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Previous results

Hardy integral inequality (1925)
2 1/p
For f >0, p>1, (fooo (%fomf(s)ds> dx) 2 (% I fp(s)ds> :

One consequence: If g(z) = [ f(t) dt, then ||g )||Lp < 5 ll9'llze . Thus if
g € Wi([0,00) then z g( )z € Lp.

=

Weighted Hardy inequality
Fix p € [1,00), q € (0,00), characterize the best constant C:
1

<f0°° (1 1as) vt dm>q < o1 o ds)””, vz o.

Example: If ¢ <p and p > 1 then

C = ( I < Iy ul—p’<s)d8> o < e v(s)ds) T/pv(x) dx) %.
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Abstract Hardy inequalities

More Hardy operatorS'
(Measures): H f fdv, (Dual): Hf(z)= [ fdv.

[0,] [06 0)

(Sequences): H f(n [ f] fdf#t =30 f(n).
0,n
(Higher dimensions): Hf(xz) = [ f(s)ds, where

B(jal)
B(lz]) = {y e R" : [y| < |[}.
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Abstract Hardy inequalities

More Hardy operatorS'
(Measures): H f fdv, (Dual): Hf(z)= [ fdv.
[0,z] [00 o)

(Sequences): Hf(n) = [ fd# =37 f(n).

[0,n]

(Higher dimensions): Hf(xz) = [ f(s)ds, where
B(lx])

B(lz|) ={y € R": |y[ < |z}
Definition (Abstract Hardy inequality) [Sinnamon 2022] Fix p > 1 and ¢ > 0.
Let (Y,7,7) and (U, X, ) be o-finite measure spaces. A map B :Y — ¥ such
that the range is totally ordered and p(B(y)) < oo. Does there exist a constant

C such that
q /a 1/p
(/ ([ ran) dr(y)) <c( [ rran)
v \ /b v

holds for all f € Lf?
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Abstract Hardy inequalities

More Hardy operatorS'
(Measures): H f fdv, (Dual): Hf(z)= [ fdv.
[0,2] [w o)
(Sequences): Hf(n) = [ fd# =37 f(n).
[0,n]
(Higher dimensions): Hf(xz) = [ f(s)ds, where
B(lx])
B(lz|) ={y € R": |y[ < |z}
Definition (Abstract Hardy inequality) [Sinnamon 2022] Fix p > 1 and ¢ > 0.
Let (Y,7,7) and (U, X, ) be o-finite measure spaces. A map B :Y — ¥ such
that the range is totally ordered and p(B(y)) < oo. Does there exist a constant

C such that
q /a 1/p
(/ (/ fau) dr(y)) sc(/fpdn)
v \ /b v

holds for all f € L ? s f— Hf where Hf(y fB )fdu bounded from
Ly —L17
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Monotone functions

Let (U,X, 1) be a o—finite measure space. We assume no order.

Definition: An ordered core is a totally ordered subset A of ¥ (If A, B € A then
A C Bor B C A), containing ) and satisfying u(E) < oo for all E € A and
UA = U,E, for some {E,} € A.

Definition: A positive o(A)-measurable function is core-decreasing if
1. 2. fis constant in each gap

oY

freFandy ¢ E, f(x) > f(y)
VE € A
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Examples

For an abstract Hardy inequality

1 /e 1/p
(fy <f3(y) fdﬂ> dT(ZJ)) < C(fU IP d77> , the collection

{B(y) : y € Y} induces an ordered core.
More examples

1. Let U = [0,0), p the Lebesgue measure. The core A = {[0,x] : > 0}.
Note o(A) is the Borel o-algebra. f is core decreasing if for each E = [0, ¢],
2 € [0, and y ¢ [0,1] then f(y) < f(x). (Hardy B(z) = [0,1])
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Examples

For an abstract Hardy inequality

(fy o) dr(y>> "

{B(y) : y € Y} induces an ordered core.

