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ABSTRACT. In this paper, we consider Bogdanov-Takens bifurcation in two
predator-prey systems. It is shown that in the full parameter space, Bogdanov-
Talens bifurcation can be codimension 2, 3 or 4. First, the simplest normal
form theory is applied to determine the codimension of the systems as well
as the unfolding terms. Then, bifurcation analysis is carried out to describe
the dynamical behaviour and bifurcation property of the systems around the
critical point.

1. Imtroduction. Since Lotka and Volterra created the so-called Lotka-Volterra
predator-prey model [18, 22], more sophisticated predator-prey models have been
developed, given in the following general form of ordinary differential equations [6],

i =xg(z,K)—yp(z), 1)

y=yl-d+cq(@)],
where g(x, K) is a continuous and differentiable function, describing the specific
growth rate of the prey in the absence of predators. A specific form of g, the
logistic growth g(z, K') = r(1 — %), is usually considered as a prototype, satisfying
g(0,K)=r>0, g(K,K)=0, g.(K,K) <0, g(z, K) <0, and gg(x, K) > 0 for
any x > 0.

The functional response p(z) of predators to the prey is a continuous and dif-
ferentiable function, satisfying p(0) = 0, which describes the change in the density
of the prey attacked per unit time per predator as the prey density changes. The
functional response functions which have been extensively used in modeling popula-
tion dynamics have the following three forms. (a) Lotka-Volterra type: p(z) = mz,
where m > 0, which is a linear function with xlglgo p(z) = co. (b) Holling type II:

p(z) = are, where m >0, a > 0, and a is called the half-saturation constant, sat-

isfying p’(xz) > 0 and lim p(x) = m. (c¢) Generalized Holling type III or sigmoidal:
Tr—r00

p(z) = #ﬁi“, where m > 0, a > 0 and b is a constant. When b = 0, it is called
the Holling type III response function. When b > —24/a (so that ax?+bxr+1 > 0 and
hence p(x) > 0), it is called the generalized Holling type III or sigmoidal functional
response [1].
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The function ¢(x) in system (1), on the other hand, describes how predator
convert the consumed prey into the growth of predators, and the parameter ¢ rep-
resents the efficiency of predators in converting consumed prey into their growth,
while d denotes the predator mortality rate. In the literature, the following three
typical forms of g(x) have been used. (i) ¢(z) = p(x), which is used in most clas-
sical predator-prey models. (ii) ¢({) = p(§), which depends upon the ratio of the
prey to predators, not the prey density. (iii) ¢(%), which is based on the ratio
of the predators to their prey, and the typical second equation of (1) is given by
¥ =yq(%) = sy(1 — ;%) while the first equation of (1) still takes p(x).

Now, we combine the three types of function ¢(z) with the three types of function
p(x) to obtain nine systems:

N :t:rx(l—%)fmmy,
A U g—ymes—dy )
i=ro(l-£)-— 22y
Ay ) K ot 3
g =y (s —d); ®)
':r;v(l—%)— ma? y

x 21 br+17
. mcx? Zm. ’ (4)
y=y (a12+bz+1 - )’

P=rz(l-%)—ma,

oy
e N e N e N e I N e P N

:1.7:7”13(17%)*;2257 (6)
=y (252 )
. x ma?

Bii a: - (1 ;Cg) - m7 (7)
9=y (Gt — 9;

Ci; I:TLU( —5)—7711'3/, (8)
y=sy(1-:L);

co:  {ETrelmE) TR )
y=sy(1-%);

az?+br+1° (10)

)
111 y’:s )

In order to simplify the analysis on the above models, we first use state scaling and
time scaling 7 =rt to transform (2)-(10) into the following dimensionless systems
(through z = KX with D = ¢ and S = £):

X=X(1-X-Y

System Ail . ( )’ Y:w7 _Mv (11)
Y=Y (CX-D), " "
X=X01-X--),

System Aj; : . (CX A+X) Y="74 A=5, C="15 (12)
Y =Y (4% - D), " "
X=X(1-X—or ), V=28 4— K2,

System Aiii: { . ( CX2AX +BX+1) " mK2c (13)
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X=X1-M-X
System B; : {YX( DY. ) Y:mrcyl{ﬂ MZ%? (14)
X=X (1-X-2)
System Bj; : {Y—Y(( cx gJ)rY> Y=% M=o C=m¢ (15)
=V x5y V)
v XY 2a
System Byj; : X B X(l_X_W)’ =k A= (16)
Y=Y (axmmxynye — D), B=14, C=1
X=X1-X-MY
System C; : {Y S}E(l Y) ) Y:%,M:Mim; (17)
= —? 5
X=X(1-Xx-24x)
System G : {Y—SY((l X) A+X) V=%, A=%, M:hTm5 (18)
X )

AX24+BX+1

System Cj;; : .
ystem Y=8Y(1-2%), B:Kb,M:@,

X=X(1-X—_MXY \ y=21Y A=K?q,
{ ( )’ hK (19)

We still use the dot to denote the differentiation with respect to the new time 7.
Note that all the parameters should take positive values, except for B (or b) which
may also take zero or negative values, provided B > —2v/A (or b > —2y/a). If we
add a negative, constant term to the second equation of the above systems, which
measures the rate of harvesting or removal [23] for the systems, we can study the
general effect of harvesting on these models. This investigation is left for future
work.

