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Let (S, %, \) be a o—finite complete measure space.
Definition: An Ordered core is a totally ordered subset A of ¥,
satisfying \(E) < oo forall E € A.
Examples:
m S=(0,00): A= {(0,x] : x > 0} (Hardy operator f(x) — [f)
m S metric measure space: A= {B(a,r):r >0} forfixedae$S
Definition: A positive measurable function is core-decreasing if
1. 2. fis constant in each gap

ifxcEandy ¢E, f(x) > f(y)
VE € A




CONSTRUCTIONS WITH MONOTONE FUNCTIONS

Version in (0, c0) with Lebesgue measure.
Least decreasing majorant Level function

f(x) = supysx f(¥) fo(x) = & (least concave maj [ f)




CONSTRUCTIONS WITH MONOTONE FUNCTIONS

Version in (0, c0) with Lebesgue measure.

Least decreasing majorant

Level function

f(x) = Supyzxf(y)

> fg =
sup{Jo"fh: [oh < [Jg}

g and h are positive

fo(x) = & (least concave maj [ f)

fooofog:
sup{ o fh: Joh <[5 g}

g and h are decreasing




CONSTRUCTIONS WITH MONOTONE FUNCTIONS

Version in (0, c0) with Lebesgue measure.

Least decreasing majorant

Level function

f(x) = Supyzxf(y)

> fg =
sup{Jo"fh: [oh < [Jg}

g and h are positive

fo(x) = & (least concave maj [ f)

fooofog:
sup{ o fh: Joh <[5 g}

g and h are decreasing

Version in (S, X, )\)

Least C.D majorant

Level function

f

fe4




CONSTRUCTIONS WITH MONOTONE FUNCTIONS

Version in (0, c0) with Lebesgue measure.

Least decreasing majorant Level function
f(x) = supysx f(¥) fo(x) = & (least concave maj [ f)
fooc}g - o0 X X fOOOfog B o0 X X
sup{[°fh JXh < [Xg) sup{ [ fh: JXh < [Xg)
g and h are positive g and h are decreasing
Version in (S, X, )\)
Least C.D majorant Level function
f 7=
JsFga = Jsfigdr =
sup{[sfh: [{h < [¢g,VE € A} sup{[sfh: [fh < [;9.VE € A}
g and h are positive g and h are core-decreasing
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For p € [1,00], the ‘Down space’ (Lf)* is defined by the norm

HfH(L;;H = sup {/5 IflgdA: HgHLi, <1and core—decreasing}

_ 04
= [If°4p

The space Lﬁ’ is defined by the norm HgHL; =gl p-
A

P p p
We have: Lf C Lf C (L)
Duality:
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POSSIBLE APPLICATIONS

m Boundedness of Abstract Hardy operator L' — L9, g € (0,1):
Consider B: Y — ¥ a map whose image is an ordered core.
The kernel R(y,s) = xp(y)(S) is core-decreasing in s.
Characterization of C for the inequality
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Characterization of C for the inequality

q 1/q
( / ( / f(s)dA(s)) du(v)) <C / fwdA
v \/Bw) s

m Interpolation of (L}, (L5°)*) and (’-NL L)
(L5)*

X)» -




