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Abstract

In this paper, a new hyperchaotic system is obtained by introducing an additional state, and adding two nonlinear
terms of the original states and one linear term of the new state to the Chen chaotic system. Particular attention is given
to globally exponential hyperchaos (time-delayed) synchronization and control for this hyperchaotic system. As a con-
sequence, several families of control laws are designed to achieve globally exponential hyperchaos (time-delayed) syn-
chronization, and globally exponential hyperchaos (without time delay) synchronization. The principle of
synchronization is used to globally and exponentially stabilize the equilibrium points of the hyperchaotic system.
Numerical simulation results are presented to illustrate the theoretical predictions.
� 2006 Elsevier Ltd. All rights reserved.
1. Introduction

Study of chaos systems has received great attention in the past several decades [1–11]. A ‘‘regular’’ chaotic system
has one positive Lyapunov exponent. Hyperchaotic systems with more than one positive Lyapunov exponent, on the
other hand, are more complex and also play a significant role in nonlinear science. Since the discovery of the hypercha-
otic Rössler system [12], many hyperchaotic systems have been developed such as the hyperchaotic MCK circuit [13],
the hyperchaotic Chen system [14,15], etc. In fact, it is not difficult to construct a hyperchaotic system, based on a
‘‘regular’’ chaotic system. For example, the hyeprchaotic Rössler system [11], given by
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was obtained from the Rössler system [16]:
Fig. 1.
(b) on
_x ¼ �y � z;

_y ¼ xþ ay;

_z ¼ bþ xz� cz;

8><
>: ð1:2Þ
by introducing a linear feedback w to the second equation and a linear feedback cz to the third equation and then add-
ing one additional new state equation of w.

Another example is hyperchaotic Chen system [14,15], which was derived from the Chen system [17]:
_x ¼ aðy � xÞ;
_y ¼ ðc� aÞx� xzþ cy;

_z ¼ xy � bz:

8><
>: ð1:3Þ
by adding a new equation and then introducing a linear feedback w to the first equation, resulting in
_x ¼ aðy � xÞ þ w;

_y ¼ dx� xzþ cy;

_z ¼ xy � bz;

_w ¼ yzþ rw:

8>>><
>>>:

ð1:4Þ
The simulated Chen attractor is shown in Fig. 1.
The common characteristics of the hyperchaotic systems (1.1) and (1.4) are that only linear feedbacks of a new state

and an old state are introduced to a known chaotic system.
In this paper, based on the Chen system (1.3), we add nonlinear terms of the known states {x,y,z} and a linear term

of the new state w to the second equation of (1.3) to obtain a new type of hyperchaotic system.
The rest of this paper is organized as follows. In Section 2, we describe the new hyperchaotic system based on the

Chen chaotic system, and give brief study on the local dynamics of the hyperchaotic system. In Section 3, we present a
family of control laws to achieve globally exponential hyperchaos (time-delayed, or simply ‘‘lag’’) synchronization, as
well as globally exponential hyperchaos (without time delay) synchronization. In Section 4, a family of controllers is
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Simulated phase portraits of the Chen system (1.3) with parameter values a = 35, b = 3, c = 28, projected (a) in the x–y–z space;
the x–y plane; (c) on the x–z plane; and (d) on the y–z plane.
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designed to globally and exponentially stabilize the equilibrium points of the hyperchaotic system. Numerical simula-
tion results are given in Section 5 to illustrate the theoretical predictions. Finally conclusion is drawn in Section 6.
2. A new hyperchaotic system

To obtain a new hyperchaotic system from the Chen system (1.3), we introduce the fourth state w and then add the
term �yz + xz � w to the third equation of (1.3). As a consequence, a 4-dimensional nonlinear dynamical system is
obtained in the form of
Fig. 2.
(a) the
_x ¼ aðy � xÞ;
_y ¼ ðc� aÞx� xzþ cy;

_z ¼ �bzþ xy � yzþ xz� w;

_w ¼ �dwþ yz� xz;

8>>><
>>>:

