co2, C1, €2, €3, €41, €42, C5, Co, bro)
d(ap, a1, a2, as, a4, as, ag, ag, ay)

_ 4194304 _4 | 549755813888 3 1152921504606846976 .2
= — 71724535 T T 132159491489035 © V3+ 2116413190047531375

= —0.07651730197 - - - .

det (5.8)

So, system (1.1) has 14 limit cycles with 3 distributions for some (¢, §) near (0, §11,0) if a1 #0,
of which 13 limit cycles near L{ by Theorem 4.3 (1), and 1 limit cycle near the right center.
Note that

7, 16 4 32
[F(X)—F(—X)](s:all.():—ﬂanx +oganx” — anx’.

Similarly as the case n = 12, we have

ay M*(h, 811,0) = —% |A0|ﬁ€/6h§af1 +OMh*Inh) <0, for 0<h <1,

ayyM*(h,811,0) > +o0, as h — 4o00.

Thus, there is a zero of M*(h, 811,0) for 1 > 0 large denoted by i} which leads to a limit cycle
near L+ surrounding Lg.

We can not find a zero of M (h, §) and 1\71(h, §) for —ﬁ <h <.

Thus, we have proved C*(11,7) > 15.

Forn = 10, we can find 81()’0 = (a(), ay,az,as, a4, ds, deg, Ay, a9) with

ag=a=a=a3=a4=a9 =0,
128 64
as =—aj, ae= 4¢3 a10, dg = —37 410,
such that

(Cot. Co2, €1, €2, €3, Ca1. Ca2, T, C6) (810,0) = (0,0,0,0,0,0,0,0), ¢7(810,0) = 3226410,

d(Co1, €02, C1, €2, €3, C41, €42, C5,C6) 20971526 72

det - _
€ d(ag, ai,a», as, a4, as, ae, ag, dg) 745784441325

(24255 V3 — 131072) £0.
(5.9)

So, by Theorem 4.3 (1) system (1.1) has 13 limit cycles near L{ with 3 distributions for some
(e, 8) near (0, 819,0) if ajo #0.
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Note that

256 128 2
ma10x7 - —a10x9 + —aloxll.

[F(x) = F(=x)]5=5,00 = 189 11

Then, similarly as before we have

aoM* (h, 810,0) = 32 | Ag| 233642 h3 > 0,

aroM*(h, 812,0) > —o0, as h — +o0.

Thus, there exist 14 limit cycles for system (1.1) with 3 distributions which gives C*(10,7) > 14.
For n =9, we can find §9 ¢ with

5 112
(a05 a, az, as, da, as, de, a7, Aag, ag) = (07 07 03 Oa —Zoz 48, —a7, — - 4ag,aj, as, O)

585 195
such that
(@1, €02, €1, 2, &3, a1, €42, E5)(89,0) = (0,0,0,0,0,0,0,0), &6(89,0) = L42535 ag,
(5.10)
and
det8(50]’502’51’52’53’541’542’65)=— 134217728 63272,
8(a0,a1,a2,a3,a4,a5,a6,ag) 49718962755

So, by Theorem 4.3 (1) system (1.1) has 11 limit cycles near Lg with 3 distributions for some
(g,8) near (0,89,0) if ag # 0. We can not find a zero of M*(h,§) for h > 0. Thus we get
c*(9,7) > 11.

In the proof of n =9, take a9 = 0. We easily prove that for n = 8 system (1.1) has 11 limit
cycles near Lg with 3 distributions for some (¢, 8) near (0, 83 0) if ag # 0.

This ends the proof. O
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