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Abstract

The Bell-Kochen—Specker theorem shows that, in any Hilbert space of dimension of at least 3, it is impossible to assign
noncontextual definite values to all observables in such a way that the quantum-mechanical predictions are reproduced. This
leaves open the issue of what subsets of observables may be assigned definite values. Clifton has shown that, for a system of a
least two continuous degrees of freedom, it is not possible to assign simultaneous noncontextual values to two coordinates and
their conjugate momenta. In this Letter, it is shown that, for a system of a single continuous degree of freedom, it is not possible
to assign noncontextual values to the coordinate and its conjugate momenta that satisfy a continuity assumption herein called
the ‘e-Product Rule’ 2002 Elsevier Science B.V. All rights reserved.

PACS:03.65.Bz
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1. Introduction tualizing the momentum value—the result of a mea-
surement of momentum is not determined by the state
The issue of whether the uncertainty relations be- Of the measured system alone but depends crucially on
tween position and momentum entail that these two the details of the experimental arrangement. The Bell—-
quantities cannot simultaneously be ‘elements of real- Kochen—Specker theorem [2] shows that, for a Hilbert
ity’ has long played a central role in discussions con- space of dimension three or greater, it is not possi-
Cerning the interpretation of guantum theory_ As is ble to attribute simultaneous noncontextual values to
well-known, the deterministic alternative to quantum all physical quantities. This leaves open the question
mechanics formulated by Bohm [1] attributes definite Of which subsets of observableanbe assigned non-
values of position to particles at the price of contex- contextual values. It seems eminently plausible that an
argument analogous to the Bell-Kochen—Specker ar-
gument can show that, as a consequence of the canon-
| E-mail addresswmyrvold@uwo.ca (W.C. Myrvold). ical commutation relations, at most one of a pair of
The author would like to thank Rob Clifton for pointing outa — ¢440njcally conjugate observables can have a noncon-
flaw in an earlier draft of this paper, and for a suggestion regarding .
how to amend the argument, and an anonymous referee for helpful te)_(t_ual value. I_:’I’OOf O_f SUCh_an assertlo_n has been sur-
suggestions. prisingly long in coming. Clifton [3], building on the
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work of Peres and Mermin [4], exhibited a Kochen— Product Rule, we have

Specker obstruction utilizing two degrees of freedom. ~ A N N

This shows that it is not possible for two indepen- v[A142] = v[A1]v[A2].

dent coordinategs, g2, and their conjugate momenta v[éléz] = v[él]v[éz], ©)

p1, p2 to all have noncontextual values. In this Let-

ter this conclusion is extended to a single degree of Moreover A14, commutes with31 B, and so

freedom; of any pair of canonical conjugatgsp, at

most one can ha‘\)/e a noncontextual valuethhe Peres— v[A1d2B1B2] = v[ A1z [BlBAZ] A

Mermin and Clifton constructions, and the one in this = v[A1]v[A2]v[B1]v[ B2]. (4)

Letter, do not replace the original Bell-Kochen proof,

as they all require more dimensions than three—what

they do is to provide more information about which

subsets of observables can and cannot be ascribeq,[glfgz] = U[Al]v[éz],

noncontextual values while reproducing the quantum- . A .

mechanical predictions. v[A2B1] =v[Az]v[B1]. ®)
The obstruction constructed here differs from pre- SinceA B, commutes withd» B,

vious obstructions in one important respect, in that

the usual assumptions about measured values will bev[A1B,A2B1] = v[A1B2]v[A2B1 ]

supplemented with a continuity assumption. Kochen— A A * 5

Sp%lcc):ker obstructions usually assume tkrl)e Product Rule: B U[Al]v[Bz]v[Az]v[Bl]' ()

if observables associated with commuting operators Comparison of (4) and (6) yields

A, B have definite values[A], v[ B], then the product N a N

operatorA B has associated with it the definite value v[A142B1B7] = v[A1B242B1]. )

v[AB] = v[A]v[B]. We will extend a version of this  However, we also have

to noncommuting operators that correspond to observ- A

ables that arapproximatel\co-measurable, in a sense A1BrAsBy=—A1AByB1 = —A1A2B1 B). (8)

that will be explained in Section 3.