ð2:1Þ
where d is a new constant.
When a = 37, b = 3, c = 26, d = 38, computation shows that system (2.1) has the following Lyapunov exponents:

k1 = 1.319, k2 = 0.146, k3 = � 20.148 and k4 = � 56.337. The two positive Lyapunov exponents indicate that system
(2.1) is hyperchaotic. Simulated results are depicted in Figs. 2 and 3. Fig. 2(a)–(d) displays the projections of the hyper-
chaotic attractor of system (2.1) in the x–y–z space, the x–y–w space, the x–z–w space, and the y–z–w space, respec-
tively. To get a better view of this hyperchaotic attractor, Fig. 3(a)–(f) shows the projections of the hyperchaotic
attractor (2.1) on six coordinate planes.

The hyperchaotic system (2.1) can also exhibit limit cycles. For example, when a = 37,b = 3,d = 38,c = 33.6, a single
limit cycle is obtained, as shown in Fig. 4(a) and (b). When c is reduced to c = 32.6, a double limit cycle is found, which
is displayed in Fig. 4(c) and (d).

Consider the special case when w � 0. Then the subsystem of the hyperchaotic system (2.1) projected in the x–y–z

space is given by
_x ¼ aðy � xÞ;
_y ¼ ðc� aÞx� xzþ cy;

_z ¼ �bzþ xy � yzþ xz:

8><
>: ð2:2Þ
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Simulated phase portraits of the hyperchaotic system (2.1) with parameter values a = 37, b = 3, c = 26, d = 38, projected in
x–y–z space; (b) the x–y–w space; (c) the x–z–w space; and (d) the y–z–w space.
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Fig. 3. Simulated phase portraits of the hyperchaotic system (2.1) with parameter values a = 37, b = 3, c = 26, d = 38, projected on
(a) the x–y plane; (b) the x–z plane; (c) the x–w plane; (d) the y–z plane; (e) the y–w plane; and (f) the z–w plane.
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System (2.2) has two more nonlinear terms, yz and xz, than that of the Chen system (1.3). When a = 37,b = 3,c = 26,
a chaotic attractor is obtained, as shown in Fig. 5(a)–(d).

It can be seen from the phase portraits of the hyperchaotic system (2.1) that system (2.1) does not admit simple
symmetries.

Since
rV ¼ o _x
ox
þ o _y

oy
þ o_z

oz
þ o _w

ow
¼ c� ðaþ bþ dÞ; ð2:3Þ
system (2.1) is dissipative when a + b + d > c. Moreover, an exponential contraction rate is given by
dV ðtÞ
dt
¼ �ðaþ bþ d � cÞV ðtÞ; ð2:4Þ
which means that V(t) = V0e�(a+b+d�c)t.
It is easy to find the three equilibrium points of system (2.1), given by
E0 ¼ ð0; 0; 0; 0; Þ; E� ¼ ð�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bð2c� aÞ

p
;�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bð2c� aÞ

p
; 2c� a; 0Þ; ð2:5Þ
where E± exist if b(2c � a) > 0.
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Fig. 4. Simulated limit cycles for the hyperchaotic system (2.1) with parameter values a = 37, b = 3, d = 38: (a) and (b) a single limit
cycle when c = 33.6; (c) and (d) a double limit cycle when c = 32.6.
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Fig. 5. Simulated phase portraits of the chaotic system (2.2) with parameter values a = 37, b = 3, c = 26, projected on (a) the y–z

space; (b) the x–y plane; (c) the x–z plane; and (d) the y–z plane.
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To determine the stability of the equilibrium point E0, evaluating the Jacobian matrix of system (2.1) at E0 yields
J jE0
¼

�a a 0 0

c� a c 0 0

0 0 �b �1

0 0 0 �d

2
6664

3
7775: ð2:6Þ
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The four eigenvalues of the characteristic polynomial of the Jacobian matrix (2.6) are
k1;2 ¼
1

2
c� a�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða� cÞ2 þ 4að2c� aÞ

q� �
; k3 ¼ �b; k4 ¼ �d: ð2:7Þ
When a > 0, b > 0, d > 0 and 2c > a, we have k1 > 0, k2 < 0, k3 < 0, k4 < 0. Thus, the equilibrium E0 is a saddle point of
the hyperchaotic system (2.1).