More examples
1. Let U = [0,0), p the Lebesgue measure. The core A = {[0,x] : > 0}.
Note o(A) is the Borel o-algebra. f is core decreasing if for each E = [0, ¢],
2 € [0, and y ¢ [0,1] then f(y) < f(x). (Hardy B(z) = [0,1])
2. Let U = [0,00), i the Lebesgue measure. The core
A={[0,n] : n € N*}. Now o(A) is strictly smaller than the Borel
o-algebra. f is core decreasing if x <y implies f(y) < f(z) and [ is
constant on each set (n — 1,n]. (Hardy B(n) = [0,n])

1/p
< C’(fU fP dn) , the collection
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Examples

For an abstract Hardy inequality

(fy o) dr(y>> "

{B(y) : y € Y} induces an ordered core.
More examples

1. Let U = [0,0), p the Lebesgue measure. The core A = {[0,x] : > 0}.
Note o(A) is the Borel o-algebra. f is core decreasing if for each E = [0, ¢],
z € [0,¢] and y & [0, ] then f(y) < f(z). (Hardy B(z) = [0,z])

2. Let U = [0,00), i the Lebesgue measure. The core

A={[0,n] : n € N*}. Now o(A) is strictly smaller than the Borel
o-algebra. f is core decreasing if x <y implies f(y) < f(z) and [ is
constant on each set (n — 1,n]. (Hardy B(n) = [0,n])

3. Let U = RY, p satisfying p(B[0;7]) < oo for each 7 > 0. The core

A ={B[0;r] : r > 0}. Again o(A) is strictly smaller than the Borel
o-algebra. f is core decreasing if it is radially decreasing. (Hardy

B(r) = B[0;r])

1/p
< C’(fU i dn) , the collection
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Maps between ordered cores

Definition: A map r: A — X is a core morphism if: 1. 7(r(0)) = 0.
2. There exists ¢ > 0: 7(r(B) \ 7(A4)) < cu(B\ A) for all A, B € A.
3. If AC B then r(A) C r(B) forall A,B € A.
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Maps between ordered cores
Definition: A map r: A — X is a core morphism if: 1. 7(r(0)) = 0.

2. There exists ¢ > 0: 7(r(B) \ 7(A4)) < cu(B\ A) for all A, B € A.
3. If AC B then r(A) C r(B) forall A,B € A.

Theorem [Sinnamon, S.- 2024]

Given a core morphism 7 : A — ¥, there exists a linear map R: L, 5 — Li,c 4
such that

/Rfdp: fdr, VA€ A.
A r(A)

(U7 E, 12 A) > Lioc,A
r TR
(Tv T, B) —> LiogB
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Induced measure on the half line

Every ordered core induces a Borel measure A on [0, 00) and maps R, Q:

1
f € LLoc,A

Properties:

R Ql @ RQ =y

) QRf /£ f in general

and R preserve monotonicity.
9 € Li([0.50).) o« P y

@) QRf = fif fis core-decreasing
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Abstract Hardy inequality: The case p # 1

Recall, characterize the best C such that

g /e 1/p
(fy <fB(y) fd,u) dT(ZJ)) < C(fU fP d77> holds for all f > 0.
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Abstract Hardy inequality: The case p # 1

Recall, characterize the best C such that

q 1/q 1/p
(fy <fB(y) fd,u) dT(Z/)) < C(fU id dn) holds for all f > 0.

Step 1: Use the Lebesgue decomposition and Radon-Nikodym to have the

q 1/a 1/p
equivalent inequality (fY (fB(y) fdu) dT(y)) < C(fU fpudu> )
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q 1/a 1/p
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Abstract Hardy inequality: The case p # 1

Recall, characterize the best C such that

q 1/q 1/p
(fy <fB(y) fd,u) dT(l/)) < C(fU fP dn> holds for all f > 0.

Step 1: Use the Lebesgue decomposition and Radon-Nikodym to have the

q a 1/p
equivalent inequality (fY (fB(y) fdu) dT(y)) < C(fU fpudu> )

Step 2: Substitute f = gu1*1’/ where % + 1% =1.

a Ha 1/p
(fy <fB(y) gu'~P d/l) dr(y)> < C’<fU gPul~? dy,) .

Step 3: Use the maps R, ) to find an equivalent Hardy inequality on the half line.
[Sinnamon 2022]

There exists a nonincreasing function b with an equivalent inequality
1/p

/000 (/Ob(y)g(s) ds) qdy <C /000 g (s) ds) , VgelL™.

A. Santacruz (asantacr@uwo.ca) Western University College Station, Texas, July 17, 2024 8/18
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Abstract Hardy inequality: The case p =1

1/q
q
Characterize the best C such that (fy (fB(y) fdu) dT(g/)) <C [, fdn
holds for all f > 0.
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q
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Abstract Hardy inequality: The case p =1

1/q
q
Characterize the best C such that <fy (fB(y) fdu) dT(g/)) <C [, fdn

holds for all f > 0.
Step 1: Use the Lebesgue decomposition and Radon-Nikodym to have the

q /a 1/p
equivalent inequality (fY (fB(y) fdu) dT) < C’(fU fpudu> :

