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failure of the conventional approach used in the computation even for simple 2-dimensional
nonlinear dynamical systems. In this paper, we use a simple 2-dimensional epidemic model, for
which the conventional approach fails in analyzing the stability of limit cycles arising from
Hopf bifurcation, to illustrate how our method can be efficiently applied to determine the
codimension of Hopf bifurcation. Further, we apply the simplest normal form theory to consider
codimension-3 Bogdanov-Takens bifurcation and present an efficient one-step transformation
approach, compared with the classical six-step transformation approach to demonstrate the
advantage of our method.

1. Introduction

Limit cycle theory plays a very important role in the study of nonlinear dynamical systems, related to the well-known
phenomenon of self-oscillations arising from physical science and engineering [1,2]. Hopf and Bogdanov-Takens (B-T) bifurcations
are two main bifurcations generating limit cycles in real world systems. A common task of the study in such systems is to determine
the codimension of the bifurcation and to derive the associated normal form, which is not easy for higher-codimension bifurcations.
Particularly, when considering practical systems, determining the codimension of the two bifurcations becomes very difficult due to
physical limitations on the system parameters. For example, consider the maximal number of limit cycles arising from generalized
Hopf bifurcation in a 2-dimensional nonlinear system, which may be reduced from an n-dimensional system by applying center
manifold theory, described by the following ordinary differential equations:

%= f(x,u,2), x€R’® ueR, a€R", o

where the dot denotes differentiation with respect to time ¢, u is a perturbation parameter, and « is a constant vector representing
the coefficients or parameters in the function f. Assume that x = 0 is an equilibrium of (1), yielding (0, u, «) = 0. Moreover, suppose
that the Jacobian of the system evaluated on the equilibrium x = 0 at the critical point y = y, = 0 has a pair of purely imaginary
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eigenvalues +iw,. Then, applying the normal form theory (e.g. see [1-5]) to (1), associated with the Hopf bifurcation, we obtain
the following classical/conventional normal form (CNF) in the polar coordinates,

Fo=ry o PP oyrt e o iR ),

. )

0 =w.+rgu+rrt+ortt ke
where r and ¢ are the amplitude and phase of motion, respectively, v; (j = 0,1,2,...) is called the jth-order focus value. Note that
;’s are functions of @ and u. v, is obtained from a linear analysis as vy =uvy u, where vy # 0 is called the transversal condition of
Hopf bifurcation, while finding v; (j > 1) needs a nonlinear analysis such as normal form or focus value computation. Note that the
frequency w, is usually scaled to 1.

v

The CNF can be further simplified to the so called simplest normal form (SNF) or unique/minimal normal form or hypernormal
form (e.g, see [6-14]). The SNF of Hopf bifurcation can be classified into three categories (at the Hopf critical point with x = 0,
i.e., vy=0) [9] as follows:

F= U1p3 + Uzps,
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It can be seen that the CNF (2) contains an infinite number of “tails”, while the SNF (3) has only a finite number of terms, since the
infinite tails in the CNF have been removed by a further arbitrarily high-order nonlinear transformation. Then, the codimension of
Hopf bifurcation is defined by the first non-vanishing focus value. Thus, the codimension of Hopf bifurcation is 1 for the case (I),
and k for the cases (II) and (III). However, it should be noted that the above conclusion is based on the assumption that the vector
parameter « is real (without any additional restriction), and therefore the number k can usually reach its maximal value.

In solving Hopf bifurcation problems, the standard approach is to compute the focus values (or the normal form) of the system
associated with a Hopf bifurcation from an equilibrium solution. The computation is often carried out with the aid of a computer
algebraic software such as Maple or Mathematica. Then, one needs to solve a multi-variate polynomial system based on the normal
form or the focus values. There are two main difficulties in dealing with the problems related to the above normal forms. The first
one is due to the symbolic computational complexity in the focus value (or the normal form) computation, which is a result of
the application of the conventional approach used in stability and bifurcation analysis. This will be seen in the next section when
we deal with Hopf bifurcation in a simple epidemic model. The second difficulty is owing to that practical systems often have
extra restriction on the system parameters because system parameters must be positive or even restricted to certain limited values.
Suppose that the system under consideration involves 4 real parameters. In general, if these parameters are assumed real, then the
maximal number of bifurcating limit cycles may be 4, the same as the number of parameters. However, if it is a biological system
or other physical systems, due to limitation on the parameters, the maximal number of limit cycles might be 3, 2, or even only
1. In this case, determining the codimension of the Hopf bifurcation, that is, determining the maximal number of bifurcating limit
cycles can be much more difficult. The difficulty is mainly from solving the polynomial systems (suppose the focus values have been
obtained), since one needs to determine the sign of the polynomials with the variation of many variables (parameters).

For the Bogdanov-Takens (B-T) bifurcation, the analysis of codimension-2 B-T bifurcation has become standard [1,5]. However,
for codimension-3 or higher-codimension (or degenerate) B-T bifurcations, the computation of the normal forms becomes much
more involved, particularly in order to establish the relation between the original system and the simplified system (the normal
form). Consider the system (1) which now has a nilpotent critical point at the origin (characterized by a double-zero eigenvalue),
with more than one perturbation parameters (unfolding), which is rewritten as

Xx=f(x,u@), xER) ueR’, (p>2), a€R" @)
Then, the CNF of B-T bifurcation for system (4) at the critical point #=0 can be written as (e.g., see [1-3,5])

X =

(5)
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2

where the normal form coefficients ¢, and ¢(,_;), are functions of the vector parameter « and x. Unlike the SNF of Hopf bifurcation,
the classification of the SNF of (4) is much more complicated. The most common case in real applications is the cusp B-T bifurcation
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and degenerate cusp B-T bifurcations when ¢,, # 0. The SNF for such B-T bifurcations is given by [14,15]

Xp =Xz,
(6)

Xy = ¢y x% +cpp X Xy + ¢35 x?xz + ¢y x‘:xz + ¢ x?xz + ¢ x?xz + -
which can be used to estimate the codimension of the B-T bifurcation. Besides the case c¢,;#0, the first non-vanishing coefficients
determines the codimension. For example, it is a codimension-2 (cusp) B-T bifurcation when ¢, #0; a codimension-3 (degenerate
cusp) B-T bifurcation when ¢;; =0 and ¢;3, #0; and a codimension-4 (degenerate cusp) B-T bifurcation when ¢;; =c3; =0 and ¢,; #0;
and so on. In general, the first non-vanishing coefficient can be written as c;;, where j= [@] (k > 2). However, whether or not
such an estimate of the codimension is true depends upon the derivation of the unfolding expressed in the perturbation parameters.
This leads to much more computational demanding and will be seen in Section 3.

The codimension-3 degenerate cusp B-T bifurcation (when c,oc3; # 0, ¢;; = 0) was studied by Dumortier et al. in 1987 [16], and
the classical six-step transformation approach was developed and widely used by researchers in deriving the SNF with unfolding. We
remark that some mistakes appeared in discussing B-T bifurcation in [16], and were pointed out and corrected in [17]. Recently,
the so-called one-step transformation method was proposed [14,18], which provides the transformation for the state variables, the
parameters and the time rescaling in just one step, yielding a direct relation between the original system and the SNF. This not
only greatly simplifies the analysis, but also clearly shows the impact of the original system parameters on the dynamical behaviors
of the system. This method is based on the SNF theory and the parametric simplest normal (PSNF) theory [9-14]. The key step
involved in this method is to choose appropriate bases for the SNF and PSNF, as well as in the nonlinear transformations.

Nowadays, using computer software package such as MATCONT [19] or XPPAUTO [20] to plot bifurcation diagrams of nonlinear
dynamical systems becomes very popular and quite useful in applications, particularly for lower-codimension bifurcations such
as saddle-node, transcritical, Hopf and B-T bifurcations. The basic idea is to use computer simulation to search the critical
bifurcation points/curves in the parameter space, and the bifurcation diagram is usually plotted in a 2-dimensional parameter plane.
However, such techniques do not provide analytical formulas in terms of parameters for a parametric study in designs. Also, they
are not applicable for higher-codimension bifurcations. Therefore, it is necessary to develop efficient methods for the analysis of
higher-codimension bifurcations.

In this paper, we will use a simple epidemic model to illustrate how to determine the codimension of Hopf and B-T bifurcations.
In particular, we will show how to determine the codimension of Hopf bifurcation, and introduce both the six-step and one-step
transformation approaches for the codimension-3 (degenerate cusp) B-T bifurcation to give a comparison. The epidemic model has
been studied in [21] for Hopf bifurcation and codimension-2 B-T bifurcation. Later, Li et al. [22] gave a complete analysis on the
codimension-3 B-T bifurcation using the six-step method. The simple SI-epidemic model is described by the following differential
equations,

Q =A—-dS-p(1+el)SI,
dr (@]
% =p(1+e)SI—(d+a)l,

where S and I represent the numbers of the susceptible and infective populations, respectively; A, d and « denote the recruitment
rate of susceptibles, the nature death rate, and the sum of the recover rate and the disease-related death rate, respectively; and
(1 + eI)S1 is the incidence rate. All the parameters A, d, a, f and ¢ take positive real values.