At the equilibrium points E±, the Jacobian matrix is
J jEþ ¼

�a a 0 0

�c c �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bð2c� aÞ

p
0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

bð2c� aÞ
p

þ 2c� a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bð2c� aÞ

p
� 2cþ a �b �1

a� 2c 2c� a 0 �d

2
6664

3
7775; ð2:8Þ
which results in the characteristic polynomial:
k4 þ ða� cþ bþ dÞk3 þ �cd þ bd þ ad þ bcþ ða� 2cÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bð2c� aÞ

ph i
k2

þ ða� 2c� 2cd þ dÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bð2c� aÞ

p
� 2ba2 þ 4acbþ cbd

h i
k� 2bda2 þ 4abcd ¼ 0: ð2:9Þ
Using Routh–Hurwitz criterion, it is easy to show that when a = 37, b = 3, c = 26, d = 38, some eigenvalues of the char-
acteristic polynomial of the Jacobian matrix (2.8) have positive real parts. Thus the equilibrium points E± are unstable.
3. Globally exponential hyperchaos (lag) synchronization

In this section, we first present a definition and a lemma for the globally exponential (lag) synchronization of nth-
dimensional nonlinear dynamical systems.

Consider the drive system:
_xd ¼ Fðt; xdÞ; ð3:1Þ
and the corresponding response system:
_yr ¼ Fðt; yrÞ þ u; ð3:2Þ
where the subscripts ‘‘d’’ and ‘‘r’’ stand for the drive system and response system, respectively, xd = (x1d,x2d, . . . ,xnd)T,
yr = (y1r,y2r, . . . ,ynr)

T, F : R+ · Rn! Rn, and u = (u1,u2, . . . ,un)T is a vector function of time t and the state variables
(xid,yid,xir,yir).

Let the error state be
eðtÞ ¼ ½e1ðtÞ; e2ðtÞ; . . . ; enðtÞ�T ¼ ½x1dðt � sÞ � y1rðtÞ; x2dðt � sÞ � y2rðtÞ; . . . ; xndðt � sÞ � ynrðtÞ�
T ðs P 0Þ:
Then the error dynamics of e(t) is defined by
_eðtÞ ¼ Fðt � s; xdðt � sÞÞ � Fðt; yrðtÞÞ � u; ð3:3Þ
Definition 1. For arbitrary given initial values, (x1d(t),x2d(t), . . . ,xnd(t)) and (y1r(t),y2r(t), . . . ,ynr(t)) 2 Rn, t 2 [�s, 0], of
the drive-response systems (3.1) and (3.2), respectively, if the solution of the error dynamical system (3.3) has the
estimation

Pn
i¼1e2

i ðtÞ 6 Kðeðt0ÞÞe�aðt�t0Þ, where K(e(t0)) > 0 is a constant depending on the initial value e(t0), while a > 0
is a constant independent of e(t0), then the zero solution of the error system (3.3) is said to be globally and exponentially
stable, and thus the drive-response systems (3.1) and (3.2) are (i) globally and exponentially (lag) synchronized for s > 0;
and (ii) globally and exponentially synchronized for s = 0.

Lemma 1 [8,18]. The zero solution of the error dynamical system (3.3) is globally and exponentially stable, i.e., (i) the

drive-response systems (3.1) and (3.2) are globally and exponentially (lag) synchronized for s > 0; and (ii) globally and

exponentially synchronized for s = 0, if there exists a positive definite quadratic polynomial V = (e1e2 � � �en)P(e1e2 � � �en)T

such that dV
dt ¼ �ðe1e2 � � � enÞQðe1e2 � � � enÞT: Moreover, the following negative Lyapunov exponent estimation for the error

dynamical system (3.3) holds:
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Xn

i¼1

e2
i ðtÞ 6

kmaxðP Þ
kminðP Þ

Xn

i¼1

e2
i ðt0Þ exp � kminðQÞ

kmaxðPÞ
ðt � t0Þ

� �
;

where P = PT 2 Rn·n and Q = QT 2 Rn·n are both positive definite matrices, kmax(P) and kmin(P) stand for the maximal and

minimal eigenvalues of the matrix P, respectively, and kmin(Q) denotes the minimal eigenvalue of the matrix Q.