The dynamics and bifurcations of systems (2)-(6) (or (11)-(15)) have been studied
completely in [14], except for the Bogdanov-Takens (BT) bifurcation for system (4)
(or (13)). Similarly, in [15] the dynamics and bifurcations of system (7) (or (16))
have been completely analyzed, but the BT bifurcation. Thus, in this paper we
will particularly investigate the BT bifurcations in systems (4) and (7) (or (13) and
(16)). General theory of BT bifurcation for codimension two was established by
Bogdanov [2] and Takens [21], which has been presented and discussed in many
books (for example, see [4, 10, 16]). Recently, Han et al. revisited this problem and
gave a fairly complete study [11]. For codimension three and higher were studied
by Dumortier et al. [5] and Mardesic [19]. The cusp case was studied by Han [12] to
obtain the normal form with unfolding up to any higher order. Suppose the normal
form of BT bifurcation without unfoliding is given by

=y, y=aLaly, (20)

where k = [@] (n > 2). It has been shown in [12] that the general unfolding

of (20) can be put in the form,
k—1

=y, y=2"+po+ Y Bina'y+aty+O(|(z,y)"*?). (21)
=0

However, in reality not all practical problems can have a standard (“perfect”)
unfolding due to limitation on the physical parameters. In the following sections,
the BT bifurcation analysis is given to the two systems (13) and (16) by using
the simplest normal form (SNF) theory (e.g., see [7, 8, 24]) and the parametric
simplest normal form (PSNF) theory (e.g., see [9, 26]). We will show that both the
two systems can exhibit the cusp case of BT bifurcation, but the codimension for
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system (13) is not over three, while that for system (16) is not over four which does
not have a standard unfolding.

2. BT bifurcation for system (13). In this section, we present BT bifurcation
analysis for system (13). It is noted that global stability for predator-prey systems
with p(z) = ¢(x) = :j_@ (m > 0) has been investigated by Cheng et al. [3], with
p(z) = q(x) = 57 has been considered by Ruan and Xiao [20]. Also, global
stability for a class of predator-prey systems, which consist of the first equation in
(13) and the second equation in (15), has been studied in [13]. However, to our best
knowledge, global stability and dynamics for system (13) have not been completely
studied.

2.1. Equilibria and BT critical point. System (13) has three equilibria:
Eo: (Xo,Ys) = (0,0);
Ei: (X1,Y1) = (1,0); (22)
Ex: (Xo,Y2) = (X2, $Xo(1 - X0)); (0< X5 < 1),
where X5 is determined from the following quadratic polynomial equation:
F, = (C — AD)X3? — BDX, — D = 0. (23)
The condition 0 < X3 <1 guarantees that the equilibrium Es is an interior (positive)

equilibrium.
It is easy to show that Eg is always a saddle. Define

C*=D(A-3B?), Ci,=(A+B+1)D. (24)

Then, when B > max{—2vA, -2}, E; is globally asymptotically stable (GAS) for
C € (0, C4] and unstable for C > Cy; when —2v/A< B<—2, E; is GAS for C € (0, C*]
and locally asymptotically stable (LAS) for C € (C*, C}), and unstable for C' > C;.
No Hopf bifurcation can occur from E;, but transcritical bifurcation can happen
between E; and Eq, which may be a forward bifurcation if B >max{—2v/A, -2} or
backward bifurcation if —2v/A < B <—2. Tt has been shown in [14] that either none
or two Hopf bifurcations can occur from Ey when B >max{—2v/A, —2}; while when
—2v/A < B< -2, saddle-node bifurcation, none, one or two Hopf bifurcations may
occur from E,. Thus, bistable or even tristable phenomenon (involving equilibria
and stable limit cycles) may occur. In addition, for —2v/A < B < —2, when the
saddle-node bifurcation and a Hopf bifurcation coincide, a BT bifurcation occurs.
The condition for a BT bifurcation to occur can be found from the characteristic
polynomial:
P()\) = A2 4+ Tr(Jo) A + det(J), (25)

where J5 is the Jacobian of system (13) evaluated at the equilibrium E,, yielding

Tr(Jy) = m [—2AX3 4+ (A-B)X3 —1], 6)
det(J2) = xxzryy (1 - X2)(BX2 +2).
The necessary and sufficient conditions for system (13) to have a BT bifurcation
from Eg are Tr(Jz) = det(J2) = 0, which gives (note that X3 =1 is not a solution)

A=4+%, B=-4,
at which the equilibrium Es becomes
In the following, we will apply the simplest normal form (SNF) theory (e.g.,
see [7, 8, 24]) to determine the codimension for BT bifurcation of system (13) and
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the parametric simplest normal form (PSNF) theory (e.g., see [9, 26]) to obtain the
normal form of system (13) with unfolding terms.

2.2. The SNF and codimension of the BT bifurcation. In order to obtain
the normal form for the BT bifurcation, we first need to determine the codimention
of system (13). Define the BT critical point as (u1, u2)=1(0,0), where

,u1:A—ACEA—(4+%), o =B — B.=B+4. (28)

So (1, p2) = (0,0) implies that (A, B) = (A., B.) = (4 + £, —4). Now, we assume
(1, p2) = (0,0), and apply the simplest normal form theory [7, 8, 24] to deter-
mine the codimension of system (13). To achieve this, introducing the following
transformation:

_1 _c

into (13), we obtain the following system:

oQ

v, (29)

du_ (1490)[Cv—(C—4D)u’ +2Cuv—2(C+4D)u?]

dr C(14+4u)+4(C+4D)u? ’
dUl - 4D?(1—4v)u? (30)
d771 — C(1+4u)+4(C+4D)u?"

