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SM1. The expressions of u2
1 and u1v1τ .
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SM2. The expressions of q1-q6 and q8 in equation (3.12).

q11 = b∗b22A1−b12A2

b∗(a21b12−a11b22) , q12 = −A1+a11q11
b12

,

q21 = b12B2−b∗b22B1

b∗(a11b22−a21b12) , q22 = −B1+a11q21
b12

,

q31 =
(iω∗+d2k

2
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q61 =
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2iω∗−b∗b22e−2iω∗τ∗ ,

q81 =
(3d2k

2
T−b∗b22)H1+b12H2

(3d1k2T−a11)(3d2k2T−b∗b22)−b∗a21b12
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,
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with A1 = δ2000 |pT1|2 + δ1001pT1p̄T2,
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.

SM3. The expressions of ui=
(
u
(1)
i , u

(2)
i

)
, i = 1, 2, 3, 4 in equation (3.13).
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,
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B1 = −pH2 − τ∗b∗b22pH2e
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(
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2
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(
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+ 3β3000pT1 |pT1|2 + β2001

(
p2
T1p̄T2 + 2 |pT1|2 pT2

))
,

D5 =
(
b∗ + ε2µ1

)
τ∗ (2β2000 (pT1q81 + 2pT1Re {q11})
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SM4. The elements (p∗
i , i = 1, 2, 3, 4) in the null space of the homoge-

neous adjoint problem corresponding to equation (3.13) and the equations
that amplitudes WH and Wj, j = 1, 2, 3 meet.

p∗i , i = 1, 2, 3, 4 are listed as follows:

p∗1 = col

(
b∗a21b12e

iω∗τ∗

b∗a21b12eiω∗τ∗ + (iω∗ − a11)2 ,
b12 (−iω∗ − a11) eiω∗τ∗

b∗a21b12eiω∗τ∗ + (−iω∗ − a11)2

)
,

(
p∗11

p∗12

)
,

p∗2 = col

(
b∗a21b12

(d1k2
T − a11)

2
+ b∗a21b12

,
b12

(
d1k

2
T − a11

)
(d1k2

T − a11)
2

+ b∗a21b12

)
,

(
p∗21

p∗22

)
,

p∗3 = p∗2 , col (p∗31, p
∗
32) , p∗4 = p∗2 , col (p∗41, p

∗
42) .

The equations satisfied by amplitude WH and Wj , j = 1, 2, 3, 4:

∂WH

∂T2
= µ̃WH + ϕ̃ |WH |2WH + ψ̃

(
|W1|2 + |W2|2 + |W3|2

)
WH ,

∂W1

∂T2
= κ̃W1 + χ̃

(
W̄2V̄3 + W̄3V̄2

)
+ η̃ |W1|2W1 + ζ̃

(
|W2|2 + |W3|2

)
W1 + ξ̃ |WH |2W1,

∂W2

∂T2
= κ̃W2 + χ̃

(
W̄2V̄3 + W̄3V̄2

)
+ η̃ |W2|2W2 + ζ̃

(
|W1|2 + |W3|2

)
W2 + ξ̃ |WH |2W2,

∂W3

∂T2
= κ̃W3 + χ̃

(
W̄2V̄3 + W̄3V̄2

)
+ η̃ |W3|2W3 + ζ̃

(
|W1|2 + |W2|2

)
W3 + ξ̃ |WH |2W3,

where µ̃ = − (p̄∗11A2+p̄∗12B2)
(p̄∗11A1+p̄∗12B1)

, ϕ̃ = − (p̄∗11A3+p̄∗12B3)
(p̄∗11A1+p̄∗12B1)

, ψ̃ = − (p̄∗11A4+p̄∗12B4)
(p̄∗11A1+p̄∗12B1)

, κ̃ = − (p̄∗21C2+p̄∗22D2)
(p̄∗21C1+p̄∗22D1)

,

χ̃ = − (p̄∗21C3+p̄∗22D3)
(p̄∗21C1+p̄∗22D1)

, η̃ = − (p̄∗21C4+p̄∗22D4)
(p̄∗21C1+p̄∗22D1)

, ζ̃ = − (p̄∗21C5+p̄∗22D5)
(p̄∗21C1+p̄∗22D1)

, ξ̃ = − (p̄∗21C6+p̄∗22D6)
(p̄∗21C1+p̄∗22D1)

.

SM5. Amplitude equations in complex coordinate system and its co-
efficient expressions.

∂Hv

∂t = µHv + ϕ |Hv|2Hv + ψ
(
|T v1 |

2
+ |T v2 |

2
+ |T v3 |

2
)
Hv,

∂Tv1
∂t = κT v1 + χT̄ v2 T̄

v
3 + η |T v1 |

2
T v1 + ζ

(
|T v2 |

2
+ |T v3 |

2
)
T v1 + ξ |Hv|2 T v1 ,

∂Tv2
∂t = κT v2 + χT̄ v2 T̄

v
3 + η |T v2 |

2
T v2 + ζ

(
|T v1 |

2
+ |T v3 |

2
)
T v2 + ξ |Hv|2 T v2 ,

∂Tv3
∂t = κT v3 + χT̄ v2 T̄3 + η |T v3 |

2
T v3 + ζ

(
|T v1 |

2
+ |T v2 |

2
)
T v3 + ξ |Hv|2 T v3 ,

where µ = ε2µ̃, ϕ = ϕ̃
p2H2

, ψ = ψ̃
p2T2

, κ = ε2κ̃, χ = χ̃
pT2

, η = η̃
p2T2

, ζ = ζ̃
p2T2

, ξ = ξ̃
p2H2

.

SM6. Amplitude equations in real coordinate system.

∂Θ
∂t = −β z

2
1z

2
2+z21z

2
3+z22z

2
3

z1z2z3
sin Θ,

dρ
dt = Re{µ}ρ+ Re{ϕ}ρ3 + Re{ψ}

(
z2

1 + z2
2 + z2

3

)
ρ,

∂z1
∂t = κz1 + χz2z3 cos Θ + ηz3

1 + ζ
(
z2

2 + z2
3

)
z1 + Re{ξ}ρ2z1,

∂z2
∂t = κz2 + χz1z3 cos Θ + ηz3

2 + ζ
(
z2

1 + z2
3

)
z2 + Re{ξ}ρ2z2,

∂z3
∂t = κz3 + χz1z2 cos Θ + ηz3

3 + ζ
(
z2

1 + z2
2

)
z3 + Re{ξ}ρ2z3,

dC
dt = Im{µ}+ Im{ϕ}ρ2 + Im{ψ}

(
z2

1 + z2
2 + z2

3

)
,

with Θ = Θ1 + Θ2 + Θ3.
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