In [21], the authors use I = X, N = S+1 =Y and apply the rescaling = = a7 to model (7) to obtain the following dimensionless
system,

%—X = X[k(1+eX)(¥Y — X)— (n+ 1)],
iy ®
— =m-nY — X,
dr
where the new parameters are defined as
k:é, m:é, n:g. (©))
a a o

Later, this model was further studied by Zeng and Yu [23] for a detailed analysis on Hopf bifurcation. Note that the dimensionless
model (8) contains 4 parameters. However, one can make a further transformation, as given by

X=mx, Y=my, k:lrc, s:le, (10)
m m

to eliminate the parameter m, yielding

dx =X [K‘(l +ex)(y—x)—(n+ 1)],

11)

dr
dy |
— =1-ny—x.
dr Y
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In other words, under the transformation (10), without loss of generality, one can simply set m = 1 in system (8). In this paper, we
will use system (11) for bifurcation analysis. In fact, using the system (8) shows that m does not play any roles on the bifurcation
analysis. However, in order to keep our simulation results consistent with those given in [21,23], our simulations presented in this
paper are still based on system (8), and all the notations introduced later for system (11) can be easily extended to system (8) with
the transformation (10).

It should be pointed out that most epidemic models have the well-posedness property, that is, solutions of such a model remain
positive if the initial points take positive values, and are bounded. However, for the system (11) (or the system (8)), the first quadrant
in the x-y plane is not invariant. Trajectories starting from the initial points in the first quadrant may pass through the x-axis to
enter the fourth quadrant and then return to the first quadrant. Since the y-axis is invariant, any trajectories starting from the initial
points in the first or fourth quadrant will either remain in or eventually enter the first quadrant. In other words, if restricted to
the region: {(x,y)|x >0}, the well-posedness property on the solutions of (8) is well defined. Although this model is not perfect,
we do not intend to improve it since the aim of this paper is to use this model to demonstrate a solution procedure for studying
higher-codimension Hopf and B-T bifurcations. As discussed in [21], we may focus on the domain of interest for the model, defined
by

Q={(X,y)'0<x<y<l} for system (11),
" (12)

or Q= {(X,Y)‘O<X<Y< ﬂ} for system (8).
n

Note that 2 does not serve as a trapping region for the dynamical solutions in the first quadrant.

In the next section, we study Hopf and generalized Hopf bifurcations of system (11) and focus on the study of codimension.
Then, in Section 3 we consider the B-T bifurcation in system (11) and pay particular attention to codimension-3 B-T bifurcation.
Various simulations showing different bifurcation phenomena are given to illustrate the theoretical predictions. A concluding remark
is given in Section 4.

2. Hopf bifurcation of system (11)

In this section, we first derive the equilibrium solutions of system (11) and their stability, and then consider the maximal number
of limit cycles which may bifurcate from Hopf critical points. Although the stability conditions for the equilibria of system (8) were
given in [21], the analysis on Hopf bifurcation has not been completely explored. In particular, we will rigorously prove that the
codimension of the Hopf bifurcation is two. When using a classical method, one usually expresses equilibrium solutions in terms
of the system parameters. The advantage of this approach is to show the dynamical behaviors of the system, such as stability and
bifurcations, clearly in the parameter space. However, if the equilibrium solutions cannot be simply expressed in terms of the system
parameters, for example, if they are determined by a quadratic equation, then the analysis on stability and bifurcations becomes
much more involved. Especially, it causes more difficulty in computing normal forms (focus values) and it is almost impossible
to determine whether a focus value can change its sign or not, which is directly related to determining the codimension of Hopf
bifurcation.

2.1. Stability of bifurcating limit cycles

First, we derive the conditions for the existence of the equilibrium solutions of system (11) and their stability. We will give a
complete partition in the parameter space for the bifurcation analysis. Setting d g—i =0 in system (11) yields two equilibrium

. E -
solutions,

1
Py 1 (%, ¥9) = (0, ;),
1 (13)
Py (x,y)= (1 —nyy, y]), (0<y] < ;)
where P, is the infection-free equilibrium (boundary equilibrium) and P, is the infectious equilibrium (positive equilibrium), with
y; determined from the following quadratic polynomial,

1 1 1
=1 - —y}), where =—, Y=+ —. 14
g, K) = 1+Kken(yy —yr)y — ) V= =t o, a4
Solving g = 0 gives the infectious equilibrium solutions,

1
Vit

L= —2Ken(n+ D {K[e(2n+ D+n+ 1] + \/Z}, Xy =1-nyp,, (15)

where

A=xk(e+n+1? —den(n+ 1)) (16)
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For convenience, define

Plt = —NYis yli);

2 e% e%
e =n+1, e2=4ne1, e3=1_n, n<l, e4=;,
e 1
et=—[n+li\/(n+1)(l—3n)], (ng—),
2n 3
ee) . 2neejey
K =ney, KSN——(8+21)2, K _—(e+e1)(e+e4)’ a”
e[n(e+ey) +elxtn(ey —e)y/ele—ey)
KH:_ 2(e+61)2 B
1 1 /1 1 " 1 "
ylsN—z+—n(;+—l)€(y1*,y,), yir = € O ¥,
Rj= — 2K,
nn+1) K

where R, is the basic reproduction number, and the subscripts T, SN and H represent Transcritical, Saddle-node and Hopf
bifurcations. All the above notations for y;, e and « can be similarly defined for Y;, ¢ and k of system (8) via the transformation
(10) as follows:

Yip =my,, Yisn =myisns Yir=myir, Yy, =myp,, Y =my|

e . ex
6i=z’ 1=1,2,3,4, 81:;’ (18)
K K * Ky
T SN K +
sz—, kSN= _ k* = —, kH+ = s
m m m = m

and X, =m—nY,,. The notations given in (18) will be used in figures for simulations and in bifurcation diagrams.

In the following analysis, P; denotes Py,. It is easy to show that «t > kgy. Further, we treat x as a bifurcation parameter, and the
other two parameters e and » as control parameters. In addition, we call the Type-I bistable phenomenon (or Type-I coexistence of
bistable states) if two stable equilibria coexist, and the Type-II bistable phenomenon (or Type-II coexistence of bistable states) if a
stable equilibrium and a stable limit cycle coexist.

In [23], the following lemma about the stability and bifurcation of the equilibria P, and P, has been proved. However, whether
the Hopf bifurcations are supercritical or subcritical is not proved in [23] since the conventional analytical method does not work due
to the complex expressions of y,_ and xy_, which makes it impossible to compute the focus values or the normal forms associated
with Hopf bifurcations. In the following, we first derive the explicit conditions on the parameters to classify the types of Hopf
bifurcations, and then consider the codimension of Hopf bifurcations. For the readability of the readers, we list Theorem 2.1 in [23]
for system (8) as a lemma below, with a modification to adapt system (11).

Lemma 2.1. For the system (11), the infection-free equilibrium P, is asymptotically stable if the basic reduction number, Ry <1 (i.e., k <x7),
and unstable if Ry>1 (i.e., k> «xr). The infectious equilibrium P, does not exist for k <«gy; P,_ exists only for k >kt and e<e,; both P,
exist for k> kgy and e>e,, with P,, being a saddle point. A transcritical bifurcation occurs between P, and P, at the critical point k = k.
Hopf bifurcations can occur from the equilibrium P,_ under certain conditions on the parameters. More details are given below.

(I) When e<e,, no bistable phenomenon can happen. Moreover,

(I-a) if e<min{e;,e,}, then P,_ is asymptotically stable for k >k, and no Hopf bifurcation can happen;

(I-b) if n < @ and e, < e < ey, then two Hopf bifurcations occur at x = ky_ and x = ky,; P|_ is asymptotically stable for
K€ (K7, Ky ) U(KH+, o), and unstable for k € (ky , KH, ).

(II) When e>n + 1, the following holds.

(II-a) P,_ is asymptotically stable, and no Hopf bifurcation can happen if one of the following conditions is satisfied:
(Il-a-i) e>e, and k> max{kgy, k*};
(II-a-ii) n<1, e>max{es,e4} and k = k*;
(II-a-iii) n> @, ej <e<min{e,,e,} and k>kgy (> k¥).
Type-I bistable phenomenon can occur in all the above three subcases.
(II-b) If 0<n< %, e;<e<e, and kg <k <k*, then P,_ is unstable, excluding Hopf bifurcation.
(II-c) One Hopf bifurcation occurs in the following cases.
(II-c-i) If n < %, e3<e<ey and k > k* (> kgy), then a Hopf bifurcation occurs at x = ky ; P,_ is asymptotically stable for
KE(KH+, o), and unstable for k € (kgy, Ky, )- Both type-I bistable states and Type-II bistable states coexist if % <n< %, or
lfn<% with e> e, for which ky, < k7.

(I-c-ii) If n <1, e > max{es,e4} and kgy < k < «*, then a Hopf bifurcation occurs at k = xy,; P,_ is asymptotically stable for
x> ky,, and unstable for k € (kgy, ky, ). Both Type-I and Type-II bistable states coexist, since xy;, < k.

5
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Fig. 1. Bifurcation diagram for the model (8) projected on the k-Y plane with m =2, n = % and ¢ = 2, corresponding to the Case (II-d) in Lemma 2.1 with
k=30 k=2 and kgy = -2

D
137 K 55 557 having two Hopf critical points at ky 4035*:}1” The colored solid and dashed curves denote stable and unstable equilibria,
respectively, while the dotted curve represents a mathematical solutlon without biological meaning.