In the following, we consider the hyperchaotic system (2.1) as a drive system:
_xd ¼ aðyd � xdÞ;
_yd ¼ ðc� aÞxd � xdzd þ cyd ;

_zd ¼ �bzd þ xdyd � zdðyd � xdÞ � wd ;

_wd ¼ �dwd þ zdðyd � xdÞ;

8>>><
>>>:

ð3:4Þ
and the system related to (3.4) with feedback controllers ui (i = 1,2,3,4), given by
_xr ¼ aðyr � xrÞ þ u1;

_yr ¼ ðc� aÞxr � xrzr þ cyr þ u2;

_zr ¼ �bzr þ xryr � zrðyr � xrÞ � wr þ u3;

_wr ¼ �dwr þ zrðyr � xrÞ þ u4;

8>>><
>>>:

ð3:5Þ
as a response system, where ui’s are unknown functions of (xd,yd,zd,wd,xr,yr,zr,wr).
Let the error state be
eðtÞ ¼ ðexðtÞ; eyðtÞ; ezðtÞ; ewðtÞÞT ¼ ½xdðt � sÞ � xrðtÞ; ydðt � sÞ � yrðtÞ; zdðt � sÞ � zrðtÞ;wdðt � sÞ � wrðtÞ�T;
where s P 0. Then from (3.4) and (3.5), we obtain the error dynamical system:
_exðtÞ ¼ a½eyðtÞ � exðtÞ� � u1;

_eyðtÞ ¼ ðc� aÞexðtÞ þ ceyðtÞ � xdðt � sÞzdðt � sÞ þ xrðtÞzrðtÞ � u2;

_ezðtÞ ¼ �bezðtÞ þ xdðt � sÞydðt � sÞ � xrðtÞyrðtÞ þ zrðtÞ½yrðtÞ � xrðtÞ�
�zdðt � sÞ½ydðt � sÞ � xdðt � sÞ� � ewðtÞ � U 3;

_ewðtÞ ¼ �dewðtÞ þ zdðt � sÞ½ydðt � sÞ � xdðt � sÞ� � zrðtÞ½yrðtÞ � xrðtÞ� � u4;

8>>>>>><
>>>>>>:

ð3:6Þ
For the synchronization between systems (3.4) and (3.5), we have the following theorem.

Theorem 1. For the given hyperchaotic system (3.4), when a > c, d > 0, if one of the following families of feedback

controllers ui (i = 1,2,3,4) is chosen for the response system (3.5):
ðAÞ

u1 ¼ a
a�c ½�zdðt � sÞeyðtÞ þ ydðt � sÞezðtÞ þ zrðtÞðezðtÞ � ewðtÞÞ�;

u2 ¼ k2eyðtÞ þ zrðtÞ½ewðtÞ � ezðtÞ�;
u3 ¼ k3ezðtÞ þ ½ydðt � sÞ � xdðt � sÞ � 1�ewðtÞ;
u4 ¼ 0;

8>>><
>>>:

ðBÞ

u1 ¼ a
c�a zrðtÞewðtÞÞ;

u2 ¼ k2eyðtÞ � zdðt � sÞexðtÞ þ zrðtÞ½ewðtÞ � ezðtÞ�;
u3 ¼ k3ezðtÞ þ ½zrðtÞ þ ydðt � sÞ�exðtÞ þ ½ydðt � sÞ � xdðt � sÞ � 1�ewðtÞ;
u4 ¼ 0;

8>>><
>>>:

ðCÞ

u1 ¼ 0;

u2 ¼ k2eyðtÞ � zdðt � sÞexðtÞ þ zrðtÞ½ewðtÞ � ezðtÞ�;
u3 ¼ k3ezðtÞ þ ½zrðtÞ þ ydðt � sÞ�exðtÞ þ ½ydðt � sÞ � xdðt � sÞ�ewðtÞ;
u4 ¼ �zrðtÞexðtÞ � ezðtÞ;