Step 2 (?): Substitute f = gu' " where L + ﬁ =1. But p’ = .
We need a different approach, we will show that the monotonicity of the function
y— fB(y) f dp (core increasing) lets us replace u for a core decreasing

function wu.
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Abstract Hardy inequality: The case p =1

1/q
q
Characterize the best C such that <fy (fB(y) fdu) dT(g/)) <C [, fdn

holds for all f > 0.
Step 1: Use the Lebesgue decomposition and Radon-Nikodym to have the

q /a 1/p
equivalent inequality (fY (fB(y) fdu) dT) < C’<fU fpudu> :

Step 2 (?): Substitute f = gu'~* where L + L = 1. But p/ = .
We need a different approach, we will show that the monotonicity of the function
y— fB(y) f dp (core increasing) lets us replace u for a core decreasing

function wu.
1/q

q
Step 2: Replace u by u, (fy (fB(y) fd,u) dr(y) <C [, fudp.

Step 3: Use the maps R, @ to find an equivalent Hardy inequality on the half line.
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Greatest core decreasing minorant

Definition (pointwise): For u > 0, the function u is the greatest core decreasing

minorant if u(s) < u(s) for almost all s € U and if h(s) < u(s) and h is core
decreasing, then h < u.

NN

3 Original function
[ Greatest decreasing minorant
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Greatest core decreasing minorant

Definition (pointwise): For u > 0, the function u is the greatest core decreasing
minorant if u(s) < u(s) for almost all s € U and if h(s) < u(s) and h is core
decreasing, then h < u.

3 Original function
[ Greatest decreasing minorant

Theorem [S.-2024]

If u>0,
Jyugdp =inf{ [ |ulhdp:he LT (X) and [, hdp> [, gduforall E € A}.

A. Santacruz (asantacr@uwo.ca) Western University College Station, Texas, July 17, 2024 10/18



Transferring monotonicity

Lemma [S.-2024]
The best constant C' in the inequality

1/q
(fy (fB(y) fd,u) dT(y)) < C [;; fudp is the same as the best constant C

q 1/q
in the inequality (fy (fB(y) fdp) d7'> < C [, fudu
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Transferring monotonicity

Lemma [S.-2024]
The best constant C' in the inequality

q 1/q
(fy (fB(y) fd,u) dT(y)) < C [;; fudp is the same as the best constant C

q 1/q
in the inequality (fy (fB(y) fdp) dT) < C [, fudu

Important step: In general R(fu) # R(f)R(u) but R(fu) = R(f)R(u) holds.
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Transferring monotonicity

Lemma [S.-2024]

The best constant C' in the inequality
1/q

q
(fy (fB(y) fd,u) dT(y)) < C [;; fudp is the same as the best constant C

q 1/q
in the inequality (fy (fB(y) fd,u) dT) < C [, fudu

Important step: In general R(fu) # R(f)R(u) but R(fu) = R(f)R(u) holds.
Lemma [S.-2024]

q 1/q
The best constant C in the inequality (fy (fB(y) fd,u> d7'> < C [, fudu

is the same as the best constant C' in the inequality

q 1/q
(f[o,oo) (f[o,y] RfdA) de<y)> < C g ooy RIR(u) dA
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Main result, case p = 1.

Theorem [S.2024]

For (Y,7T,7),(U,%,n), (U,3,v) o-finite and a core map B : Y — X. Let
1N = Nq + s, Where dn, = udp and 1 L . Then the best constant C' in the

inequality y
(/( / fdu)qdr<y>> <c [ tan (1)

Y B(y)

satisfies

/(

Y w(B(2)<u(B(y))

l=
q q

O R (i) o0 B(y) dr(y)) o dT(z)] T g (00),

and
1
C = sup (a(s)> r({yeY:seBy)H, forqel,00).
seU \Y
Where w is the greatest core decreasing minorant. i
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Application: Hardy inequalities over metric measure spaces.

Previous results [Ruzhansky, Verma, Shriwastawa, Tiwari 2019-2024]
- X is a metric measure space, with a borel measure dx admitting a polar

decomposition (X), that is [ fdz = [;° JoBlam £ w)A(r,w) dw, dr.
J ;
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- X is a metric measure space, with a borel measure dx admitting a polar

decomposition (X), that is [ fdz = [;° JoBlam £ w)A(r,w) dw, dr.
J ;

- Examples of spaces with polar decompositions: Euclidean spaces, Homogeneous
Lie groups, Cartan-Hadamard manifolds (complete, simply connected, Riemannian
manifold with non-positive sectional curvature).
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Application: Hardy inequalities over metric measure spaces.