(II-d) Two Hopf bifurcations occur at x =xy_ and k =ky, f n<; 2, max{e;,e,} <e<ez and k > kgy (> «*); P,_ is asymptotically
stable for k € (kgy, Ky )U(KH 00), and unstable for K € (ky_, KH, ). Type-I bistable states coexist, and Type-II bistable states

\f 1

coexlstlf ‘f ! <n<— and ey <e<e;, or n<+—— and e_<e<e;3 for which ky <kp; andif@srm% and ey <e<e_, or

§<n< 3 and e2<e<e3 for which ky, <kr.

The bifurcation diagram for the Case (II-d) is given in Fig. 1 for system (8), with the parameter values: m=2, n=% and e= %. Note
that the notations given in (18) are used in the bifurcation diagrams. First note that P|, determined from g=0, only exists for k> kgy.
However, the part of the solution Y; satisfying Y; > Y| is biologically meaningless since X; <0 when Y, > Y;;. On the bifurcation
diagram, projected on the k — Y plane, Y; =Y), and Y, =Y;" are two horizontal asymptotes of the curve g=0 (which are not shown in
the diagram), serving as the lower and upper boundaries of the solution P;. The curve has a unique vertex at (kgy, Ygy). Moreover,
using the derivative ;Tk, we can show that the solution Y;, determined by a function k = k(Y;), is monotonically decreasing for
Y, <Y;gn and monotomcally increasing for Y, >Y,qy, like a parabola. Hence, when Y,y > Y7, i.e., when e<¢,, P, has one solution
P,_; while when Y gy < Y;1, i.e., when ¢ > ¢, P; has two solutions: P;, and P,_, and P, exists for Y;qy <Y; < Y1, while P,_
exists for Y,, <Y, < Ygn- It is shown in the figure that there exist two Hopf bifurcations, and both Type-I and Type-II bistable
phenomena exist because the chosen parameter values satisfy kgy <ky_< kg, <kp. Hence, two stable equilibria P, and P,_ coexist
for k € (kgn. ky_) U(ky, k1), while stable Py and a stable limit cycle (which is verified by simulation and needs a rigorous proof)
coexist for k€ (ky_, ky, ).

Whether the Hopf bifurcations for the cases (I-b), (II-c) and (II-d) in Lemma 2.1 are supercritical or subcritical depends on the
sign of the first-order focus value associated with the Hopf bifurcation. However, if one uses the expressions of the solution y,_ and
the critical points xy, given in (17) to derive the first-order focus value, it is impossible to compute the first-order focus value since
the resulting equations are too complex to deal with. We will use a parameter which is linear in the function g, instead of y,, to
solve g = 0. y, is then treated as a “parameter” in the stability and bifurcation analysis, because it is a component of the equilibrium
solution P, and is indeed a function of the system parameters. Consequently, the stability conditions on the parameters need to be
rederived using y, and the other parameters.

We have following result for determining whether the Hopf bifurcations in Lemma 2.1 are supercritical or subcritical.

Theorem 2.2. Hopf bifurcation of system (11) exists for 0 < n <1, and it is supercritical for 0<n< %, and subcritical for % <n<1. When
% <n< %, Hopf bifurcation is supercritical if e<e*, and subcritical if e> e*, where

2

o = nn+1) ’ ne(l,l).
(1=2m\/A+md —2n) + (1 +2n—1) 32

For the cases in Lemma 2.1, the Hopf bifurcations in the Cases (I-b), (II-c-i) and (II-d) are supercritical. For the Case (II-c-ii), the Hopf

bifurcation is supercritical when 0<n< 3, or when % <n< % and max{es, e, } <e<e*; and subcritical when % <n<1, or when % <n< % and

19

e>e”.

The proof of Theorem 2.2 is included in the proof for Theorem 2.3.
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2.2. Codimension of Hopf bifurcation

In this section, we consider the codimension of the Hopf bifurcation from the positive equilibrium P,_. Numerical examples have
been given in [21] to show that both stable and unstable limit cycles can bifurcate from Hopf critical points. This implies that the
first focus value may become zero, and thus at least 2 limit cycles can bifurcate due to the generalized Hopf bifurcation, leading to
a codimension-2 Hopf bifurcation. We have the following theorem.

Theorem 2.3. The system (11) has generalized Hopf bifurcation with codimension 2, yielding maximal 2 limit cycles enclosing an unstable
equilibrium P,_, and the inner limit cycle is stable while the outer one is unstable.

Proof (For Theorems 2.2 and 2.3). In order to derive the stability of P, for studying the codimension of Hopf bifurcation, we solve
g =0 for e, instead of y,, to obtain

1
Vet ==Y
P (20)
n(r =y — Vi)

It follows from e > 0 that
. 1
Yis <V < mln{le’ Ve t ‘ } (21)
The stability of equilibria is determined from the Jacobian of system (11), given by
k[y—2x+exQy-3x)]—-(n+1) xx(1+ex)
J(x,y) = .
-1 —-n

Evaluating this Jacobian at P, =(1—ny,, y;) yields the trace and determinant of the Jacobian J(P;) as

k[(n+ Dy, =17 +n+2 - (n+ 112y,

Tr(J(P))) = (n+ 1Dy, —1 ’ -
3 12 _ 2
det(J(P))) = (4 D’y — 1" +n(k —xp) [+ Dy, — 11"
(n+ Dy, -1

The determinant clearly shows that there exists a transcritical bifurcation between P, and P, at the critical point x = &1 at which
det(J(P)) = 0 leads to y; = 1.

Hopf bifurcation occurs when Tr(J(P,)) = 0 and det(J(P,)) > 0. Note that the formulas given in (22) are applicable for both
solutions y,, and y,_. In other words, the following results for P, include both P, : (x,,,y,,). However, we know from the results
in the previous section that Hopf bifurcation can only occur from the equilibrium P,_, since P, is a saddle point when it exists.

A necessary condition for system (11) to undergo a Hopf bifurcation is Tr(J(P,)) = 0 which needs (n +2) — (n + 1)y, < 0, that is
then combined with the condition (21) to yield
1 1

<y <min{rll, m+;} and « < (n+ )% (23)

n+2
(n+1)2
Solving Tr(J(P,;)) = 0 for « leads to the Hopf critical point, defined by

2y, — 2, _ 2
KH:(n+1)y1 (n+2)=(n+1)2_[2(n+1)y1 2n+3)]-+3

[1=(n+ Dy 41 = (n+ Dy, I?

; (24)

which indicates that k€ (07 (n+ 1)2). Hence, the equilibrium P, is asymptotically stable if x €(0, x;) (for which Tr(J(P,;)) <0) and
unstable if ke (KH, (n+ 1)2) (for which Tr(J(P,))>0). Hopf bifurcation occurs from P, at the critical point « = ky.

Next, in order to determine the stability of the bifurcating limit cycles, we need to compute the focus values. To achieve this,
letting x =« and introducing the following affine transformation,

x 1 —ny, ! 0 u
= +| n[(n+ Dy, —1] - [(n+ 1)y, — 1] o)
Y 71 (n+ Dy, =1 (n+ Dy, — 1)

_ n2+n+1—n(n+1)2yl
Pe = (n+ Dy, — 1

where

5

into (11) we obtain the following system,

d 1
ﬁ =w,U— m(Qluz - ©,0,0,0;uv + 1’ — 0,0, uzu),
122
2
@=—a)cu—+(Qlu2—chlequLH—u}—chzuzv), @
dr (n+ 1030} o, ’
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whose linear part is in the Jordan canonical form, where
2
O,=1-ny;,, Oy=(n+Dy -1 O3=@+1)y —n

Note that @, > 0 requires that

nP4+n+l _ 1 1

< =- - . 26
NS+ 12 0 ey (26)

As a matter of fact, P, is a saddle point when y, > i - ﬁ, and a B-T bifurcation point when y, = i - ﬁ
Combining the condition y, > ™2 _in (23) and that in (26) yields that n2 1 1 which in turn gives n <1. Therefore,

nt172 G2 T k2’

it follows from (23) and (26) that the restriction conditions on y, and « are given by

yiL <Y1 <Jiu

where

n yp=min{ oL Ly Ll 0<n<, (@7)

=_nt2 S S
(n+1)2° noo(n+12 n+l xy

under which Q,>0,i=1,2,3, and n+1-nQ5;>0.
Now, applying the Maple program [24] for computing the normal form of Hopf and generalized Hopf bifurcations to system

(25), we obtain the following focus values,

v a
vy = 31 s
8(n+ 1), 0 [n+1—-nQ;]
vy = —U2a
192(n + 130305 [n+ 1 — nQ; 3 (28)
U3a
U3