8>>><
>>>:

ðDÞ

u1 ¼ 0;

u2 ¼ k2eyðtÞ � zdðt � sÞexðtÞ þ zrðtÞezðtÞ;
u3 ¼ k3ezðtÞ þ ½zrðtÞ þ ydðt � sÞ�exðtÞ þ ½ydðt � sÞ � xdðt � sÞ � 1�ewðtÞ;
u4 ¼ zrðtÞðeyðtÞ � exðtÞÞ;

8>>><
>>>:
where k2 > c, k3 > Myd
þMxd � b, and Myd

and Mxd are upper bounds of the state variables jyd(t)j and jxd(t)j, respectively,

then the zero solution of the error dynamical system (3.6) is globally and exponentially stable, and thus (i) globally
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exponential (lag) synchronization for s > 0; and (ii) globally exponential synchronization for s = 0 occur between the drive-

response systems (3.4) and (3.5).

Proof. Consider the controller (A) and choose the following positive definite, quadratic form of Lyapunov function:
V ðtÞ ¼ 1

2

a� c
a

e2
xðtÞ þ e2

yðtÞ þ e2
z ðtÞ þ e2

wðtÞ
h i

; ð3:7Þ
which implies that P ¼ diag a�c
2a ;

1
2
; 1

2
; 1

2

� �
and thus kminðP Þ ¼ min 1

2
; a�c

2a

� �
; kmaxðP Þ ¼ max 1

2
; a�c

2a

� �
. Differentiating V(t)

with respect to time t along the trajectory of system (3.6) yields
dV ðtÞ
dt

				
ð3:6Þ
¼ a� c

a
exðtÞ _exðtÞ þ eyðtÞ _eyðtÞ þ ezðtÞ _ezðtÞ þ ewðtÞ _ewðtÞ

¼ ðc� aÞe2
xðtÞ þ ða� cÞexðtÞeyðtÞ þ zdðt � sÞexðtÞeyðtÞ � ydðt � sÞexðtÞezðtÞ � zrðtÞexðtÞðezðtÞ

� ewðtÞÞ þ ðc� aÞexðtÞeyðtÞ þ ce2
yðtÞ þ exðtÞeyðtÞezðtÞ � xdðt � sÞeyðtÞezðtÞ � zdðt � sÞexeyðtÞ

� k2e2
yðtÞ þ zrðtÞeyðtÞ½ezðtÞ � ewðtÞ� � be2

z ðtÞ � exðtÞeyðtÞezðtÞ þ xdðt � sÞeyðtÞezðtÞ

þ ydðt � sÞexezðtÞ þ ðxdðt � sÞ � ydðt � sÞÞe2
z ðtÞ � zrðtÞ½eyðtÞ � exðtÞ�ezðtÞ � ewðtÞezðtÞ � k3e2

z ðtÞ

� de2
wðtÞ � ½ydðt � sÞ � xdðt � sÞ � 1�ezðtÞewðtÞ þ ðydðt � sÞ � xdðt � sÞÞezewðtÞ þ zrðtÞ½eyðtÞ � exðtÞ�ewðtÞ

¼ ðc� aÞe2
xðtÞ þ ðc� k2Þe2

yðtÞ þ ð�b� k3 � ydðt � sÞ þ xdðt � sÞÞe2
z ðtÞ � de2

wðtÞ

6 ðc� aÞe2
xðtÞ þ ðc� k2Þe2

yðtÞ þ ð�b� k3 þMyd
þMxd Þe2

z ðtÞ � de2
wðtÞ

¼ �ðexðtÞeyðtÞezðtÞewðtÞÞQðexðtÞeyðtÞezðtÞewðtÞÞT; ð3:8Þ
where
Q ¼ diagða� c; k2 � c; k3 þ b�Myd
�Mxd ; dÞ: ð3:9Þ
By Lemma 1, we have the following exponential estimation:
a� c
a