Previous results [Ruzhansky, Verma, Shriwastawa, Tiwari 2019-2024]
- X is a metric measure space, with a borel measure dx admitting a polar
decomposition (X), that is [ fdz = [;° JoBlam £ w)A(r,w) dw, dr.

¥ ;

- Examples of spaces with polar decompositions: Euclidean spaces, Homogeneous
Lie groups, Cartan-Hadamard manifolds (complete, simply connected, Riemannian
manifold with non-positive sectional curvature).

- Fix u,v > 0, then the inequality

(x/ </B[a,z] |f(y)|dy)qu(x) d:c> & < C(X/ 17 o(z) d:c) 1/p

holds for a finite C'if and only if .... (finiteness of single parameter supremum on
u,v or a single integral).
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Application: Hardy inequalities over metric measure spaces.

Previous results [Ruzhansky, Verma, Shriwastawa, Tiwari 2019-2024]
- X is a metric measure space, with a borel measure dx admitting a polar
decomposition (X), that is [ fdz = [;° JoBlam £ w)A(r,w) dw, dr.

¥ ;

- Examples of spaces with polar decompositions: Euclidean spaces, Homogeneous
Lie groups, Cartan-Hadamard manifolds (complete, simply connected, Riemannian
manifold with non-positive sectional curvature).

- Fix u,v > 0, then the inequality

(X/ <L[a,z] |f(y)|dy)qu(x) d:c> e < C(X/ 17 o(z) d:c) 1/p

holds for a finite C'if and only if .... (finiteness of single parameter supremum on
u,v or a single integral).

- Applications to weights (u,v) related to Riezs potentials (inverses of the
fractional Laplacian) to get Hardy-Sobolev inequalities.
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Our contribution. p =1

A = {BlJa;r]: r > 0} is an ordered core, the map B : X — X defined by
B(x) = Bla; |z|] has totally ordered range.
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Our contribution. p =1

A ={Bla;r] : 7 > 0} is an ordered core, the map B : X — X defined by
B(x) = Bla; |z|] has totally ordered range.

Theorem [S.2024]
With hypothesis only on the weights. The best constant in the Hardy inequality

(7 f@mmm)wmwmoqscfﬂwwwwwchL:
B X

X as|],]

1—g

aq

@wwmmmquawwﬂ | for g € (0,1),

IS =

X \z< 42

satisfies C' ~ (f( J

and C = sup,c y (i(m)) ( [ w(t) du(t)) 1/9’ for g € [1,00).

< ot
Where v(x) = ess inf{v(t) : t € Bla; |x|,]}, © <4t means Bla; |z|,] € B(a, [t|)
and Bla; |z|,] = {z € X : dist(a, z) < dist(a, x)}.
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Our contribution, the case p > 1

Theorem [S.2024] Generalizes the previous results in MMS

With hypothesis only on the weights. The best constant in the Hardy inequality
the Hardy inequality

(3{ (B[a;lea] A du(y)) w(@) d“(‘”)> <C<ff z) dp(zx )) holds if

and only if p < g and:

1
supwga{( J wdu>q< i vl_p/d,u>p}<oo,0<q<1<pand
X\Ba;|z],] Bla;|x],]
f< Ik wdu)p( [ - pdu) u(s)du(s) < oo, or 1 < g < p and
X \X\Blas|z|,] Blas|zl,]
J < J wdu)
X\Blas|z|,]

q( [ vtr du) v P (s) du(s) < co. Here
X [as]z],]
1_1

T q P
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Ideas for future work.

Sobolev inequalities

We have Hardy inequalities for more metric spaces (e.g. Riemannian manifolds
instead of Cartan-Hadamard manifolds), does it lead to Hardy-Sobolev type
inequalities?
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(manifold?, group action?).

Function spaces

How do we exploit the flexibility of Hardy inequalities in core sets? (e.g. using
diadic cubes, Morrey spaces (?)).
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Ideas for future work.

Sobolev inequalities

We have Hardy inequalities for more metric spaces (e.g. Riemannian manifolds
instead of Cartan-Hadamard manifolds), does it lead to Hardy-Sobolev type
inequalities? If not for all metric measure space, what structure is needed?
(manifold?, group action?).

Function spaces

How do we exploit the flexibility of Hardy inequalities in core sets? (e.g. using
diadic cubes, Morrey spaces (?)).

Operator theory

Can we extend monotone ‘functions’ to the noncommutative setting? (e.g. von
Neumann algebras with semifinite trace).
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Thank you!
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