" 1843201+ 1DSQ303 [n+ 1 — QP

showing that v; and v;, (i = 1,2,3) have the same sign. Here, v,,, v,,, ... are polynomials in » and y,. In particular,

vpp = n(n+ Dy =20 + n 4+ D(n + 12y, + (n® +2n° + 51+ 3),
vy = 13 (n+1)12(28n+27)y7 —n?(n+1)10(196n° + 3501 +267n+108))°
+ n(n+ 1)3(588n° + 1533n* +2101n° + 1683n% + 672 + 135))°
— (n+ 1)5(980n7 + 3360n° + 65001° + 7711n* + 562013 + 2567n%
+ 6020 + 54)yt + (n + 1)*(980n% + 416517 + 1033010 + 16174n°
+ 16730n* + 116801 + 52151 + 14001 + 169)y? (29)
— (n+ 1)?(588n° + 298218 + 899517 + 17466n° + 231901
+ 214092* + 133971 + 5563n7 + 14430 + 192))?
+ (n+ 1)(196n° + 95918 + 313817 + 63491° + 89611 + 8410n*
+ 4886n° + 1470n% + 84n — 36)y, — 28n° — 132n% — 47407
— 97918 — 1470n — 1291n* — 460n® + 33402 + 517n + 189.
To find the maximal number of limit cycles bifurcating from the Hopf critical point, we need to find the solutions satisfying
v, = 0 as many as possible. Since there are only two free parameters (n, y,) in v;, the maximal number of bifurcating limit cycles
can be three. However, in solving practical problems, due to the constraints on the parameters, this maximal number is usually not

reachable. Now, let us first consider the possibility of 3 limit cycles. Eliminating y, from the two equations, v, = v,, = 0, yields a
solution for y, = y,, where

23+ (1= 2m)[(1 = 2n)(1 + 14n + 24n%) + 461

)_’1 = B (30)
4(4 + n) + 2n(1 = 2n)[(1 — 2n)(6 + 151 + 28n2) + 55n3]
and a resultant equation:
Res(n) = n2n+ 1)3n* — 1ln+ 11)2n—1) = 0, (31)
which has only one positive solution n = % for which y, = %, yielding v, = % # 0. Hence, bifurcation of 3 limit cycles is not

possible, since it requires that v, = v, = 0.
The next best possibility is bifurcation of 2 limit cycles, which needs v; = 0. The discriminant of quadratic polynomial vy, is

A =41 = 2n)(n+1)°.
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14

n+2
e 5

Thus, 4, <0 when n> %, yielding v, >0 and so v; >0. When n= 5, the condition g <N < %—ﬁ is reduced to % <y <

and then v, becomes
_ 14 -9y,
3m2(2 — y,)@By, —2)3

1
2

Uy

The above result indicates that when % < n< 1, the Hopf bifurcation is subcritical and bifurcating limit cycles are unstable. When
n< %, solving the quadratic polynomial equation v;, = 0 yields two real positive solutions,
1 [ 2
=——-—|n"+n+1x++y(1-2n n+l]. 32

Yis i+ 17 ( ) ) (32)

Hence, v;, <0 for y; € (y,_,y;) and vy, > 0 for y; € (0, y,_) U4, ).
Moreover, it is easy to show that
S S B
e P 1 1+

and

Vie 2 VL= n+2 = Vl-2nn+1)sSl-n < nBn-1)20.
(n+1)2

Therefore, for n< %, the condition y,_<y,; implies that any feasible values of y, for Hopf bifurcation satisfy

1 1
VoS <y <y < -

- — <y
noo(m+n?2

and so v, <0, that is, v; < 0. Hence, the Hopf bifurcation is supercritical and bifurcating limit cycles are stable for 0 < n < %
Summarizing the above results, we have shown that one limit cycle can be generated from Hopf bifurcation for n € (0, %] U [% 1),
and the Hopf bifurcation is supercritical if ne (0, %], and subcritical if ne [% 1). The conditions under which two limit cycles can
occur from a Hopf bifurcation are given by

1

§<n<%, =y = v, =0, andthus y; 2y,_ < v s0.

Further, it can been shown by using (27) that for %<n< %, the following holds:

1 1 1 1
no (n+1)? n+l xky
1 1 1 1
= - —— - — <0
no (n+12 n+l ky

n(n+l)4y%—(2n2+2n+l)(n+1)2y1 +n+2n +2n+2 0
— <0,
n(n+ D2[(n+ D2y; — (n+2)]

because the discriminant of the numerator of the left-hand side of the last inequality in the above is equal to —(n+1)*(4n—1)<0 for
ne(%, %). This implies that y, ;= %—# and y;; <y;_ <yy <y, for ne(%, %). Consequently, when ne (% %), the Hopf bifurcation
is supercritical for y; €(y,_, y;y) (v; <0), and subcritical for y, € (y;;.y,-) (v; >0).

To transform the above stability expression in y; back to that in the parameter e, we substitute x =k and y; into e in (20) to
obtain

1
> >

(1 =nyPln+ 1)?y; —(n+2)]

Then, substituting y, = y,_ into e(y,) yields e* =e(y,_). Further, we can show that

e(y) = 0, for y;. <y <yu-

de(y)) _ 2n(n+1)2y;—Qn’+4n+1) {< 0. for y;<¥imin- 244+l

= Yimin = .
Ay =y Pl D2y =42 >0, for y,>yimm " 2n(n+ 12

It is easy to prove that y;; <¥imin <V1u> a0d ¥;_ < Yimin-
In addition, a direct computation leads to that

(1+m2(1=2n)[(1+m)(5n—2)—(1—n)y/(1+n)(1-2n) | 0
(1=-n@n-1)3Bn2+n-1) g

e —e(yjy)=e* —e3 =

for % <n< % This clearly indicates that e < e* (respectively e > e*) when y, > y,_ (respectively y, < y,_). Hence, for ne (% %), the
Hopf bifurcation is supercritical (respectively subcritical) if e < e* (respectively e > e*). This finishes the proof for the first part of
Theorem 2.2.

Now, based on the above established results, we consider the Hopf bifurcations in Lemma 2.1. For the Case (I-b), it is obvious
that the two Hopf bifurcations are supercritical since n< @ < %, and bifurcating limit cycles are stable. For the Case (II-c)(i), with
the condition n< % and e; <e<e,, we know that the Hopf bifurcation is supercritical for 0<n< % When % <n< %, similar to prove
e3 < e*, we can show that e, < e*, which yields e < ¢*. Thus, the Hopf bifurcation is also supercritical for % <n< % For the Case

9
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(Il-c-ii) with the condition n< 1 and e > max{es, e, }, the Hopf bifurcation is supercritical for 0 <n < %, and subcritical for % <n<l1.
When % <n< %, it has been shown in the above that e>max{e;, ¢4}, the Hopf bifurcation is supercritical for max{e;,e,} <e<e*, and
subcritical for e>e*.

This finishes the proof for Theorem 2.2.

To prove Theorem 2.3, note that we have shown that v, =0 at y, =y,_ (or at e=e¢*), indicating that two limit cycles can bifurcate
from the Hopf critical point k = ky; if e =¢*. To complete the proof for Theorem 2.3, we need to verify v, #0 when v, =0 (i.e., at
y1=y;_ or e=e*). Substituting the solutions y,_ into v, we obtain

_52

vy| = ,
2|Ul_0 48n3(1-2n)(n+1)°[\/(1 =2n)(n+1)+n1[y/(1-2n)(n+1)—1]6

where
By = [(1 = 2n)(8 + 8n + 15n%) + 32n%14/(1 — 2n)(n + 1)
— [(1 = 2n)(8 + 4n + 2n* + 1113) + 20n*],
whose sign is the same as that of
by = [(1 —2n)(8 + 8n + 15n%) + 32n312(1 — 2n)(n + 1)
— [(1 = 2n)(8 + 4n + 2n% + 11n3) 4+ 20n*]?
=—n*Q2n+12@n? - 1ln+11) <0,
yielding &, <0, that is, v,| oy=0 > 0. This shows that the codimension of the Hopf bifurcation is indeed two. Moreover, the outer

bifurcating limit cycle is unstable and the inner one is stable, and both them enclose an unstable focus P;_.
Finally, we want to show that the generalized Hopf bifurcation, leading to bifurcation of 2 limit cycles under the condition

% <n< %, can only occur in Case (II-c-ii). First, it is easy to see that it is not possible for the Case (I-b) since it requires n < @
Then, with the condition % <n< %, we can show that e>e; and e>e,. By using (20) with y; =y,_ given in (32) and « = ki given in
(24), we obtain

(n+ D21 =n++/(1 =2n)(n+1)]
e= .
Bn—=D[n++/1-2n)(n+1)]

Then, a direct computation shows that

(n+ D21 =2n)[1 4+ n+2+/(1 = 2n)(n + 1)]
>0

e—e3=
(1=m@Bn—-D[n+ /1 -2n)(n+1)]
(n+ D21 =2n)[2n+ V(1 =2n)(n+1)]

e—ey = >0,

n(Bn— D[n+ /(1 =2n)(n+1)]

for L <n< L. This indicates that 2 limit cycles cannot occur in Cases (II-c-i) and (II-d), and can only bifurcate in Case (II-c-ii), for
which £>max{e;3, 4}, and it can be shown that xgy <&y, <™ as follows:

2en(l — n?)%(e — e3)2

>
(e +e)2{eln(e +ey) — ey] + n(e — e;)/e(e — e5)}

2en(1 + n)(1 — n?)%(e — e3)(e — ey)
K™ — K]

e T (e +e))*e(e —ey) +nle —ey)\/e(e —ey)}

since for this case, we have ¢ > e, > e; > ¢, > ¢, and

0,

K'H+—K =

n(e+ey) — ey > 2ney — ey =2(1 = 2n)(n+ 1% >0.