Then, we expand the above system around (u,v) = (0,0) and apply the SNF the-
ory [8, 24] to the resulting system to obtain the following results. First, consider
C=#4D. We introduce the following transformation,

Cc— 4D

u=2, V=9 + xl,

into (13) to obtain the SNF up to 2nd-order terms:

dil'l
-5V = (@] ) 3 )
= 4y + O] () )
dx 2 —
d—2 = 43 22 — wxlxg + O(|(z1,22)]?).
1
Further, introducing the transformation,
w1 = w1, @+ O(|(x1,22)]%) — o, (31)
into the above equations, we obtain
dl‘l
- = T2,
iy 32
= el = MG Py + O(| (a1, 22)P).
1

Next, consider C' =4D, for which the coefficient of the term zixs in (32) becomes
zero. Thus, we need to find higher-order terms in the SNF. To achieve this, applying
the change of state variables:

_ 2 _ 4(3+D) _ 3 ,.3 | 5600D>+65283D+36000 2
u=x1+ T - —3p T1%2 5Dx2 tsai+ 3150D?
2(56D24-375D+360) 2 i.J
+ 63D? T1Ty + Z T Ty,
i+j=4
_ 4(3+D) 4D 3 2(2240xD*4+72213D+36000) 2
V=22~ T3¢ 3 - 3T~ 1575D2 T1T2
2(56D?4375D+360) 2 | 2(56D*+375D+360) 23
+ 63D2 1Ty + 63D2 2+ Z walxza

i+j=4
where a;; and b;; are functions in D, and the time rescaling,

2(280D2%—283D+3720) 3
T = [172x1+ ( SI5D )zl] Ta,
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into (13) yields the SNF up to 7th-order terms:

dx

k= 23+ O(| (1,2
T2

dx . 2 _

2 = Da? — 162z, — 16z, - SOLETLIDOT0) 46, + O(| (@1, 22)°).
2

Finally, applying the transformation

xry — X1, $2+O(|($1,.’L‘2)|8) — T2, (33)
into the above system we obtain
dxl
=L = g,
ik 2 ) (34)
2 _
Tﬁ = Dx%—16x§’x2—16m‘11x2—8(560D +g§g)D 67080) 2829+ O(| (21, 12)(®).

The following theorem directly follows from (32) and (31).

Theorem 2.1. For system (13), when B=—4, A=4+ %, BT bifurcation occurs
from the equilibrium solution By : (X,Y) = (1, 5). The BT bifurcation is codi-
mension 2 if C # 4D, and codimesion 3 if C = 4D. No codimension higher than 3
can happen.

In the following two sections, we will use the PSNF theory to obtain the normal
forms with unfolding terms up to 2nd-order terms for the codimension-2 BT bifur-
cation and up to 4th-order terms for the codimension-3 BT bifurcation, and give a
summary on the bifurcation analysis. Note that in the literature usually a number
of nonlinear transformations are used to obtain the normal form with unfolding
terms (e.g., see [5, 17]). However, here we apply the PSNF theory to obtain the
normal form with unfolding terms via only one nonlinear transformation.

2.3. The PSNF of the codimension-2 BT bifurcation and bifurcation anal-
ysis. Now, suppose C' # 4D. To obtain the normal form with unfolding, we intro-
duce the parametric transformation,

A=Ac+m=4+S+m, B=Bc+py=—4+pus, (35)
together with the change of state variables (28), into (13) to obtain

@ _ (A42u){D[p1 (14+2u)+2u2](1—4u>)+16 Du? (1—2u)+4C (v—u?) (14+2u) }
dr - 4{2D[8u?+p2(14+2u)|+(C+Dp1) (14+2u)?} ’

@ D2 (1—4v)[16u?4+2pu2 (14+2u)+p1 (14-2u)?]
dm 4{2D[8u?+ps(142u)]+(C+Dp1)(1+2u)?} -

(36)

Then, we expand the above system around the point (u, v, u1, p2) = (0,0,0,0) and
apply the PSNF theory, with the change of state variables:

c(D3*-C 2
u= 36+ ( iD5 2y — T5pT T1%2, (37)
C(CBL+3D? C(C—4D 2
U= _%Bl + iﬂ% — 5112+D4 — T+ 4g2x2 + (16D4 )Jﬁ - 120D4m%’
and the parametric transformation:
2
pr= 5181+ 8B, 2= —4B2 + 253, (38)
to obtain the standard normal form with unfolding:
dxl
—— = 22+ O(|(x1, 22, p1, p2)*),
dT1
d.’EQ

diTl — 51 + ﬂgl’g + m% — CQ_# 129 + O(|(l’1,1’2,ﬂ1,ﬂ2)|3)»
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Finally, introducing the transformation
x1 — 1, 2+ O(|(21, 2, 1, p2)?) — w2,

into the above system yields the normal form with unfolding up to 2nd-order terms:

d.’El r

- — &2,

CCll;;lQ 2 C—-4D 3 (39)
P B1 + Bazae + 2 — Spam w1wa + O(|(21, T2, pas p12)]°)-

Now, we use the normal form (39) to analyze the codimension-2 BT bifurcation.
Note that the normal form (39) is in the standard form given in [10]. Thus, we
follow the approach described in [10] to obtain the following theorem.