As a further consequence of the commutation relations
and the Product Rule, we also have

Consequently,

U[AlAzéléz] = —U[Alé2A2él], (9)

2. The PeressMermin and Clifton obstructions and hence

The following is a generalization of the simple v[A1]v[B2]v[A2]v]B1]
Kochen—Specker obstruction constructed by Mermin ~ _ —v[Al]v[éz]v[Az]v[él], (10)
on the basis of work by Peres [4]. Take operatags
As, By, B, such that none of them have zero as an contradicting the assumption thdtd1], v[A»], v[B1],
eigenvalue, satisfying the commutation relations, v[By] are all nonzero.
Clifton [3] used the Weyl form of the canonical
[A1, A2] = [A1, B2] = [B1, A2] = [B1, B2] =0, (1) commutation relations,

and the anticommutation relations [e~iadi/h ¢=ibdi/h]
n A . _ [,—iapi/h ,~ibp;/h
AiBi=—BiA;, i=12 &) Lemen em ]
= [e7iadi/h =1bPi/M] =0, i+ ], (11)
(The speC|f|c example used by Mermin, for a pair of giais/h y=ibiu/h _ iab/h,ibs/h y—iadi/h (12)

spin- L particles, isA; = 6ix, B; = Giy.) Suppose that
associated W|th41, A2, Bl, Bz are nonzero definite  to construct non-Hermitian unitary operators satisfy-
valuesv[A1], v[Az], v[B1], v[B2], respectively. As a ing (1) and (2). Clifton’s obstruction is, therefore, not
consequence of the commutation relations (1) and the obtained directly for real-valued observables but via
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a detour through the complex plane; this is supple- such thatA = f(C) and B = g(C). One way of
mented by an argument that an obstruction in the com- measuring the observables correspondingitand
plex plane entails one on the real line. It is not difficult B is to measure the observable correspondin@to
to exhibit an obstruction directly in terms of Hermitian and then to apply the functiong and g to the
operators and real-valued observables.dsethq, a2, result. The physical justification for regarding this
bz be real numbers such that as a measurement of the observablesind B lies

in the fact that, at least in ideal circumstances, a
aby=@m+Dxh,  axby=(2n+Dzxh, (13) subsequent ‘direct’ measurementobr B will yield
for some integersn, n. Let 41, g» be the operators the same result. Furthermore, for any state, an ideal
corresponding to two independent coordinates, and let measurement of an observable that commutes with
p1, p2 be the conjugate momenta operators. Define the leaves unaltered the predicted statistical distribution of

operators A-measurements.
N R . R These are facts about the quantum-mechanical
A; =coda;gi/h), B; = cogb; pi/h). (14) statistical predictions that any hidden-variables theory

It follows from the Weyl commutation relations (11), is bound to respect if it is to reproduce these statistical
(12) that these operators satisfy (1) and (2), and hencepredictions, and, to the extent that these facts have
we have the desired obstruction. been empirically verified, they must be respected by
any empirically adequate hidden-variable theory.
In practice, an experimenter has only a finite degree
3. The continuity assumption of control over what observable is being measured,
and the ideal case of exact reproducibility of results
To exhibit a Kochen—Specker obstruction using is only approximated. Empirical reasons for requiring
only a single coordinate and its conjugate momen- hidden-variable theories to satisfy the usual Product
tum, we will construct operators satisfying the anti- Rule, therefore, have force also for observables that
commutation relations (2). However, we will not be are approximatelycomeasurable, in the sense that
able to satisfy at the same time the commutation rela- a measurement of one only minimally disrupts the
tions (1). In place of the Product Rule, we will use statistics of the other. The-Product Rule introduced
a generalization, appropriate to observables that arebelow is meant to be an extension of the Product Rule
approximately co-measurable, that we will call the to cover such cases.
e-Product Rule. We will need a measure of the degree of disruption
Any hidden-variable theory will specify a set of of the statistical distribution of one observable by a
observables to which definite values are to be ascribed measurement of another. Létbe a compact operator,
(this set may depend on the quantum state), andand Iet{ﬁA} be its spectral projections. Suppose that
a probability distribution over these definite values a system in initial stateo is subjected to one of
(which must, of course, depend on the quantum two procedures—eltheﬂ? alone is measured, @ is
state). Kochen and Specker assumed that the set ofmeasured subsequent to a prior ideal measurement of
observables to which definite values are ascribed form A. In the former case, the expectation value of the
a partial algebra under the relation of comeasurability, result of theB-measurement is
and that the mapping ascribing definite valuesRin R
to these observables is a homomorphism. That is, if ( > —Tr(PB) (15)
A and B are comeasurable observables possessing
definite valuesv(A) and v(B), respectively, then to
the observablegtA + AB and AB are ascribed the
definite valuesuv(A) + Av(B), andv(A)v(B). The
relation of comeasurability of observables s identified 31 _ (ZPApPA ) r(ﬁZﬁAéﬁ/‘).
with commutation of the corresponding operators on P —~ ! !
physical grounds. For any two commuting operators,
A, B, there is an operato€ and functionsf, g