The proof for Theorem 2.3 is complete. []
2.3. Simulations

Simulations for the stable limit cycles in the Cases (I-b), (II-c-i) and (II-d), as well as an unstable limit cycle in the Case (II-c-ii)
with n= 3 € [% 1) have been shown in [23]. In [21], the authors used system (8) to give four simulations to show the existence
of bifurcating limit cycles, among them three are stable, and one is unstable. The parameter values for these simulations are given
below, with our formula v, in (28) and (29) to confirm the stability (with the bold-faced numbers for the values of ). In order to
keep consistent with the results given in [21], we also use (8) for our simulation, which will give the same results obtained by using
(11) under the transformation (10).

Stable LC :  (m,n,e,k) =(1.6, 0.30, 1.50, 0.25), v; = —0.082227,
(2.0, 0.25, 1.50, 0.15625), v; = —0.038194,
(1.5, 0.30, 1.55, 0.25), v; = —0.135503,

Unstable LC : (m,n, e, k) =(11.07825, 0.4771, 0.995, 0.0295), v, = +0.001773.

10
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22¢

Fig. 2. Simulated phase portraits for the Case (II-c-ii) of the model (8) with n=0.4771: (a) an unstable limit cycle for m=11.07825, £=0.995 and k=0.0295 [21];
(b) a stable limit cycle for m=10.5, e=0.43 and k=0.0509; (c) an unstable limit cycle for m=11.07825, £¢=0.995 and k=0.029225; and (d) a stable limit cycle for
m=10.5, £=0.43 and k=0.05094.

It is not surprising to see that the first three values of n are less than %, yielding stable limit cycles. For the last example,
n=04771 € (— —), and using the formula (19), we obtain £* = 0.485004 < ¢ = 0.995, yielding v; = 0.001773 and thus the Hopf
bifurcation is subcritical and the bifurcating limit cycle is unstable, as shown in Fig. 2(a). However, for this case when n € (%, %),

the Hopf bifurcation is not necessarily subcritical. Parameters can be changed to get a supercritical Hopf bifurcation. For example,
keeping n=0.4771 unchanged and the following values for other parameter values, we obtain

Stable LC : (m,n, ¢, k) = (10.5, 0.4771, 0.43, 0.0509),

which yields ¢* = 0.511714 > ¢ = 0.43 and v; = —0.000831, implying that the Hopf bifurcation is supercritical and the bifurcating
limit cycle is stable, see Fig. 2(b). It can be seen that the limit cycles shown in Fig. 2(a) and (b) are pretty large and so the Hopf
bifurcation prediction for the amplitude based on the normal forms might be not applicable. The Hopf critical value for Fig. 2(a) and
(b) are ky =~ 0.029221 and ky =~ 0.050942, respectively, which yields the perturbations y ~ 0.000279 ( £ —0.96%) and u ~ 0.000042
( L = 0.08%) for Fig. 2(a) and (b), respectively. This indicates that the perturbations for both cases are actually small, but they
ylgld the approximation for the amplitudes of the two small limit cycles as r = 2.4734 and r = 0.8514, respectively. They are pretty
large, but it is interesting that the normal forms still predict their correct stability. For a comparison, we present another two
simulations depicted in Fig. 2(c) and (d), corresponding to k = 0.029225 (giving u ~ 0.000004 and " = 0.015%) and k = 0.05094
(giving p ~ 0.000002 and k“ = 0.005%), respectively. Both bifurcating limit cycles are quite small, w1th unstable and stable ones for
the former and latter cases, respectively. The normal forms for these two cases predict the amplitudes for the two limit cycles as
r~ 0.3142 and r ~ 0.2055, respectively, showing that Hopf bifurcation theory is perfectly applicable.

For the two limit cycles arising from Hopf bifurcation, there exists an infinite set of parameter values. For example, we first
choose m = 2 since it is free, and then take

=<5 5)

yielding the values for the critical point,

Y. 1727 _1280 . _320
2 T 12800 "M 5929 T 997

for which vy=v,=0, v,= % It is easy to verify that the above parameter values belong to the case (II-c-ii) in Lemma 2.1.

Only one Hopf critical point exists in this case.

yi=yi-=

11
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Fig. 3. (a) Bifurcation diagram for the epidemic model (8) projected on the k-y, plane for m =2, n = % and £ = 39—9, corresponding to the Case (II-c-ii) in

57600 _ 1280

Lemma 2.1 having one Hopf critical point, with kgy= o051 Ku, = 50

3407490109063040

e=——————— with the outer one unstable (in green color) and inner one stable (in red color).

1096763591581219 ”

Then, perturbing y, and k as follows:

Yy =y-+e€, k=ky+e, where ¢ = ﬁ € = —m,
we obtain
_ 203821518599 and &= 3407490109063040'
924070050000 1096763591581219

For these perturbed parameter values, we have the normal form for the amplitude of oscillation up to 5th-order, given by

i=r(vg+vr? + vyrt)
(0 IGHOGKEO0N0 2
220000000  83938145042658897 200973840260810036901676626005378422866720

Setting 7 = 0 gives the approximate solutions for the amplitudes of the two limit cycles:

r; = 0.105015, r, =~ 0.155024.

203821518599

_ 0. ; ; imi -
and kp=; and (b) simulation of 2 limit cycles for perturbed values k = 107003000

14817759528898477514254458827898880000000 4

and

The simulation of this numerical example is shown in Fig. 3. It is seen from this figure that the amplitudes of the simulated two

limit cycles agree very well with the analytical predictions given above.

3. B-T bifurcation of system (11)

In this section, we present an analysis on the B-T bifurcation of system (11). In [21], the classical method was used to find the
condition for codimension-2 B-T bifurcation for system (8). In [22], the six-step transformation approach was applied to analyze

the codimension-3 B-T bifurcation of system (8).

3.1. Determining the codimension of B-T bifurcation

Here, we apply the SNF theory [9,12,14] to determine the codimension of B-T bifurcation. To achieve this, we first use « to
solve the equation g = 0, where the function g is given in (14), and then use y; and e to solve Tr(J(P,)) = det(J(P,)) = 0 to obtain

(1 + n)? n n+n+1
TTioh s YT asa T

— — 2 -
k=n(1-n1+n? e n(l+n)?’

which requires 0 < n < 1. Then, introducing the affine transformation,

_n
X (1 +n)? n 1| fu
y T1nt+n+1 + -1 ol \v
n(1 + n)?
into (11) yields
du
&y,
dr
dv

o —(n+ 13(nu + v)[n*u+ (n — o] — n(n + D*(nu + v)*[(n + Du + v].

12

(33)

(34

(35)
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Next, applying the 5th-order change of variables:

(D22 =) 5 (D@ +n+DRAE=3n=1)2n? +4n+1) y

=N 4 e’ 122 12
(n+ 1)Q0n> — 80n3 + 160> +5n+4) ,
240n*
(n+ D22 =3n—1D2r2 +4n+1)

v=y,—(n=Dn+ 17 yy, - 2 V2t

and the time scaling,

(n+1)?
2m

3
=1+ yi+13097| 71s

where t3 is a function in n, into (11) yields the SNF up to 5-th order as follows:

n _
dr, 7%

. (36)
22 2+c +c3 Y3y + gy vt

dr, =G Y T V1Y2 T VY2t Ca Y

in which
e ==+ 1)3,
ey =—nn+1)32n-1),

_ (n+ DPE0R +44n* — 1813 + 907 = Tn+2)
- 40 ’

Cyp =00,

which shows that ¢,y < 0, and ¢;; # 0 if n # % It should be pointed out that since we know c¢,;, # 0 from the computation, we
can assume the SNF in the form given in (36). This implies that higher codimension B-T bifurcation can only occur when ¢;; =0,
leading to the so-called degenerate cusp B-T bifurcation. If ¢,, can be zero, then we need to consider a different form of the SNF
for the case ¢,y = 0.

When n =ny = %, we have
_ 9 _9 0o_ 2 o_ 14
K0—1—6, 60—5, Xl—§, yl—ga (37
and
27 729
== =0 e =-7-7#0.