Theorem 2.2. For system (13) codimension-2 BT bifurcation occurs from the
equilibrium Eo: (X,Y)=(3, 55) when A=4+% and B=—4 if C#£4D. Moreover,
three local bifurcations wzth the representations of the bifurcation curves are given
below.

(1) Saddle-node bifurcation occurs from the bifurcation curve:

SN = {($1,52) | B1=0}.
(2) Hopf bifurcations occur from the bifurcation curve:

H={(81.8) | B =~(20p) ﬁ2}{

B2>0 (C—4D < 0), subcritical,
B2<0 (C—4D > 0), supercritical.

(3) Homoclinic orbits occur from the bifurcation curve:

L={(81, %) | Bi=—1(325) /32}{

The above formulas for bifurcation curves can be expressed in terms of the orig-
inal perturbation parameters puq and po by using (38).

B2>0 (C—4D < 0), unstable,
B2<0 (C—4D > 0), stable.

2.4. The PSNF of the codimension-3 BT bifurcation and bifurcation anal-
ysis. To analyze the codimension-3 BT bifurcation under the condition C'=4D, at
which Es becomes (X,Y) = (%, 1), we need to find the corresponding normal form
with unfolding. To achieve this, let

A=8+pu, B=—44p, C=4D+pus, (D >0). (40)
We denote p=(p1, pi2, t3) and then apply (40) together with
X=3+u Y=1—4y, (41)
into (13) to obtain the following system:

du _ (142u) 1 +2p2+2p1 u+16v—4(p1 +2p2)u?4+32uv— 8(8+u1)u3]
dr 4[d+p1+H2p2+4(44p1 +p2)ut+-4 (841 )u?]

42
AV (1 40) {D (g +2p10) s +A[D (1 1) —paJutA[D (A1) — paJu?} (42)
dm - 4[d+p1H2p2+4(44p1 +p2)ut-4(84 11 )u?] :

Then, we expand the vector field of (42) around the point (u,v,u) = (0,0,0)
and employ the PSNF theory [9, 26] to obtain the parametric normal form. More
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precisely, applying the following change of state variables:

1 5 1 320D2411103D+-2888 2(D+6)
u:ﬁm1+ﬁﬁl_§ﬁ +75 + 62 6/822 3D3 BBZ

34+D
*3%5153*1%5253+§x%* (3D3)$1$2*5%3992 (5D351 3D52+%53)$1

_ [4(320D3+4173D2+11619D+864O)5 + 1480D2+18747D+115205 — 40D4201 3 ]
1305D5 1 1305D3 522D

e
+ Z Unijrimei2587 B2 03",

i+j+k+l+m:3 4

_ D 2(8180D°+134148 D> +756909 D+220868) 12
v = §C2+ D2 51_*52+ 58— 1305D5 Bi
1702 _ D2 p2 46120D2—231957D+162180 400D —36501
52 5 13050D3 P2 + T 52200 P13

— LD 3, 85— 4(3DDJ§3) (4(£D_36)51+%52)$1 — (8 81— B2+ 3B3) w2
+ Unijrime w381 BHBY',

i+j+k+l+m=3,4

where U1ijkim and Usijiim are functions in D, with the time rescaling:

n=(1-3z—3B+28)n, (44)

and then the parametrization:

288 32(260D°+4338 D% +30969D+7020) 52
= —2888, + 288, — 2Dfs + 2 D ) 52

2_
+%&+7@+“Mxﬁﬁwwﬁﬁ+wm&—w@&

16(731200D* 411156880 D3 34785063 D2+ 25040880 D+ 10368000) 53
+ 6525D° B} + 863

n 16(273280D3+424oeé5721:;2D+67747020D+3456000) 828 304 6152 +4DpB3 33

— BUOV0D 8301 D124660) g2 3. 43, 53 ﬁﬁlﬂzﬂg, (45)
p2 = f3P1 — 4Bs — 15T — 5§85 + pEBiB2 — 5P1Bs

—22 B3 — 385 — 25353,

3 2
3 = _22ﬁ8ﬁ1 + 20Dﬁ2 _ 2D253 + 32(260D +433i€D:|1-27279D+7020) 512

3 8(360D2%—6271D+540
+148D 32 4 D- 32 | SGOOD _G2TID4510) 3 3, + 18923, g,
2 2 3
— 228,85 — P53 — 228385 — 5533,
into (13) yields

dzr

T = w2+ O(|(a, 22, 8)[°),

drs

T: = B1+ By + Byxrmy + aF — Fx aiwy + O(|(x1, 22, B)[°),
2

where 8=(01, 52, 03). Finally, introducing the transformation
Ty — T, I2+O(|(I‘171‘2,ﬂ)|5)—>.$2, (46)

into the above equations yields the normal form with unfolding up to 4th-order
terms:

d$1
— = I9
dT2 ’
dl’g

i = B+ Boxs+ By zime + 23 — %x?@ + O(|(w1, 2, B)?).

