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Abstract

I Identifying the mechanisms of aftershock generation is an important part in the comprehensive theory of earthquake
physics. The mechanism of aftershock generation remains controversial, and models that yield robust aftershock statistics
are still in development.

I In this work, several possible models are studied in order to reproduce scaling relations of aftershocks, especially the
Gutenberg-Richter law and the Omori’s law. We adopt the basic picture of the spring-block model, and introduce the
crustal relaxation process during the stress redistribution and the global loading. This is implemented by incorporating
viscoelastic interactions in the system: the viscoelastic transmission and the viscoelastic driving.

I The viscoelastic transmission mechanism features an instantaneous response of the stress transmission, which
immediately leads to an avalanche followed by the relaxation. The viscoelastic driving mechanism features an
instantaneous stress drop, which is later partly restored by the crustal relaxation. We combine the two mechanisms, and
find that the dynamics of the system is determined by three parameters, the elastic transmission parameter α, the
relaxation time of the viscoelastic driving τL, and the relaxation time of the viscoelastic transmission τ . Different with the
elastic spring-block model, avalanches can be triggered either by the global loading or by the relaxation in this combined
viscoelastic spring-block model. The triggering of aftershocks by relaxation depends on the competing of the two
mechanisms, more specifically, by the ratio of τL and τ . When τ < τL, aftershocks can be triggered by the relaxation
process.

Introduction

Modelling of the earthquake dynamics
I The dynamics of earthquake faults can be effectively modelled by a spring-block system, as first proposed by Burridge

and Knopoff (1967). In a two-dimensional spring-block system, two of Earth’s plates moves slowly relative to each other.
A portion of the crust, which is modelled by an array of blocks, is caught between these two plates. The blocks are
interconnected by Newton springs. The blocks are also attached to the top plate with leaf springs, which models the
tectonic driving force. The frictional force is applied on the blocks by the bottom plate. The top plate moves with a
constant velocity, thus the potential energy of the leaf springs will gradually build up. When the force from the leaf springs
overcomes the frictional force, the corresponding block(s) will start to move with energy released, which is an earthquake.

I The Olami-Feder-Christensen(OFC) model is a cellular-automata equivalent of the two-dimensional spring-block model.
The OFC model exhibits the power law scaling of the frequency magnitude distribution, and physically explains the varying
b-value of the Gutenberg-Richter law. The aftershock and foreshock sequences generated by the OFC model decay with
time in a power-law form, which is consistent qualitatively with the Omori’s law and the inverse Omori’s law. However, the
power law exponents predicted from the OFC model simulation are smaller than the observation [Hergarten et al. 2004].

Problems
I The quantitative difference between the OFC model and the realistic seismicity may be due to the oversimplified setup of

the spring-block model (thus the OFC model as well), which might fail to catch some physical essence of the earthquake
dynamics. In particular, the interactions of the spring-block system are purely elastic, which means the stress transfer is
finished instantaneously. The rheology of the fault zone, which plays an important rule in the earthquake dynamics, is
thus neglected.

Previous studies
I Several studies are undertaken to incorporate the crustal relaxation process. Nakanishi et al.(1992) propose viscous fluid

driving mechanism. Yoshino (1998), Hainzl et al.(1999) and Kenner and Simons (2005) introduce the viscoelasticity
relaxation in the system. Jagla (2010a, 2010b) applies a standard first-order relaxation equation in a modified OFC
model. The realistic seismicity feature of the aftershocks can be partially achieved.

Goal
I The goal of our project is to develop numerical models of earthquakes that incorporate the mechanism for the generation

of aftershocks. Several possible models proposed and examined whether being capable of reproducing scaling relations
of aftershocks. We adopt the physical setting of the spring-block model, and introduce the crustal relaxation process
during the stress redistribution and the global loading. This is implemented by combining viscoelastic interactions in the
system: the viscoelastic transmission and the viscoelastic driving.

Model setup: a 1D sketch

In a two dimensional Burridge-Knopoff model, the equation of motion of a block (i , j) is given as

m
d2ri,j

dt2 = Fi,j + Ff where Fi,j = FL + FNN (1)

where m is the mass of block (i , j), ri,j = (xi ,j, yi ,j) is the displacement of the block from the equilibrium position,
Fi,j = (F x

i ,j,F
y
i ,j) is the elastic force applied on the block by the springs connected to it, and Ff is the friction force between

the block and the fixed bottom plate. FL = (−KLvpt ,0) is the external driving force (note that the top plate moves along the
x−direction).
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OFC model: a cellular automata realization of the spring-block model

The simulation of the OFC model serves as benchmark calculations in our study.
I Setup: The system contains a two dimensional array of blocks, forming a L × L square lattice. The blocks are

interconnected with springs and the spring constant is K . The leaf springs, which connect the blocks and the moving
plate, have a spring constant KL. We define a static friction force threshold Fth between the blocks and the bottom plate.
Through analytical derivations of the elastic system, the transmission parameter of this system is α = K

KL+4K (so
0 < α ≤ 0.25). The corresponding cellular-automata rules are shown below.