Therefore, we have the following result.

n n4n+l
(n+1)2° n(n+1)2

Theorem 3.1. For system (11), B-T bifurcation occurs from the endemic equilibrium P: ( ) at the critical point (e, k) =

2
(% n(1 = n)(n+ 1)), with 0 < n < 1. Moreover, the B-T bifurcation is

(i) codimension 2 if n € (0, 1) U(% 1); or
(ii) codimension 3 if n = %

3.2. Codimension-2 B-T bifurcation

In [21], with m involved in the parameter set, a number of transformations were applied to obtain the normal form with unfolding
up to second order. In the following, we apply our one-step transformation approach to derive the parametric simplest normal form
(PSNF) [10,11,13,14]. Let

+ 1)
k= n(l —n)(n+ 1%+ uy, e=%+ﬂ2, (38)
which, together with the transformation (34), is substituted into (11) to yield the following system up to second-order terms,

du
dr
dv 1 n*(1 - n)

_—
— = M+ My + Dijig WV 15,
dr  Q+mPd—-nm " (Q4np P f+,-§1/=z”kl 172

=0,

(39)

13
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where p;;,’s are coefficients expressed in terms of the parameter n. Next, applying the change of variables,

S RN Sy U S Ny
n3(1 +n)3 ! 2n4(1 + n)* ! n(1 + n)3 2 4n7(n + 1)° 11
_ 2n2 —n+1 By + 1-n y2_2n3+n2—5n—2yy
L +m*L—n) 2T 2061 +m)3 ) 6nl(1+m3 7% (40)
b= 1 y_2n3+n2—5n—2ﬂy_ nt -2 By
m(1+n)3 7 on’(L+ms N ant(14np 2
2n% —n+1 by 1-n yy_2n3+n2—5n—2y2
n (L +n* 1 —n) 22T (1m0 6n’(1+ms %
and the parametrization,
1—
M =— 3/1 By = 2n2(1 + n) p,,
n
_ 2k (emGe-l) (41)
= 2T Ty
into (39), we obtain the PSNF up to second-order terms:
i,
(;j; i 1-2 1 1 (42)
2 —2n
E=ﬂ1+ﬂ2y2+Y?—TY1Y2v for "G(OvE)U(5s1)~

Note from the above equation that the coefficient of y,y, is not normalized into +1 in order to show the direct effect of the original
system parameter » on the dynamics of the system. It is clear that this coefficient can be positive or negative. Also, note that there
is a negative multiplier — ﬁ in the transformation from (u, v) to (y;, »,).

Based on the PSNF (42), we have the following bifurcation result.

n n2+n+1
(n+1)2° n(n+1)2

k=n(l—-n)(n+1)? and e = % if n € (0, %) U(% 1). Moreover, three local bifurcations with the representations of the bifurcation
curves are given below.

Theorem 3.2. For the system (11), codimension-2 B-T bifurcation occurs from the equilibrium P, : (x,y) = ( ) when

(1) Saddle-node bifurcation occurs from the bifurcation curve:

ﬁ2<0(0<n<%)
SN=4 (61.5) |5 =0, 1 :
ﬂ2>0(§ <n<l

(2) Hopf bifurcation occurs from the bifurcation curve:
4 pr<0(0<n< l), supercritical
H=%mm> - 2{ 2 :

T (l=2mp2 ¥
(3) Homoclinic loop bifurcation occurs from the bifurcation curve:

49 ) pr<00<n< %), stable
25 (1-2n2 % B >0 (% <n<1), unstable] '

ﬂ1=

f>0 (3 <n<1), subcritical

HL = {(ﬂ]sﬁZ) ﬂl =

The above formulas for bifurcation curves can be expressed in terms of the original perturbation parameters x4, and u, by using
(40). The bifurcation diagram is depicted in Fig. 4.

In the following, we present simulations for the codimension-2 B-T bifurcations discussed above to illustrate the theoretical
results. In order to give a direct impression of the original system’s dynamical behaviors, we use the model (8), rather than the
normal forms (42) to perform the simulations. We choose m=2, and two values of n: n= % €(0, %), and n= % e( L 1). For n= %, using
the formulas given in (38)-(41), we transform the bifurcation diagram in Fig. 4(a) back to that for the original model (8) near the
B-T critical point plotted in the k-¢ plane, as shown in Fig. 5(a). On the other hand, a bifurcation diagram directly based on the
model (8) is given in Fig. 5(b). It is seen that the bifurcation diagram based on the normal form (42) (see Fig. 4(a)) gives a good
indication for the dynamical behavior of the original model near the B-T critical point. Moreover, the vertical line g, =0.01 in the
bifurcation diagram in Fig. 4(a) is mapped to a curve (almost a straight line) in Fig. 5(a). Therefore, we use the direct bifurcation
diagram in Fig. 5(b) and choose four points on the straight line (in green color),

11e + 300k =90, with e =1.55, 1.60, 1.676171875, 1.80.

The corresponding simulated phase portraits are shown in Fig. 6(a), (b), (c) and (d), respectively, representing the stable focus P,_,
a stable limit cycle and the unstable P,_, the stable homoclinic loop, and the unstable P,_. These phase portraits exactly correspond
to that in Fig. 4(a) in the upward direction.
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(b)

SN

- B

HL SN

Fig. 4. Bifurcation diagrams for the codimension-2 B-T bifurcation of the model (8) based on the normal form (42): (a) for 0 <n < %; and (b) for % <n<l.

1.9,

11e+300k =90
1.84 Q

; ; ; 1.54 v : v .
0.24 0.25 0.26 0.235 0.240 0.245 0.250

k Kk

Fig. 5. Bifurcation diagrams for the codimension-2 B-T bifurcation of the model (8) with m=2 and n= % (a) based on the PSNF (42), where the straight line
(in brown color) corresponds to the vertical line g, =—0.0015 in the bifurcation diagram in Fig. 4(a); and (b) based on the model (8), with four points chosen
from the line 11e+300k=90, with e=1.55, 1.60, 1.676171875 and 1.80, respectively.

Next, consider n=3. The bifurcation diagram is given in Fig. 7(a). The region between the saddle-node bifurcation curve and
the Hopf bifurcation curve is quite narrow, and a zoomed region in shown in Fig. 7(b). Again, we choose four points from the line,

e=38, with k=0.2336, 0.23395, 0.23426542, 0.2345,

and the corresponding simulated phase portraits are depicted in Fig. 8(a), (b), (c) and (d), respectively, representing the unstable
focus P,_, an unstable limit cycle and the stable P,_, the unstable homoclinic loop, and the stable P,_. These phase portraits exactly
correspond to those in Fig. 4(b) in the downward direction.

3.3. Codimension-3 B-T bifurcation

In this section, we consider codimension-3 B-T bifurcation for the epidemic model (8). First, we give a brief summary on the
six-step transformation approach, and then introduce our one-step transformation method.

3.3.1. Summary of the six-step transformation method

In [22], Li et al. applied the six-step transformation approach [16] to provide a detailed analysis on the codimension-3 B-T
bifurcation of the epidemic model (8). In order to give a comparison, in the following, we first give a brief summary of the result
(more details can be found in [22]). The basic idea of this approach is to employ a transformation in each step to remove one or
two terms in the Taylor expansion of the vector field, which is not necessarily in algebraic formula and maybe in differential forms.
Introducing the following transformation from the critical point,

o

— 0 _ 0
9 + Uz, x—X—Xl, y—Y—Yl,

k=i+,‘41’ 3

+ Ur, N
16m 2

T om

where X ? = %’", Yl0 = MT'", into (8) yields
d 1 14 d
S = (3+m)x-y- T =01 (43)
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Fig. 6. Simulated phase portraits for the codimension-2 B-T bifurcation of the epidemic model (8) with m=2, n= 2 and k=
and unstable P,_, and (d) e=1.80 showing the unstable focus P,_.

90;)1)1*, for (a) e=1.55 showing the
stable focus P,_, (b) eé=1.60 showing Hopf bifurcation yielding a stable limit cycle and the unstable P,_, (c) e=1.676171875 showing the stable homoclinic loop
8.06

(b)
8.04]

8.02]

€ 8.00]

<O — —O0——06-
7.984

7.96]
022 024 026 0.28
k

0.30

~

'0.233270.2336 0.2340
Fig. 7. Bifurcation diagram for the codimension-2 B-T bifurcation of the epidemic model (8) with m=2, n=2: (a) a neighborhood of the B-T bifurcation point;

"0.2346

k

and (b) the zoomed area along the line e=8, marked with four points by circles at k=0.2336, 0.23395, 0.23426542 and 0.2345.

where Q, is a Taylor expansion in x, y and p = (uy, y, u3). To simplify (43), setting u; = x, v; = —(% + U)X —y— MT'"”3 yields
du do; 0. )

—=v, = =0u,v)),

dr 1 dr 2Uy, Uy

where

O)(uy,v)) = ay + ayuy + av) + azu vy + alu% + a2v% + a3u? + 04”%’11 + asulu% + HGU?,

in which ¢;’s and q,’s are parameters, expressed in terms of the coefficients in Q.

Step 1. Use a nonlinear transformation u; = u, + 2u3,
do,

@ i 03(uy, 07) + R(uy, vy, p),

- 2 saldi
v| = U, + ayUp0, to remove the vy-term from Q,, yielding
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046 052 058
X

Fig. 8. Simulated phase portraits for the codimension-2 B-T bifurcation of the epidemic model (8) with m=2, n= %, and £ =38, for (a) k =0.2336 showing
the unstable focus P,_, (b) k=0.23395 showing Hopf bifurcation yielding an unstable limit cycle and the stable P,_, (c) k =0.23426542 showing the unstable
homoclinic loop and the stable P,_, and (d) k=0.2345 showing the stable focus P,_.

where the residue term R has special property, and
3 3
O3(uy, vy) = fy + Pruy + Povy + fyuyvy + blu% + bzug + b3u‘2l + b4u§v2 + bsuzvg + bev, + byuy v,

where §,’s and b;’s are parameters, expressed in terms of the coefficients in Q,.
Step 2. Use two nonlinear transformations, one in differential form (u,, v,) = (u3, v3) and one in algebraic form (u3, v3) = (uy, vy),
to remove the u,v2- and ug—terms from Q;, resulting in

2
duy duy
T = Uy, T = QOs(uy, vg) + R(uy, vy, ).
Step 3. Similarly, use a nonlinear transformation (uy, v4) — (us, vs) to remove the ui— and ui—terms from Qs, giving
dus dos
& = s, e = Qg(us, v5) + R(us, vs, p).
Step 4. Applying a nonlinear transformation (us, vs) > (ug, vg) to remove the ugus -term from Qg gives
S _ Vg %% _ 07 (ug, vg) + R(ug, vg, 1)
dr Todr ’ e

where
O (ug, U6) = g + Myt + My Vg + N3tgLG + &1ug + E3u3 V.
Step 5. Normalizing ¢, and &; to be 1 in Q; yields

dug dug
— =V, —— = Og(ug, vg) + Rug, Vg, 4,
dr dr

where
- 2, .3
Og(ug, Vg) = 0 + 0 Ug + 9V + O3UgUg + Ug + Uy Ug.