If, however, theA-measurement is performed first, the
expectation value for the result of tillemeasurement

(16)
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The difference between the two expectation values is

(#), - (8),=T0(5( S B8 - 5)

'5_

_ —Tr(,é (- ﬁ,.A)éﬁ,.A). 7)
Define the disturbance df by A,
A(B; Ay== "(1— P*)BP!. (18)

1

If A and B commute, the disturbanca(B; A) is
the zero operator. IfA and B don't commute but
A(B; A)|y) = 0, a measurement ofi leaves the
expectation value of8 unchanged but may alter
the statistical distribution of these values about the
expectation value. What we want to demand, in order
to regard the value ab as minimally disturbed, is that
the probability distribution for the outcome of &-
measurement be minimally disrupted. If, in addition,
a measurement ofti only minimally disturbs the
statistics regarding the product @fand B, we ought
to ascribe, at least with high probability, a definite
value to the product ofi and B that is close to the
product of the values ot and B. Of course, unless
A and B commute, the product operatotB will
not be Hermitian, and hence not correspond to any
observable; we will attribute a definite value instead
to the symmetrized product,
AoB=1(AB+ BA). (19)
We will want to consider sequences of operators
{A,}, {Bn)} such that, for any state, the disturbance
of the statistics for1§n can be made as small as one
likes by takingn sufficiently large. The statistical
distribution of the results oB-measurements will be
minimally altered if the expectation value d@* is
minimally altered for allk less than some sufficiently
large K ; that is, we can approximate any distribution
by approximately recovering, for sufficiently high,
the firstk moments of the distribution.

The assumption about definite values on which our
obstruction will be based is the following.

Let{A,}, {B,} be sequences of operators such that,
for every natural numbek and every vectoty),
IABE: Ayl and [A((A, o B)k; Ayl
converge to zero as — oo. If A, and B, have

11

definite values[A,] andv[B,], then, for any state
0, and anye, § > 0, there existsV such that for all
n > N the probability is greater thaf — § that the
symmetrized product, o B, has a definite value
satisfying

[v[An 0 By] — v[As]Jv[Ba]| <.

A sequence of operatofsi,,} is said tostrongly
convergeto a limit A if and only if, for any vector
1), (A, — A)|y)|| — 0 asn — co. Therefore, the
condition in the first sentence of the above rule is the
condition that the sequences of operafat¢BX; A,)}
and{A((A, o B,)*; A,)} strongly converge to zero.

A construction invoking this rule, which we will
call thee-Product Rule, will be called arrobstruction.
Note that the usual Product Rule is entailed as a spe-
cial case by the-Product Rule. It is also worth not-
ing that thee-Product Rule is satisfied by the simple
noncontextual hidden-variable theories constructed by
Bell and by Kochen and Specker [2] for a system con-
sisting of a single spir: particle.

Thee-obstruction constructed in Section 4 will not
be a state-independent one, as we will, in general, have
to choose for different states different valuesnofo
obtain a set of operators composing the obstruction.
What will be shown is that, for any state, there is a
set of operators that cannot consistently be assigned
values in accord with the-Product Rule but which
are required by that rule to have definite values if all
functions of g and all functions ofp are ascribed
definite values. The conclusion is that no hidden-
variables theory satisfying the-Product Rule can
attribute noncontextual values to bothgfand p, in
any state.

