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Under mild cc‘ﬂfnditions on X we have X” = X, or

gl = sup { [ g1 dx 1 < 1}

The down spﬂsce 'X-down’ is given by the restricted norm

lgllxs = sup {f Ig|fd\:|fllx <1andfis non-increasing}
R

Applications: Study of weighted norm inequalities, describe the
dual of Lorentz spaces and study of Cesaro spaces given by the
norm [l = 12 JXF(t)] dtllx Whenever f(x) — 1 [Xf(t) dt is
bounded in X then C(X) ~ X*.
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DOWN SPACES - CALDERON COUPLES

Recall the K—functional for a compatible couple (X;,X;) is
K(x,t, X1,X2) = inf {||Xa]|x, + tl|Xa|lx, : X = X1 + X2 }. Over [0, 00) with
the Lebesgue measure for X; = L', X, = L°°.
IKUJ¢1U”——ﬁf*
m K(f,t (L) (L)) = fofe.
o -~
leL«))JWU)zdmﬂfﬂzkﬁ
And we have a complete description of the interpolation spaces,
in terms of the rearrangement invariant spaces
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Definition: An Ordered core is a totally ordered subset A of ¥,
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Examples:

mS=(0,00): A= {(0,x] : x > 0} (usual order)

m S metric measure space: A= {B(a,r):r >0} forfixedae$S
Deﬁnition- A positive measurable function is core-decreasing if

2. fisconstantin each gap

ifxeEandy ¢ E, f(x
VE € A
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Questions

. What is the relation with the down spaces over [0, >0)?
. Do we have a level function 'f°’?
. What is the dual (associate space) of X+?

s (LL, (Lff)i) a Calderén Couple?

> W N A
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RELATION WITH [O, OO) AND THE LEVEL FUNCTION

Every ordered core induces a Borel measure X on [0, o0) and
maps
L1 Loo 4 L} L1 Loo 1
o + ( I ) Q A +( A )
N e— N
Over S Over [0,00)
With properties
m ||[Rh||;» < |lh||;1, ||Rh < |lh , same for Q.
IRl < 1l (R ey < ]y Q
m RQ = Id but QRh = h may fail, the functions are
indistinguishable in terms of the core elements but not
equal.
m Core-decreasing functions on S and decreasing functions on
[0, 0) are in bijective correspondence via R, Q.
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Theorem

Let X be a rearrangement invariant Banach function space over
(S, ) and A be an ordered core then

Ifllxs = 1F°x-




DUAL SPACES
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We define the least core decreasing majorant of f as follows:

f(s) = sup[f(t)|-
teLs

In the case of [0,00) with usual core

p N Ls = [0,s) and f(s) = sup If(t)]

Theorem (Duality)

Let |fllx = [Ifllx, then (X)" = X".
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INTERPOLATION OF DOWN SPACES

For the couples (L', (L% ) and its dual LT L%°):
o \=p (R’

Theorem (K-functional)
K(f,t, L0, (L°)Y) = J2(Fo4)* and K(f, t, L}, L°) = [2(F)"

Theorem (Exact Calderon couples)

Iff,g € L} + (L5°)* and [1(fo4)* < [%(g°4)* for all t > O then
there exists an admissible contraction T : LL 4= (Lfﬁ)i such that
o] = i

An analogous result holds for the dual couple.

Corollary

Zis an interpolation space of (L}, (Lfﬁ)ﬂ if and only if Z = X! for
some rearrangement invariant space X.




CALDERON COUPLES, CONCLUSION

We have a complete description of the interpolation spaces for
the couples (L},, (Lff)'i) and (L}, Ly?), in terms of the
rearrangement invariant spaces

1
X+ ,(L/OLO>
_o-- 7"
(L) = L ::1--Xo--——,LZO=L°°
oo---"¥%