(47)
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It is easy to use (45) to verify that

9(B1,82,83)
which shows that near the critical point (A, B,C) = (8,—4,4D), system (13) has
the same bifurcation set with respect to p as system (47) has with respect to 8, up
to a homeomorphism in the parameter space.
Now based on the results of [5], we apply the method of normal forms and Abelian
integral (or Melnikov function) to obtain the following result (proof is omitted due
to page limit).

det [M} — 128+ O(B) #0 for small 8 with D >0,

Theorem 2.3. For system (13), codimension-3 BT bifurcation occurs from the
equilibrium Ey : (X,Y) = (3,1) when A=8, B=—4 and C = 4D. Moreover,
siz local bifurcations with the representations of the bifurcation surfaces/curves are
given below.

(1) Saddle-node bifurcation occurs from the critical surface:

SN = {(B1, 82, 8s) | B1 = 0}.

(2) Hopf bifurcation occurs from the critical surface:

H={(B1,B2,83) | B1 <0, Bo= (B3 + :551)vV—=DB1}.

(3) Homoclinic bifurcation occurs from the critical surface:

HL = {(B1,82,83) | B1 <0, B2 = 2(Bs + 5o5561)vV—P1} -

(4) Generalized Hopf bifurcation occurs from the critical curve:
p1 <0, B2 = %(1 +3\/ﬁ)ﬁ1\/—51»

53:*%(1*\/ﬁ>51-

(5) Degenerate homoclinic bifurcation occurs from the critical curve:

DHL = { (81, 2. B3) | B1 < 0. B2 = 18 Biv/=Pr, fa = — 129 1 }.

(6) Double limit cycle bifurcation occurs from a critical surface, which is tangent
to the Hopf bifurcation surface H on the critical curve GH, and tangent to the
homoclinic bifurcation surface HL on the critical curve DHL.

GH = (517ﬁ2,63)

3. BT bifurcation for system (16). In this section, we present BT bifurcation
analysis for system (16).

3.1. Equilibria and BT critical point. System (16) has also the exact three
equilibria given in (22), but now X5 is determined from the following quadratic
polynomial equation:
F,=C?X3 - C(2C + BD)Xs + C?+ BCD — D(C — AD) = 0. (48)
Again, the condition 0 < X5 < 1 guarantees that the equilibrium Es is an interior
(positive) equilibrium. Define
X5 = (20 + BD £ VA), (49)
where
A= (2C + BD)? — 4[C? + BCD — D(C — AD)]
= B2D? +4D(C — AD) =4D[C — D(A - B2)] =4D(C — C*).
It is straightforward to prove that Eg is always a saddle. Moreover, it is easy to

see that Eq is a stable node for C < AD, and a saddle for C'> AD. Furthermore, we
can show that E; is GAS for C < AD. There is no Hopf bifurcation from E;. For

(50)
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the stability of Ea, the negative part (with X5 < 0 or X, < 0) is a saddle (only
mathematically meaningful), and the positive equilibrium EJ (with X5 >0) is also
a saddle; while the positive equilibrium E; (with X5 >0) may lose stability at Hopf
critical points, whose number must be two if they exist. So the only possibility for
a BT bifurcation to occur is from Es. The condition for a BT bifurcation to occur
can be found from the characteristic polynomial (25) for which Jy represents the
Jacobian of system (16) evaluated at the equilibrium Es, with

Tr(J2) = 22[D(C — AD) + C?(1 — X2)?],

det(J;) = — &5 {(1+ D — X2)[C?(1 — X2)? — AD?] + DC(D + X5)}.

(51)

The necessary and sufficient conditions for system (16) to have a BT bifurcation
from Eg are Tr(J2) = det(Jz) = 0. Solving the three equations: Fy = Tr(Jy) =
det(J2) = 0, yields (noting that Xo =1 is not a solution) a family of biologically
meaningful solutions for system (16) to have a BT bifurcation from Eq, given by

C(C+4D
X,=1 A=¢CHD)  p__C (52)
for which the equilibrium E, becomes the same one given in (27): Ey: (3, 5).

Similarly, we will first apply the SNF theory to determine the codimension for
the BT bifurcation of system (16) and then employ the PSNF theory to obtain the
normal form of system (16) with unfolding terms.

3.2. The SNF and codimension of the BT bifurcation. Define

AZAC—HME%-I-ML B=DBc+p=—-5 + po. (53)
Then, the BT critical point is defined by (u1, p2) =(0,0). Now, we assume (1, p2) =
(0,0), and apply the SNF theory [7, 8, 24] to determine the codimension of system
(16). To achieve this, introducing the same transformation (29) into (16) yields the
following system:

du (142w [4Dv+C(u+2v)%2 —4Du(u—2v) —2(C+4D)u® —8Cuv(u+v)]

dirl - 4[D(14+4u)+4Du2+C (u+2v)2?] )

dv _ CD(1—4v)(u+2v)?
Tﬁ T 4[D(1+4u)+4Du+C(u+2v)?] "

(54)

Then, we expand the above system around (u,v) = (0,0) and apply the SNF theory
[8, 24] to the resulting system to obtain the following results. For C # %, we
apply the following transformation:

_ C(+D) 2 _ C—4D .2 C .2
u=2x1+ —5p5 -], V=2 — 5o w]+Crire — F 3,

into (16) to obtain the following SNF up to 2nd-order terms:

W a0l 2,
(jl—f_lz =Sz + %xlxg + O(|(z1, 22)[3).
Further, applying the transformation (31) into the above system we obtain
dzy
dn — (55)
A2 _ Gyt g WHBICAD 4y 1 O(| (o, )]

dry
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IfC=15p +2 -, we apply the change of state variables,
_ 2(1+D) 2 4(3+7D+6D?) 4(346D+5D?) 22
u=21+ 3555 1~ “3p(s2b) Y1%2 T Tsp(it2D) +Z a21171$2:

i+j=3
_ 2D .2, 4D _ 4(34+10D46D%) 5
V=22 + 55 81 T 13p %182 — “3pagep) L2t E buxl%v
i+j=3

where a;; and b;; are functions in C' and D, and the time rescaling,
T = [1 + 130 xi’ — 735(118217)296‘11] To,

where

o — 116303904D5+302636680D4+305396494D3+145198611D2+31408128D+2298240
30 — 613230D(1+D)(14+2D)3(18D2+23D+6)

to obtain the SNF up to 7th-order terms as follows:

dxl - 8
g, -2t O((z1,22)°),
dzy D 32(142D) 384(14D)

dTQ -

= ep o T (1+2D)? riTy — 5(1+2D)s ¥ 2iwy + O(| (w1, 22)[°).
Further, introducing the transformation (33) into the above equations we obtain

oy _
ar ) (56)
Z9 D 4(14+D
dry 90 41 + Granp oir2 — Sisapy 2372 + O/ (21, 22)[*).
Based on (55) and (56), we have the following theorem.
Theorem 3.1. For system (16), when A = % B = — %, BT bifurcation

occurs from the equilibrium Ex: (X,Y)=(35). The BT bzfurcatzon is codimen-

sion 2 if C # 1+2D, and at most codimesion 4 if C' = 1+2D No codimension higher
than 4 can happen.

Similarly, in the following two sections, we will use the PSNF theory to obtain the
normal forms with unfolding terms for the BT bifurcations, and present a summary
on the bifurcation analysis. More precisely, we will show that due to the limitation
on the parameters, the codimension of Hopf bifurcation is 2, which implies that the
possible condimension-4 BT bifurcation is degenerate. Again, we will obtain the
normal forms with unfolding terms through only one nonlinear transformation.

3.3. The PSNF of the codimension-2 BT bifurcation and bifurcation anal-
ysis. Assume C' # 7 +2 D To obtain the normal form with unfolding up to 2nd-order
terms, we first apply the parametric transformation (53) together with the change
of state variables (29) into (16) and then expand the resulting equations around the
point (u,v, p1, u2) = (0,0,0,0) to obtain the following equations:

du 2
cTn:”%Mﬁéuz—%u?—%uwz—%N%—%uzu

7(%'“’1 — p2) v+ C 4D u? + D uw + 5 ’02 + O(|(uavaﬂlau2)|3)7 (57)
dv 2
G = o+ Rhe = mpd = foppe — 58— B pau

—D(%ul + p2)v + % u? + Cuv + Cv? + O(|(u, v, 1, p2)|?)-
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Next, we apply the PSNF theory, with the change of state variables:

u= Zx + 8(1+D)51 382+ 72251%0 4612,

+[16[DC 4(14D)? ﬁ n 8(1+D)B ] o 8(1+D) 22

C2D2 1
+ 16[(3+21§)CCJD4(1+2D)] 12, (58)
v= %@ C'Dﬁl + 105+ [%ﬁ — Ba] 21

16 4(C—4D) 2 | 16 32[CD—2(1+2D)] 2
+6 61-7;2 (72) + T1x2 — [ 3C'2(D ) €y,
and the parameter transformations:

2
p1 = 2% B1 + 5525, pe = —%B2 + 55063, (59)
to obtain the standard normal form with unfolding:

dl’l

di,rl = T2 + O(|(l‘17l'2,‘u1,,u2)|3)7

dxs 9 (1+2D)C—4D
CD

dm = f1 + Paza + 27 a1z + O(|(21, 22, pir, pi2) )

Finally, introducing the transformation:

zo + O(|(21, T2, 1, p2)*) — 22

yields the normal form with unfolding up to 2nd-order terms:

dl‘l

o

dxé 2 (142D)C—4D 3 (60)
an Bi + Paxs +af — 55— 1172 + O(| (w1, 72, p, p2)|°).

Again, the normal form (60) is in the standard form given in [10], which yields
the following theorem.

Theorem 3.2. For system (16) with C >0, D >0, codimension-2 BT bifurcation
occurs from the equilibrium Ey: (X,Y) = (%, ) when A= % and B=—%
if C +# 1+2D Moreover, three local bifurcations with the representations of the
bifurcation curves are given below.

(1) Saddle-node bifurcation occurs from the bifurcation curve:

SN = {(B1,82) | B1=0}.

(2) Hopf bifurcations occur from the bifurcation curve:

0 (C<55), suberitical,
H:{(ﬁl’ﬁ2) |/Bl:_((1+2g'%) /82}{52> ( <1+2D) SubDCr1 lca

B2<0 (C> ﬁ%), supercritical.
(3) Homoclinic orbits occur from the bifurcation curve:

B2>0 (C< 2L, unstable,
{(ﬁleQ) | B1= (m) 52}{52<0 (C>:zz) stable.