e2
xðtÞ þ e2

yðtÞ þ e2
z ðtÞ þ e2

wðtÞ 6
kmaxðP Þ
kminðP Þ

a� c
a

e2
xðt0Þ þ e2

yðt0Þ þ e2
z ðt0Þ þ e2

wðt0Þ
h i

e�
kminðQÞ
kmaxðP Þðt�t0Þ

¼
max 1

2
; a�c

2a

� �
min 1

2
; a�c

2a

� � a� c
a

e2
xðt0Þ þ e2

yðt0Þ þ e2
z ðt0Þ þ e2

wðt0Þ
h i

� exp �minfa� c; k2 � c; k3 þ b�Myd
�Mxd ; dg

max 1
2
; a�c

2a

� �
ðt � t0Þ

( )
; ð3:10Þ
which implies that the conclusion of Theorem 1 is true.
Similarly, for other controllers (B)–(D), we can use the same Lyapunov function (3.7) to obtain the same estimation

given by (3.10). The details are omitted here. h
4. Hyperchaos control

In this section, we use (x*,y*,z*,w*) to denote an arbitrary equilibrium point of system (2.1). Let
xc ¼ x� x�; yc ¼ y � y�; zc ¼ z� z�; wc ¼ w� w�:
To control the hyperchaotic system (2.1) such that all trajections converge to the equilibrium point (x*,y*,z*,w*), we
consider the controlled system:
_xc ¼ aðyc � xcÞ � u1;

_yc ¼ ðc� aÞxc þ cyc � xzþ x�z� � u2;

_zc ¼ �bzc þ xy � x�y� � zðy � xÞ þ z�ðy� � x�Þ � wc � u3;

_wc ¼ �dwc þ zðy � xÞ � z�ðy� � x�Þ � u4;

8>>><
>>>:

ð4:1Þ
where ui’s are control functions to be determined.
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Case 1. Consider the equilibrium point E0 = (0,0,0,0). In this case, the controlled system (4.1) becomes
_xc ¼ aðyc � xcÞ � u1;

_yc ¼ ðc� aÞxc þ cyc � xz� u2;

_zc ¼ �bzc þ xy � zðy � xÞ � wc � u3;

_wc ¼ �dwc þ zðy � xÞ � u4:

8>>>>><
>>>>>:

ð4:2Þ
Theorem 2. When a > c, d > 0, if one of the following families of controllers:
ðiÞ u1 ¼ 0; u2 ¼ k2yc; u3 ¼ k3zc þ ðyc � xc � 1Þwc; u4 ¼ 0;

ðiiÞ u1 ¼ 0; u2 ¼ k2yc; u3 ¼ k3zc þ ðyc � xcÞwc; u4 ¼ �zc;

ðiiiÞ u1 ¼ 0; u2 ¼ k2yc þ zcwc; u3 ¼ k3zc � ðxc þ 1Þwc; u4 ¼ 0;

ðivÞ u1 ¼ 0; u2 ¼ k2yc þ zcwc; u3 ¼ k3zc � xcwc; u4 ¼ �zc;

ðvÞ u1 ¼
c� a

a
zcwc; u2 ¼ k2yc; u3 ¼ k3zc þ ycwc; u4 ¼ �zc;

ðviÞ u1 ¼
c� a

a
zcwc; u2 ¼ k2yc þ zcwc; u3 ¼ k3zc; u4 ¼ �zc;
where k2 > c, k3 > �b + My + Mx, is chosen for the controlled system (4.2), then the zero solution of system (4.2) is glob-

ally and exponentially stable, i.e. the equilibrium point E0 of system (2.1) is globally and exponentially stabilized.

