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Weighted Hardy inequalities

Fix p > 1 and ¢ > 0. For which measurable weight functions u, v does there exist
a constant C' such that

( s ( [ st d<s))q u() dxf‘ < ( [ frts ds>;

holds for all f € LT.
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|
Weighted Hardy inequalities

Fix p > 1 and ¢ > 0. For which measurable weight functions u, v does there exist
a constant C' such that

( s ( JRCIC d(s))q u() dx)é <0 ( [ frts d8>;

holds for all f € L.

M. Ruzhansky, D. Verma (2019) Metric measure spaces

Let X be a metric measure space that must admit a polar decomposition Let
1<p<qg< oo, a€ X and weights u,v > 0, there is C > 0 such that

(J </B(a,z|a> 48 d(8)>q“(x) dz E =© ()[f(w)”v(:c) dz

holds for all f € LT if and only if ... conditions u,v.
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NN
Ordered cores
Let (S, %, 1) be a o—finite complete measure space.
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Ordered cores

Let (S, %, 1) be a o—finite complete measure space.

Definition: An Ordered core is a totally ordered subset A of ¥, satisfying
w(E) < oo forall E€ Aand S=U,E, for some {E,} € A
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Ordered cores

Let (S, X%, 1) be a o—finite complete measure space.
Definition: An Ordered core is a totally ordered subset A of ¥, satisfying

u(E) < oo forall E € Aand S =U,E, for some {E,} € A
Examples:

S =(0,00): A={(0,2]: x>0} (Hardy: f— [ f).
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Ordered cores

Let (S, X%, 1) be a o—finite complete measure space.
Definition: An Ordered core is a totally ordered subset A of ¥, satisfying

u(E) < oo forall E € Aand S =U,E, for some {E,} € A
Examples:

S =(0,00): A={(0,2]: x>0} (Hardy: f— [ f).
S metric measure space: A = {B(a,r) :r > 0} for fixed a € S
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Ordered cores

Let (S, X%, 1) be a o—finite complete measure space.
Definition: An Ordered core is a totally ordered subset A of ¥, satisfying

u(E) < oo forall E € Aand S =U,E, for some {E,} € A
Examples:

S =(0,00): A={(0,2]: x>0} (Hardy: f— [ f).

S metric measure space: A = {B(a,r) :r > 0} for fixed a € S
Definition: A positive measurable function is core-decreasing if
1. 2. [ is constant in each gap

Y

freFandy ¢ FE, f(x) > f(y)
VE € A
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|
Induced measure on [0, c0)

Every ordered core induces a Borel measure A on [0, 00) and maps R, Q:

fe L, (S p)

Properties:

R Ql @ RQ =y

) QRf /£ f in general

g € L ([050),\) O Q and R preserve monotonicity.

loc

@) QRf = fif fis core-decreasing
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Result in Hardy inequalities

Theorem: Here S a metric measure space, p € (1,00),q > 0

If a € S and p(B(a,s)) < oo for all s € S, where
B(a,s) ={t € S :d(a,t) < d(a,s)}. Then, the Hardy inequality

1

(f ( ) dﬂ(?/)) u(s) du(s)> <C (f fPo du) " holds for some C > 0
S \B(a,s) S

a P
if and only if sup_, ( Ik udu) ( [ ot du) < oo, for p<gq
S\B(a,s) B(a,s)

T

and [ < Ik ) udu) : (B(f v1=? du) ’ u(s) du(s) < oo, for g < p,

S a,s)
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Associated function spaces

For an LP space over (5, 11) define the norms
[ fll ey = sup {f Iflgdp :|lgll»r <1andgis core—decreasing}.
5
+ 0 oo\t
Examples: (L))" = L, but L7* C (Ly°)™:
_ 1 )
11l gpy = 500 { iy S fie: E € A}
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Associated function spaces

For an LP space over (5, 11) define the norms
[ fll ey = sup {g Iflgdp :|lgll»r <1andgis core—decreasing}.
Examples: (L%)" = L but L ¢ (L)":
11l gpy = 500 { iy S fie: E € A}
Questions:
1. What is the relation with the down spaces over [0, 00)?

2. Can we give a better description of the 'down’-norm?

3. What is the interpolation structure of the spaces (L}“ (L,‘j")i )?. Is this a
Calderén Couple?
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General measures vs half-line down spaces

Recall the induced Borel measure A on [0, 00) with the maps R, Q
Properties

v oo @)+
;e LLS)+ (L(S)) @ IR 100 < Iflliycs)
' ||Rf||(L§o(07oo])¢ < ”fH(Lff’(S))i

R Q Lifting operators
@ Tf=QoToRf

For an operator T’

g € Li[0,00) + (L3[0,00))"
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|
General measures vs half-line down spaces

Recall the induced Borel measure A on [0, 00) with the maps R, Q
Properties

fe L9+ (Lr9) @ RSl 000 < Ilzics)

R Q Lifting operators
@ Tf=QoToRf

For an operator T’

g € Li[0,00) + (L3[0,00))"

For any f, there exists a non-negative core decreasing function f° such that
£l zzye = I°llzz. We call f© the level function of f relative to the core A.
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NN
Interpolation of down spaces

Recall the K —functional for a compatible couple (X1, X3) is
K(z,t, X1, Xp) = inf{[|z1]|x, + tlle2]lx, : @ = 21 + 22}
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|
Interpolation of down spaces

Recall the K —functional for a compatible couple (X1, X3) is
K(w,t, X1, X2) = {21 ] x, + tzallx, : @ = 21 + 22},

Theorem (K-functional)

K(f,t,LL, (L)) = Ji(fo)"
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Interpolation of down spaces

Recall the K —functional for a compatible couple (X1, X3) is
K(IataleXQ) = inf{”xl”Xl + t”‘rQ”Xz ‘T =w1+ IQ}'

Theorem (K-functional)

K(f,t, L%, (L)) = i)

Theorem (Exact Calderén couples)

If f,g €L, + (ij’)i and [[(f°)* < [n(g°)* for all t > 0 then there exists an
admissible contraction T': L, + (Lff)l such that Tg = f.

An analogous result holds for the dual couple.

Z is an interpolation space of (L, (Lff)i) if and only if Z = X' for some
rearrangement invariant space X.
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Calderén couples, conclusion

We have a complete description of the interpolation spaces for the couples
(L}, (L)) and (L}, Le?), in terms of the rearrangement invariant spaces

oo\ 4+

X+ ”(Lu)

_e--"~ -

(Llli)i: le:::_X.____LZO:Loo
— ”‘X
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Thank you!
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