4. Theobstruction

Suppose there were numbetsay, b1, b such that

aiby = (2m+ Drh,
axby = 2Inh,

a1by = 2kmh,
azbp = (2n+ Dnmh, (20)

for some integer%, [, m, n. Then we could readily
construct an obstruction for a single degree of freedom
by defining the operators,

Ar=codwa/n),  Bi=codpip/m). (1)
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As can easily be verified, such operators would satisfy and the anticommutation relations
the commutation/anticommutation relations (1), (2). . - A A A PO
There are no integers satisfying Eq. (20), however. A1, B1=—B1A1. AznBon = —Ban Az (31)
To see this, note that this would require the product The operatorsty,, E, , Az, do not, for anyn,
aibiazbz to be both an even and an odd multiple commute withB1. What we have instead is

of 72r%. What we will do instead is satisfy these o R
equations approximately. Define E5 B1 =3P PNES (—€y) + 3¢ PPINES (4€n),

A A 1 ibip/h(p+ -
at, = (2n + Da, az, = (2+1/2n)a, A2 By =3¢’ W/ (EZn(_en) - EZn(_En))

1 —ibyp/h( F -
bi=mnh/a, by, =2nrwh/a, (22) + 3¢ 1 (E;n('i'e”) - E2n(+6”))* (32)
wherea is an arbitrary constant. Then we have wheree, = 7 /2n. . . o

_ Let us consider the disruption of the statistics for
ainb1= 2n+ Drh, By by a measurement of,,. We have

ay by, =2n2n + Dmh,

axnb1=2+1/2n)rh,

azmbo, = (4n + )mh. (23)
Define the projection operators

A(él; Azn) = —Ez_nélf’f;n — E;_nélﬁgn (33)

The first term of this is

By BiEf =3I ES (e B
_1,-ibip/h g~ (+en) EL 34

. . A 3¢ 22 (T€n) E,. (34)

E} = E[coqaing/h) > 0], . L o

A A R ) The operatoiE;, (—€,) E5, is the projection onto the

E;, = E[codainG/h) <0], i=12, (24) part of the spectrum of such that cog2,q) > 0 but

where £[-] denotes the spectral projection onto the €0d2:g — €,) < 0. For any statg, the measure of
specified subspace. We will also have occasion to this part of the spectrum in any interat M, M] will

consider translations of these operators be small ifn is large, and will converge to zero as
R R R n — co. Hence, for any state with compact supportin
E} () = E[codaing/h+€I) > 0], G, |1 E5, (—en) E5, 3l — 0 @sn — oo (recall thag has
B (6) = E[cos(ainQ/h + d) < 0]_ (25) no eigenvalues), and, since sucbfti:\tes are norm-dense
_ in the set of all states|E,, (—€,) E5, pll — 0 asn —
Now define the operators oo for any statep. Analogous considerations apply
A —Ft _ - to the other terms in tr)e qxpansion af(By, Azy).
ST i . ) We conclude that thel (B1; A»,) strongly converges
By =cosb1p/h), By, =cogbaup/h). (26) to zero asn — co. A similar argument shows that,
N N R n— oQ.
£(q)e"?/h = ePPIM £ (§ — bI). (27) We are now ready to begin the construction of
If f is a periodic function of period, our e-obstruction. Suppqse that associated with,
Az, Bi, Bo, are definite vaIuea;[Alnl, v[A2n],
cosbp/n) f(q) = £(q) cogbp/h), (28) v[B1], v[Ba,]. Since the spectrum of each,,, Ay, is
and, if f changes sign under a translation by an contained in{—1, 1}, the correspondlng values will b(_a
amounth nonzero. Moreover, we can, without loss of generality
(or rather, a loss of measure zero) assumBi],
cogbp/h) f(g) =—f(q)codbp/h). (29) v[B2,] to be nonzero also, since, for any state, the
A probability is zero that a measurement of either will

A;y is a periodic function off with period 27 /a;,; it
changes sign under a translation by an odd multiple of
wh/a;,. We therefore have the commutation relations

yield a resultexactly equal to zero. Choose some
positives < 3.

Since A1, commutes withB,,, the Product Rule
[A1r, A2y] = [A1, Bow] =[B1, B2u] =0, (30)  requires that associated with the product operator
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A1, By, is the definite value
v[ A1y Bon] = v[A1a]v[ Ban].

As mentionedA,, does not commute witts;. How-
ever, as we have seen, for any staté¢he disturbance
of the statistics oB-measurements by a measurement
of Az, can be made arbitrarily small by takingsuffi-
ciently large. Moreover, it is easy to verify thab,
commutes with the symmetrized produBt o Ay,,
since, for anyA, B,

(35)

[A. Ao B]=1[A2 B]. (36)
and the square of,, is the identity operator. There-
fore, measurements cﬁz” do not disrupt that statis-
tics of measurements df; o A, and, for sufficiently
large n, only minimally disrupt the statistics a1-
measurements. TheProduct Rule dictates that, for
any e > 0, for sufficiently largen there is a probabil-
ity greater than 1 § that the symmetrized product
B1 o Ay, has a definite value satisfying

|U[é1 o Agn] — v[él]v[Azn]’ < E.