Proof. For Case (i), we choose the positive definite Lyapuonv function:
V ðtÞ ¼ 1

2

a� c
a

x2
cðtÞ þ y2

cðtÞ þ z2
cðtÞ þ w2

cðtÞ
h i

: ð4:3Þ
Then we have
dV ðtÞ
dt
jð4:2Þ ¼

a� c
a

xcðtÞ _xcðtÞ þ ycðtÞ _ycðtÞ þ zcðtÞ_zcðtÞ þ wcðtÞ _wcðtÞ

¼ ðc� aÞx2
c þ ða� cÞxcyx þ ðc� aÞxcyc þ cy2

c � k2y2
c � xcyczc � bz2

c þ xcyczc � ycz
2
c þ xcz2

c � wczc

� k3z2
c � ðyc � xc � 1Þwczc � dw2

c þ ðyc � xcÞzcwc

¼ ðc� aÞx2
c þ ðc� k2Þy2

c þ ð�b� y þ x� k3Þz2
c � dw2

c

6 ðc� aÞx2
c þ ðc� k2Þy2

c þ ð�b� k3 þMy þMxÞz2
c � dw2

c

¼ �½ða� cÞx2
c þ ðk2 � cÞy2

c þ ðk3 þ b�My �MxÞz2
c þ dw2

c � < 0 when x2
c þ y2

c þ z2
c þ w2

c 6¼ 0: ð4:4Þ
This completes the proof of Case (i). Other Cases (ii)–(vi) can be similarly proved. h

Case 2. Now we turn to the equilibrium points E� ¼ ð�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bð2c� aÞ

p
;�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bð2c� aÞ

p
�; 2c� a; 0Þ. For this case, the con-

trolled system (4.1) becomes
_xc ¼ aðyc � xcÞ � u1;

_yc ¼ ðc� aÞxc þ cyc � xz� ð2c� aÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bð2c� aÞ

p
� u2;

_zc ¼ �bzc þ xy � bð2c� aÞ � zðy � xÞ � wc � u3;

_wc ¼ �dwc þ zðy � xÞ � u4:

8>>>>><
>>>>>:

ð4:5Þ
Theorem 3. When a > c, d > 0, if one of the following families of controllers:
ðAÞ

u1 ¼ a
a�c ½�zyc þ yzc þ ð2c� aÞðzc � wcÞ�;

u2 ¼ k2yc þ ð2c� aÞðwc � zcÞ;

u3 ¼ k3zc þ ðy � x� 1Þwc;

u4 ¼ 0;

8>>>>><
>>>>>:
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ðBÞ

u1 ¼ að2c�aÞ
c�a wc;

u2 ¼ k2yc � zxc þ ð2c� aÞðwc � zcÞ;
u3 ¼ k3zc þ ½2c� aþ y�xc þ ðy � x� 1Þwc;

u4 ¼ 0;

8>>><
>>>:

ðCÞ

u1 ¼ 0;

u2 ¼ k2yc � zxc þ ð2c� aÞðwc � zcÞ;
u3 ¼ k3zc þ ½2c� aþ y�xc þ ðy � xÞwc;

u4 ¼ ða� 2cÞxc � zc;

8>>><
>>>:

ðDÞ

u1 ¼ 0;

u2 ¼ k2yc � zxc þ ð2c� aÞzc;

u3 ¼ k3zc þ ð2c� aþ yÞxc þ ðy � x� 1Þwc;

u4 ¼ ð2c� aÞðyc � xcÞ;

8>>><
>>>:
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where k2 > c, k3 > My + Mx � b, and My and Mx are upper bounds of the state variables jy(t)j and jx(t)j, respectively, is

chosen for the controlled system (4.2), then the zero solution of system (4.2) is globally and exponentially stable, implying

that the two equilibrium points E± of system (2.1) are globally and exponentially stabilized.

Proof. We only prove for Case (A). Other cases can be similarly proved. We choose the positive definite Lyapunov
function:
Fig. 7.
histori
time hi
(f) k2 =
V ðtÞ ¼ 1

2

a� c
a

x2
cðtÞ þ y2

cðtÞ þ z2
cðtÞ þ w2

cðtÞ
h i

: ð4:6Þ
Then, differentiating V(t) with respect to time t along the trajectory of system (4.5) yields
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dV ðtÞ
dt