The above formulas for bifurcation curves can be expressed in terms of the orig-
inal perturbation parameters puq and po by using (59).
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3.4. The PSNF of the codimension-3 BT bifurcation and bifurcation anal-

ysis. To study the codimension-3 BT bifurcation under the condition C' = 115[,,

at which Eg becomes (X,Y) = (3, 1 - +5), we need to compute the corresponding
normal form with unfolding. Thus, let

14D
A= (1(+;rD))2 +u, B=-— 1+42D Tp2, O= 1i§D tus, (D >0). (61)
Denote = (1, p2, p3). We apply (61) together with
X=1%+u Y=ih5—4, (62)

to (16) to obtain the following system:

du
dTl

— 1+4+2u
T 4{[4+p1(1+2D)](14+2D)(1+2u)?+2p2(1—4v) (142D) (1+2u)+16 (u+2v)2 }
x{16(1 — 2u)(u + 2v)* + 16(1 + 2D)(1 + 2u) (v — u?)
+(1 4 2D)[p1 (1 +2D)(1 + 2u) + 2u5(1 — 4v)](1 — 4u?)},

dv 1—4v
d77.1 = 4{[4+p1(142D)](142D) (14+2u)2+2p2(1—4v) (14+2D) (1+2u)+16 (u+2v)2 }

x{16D(u + 2v)? + pu1D(1 4 2D)?(1 + 2u)?
+2p2D(1 + 2D)(1 + 2u)(1 — 4v) — ps(1 + 2D)?(1 + 2u)?}.

(63)

Then, we expand the vector field of (63) around the point (u,v, ) = (0,0,0)
and employ the PSNF theory [9, 26] to obtain the parametric normal form. In
particular, applying the following change of state variables:

= 1+1§D o1+ 6(1+D1))(21+2D) 8 —1 16y + 1+D)(1+2D) 2

4(142D)(6 D2 +7D+3 142D 5D2+6D+3 2
_ 4 )(3D3 )$1$2— 4( )(51:)3 ) o
5
i .7 nknl am
+ g Urijrimxi 2507 B3,
it+j+k+l+m=2
142D 2D? +6D+3
+D T2 — X ) B1 +

D
v= 2(1+2D) B — (1+2D)B3

2(1+2D 4(1+2D 14+2D)(6D“+10D+3
+(D)$1+( ) 40420607 ) o

T1T2 —
5

+ Z Usijrima’ 23 BY B BT

i+j+k+l+m=2

where Ui rim and Us;jrim are functions in D, with the time rescaling:

_ {1 _16(14D)(15255D*430681.D°+24469.D>+6333D —45)
- 1155D3(6D2+7D+3)

+ [t10200 B1 + Al(lTTD) B2 — B3 + t1011051 P2 + ti0101818s] 21 (65)

48(4D*43D—3)(14+2D)? 3 3 E nl
— 2 77D4)( ) x7 + t31000 T1T2 + E tooktm B1 823" } 2,

k+l4+m=2

T1T2

where ¢;;xm are functions in D, and then the parametrization:

_ (3+2D)(1+D)2 8(3D+2D?+2) 2D(3+2D) 2D? (D+2
H1 = —Dp2a+2D)? pr— (1+2D)? B + (1+2D)? Ba + (1+2D)* 53
_ 128(1+D)(32D*+152D%+236D?+152D+33) ﬁg 4(16 D436 D*+26D49) ﬂz
D4(1+2D)2 i+ (1+2D)%
32(1+D)(16 D*+24D*+6D+3) 8(80D34264D%+318D+123)
- DZ2(14+2D)3 ﬂlﬂQ + 5D(1+2D)3 5163
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2
,% B2fs + Z magim BY 8565,

k+14+m=3 ,
_ 16(4D+3) 2D 64(24D +44D+21) 2
H2 = —Dpri2D) Pr+ 1+2D)2 B2 — (1+2D)2 Bs + A1
8(2D*+2D+1) 16(8D3+8D2—2D 1)
T (1+2D)® 62 - (1+2D)3 Bs + D2(1+2D P12

8(40D%472D+31 2D(3+2D m
*W B1B3 + (1+2+D)z) B283 + Z Makim BY BLBY", (66)

k+l+m=
_ 16(4D*+10D+5) 8D(1+D) 64(16D3+68D2+82D+31)
H3 = —DarzD) Pr— (1+2D)? 7 P2+ (1+2D 263_ D3 B
8D(4D*+5D+2) 32(1+D)(8D2+4D+1)
+ (2o B3 + (1+2D)3/83 D(+2D)? P12
8(40D>+72D+31 8(1+D)D
+ ( 5(1+2D)2 )ﬁ ,B - (1+2D)3 B2B3+ Z m3kim 616263 5
k+14+m=3

where mgm are functions in D, to (16), we obtain

dx
dTl = x2+0(|(x17x27ﬁ)|6)7
2
dx 2
T:: B1 + Bo &2 + By w1xg + 23 — ZUDIATID) 44,
2

—2EED) Byadzy + O(|(21, 22, B)[9),

where 8= (01, 82, F3). Finally, introducing the transformation (46) into the above
equations we obtain the normal form with unfolding up to 5th-order terms:

dn _
ZZZTQ — 42,
X 2
dT'gQ = B1+ Baxa + Bz wiwe + 25 — —SQ(HD[),(A;HZD) TiTs (67)
%@ Baxias + O(|(x1, 22, B)[%).
It is easy to use (66) to verify that
det[ ai’éi”éi’}?ﬁﬂ = — 125 +O(B) #0, for small § with D>0,

which implies that near the critical point (A, B, C) :((Sl(i;l?)é = 1+42D7 1i§D)’ Sys-

tem (16) has the same bifurcation set with respect to p as system (67) has with
respect to 3, up to a homeomorphism in the parameter space.