Step 6. Use a nonlinear transformation (ug, vg) — (¥;,¥,) to remove the ug-term from Qg, finally yielding the normal form,

dy,

ar Y2

g (44)
2

E =€ +EYVHEYV I+ y% + y?yz + R(ylayZ’ M-
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A careful checking on the transformations given in [22] we obtain

o 21 L 3645
! 3 1024m3”

64m’

Moreover, combining the transformations from (u;, u,, p3) to (€, €, €3) yields

1

Uy, o, H3) 6 2 -3 27 (72)5
det |ZALH2 180 0 55 L 0, 45
© [‘)(51’52»53) w2 1% 64m? 51 ? (45)

implying that system (44) with (e, &,,€3) ~ (0,0,0) for (y;,y,) near (0,0) is equivalent to system (8) with (k,e,n) ~ (ky, &g, ng) for
(X,Y) near (X9, Y)).

It should be pointed out that although the computation demand in each step of the above process is not heavy, finding the
complete transformation between the system (8) and the final normal form (44) is not an easy task. Also note that in each of the
above transformations, only the dominant terms Q, are take into account, while the R’s with special property are ignored, which
reduces computation demanding.

3.3.2. One-step transformation method

Now, we turn to consider our one-step transformation approach, which is based on the parametric simplest normal form (PSNF)
[12-14]. The main difficulty of this method is how to determine the basis for nonlinear transformations, since different systems
require different forms of transformations.

Introducing the transformation,

0 0
x=x+u, y=y +v, K=kotp, e=ey+py, n=ny+us,

together with (37) into (11) yields the following system up to 4th order,

du

= =u,

dr

dv _ 16 (46)

1 I s
ok + oot Z Pijis U Ujﬂl/lzﬂg +h.o.t.,
i+j+k+1+s=2

where the coefficients p;;,, are real values. Then, applying the change of variables,
=——485y1 - —485ﬁ1 + 485ﬂ2 + L 48syl +1 485ny2 +5 48 ¥

+ (22485 p, - —485/32 + —48‘ﬂ3)y1

2160 243
2386838 4+ 24223 8306 103439 2, 22 2
+( 93555 485ﬂ1 9355548 ﬁ2+5m48 ﬂ3)y2+25920048 B 3 485ﬂ
4
32 i Jpkpl
2pipy+ A8 BBy = 2Pt Y s VABERLE
i+j+k+1+s=3

v=-— 48‘y2+5448 P+ 48sﬁ1y1 (14448sﬂ1—-485ﬁ2+ 485ﬂ3)

1193419 2 24233 4153 i Jpkalps
5 L

+ Ssti0 48 B+ SissPiba+ 5er 485 Bi s + Z bijuis Y1 VyBy B85,
i+j+k+I+s=3

where the coefficients b, are real values, the parametrization,

o 2 1 15 4ot 40t 2
m a485ﬁ1+31085ﬂ2+m485ﬂ12+§485ﬁ§_ﬁﬁ1ﬁ2

4
11 402 31 i i ok
+ 3485 B — Bl + Y i BLBLBY,

i+j+k=3
1 1 1 1
Hy = —9725 By + 31085 p, — 31625 2 — 8485 p2 + 38, ,
1 1 1 1
- 21625855+ 3oy + 2162513; - ﬁmssz};m + 27252,

1
5725ﬁ1——1085ﬂ2 16455711625ﬁ2+ 485ﬂ2 2|1625ﬂ32

H3

- Bpp - 1625/31/3; — 155,

1800
and the time rescaling,

1 1 1
1 T 1 z 1 T 5
dr = (Zloss - L1625y, - Lassp, + E/33)drl,
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into (46) yields the following PSNF up to 4th-order terms,

iy _,
dr, ¥
i, “47)
T =P Byt By + 3+ + 0102 AP,
1
It is easy to verify that
o(py, Hy, 1
det[M] =— 2905 20, (48)
0(ﬂ1’ﬂ25ﬂ3) p=0 64

which shows that near the critical point u = 0, system (8) has the same bifurcation set with respect to u as system (47) has that
with respect to f, up to a homeomorphism in the parameter space.

Comparing our one-step transformation method with the classical six-step transformation approach, we have the following
observations.

(i) The one-step approach depends upon purely algebraic computation; while the six-step approach involves different types of
transformations.

(ii) The one-step approach yields a direct relation between the SNF (or PSNF) and the original system, which makes it convenient
in applications; while for the six-step approach, finding a direct relation needs to put all the transformation together, which
involves a lot of computations.

(iii) The one-step approach is easier to be used for developing a general algorithm for the symbolic computation.

(iv) The one-step approach provides a complete nonlinear transformation up to a given order, while the six-step approach only
take the dominant parts in each step of transformation.

(v) The six-step approach has less computation in each step; while the computation demands for the one-step is higher, in
particular for higher-codimension bifurcations.

Now, following the method described in [16], and the computations in [14], we apply the method of normal forms and Abelian
integral (or the Melnikov function method) to derive the bifurcations for the codimension-3 B-T bifurcation. In [14], the term xfxz
(same as y*? ¥, in (47)) in the normal form has a coefficient — ;. So, theoretically speaking, we can use the formulas in [14] and
set b; =—1 to directly obtain the bifurcation results for our system (47). However, it has been noted that there are some errors in
the formulas given in [14] for the codimension-3 B-T bifurcation, as listed below (the equation numbers appearing in the following

items (a)—(d) are referred to the equations in [14]).

(a) In Eq. (91), & + 3b¢; should be & —3b,¢.

(b) In Eq. (93), % should be %.

(c) In Eq. (107), z,(f) = —3sech’(r) and z,(r) = 3 sech?(r) tanh(r) should be z,(r) = —3 ¥, sech’(r) and z,(r) = 3 ¥, sech?(r) tanh(r),

respectively, and thus —% should be %.

(d) In Eq. (109), % should be %.
Then, other changes in Egs. (112)-(115) are followed accordingly. However, note that the bifurcation results shown in Figure 19
of [14] are qualitatively not changed.

In order to correct the errors in [14] and provide readability for readers, in the following we briefly describe the derivations.
First of all, it is easy to see that system (47) has two equilibrium solutions E,,

E, = (y,.0). where y, ==+v—p; for B <O0. (49)
The Jacobian of (47) evaluated at E . is given by
0 1
J, = . |
2912 B+ Bayie ¥y,
which indicates that E, is a saddle, and E_ is either a focus or node. It is easy to see from the Jacobian that the plane
SN={(h1. - $3) | fr = 0} (50)

excluding the origin in the parameter space is the saddle-node bifurcation surface. Hopf bifurcation occurs from E_ on the critical
surface, defined by that the trace equals zero, i.e.,
B — (B3 = PV-P1 =0, (B <0).
Based on Hopf bifurcation theory, a direct computation (e.g., with the Maple program in [24]) yields the following focus values,
B3 + 3B 5
=——— and vyl _,=——>0,
167/, o= e

which implies that generalized Hopf bifurcation occurs on the surface, defined by v, =0,

vy

By +3p =0, (5 <0), (51)
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leading to two limit cycles, with the outer one unstable and the inner one stable, and both of them enclose the unstable focus E_.
Next, to find the homoclinic and the degenerate homoclinic bifurcations, we apply the Melnikov function method [2]. Introducing
the scaling,

2 3 4 6 4 1
VI=E5W|, Yy =€5w,, PI=€5¢Q|, Ph=€5¢,, f3=¢€5¢03; 1,=¢€57, 0<ex]),
together with the following transformation,
wy =@ +%, Wy =V20%, ©5=V201m @ =-6], (& >0),

into (47) we obtain

dx;
dey
dx, _ 1 ., o (52)
E x1+ﬁxl+eq(x1,x2,<p),
where
- L - 1 _ 3. 2o o R SO v
q(X1,%,,p) = \/TH [((p2 + @ 03+ @)%y + (@3 +30)% %, + 36, XX, +x1x2],

with @ = (@1, @2, @3)-
The system (52)|,_, is a Hamiltonian system with two equilibrium solutions,

E_ =(-29;,0) and E;=(0,0),

with E_ and E; being center and saddle, respectively. These two equilibria correspond to the E . defined in (49). The Hamiltonian
is given by

N (P . 1 3
H(%,,%,) = 3 (%5 =% - 6—¢1x1,
and the homoclinic orbit connecting E, is described by
Iy: H@GEL%)= %(i% ) - 6%;9 with H(0,0) =0

and H(-2¢,,0) = —% cp%. Thus, any closed orbits of the Hamiltonian system (52)|,_, inside I}y can be described by
222 I 3 _ 2.,
(xz—xl)—axl—h—O, he<—§(p1,0>.