I Initialization. The stress of each block is set up randomly between [0,Fth] at the beginning of the simulation.
I Redistribution. If the stress of any block (i , j) reaches the threshold Fi ,j ≥ Fth, the block (i , j) will slip to a zero force

position and transfer the stress to its four nearest neighbours. Fi ,j ,0 denotes the stress of the block (i , j) at the onset of the
slip. The change of the stress of the slipping block and its nearest neighbours is described as:

∆Fi ,j = −Fi ,j ,0, (2)
∆Fi±1,j = ∆Fi ,j±1

= αFi ,j ,0 (3)

The stress transmission process will be repeated until the stress of all the blocks are below the threshold, which marks
the end of an avalanche.

I Global loading. We sweep the entire lattice to find the maximum stress Fmax (Fmax < Fth), and increases the stress of all
sites by Fth − Fmax. Return to the redistribution step.

Viscoelastic transmission

I We consider the stress transfer between blocks being time-dependent, and analyze the cellular-automata rules under this
situation.

I The blocks are interconnected by Kelvin-Voigt elements, in which a spring (with elastic constant K ) and a dashpot (with
viscosity η) is connected between two blocks in parallel. We define a relaxation time scale τ = η/K , then the system has
two tuneable parameters α and τ . Through analytical derivations, the stress transfer during the slip is in a time-decaying
form. If a block (i , j) reaches the threshold, it will slip to a zero force position and we have

∆Fi ,j = −Fi ,j ,0 (4)

∆Fi±1,j = ∆Fi ,j±1 = αFi ,j ,0 + (
1
4
− α) exp(− t

τα
)Fi ,j ,0 (5)

I At the onset of the slip process, the stress of the toppled site drops to zero and transfers to its nearest neighbours, which
is identical to the OFC model with α = 0.25. Then the sites involved in this transfer undergo a relaxation process.

I Applying the superposition principle, the stress of any site consists a linear superposition of all the decay terms, which are
introduced by multiple relaxation processes.

Viscoelastic driving

I The blocks are driven by the viscoelastic interaction with the moving plate. The Kelvin-Voigt elements attached to the
moving plate have the elastic coefficient KL and the viscosity coefficient ηL. The blocks are still interconnected by springs
with the elastic constant K . We define a relaxation time scale τL = ηL/KL, then the system has two tunable parameters α
and τL. When the block (i , j) becomes critical, we have

∆Fi ,j = −Fi ,j ,0 (6)
∆Fi±1,j = ∆Fi ,j±1

= αFi ,j ,0[1 − exp(− 1
τL(1 − 4α)

t)] (7)

I When the slip initiates, the stress of the toppled site drops to zero immediately. However, the stress is not transferred
instantaneously to the nearest neighbouring sites. Instead, the stress is acquired in the relaxation process. In this case,
the avalanche can not be seen as instantaneous.

Extended viscoelastic driving

I The viscous elements now satisfy σ = η(dr
dt )a where a > 1, which exhibits a non-Newtonian fluid characteristic. So the

stress redistribution rules are given as

∆Fi ,j = −KL∆ri,j − 4K ∆ri,j − 2a+1η(
d∆ri,j

dt
)a

= −Fi ,j ,0 (8)

∆Fi±1,j = ∆Fi ,j±1 = K ∆ri,j + η(
d∆ri,j

dt
)a

=
KFi ,j ,0

KL + 4K
+ (η − 2a+1ηK

KL + 4K
)[(

Fij ,0

2a+1η
)1−1/a − KL + 4K

2a+1η
(1 − 1

a
)t ]

1
1−1/a (9)

Combination of viscoelastic driving and transmission

I The blocks are interconnected with viscoelastic elements, and the blocks are attached to the top plate with viscoelastic
elements. The stress transfer rules becomes

∆Fi ,j = −Fi ,j ,0 (10)
∆Fi±1,j = ∆Fi ,j±1

= αFi ,j ,0 + (
ατ

(1 − 4α)τL + 4ατ
− α)Fi ,j ,0 exp(− 1

(1 − 4α)τL + 4ατ
t) (11)

I At t = 0 an instantaneous avalanche is triggered with a transmission parameter that differs from α, followed by the
relaxation.

I When τ < τL, FNN is monotonically increasing and aftershocks can be triggered by the relaxation process.

Numerical simulation
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Conclusion and outlook

I The combination of viscoelastic transmission and driving mechanism introduces a relaxation process during the stress
redistribution, and is able to trigger aftershocks.

I Slow (metastable) global loading overlapping with the relaxation process yields a power law frequency magnitude
distribution, which can be altered by the fast global loading.

I When the relaxation process overlaps with the global loading, the aftershock sequence yields a power law decay with
time.

I Outlook: To achieve more realistic description of the rheology, we will extend the viscoelastic elements of the system with
the standard linear solid or the Burgers material.
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