It is seen from (67) that the system has three unfolding parameters and the
coefficient of the term :cif:rg contains the parameter (3. Since the coefficient of the
term z{zs is equal to — 2% (14 D)(142D)? # 0, it seems that the system may have
codimension-4 BT bifurcation. However, we will show that due to limitation on the
parameters, codimension-3 of Hopf bifurcation is not possible. To achieve this, first
it is easy to use (67) to obtain the trace of the Jacobian of system (67), Ja, given
by

Te(Jy) = Ba — (—B1)? By — S2UFDULH2D)" g2 | 2(42D) (g 485, (8, < ).

The necessary condition for system (67) to have Hopf bifurcation is Tr(J2) = 0,
yielding

2
Bs = Bon = (—f1) 3 B3 + 2UEDIUIN2DY g2 20042D) (3 y3 g, (68)

under which the determinant of Jy is

det(Jo) =2v/=B1 >0, (B <0),
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implying that B = Py is indeed a Hopf critical point, with the critical frequency
1
we =V2(=p1)1, (B1 <0).
Next, we introduce the following transformation:
m=a—(=B)?, w2 =V2(-B)iy, T=V2(-B)in

into (67) to obtain the following system:

dr _
d’TQ =% |
;Ly Y ET i
T2 1
. 3
+V2 [—1“” PP (g1t + EB s - BEEP (-8 Bs]ay (g
2
—i-\f[(% ;ggD)( 61)i,83 _ 96(1+D)(1+2D) (—ﬁ1)%}x2y
+ /3 [MOEDIL2D) (g, )} ——;ng’)( B1)~ 4 Bs] 2y
—IULRDR () gty

Further, we apply the Maple program in [25] for computing the normal forms of
Hopf and generalized Hopf bifurcations to get the first Lyapunov coefficient (or the
first focus value):

Vo= D2B3(5D?—72(14+2D)B1)— 1280( 51)2(1+D)(1+2D)2
' 80(—p1)% D

(70)

Therefore, if f3# 12{;32(51)2) %5?2%;;];) , then V1 #0, and so system (69) has Hopf
bifurcation of codimension one. When

_1280(—f1)3 (14 D)(14+2D)?
Bz = D2(5D2—72(1+2D)3;)

we have V7 = 0, and then the second Lyapunov coefficient is simplified as

2(14+D)(142D)?(35D*—24(1+2D
Vp = ALEDI0D) f72<1+2D§ SEDIB) 5 0 (due to By < 0), (71)
Moreover, it is noted that V2 ~ (1 4+ D)(1 + 2D)?, and thus V2 — 0 only if
D — oo. This clearly indicates that it is not possible for system (70) to have Hopf
bifurcation of codimension 3, implying that 3 limit cycles cannot bifurcate from the
Hopf critical point. Summarizing the above results we have the following theorem.

Theorem 3.3. For system (16) with D > 0, at least codimension-3 BT bifurcation

occurs fmm the equilibrium Eo: (X,Y)=(3, 1+2D) when A= %, B=— 1—&-%

and C' = 1+2D Moreover, three local bifurcations with the representations of the
bifurcation surfaces/curves are given below.

(1) Saddle-node bifurcation occurs from the critical surface:

SN = {(B1,82,83) | B1 = 0}.

(2) Hopf bifurcation occurs from the critical surface:
2 2
B, =3P +2§g;-2p),81\/—ﬁ I 32(1+D)(1+2D) 82,

1280(—B1) % (14+D)(1+2D)?
D2(5D2—72(1+2D)B1)

H= (61752a63)

(3) Generalized Hopf bifurcation occurs from the critical curve:

By = _ 480(1+D)(142D)%[3D?+8(1+2D) 1]
. = DZ[5D7=72(1+2D)61] )
GH=1 (81, 52, Bs) By = 12800 B1)? (14+D)(142D)>

3= T D2[5D2Z—72(1+2D)B1]
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4. Conclusion. In this paper, we have considered Bogdanov-Takens (BT) bifurca-
tion in two predator-prey systems. Although the two systems have only difference
on the functional responses: I X;i}lf;X T and = 3%(21/ v their bifurcations are
different. The simplest normal forms for both without unfoloding and with unfold-
ing are obtained for bifurcation analysis. It is shown that both the two systems
have codimension-2 BT bifurcation. Further, it is proved that the former one has a
codimension-3 BT bifurcation, while the later one has a degenerate codimension-3
BT bifurcation. Moreover, we have shown that for the second system, the codimen-
sion of Hopf bifurcation is two. It needs further work to investigate whether the
second system can have codimension-4 BT bifurcation.
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