Now, the Abelian integral or the (first-order) Melnikov function for the perturbed system (52) can be written as [2]

L i H(F,%,h) =

M(h, 9) =§l{ [a(%), %5, @) A% = (X1, %5, ) d%y] _,  (p=0)
Iy
=?{ 4(%1, %, @)= A%y =jl{ Hg, q(%1,%2,®)|e=o d73
Ty Ty
1 . _ _ N _ -
= —7}{ x% [(p2 + @ @3 +(p? + (@3 +3(pf)x1 +3(p1x% +xﬂ dry
V2o, J Iy
= Cy(@) + C1(@) h1n |h| + Cy(@) h+ C4(h) A2 In |h| + -+,

for 0 < —h <« 1, where

Colp) = 7{ [0y + @1 03+ @ + (03 +30D)%) + 39,5 + 5] drj,

L

V261
Cy(@) = a9 + by

in which a,, and b, are the coefficients in the functions p(%,, %,, ¢) and ¢(%,, X,, @), given by

1 _ _
ap=0, by = T((Pz +01 03+ 7))
b1

To compute Cy(¢), introducing the parametric transformation,
%,(13) = =3 @, sech’(r3), %,(r3) = 3 @ sech’(z3) tanh(z;),
into Cy(¢) with a direct integration we obtain

6¢lx/ﬁ<(p2 5 895 3)

Colp) = 5 70103 = = by ).
Finally, we express Cy(¢) and C, () in terms of the original perturbation parameters f; by using

- Vi =

é
5

_2
5P, @y=¢ 5ﬁ2, Pp3=¢ Sﬂg,
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as

o= PV 5,3 (- 05 )

i) = \/21?16_% (224 65 = p0V=7r .

(53)

Hence, the homoclinic and degenerate homoclinic bifurcation surfaces are defined by C,(f)=0 and C;(f) = 0, respectively.
Summarizing the above results we obtain the following theorem. Note that a summary of the result was given in [22]. Here,

more detailed formulas are provided.

Theorem 3.3. For the epidemic model (11), codimension-3 B-T bifurcation occurs from the equilibrium P;: (x, y)=(§, ]34

e= g and n= % Moreover, six local bifurcations with the representations of the bifurcation surfaces/curves are obtained, as given below.

9
) when k= e

(1) Saddle-node bifurcation occurs from the critical surface:
SN = {(B1,$,.3) | B = 0}.

(2) Hopf bifurcation occurs from the critical surface:
H={(B1.02.8) | B < 0. By = (B — P1)V=P1}.

(8) Homoclinic loop bifurcation occurs from the critical surface:
HL = {0152 55) | By <0, By = 3(8s = T20) V=P |
(4) Generalized Hopf bifurcation occurs from the critical curve:
GH = { (A1 B2 85) | By <0, B = ~4By /=P, 5= =31 .
(5) Degenerate homoclinic bifurcation occurs from the critical curve:
DHL = { (4. 2.9 | B < 0. b= =12 py /=By, B =31 1 |

(6) Double limit cycle bifurcation occurs from a critical surface, which is tangent to the Hopf bifurcation surface H on the critical curve
GH, and tangent to the homoclinic bifurcation surface HL on the critical curve DHL.

The bifurcation diagram projected on a 2-sphere is shown in Fig. 9. Fig. 9(a) is an exact bifurcation diagram for ¢ = 0.05, in
which the intersection points C, GH and DHL, as shown in Fig. 9(a), are given by
C = (B f)c =(0.001880, 0.049947), for p, = —0.001343,
GH = (85, g = (0.007807,  0.046852), for f, = —0.015617,
DHL = (f,, f3)pp.. = (0.003499, —0.049424),  for §; = —0.006712.

For a better view of bifurcations, a schematic general bifurcation diagram is shown in Fig. 9(b) with typical phase portraits,
which is similar to Figure 3 in [16] and Figure 2 in [22].

Finally, we present the simulation for the codimension-3 B-T bifurcation to show the dynamics described in Theorem 3.3. For
convenience, we use the model (8) to plot the bifurcation diagram in the k-¢ plane. For this purpose, we take m = 2, and u; = —é,
yielding
1 1 _ 5
2 12 12
Then, the bifurcation diagram plotted in the k-¢ space, is shown in Fig. 10, where the red, blue and green curves represent the
saddle-node, Hopf and homoclinic loop bifurcations, respectively. The green curve for the homoclinic loop bifurcation is obtained
from numerical computation. It is seen that the bifurcation diagram in Fig. 10 agrees well with those in Fig. 9, but in a reflection
matter, namely, the stable equilibrium E,_ in Fig. 10 appears on the right side of the Hopf bifurcation curve, while it is on the
left side of Hopf bifurcation curve in Fig. 9. The eight blank circles in Fig. 10 indicate the points of (k,&) parameter values for
simulation, which, except for the red circle point yielding 2 limit cycles, are located on the two lines: k = 0.16202 and k = 0.2439.
Note that the red circle point, (k,e) = (0.2,3.13) for the 2 limit cycles, is below both the blue (H) and green (HL) curves, since at
k =02, e = 3.14402 and ¢ = 3.14519 on the Hopf and homoclinic loop curves, respectively. The two green circles (on the green
curves) denote the two homoclinic loop bifurcations, with the right one (on the line k = 0.2439) stable and the left one (on the line
k = 0.16202) unstable. Therefore, starting from the points on the line k = 0.2439 (in the downward direction) to the 2-LC point, and
then to the points on the line k = 0.16202 (in the upward direction), we obtain the corresponding simulation figures depicted in
Fig. 11, as indicated in Fig. 10, which indeed, with a careful selection of the parameter values, demonstrates the complex bifurcation
behaviors around the codimension-3 B-T bifurcation point.

n=ng+ u3 =
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—0.02 e
\

\
—0.921
\

\

—0.04

Fig. 9. Bifurcation diagram for the codimension-3 B-T bifurcation based on the normal form (47), displayed in the intersection of the cone and the 2-sphere
ﬂlz + ﬁzz + ﬂ32 = ¢?, with the red color curve for saddle-node, blue curve for Hopf and green curve for homoclinic loop bifurcations, respectively: (a) with ¢=0.05,
where the intersection point of the pink and blue curves is the degenerate Hopf bifurcation, and the intersection point of the brown and green curves denotes
the degenerate homoclinic loop bifurcation; and (b) a schematic bifurcation diagram, where the GH and DHL represent the generalized Hopf critical point and
the degenerate homoclinic critical point, respectively.

5_
Ea_ (S) (Fig. 11(h))
(Fig. 11(g))
1 LC (U) (Fig. 11(f))
_ (U) (Fig. 11(e))
4
€ 3 2 LC (Fig. 11(d))
SN
Ea_ () (Fig. 11(a))
2 1 LC (S) (Fig. 11(b))
(Fig. 11(c))
BT

0.14 0.16 0.18 0.20 0.22 0.24 0.26
k

Fig. 10. Bifurcation diagram for the codimension-3 B-T bifurcation of the epidemic model (8) with m=2, n = %, in the parameter k-¢ space, with the red, blue
and green curves (obtained from numerical computation) representing the saddle-node (SN), Hopf (H) and homoclinic loop (HL) bifurcations, respectively, and
the blank circles indicate the parameter values for simulations, which are given in Fig. 11.

4. Conclusion

In this paper, we have studied Hopf and Bogdanov-Takens bifurcations and paid particular attention to the codimension of the
two bifurcations as well as to the dynamical behaviors around the bifurcation points. We have used an epidemic model to illustrate
how to determine the codimension of Hopf and Bogdanov-Takens bifurcations. It has been shown that the difficulty mainly comes
from the restriction on the system parameters. Moreover, for the codimension-3 Bogdanov-Takens bifurcation, we have introduced
the one-step transformation approach, showing the advantage of this method compared to the classical six-step transformation
approach. Numerical simulations are presented to show an excellent agreement with the theoretical predictions.

However, we have noticed that the one-step approach needs higher computation demanding, compared to the six-step method,
in particular for higher-codimension bifurcations. We also want to point out that the one-step approach is based on theory of the
simplest normal forms, which requires to choose appropriate basis for the nonlinear transformations. This is actually a much more
difficult task compared to the conventional normal form theory, and needs future research.
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Fig. 11. Simulated trajectories for the epidemic model (8) with m=2, n= EN showing the bifurcations given in Fig. 10: (a) the stable P,_ for (k,¢) = (0.2439,2.2);
(b) a stable LC for (k,e) = (0.2439, 1.95); (c) the stable HL for (k, e) = (0.2439,1.871268); (d) 2 LC for (k,e) = (0.2,3.13); (e) the unstable E,_ for (k,e) = (0.16202,4.2);
(f) an unstable LC for (k, ) = (0.16202,4.44); (g) the unstable HL for (k,¢) = (0.16202,4.485125); and (h) the stable E,_ for (k,e) = (0.16202,4.6), where LC and HL
represent limit cycle and homoclinic loop, respectively.
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