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does there exist a constant C such that
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holds forall f € L™.

M. Ruzhansky, D. Verma (2019) Metric measure spaces

Let X be a metric measure space that must admit a polar
decomposition Let 1 < p < g < oo, a € X and weights u,v > 0,
there is C > o such that

] :
( / ( / £(s) d(s)> u(y) dy) <c ( / F(s)Pv(s) ds)
J \eaixi,) g

holds for all f € L if and only if ... conditions u, v.
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ORDERED CORES

Let (S, %, 1) be a o—finite complete measure space.
Definition: An Ordered core is a totally ordered subset A of ¥,
satisfying u(E) < oo forall E € Aand S = UyE, for some {Ep} € A.
Examples:

m S=(0,00): A= {(0,X] : x >0} (Hardy: f — [f).

m S metric measure space: A= {B(a,r):r >0} forfixedae$S
Definition: A positive measurable function is core-decreasing if
1. 2. fis constant in each gap

ifxcEandy ¢E, f(x) > f(y)
VE € A
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RELATION WITH [O, oo) AND THE LEVEL FUNCTION

Every ordered core induces a Borel measure X on [0, o0) and
maps
L+ (L) —— 14 ()
o + ( I ) Q A +( A )
N e— N
Over S Over [0,00)
With properties
m ||[Rh||;» < |lh||;1, ||Rh < |lh , same for Q.
IRl < 1l IRAI ooy < Lo Q
m RQ = Id but QRh = h may fail, the functions are
indistinguishable in terms of the core elements but not
equal.
m Core-decreasing functions on S and decreasing functions on
[0, 0) are in bijective correspondence via R, Q.




RESULT IN HARDY INEQUALITIES

Theorem: Here S a metric measure space, p € (1,00),q > O

If a € Sand p(B(a,s)) < oo forall s € S, where
B(a,s) = {t e S:d(a,t) <d(a,s)}. Then, the Hardy inequality

q 1

/ / f)duly) | u)du(x)| <cC (/fpV(X) dM(X))
(a,s)

S

holds for some C > o if and only if

A

% p’
SUPs£q { ( S/ udu> ( [ VP du> } < o0, forp < g and
S\B(a,s) B(a,s)

r
p’

f( J Udu>p< v pdﬂ) u(s) du(s) < oo, for g < p,
B(a,s)




DOWN SPACES WITH ORDERED CORES

For an LP space over (S, 1) define the norms
\|f||(Lp)¢ =sup$ [|flgdu:|igll,» <1andgis core-decreasing}.
s
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For an LP space over (S, 1) define the norms
\|f||(Lp)¢ = sup {f Iflgdu:||g]l,» <1andgis core-decreasing}.
s

Examples: (L)* = L, but L C (L)%,

Questions

1. What is the relation with the down spaces over [0, 00)?
2. Can we give a better description of the '"down’-norm?
3. What is the interpolation structure of the spaces

(LL, (LZO)¢>?. Is this a Calderon Couple?
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GENERAL VS HALF-LINE DOWN SPACES

Recall the induced Borel measure X on [0, c0) and the maps

R
Lo+ (L) —g ™ By
+— \\_/

Over S Over [0,)
With properties
= [Rhll, < (1Al [RA s < 0],y same for Q.

Theorem

For any f, there exists a non-negative core decreasing function f°
such that HfII(Lp )= HfO”LZ' We call f° the level function of f.
i

| y
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LEVEL FUNCTION

Over [0, 00) for f € L} + (L)* there is a decreasing (usual sense)
function f° satisfying

[ faus [ foduw>o
[0,X] [0.x]
and if g is decreasing and satisfies [ fdu < [ gdu,Vx >0,

[0,x] [0,x]

then
/f"dué /gdu,VX>0

[0.x] [0.X]

We use the operators R and Q to lift the level function Definition:
For f € L)+ we define the level function f° relative to the core A

by = ((R())°).
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DOWN SPACES - CALDERON COUPLES

Recall the K—functional for a compatible couple (X;,X;) is
K(x,t,X1,X2) = inf {|[X4]|x, + t]|X2]lx, : X = X1 + X2}. Over [0, c0) with
the Lebesgue measure for X; = L', X, = L°°.

m K(f,t, L', L) = [if*.
And we have a complete description of the interpolation spaces,
in terms of the rearrangement invariant spaces due to Calderon

Theorem (Calderon)

The interpolation spaces of L', L> are exactly the rearrangement
invariant spaces.




INTERPOLATION OF DOWN SPACES

For the couple (LL, (Lfﬁ)¢>:

Theorem (K-functional)
K(F,t, L (L20)) = [0




INTERPOLATION OF DOWN SPACES

For the couple (LL, (Lfﬁ)¢>:

Theorem (K-functional)

K(F. 1,10, (L2)Y) = [5(f0)"

Theorem (Exact Calderon couples)

Iff,gel, + (Lfﬁ)i and [1(f°)* < Ji(g°)* forall t > o then there
exists an admissible contraction T : L}, + (Lfﬁ)i such that Tg = f.

An analogous result holds for the dual couple.

Zis an interpolation space of (L}, (Lff)i) if and only if Z = X* for
some rearrangement invariant space X.

Corollary



CALDERON COUPLES, CONCLUSION

We have a complete description of the interpolation spaces for
the couples (L},, (Lff)'i) and (L}, Ly?), in terms of the
rearrangement invariant spaces

1
X+ ,(L/OLO>
_o-- 7"
(L) = L ::1--Xo--——,LZO=L°°
oo---"¥%
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