				
ð4:5Þ
¼ a� c

a
xcðtÞ _xcðtÞ þ ycðtÞ _ycðtÞ þ zcðtÞ_zcðtÞ þ wcðtÞ _wcðtÞ ¼ ðc� aÞx2

c þ ða� cÞxcyc þ zxcyc � yxczc

� ð2c� aÞxcðzc � wcÞ þ ðc� aÞxcyc þ cy2
c þ xcyczc � xyczc � zxcyc � k2y2

c

þ ð2c� aÞycðzc � wcÞ � bz2
c � xcyczc � xyczc � yxczc þ ðx� yÞz2

c � ð2c� aÞðyc � xcÞzc

� wczc � k3z2
c � dw2

c � ðy � x� 1Þzcwc þ ðy � xÞzcwc þ ð2c� aÞðyc � xcÞwc

¼ ðc� aÞx2
c þ ðc� k2Þy2

c þ ð�b� k3 � y þ xÞz2
c � dw2

c

6 ðc� aÞx2
c þ ðc� k2Þy2

c þ ð�b� k3 þMy þMxÞz2
c � dw2

c

¼ �ðexðtÞ eyðtÞ ezðtÞ ewðtÞÞQðexðtÞ eyðtÞ ezðtÞ ewðtÞÞT; ð4:7Þ
where
Q ¼ diagða� c; k2 � c; k3 þ b�My �Mx; dÞ: ð4:8Þ
Since a > c, k2 > c, k3 > My + Mx � b and d > 0, it follows from (4.7) and (4.8) that the conclusion for Case (A) of The-
orem 3 is true. h
5. Numerical simulation results

In the section, we shall use numerical simulation to verify the control laws presented in the previous sections. We
take the parameter values as a = 37, b = 3, c = 26, d = 38 in system (2.1). Here we restrict to the case s = 0.

First, consider hyperchaos synchronization using the controller given in Case (A) of Theorem 1. The initial values
for the drive-response systems (3.4) and (3.5) are chosen as
ðxd ; yd ; zd ;wdÞ ¼ ð�0:1; 0:2;�0:5; 0:3Þ;
ðxr; yr; zr;wrÞ ¼ ð0:7;�0:6;�0:2; 0:8Þ:
Fig. 6(a)–(d) shows the time histories of the error variables ex, ey, ez and ew under the controller (A) with the control
gains chosen as k2 = 30, k3 = 40. Since the conditions given in the controllers derived from the Lyapunov function are
sufficient, not necessary, we therefore may take smaller values for parameters k2 and k3. Fig. 6(e) and (f) displays the
time histories of the error state ex under the controller (A) with k2 = 6, k3 = 8 and k2 = 15, k3 = 0, respectively. Fig. 6
clearly show that the errors quickly converge to zero, implying that the drive-response systems (3.4) and (3.5) are glob-
ally and exponentially synchronized under the above chosen controls.

Next, consider hyperchaos control with the controller given in Case (A) of Theorem 2. The initial values are chosen as
(xc,yc,zc,wc) = (1,�1.8,�0.5,0.3) for the controlled system (4.2). Fig. 7(a)–(d) shows the time histories of the controlled
variables xc, yc, zc and wc under the controller (A) with k2 = 28 and k3 = 40. Again due to the conditions given in the con-
trollers being only sufficient, we may choose smaller values for parameters k2 and k3. For example, Fig. 7(e) and (f) display
the time histories of the error state ex under the controller (A) of Theorem 2 with k2 = 10, k3 = 18 and k2 = 8, k3 = 20,
respectively. It is seen from Fig. 7 that the errors converge to zero exponentially. This indicates that the controlled system
(4.2) globally and exponentially converge to the equilibrium point E0 = (0,0,0,0).
6. Conclusion

In this paper, we have designed a new hyperchaotic system via the introduction of an additional state variable as well
as two nonlinear terms and a linear term to the Chen system. Moreover, we have obtained a number of families of con-
trol laws to reach globally exponential hyperchaos (lag) synchronization for s > 0, and globally exponential hyperchaos
synchronization for s = 0. We have also derived controllers to globally and exponentially stabilize the equilibrium
points of the hyperchaotic system. Numerical simulation results are presented to verify the theoretical predictions.
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