1%1 o A, commutes Withl%znﬁyl. Therefore, ifB1 o
A2, has a definite value[B; o Ay, ], then

o[ (Bro Aga) BowAsa] = v[ B0 Aza]v[BouAna]
= [ By 0 Ao |v[ Ban o[ A1a].
(38)

(37)

and hence
U[(él o Agn)égnAln] — v[él]v[ﬁgn]v[égn]v[ﬁln]
= (U[él o Azn] — U[él (@) Agn])v[ézn U[Aln].
(39)
We thus conclude that, for any; for sufficiently

largen the probability is greater than-1§ that (B o
A2,)Bo, A1, has a definite value satisfying

|v[(B1 o Azu)BanA1n] — v[ Br]v[ A2 v[ Ban Jv[Ava]|
= [v[B1o Az,] — v[B1o Az ]||v[ Bau Jv[An]]

<e|v[1§2n]v[141n]| <e, (40)

where the last step is justified by the fact that the
spectra ofBy, andA1, are contained ifi—1, 1].

Since A1, and A,, commute, the Product Rule
gives,

A~

U[AAlnAAzn] = U[AAln]v[Agn]. 41)

13

Similarly,
v[B1Ban] = v[ B1]v[ B2a]-

The operatorsii, A», do not commute withB; By,.
However, an argument analogous to that used above
for the case ofdy, and B1, shows that, for any,
A((B1Bon)*; A1,A2,) converges strongly to zero as

n — oo (the details of this argument present no novel
features and will not be rehearsed here). Moreover,
A1, Az, commutes with(B1B2,) o (A1,A2,). There-
fore, for anye > 0, for sufficiently largen the prob-
ability is greater than % § that (B1B2,) o (A1, A2,)

has a definite value satisfying

[v[(B1B2n) 0 (AsiAz)]

(42)

— v[élézn]v[ﬁlnﬁzn“ <€, (43)
and hence
|0[(B1B21) 0 (AnA2i)]

— v[él]v[ézn]v[ﬁln]v[AQH“ <e. (44)

Because of the commutation/anticommutation rela-
tions (30), (31),

(B1B2n) o (A1, Az,)
and therefore,

o[(BiBan) o (AsnAon)] = —v[(Bro Ao) Bandrs].

(46)
We therefore have the conclusion that for anyfor
sufficiently largern the probability is greater than
1 — § that each of (40) and (44) hold. Each choice
of n will yield a different set of definite values
{(v[B1], v[Banl, v[A1a], v[A2,]1}. The probability dis-
tributions for these values must mirror the quantum-
mechanical predictions for the outcomes of measure-
ments of these quantities; hence, by takinguffi-
ciently small, it is possible to make the probability ar-
bitrarily close to unity that

3e < |v[é1]v[1§2n]v[ﬁln]v[ﬁgn]|

Let us assume that we have chosen senmesuch that
this is the case. For sufficiently largethe probability

is greater than % § that (40) holds, and probability
greater than 1 § that (44) holds. Sincé was chosen
to be less thar%, this entails that there is a nonzero
probability that both (40) and (44) hold; in fact, since

= —(B1oAz,)BoyA1y,  (45)

(47)
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8 can be chosen arbitrarily small, this probability can Kochen—Specker obstruction for position and momen-
be made arbitrarily close to unity. Assume, therefore, tum using only one degree of freedom was possi-
that we have:, n such that (40), (44), (46), and (47) ble. Since Clifton’s conjecture concerns obstructions

all hold. Let as usually conceived, and netobstructions, the-

A A n A obstruction in this Letter does not refute this conjec-
x =v[(B1B2) o (AmmAz)]. ture, which remains undecided. Theobstruction in
y =v[(B1o Az,)BayAv], this Letter does, however, reveal a disanalogy with

= U[él]v[é%]U[AAln]U[AbL] (48) the spin% casg; since there is, i_n fact, a non.contex—
tual hidden-variables theory for single sp}rpamcles

Egs. (40) and (44) require that and y both be a  that satisfies the-Product Rule [2], there can be no

distance less tham from z, and hence a distance ¢-obstruction for such a case.

less than 2 from each other. But was chosen to

be smaller thanz|/3, and sox and y must both

have absolute value greater than By (46),x = —y, References
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