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Previous results

Hardy integral inequality (1925)

For f ≥ 0, p > 1,
(∫∞

0

(
1
x

∫ x

0
f(s)ds

)p

dx

) 1
p

≤ p
p−1

(
1
x

∫∞
0

fp(s)ds

)1/p

.

One consequence: If g(x) =
∫ x

0
f(t) dt, then ‖ g(·)

(·) ‖Lp ≤ p
p−1‖g

′‖Lp . Thus if
g ∈ W 1

0 ([0,∞) then x 7→ g(x)/x ∈ Lp.

Weighted Hardy inequality
Fix p ∈ [1,∞), q ∈ (0,∞), characterize the best constant C:(∫∞

0

(∫ x

0
f(s)ds

)q

v(x) dx

) 1
q

≤ C

(
1
x

∫∞
0

fp(s)u(s) ds

)1/p

, ∀f ≥ 0.

Example: If q < p and p > 1 then

C ≈

(∫∞
0

(∫ x

0
u1−p′

(s)ds

)r/p′(∫∞
x

v(s)ds

)r/p

v(x) dx

) 1
r

.
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Abstract Hardy inequalities
More Hardy operators:

(Measures): Hf(x) =
∫

[0,x]

f dν, (Dual): Hf(x) =
∫

[x,∞)

f dν.

(Sequences): Hf(n) =
∫

[0,n]

f d# =
∑n

k=0 f(n).

(Higher dimensions): Hf(x) =
∫

B(|x|)
f(s) ds, where

B(|x|) = {y ∈ Rn : |y| ≤ |x|}.

Definition (Abstract Hardy inequality) [Sinnamon 2022] Fix p ≥ 1 and q > 0.
Let (Y, T , τ) and (U,Σ, µ) be σ-finite measure spaces. A map B : Y → Σ such
that the range is totally ordered and µ(B(y)) < ∞. Does there exist a constant
C such that (∫

Y

(∫
B(y)

f dµ

)q

dτ(y)

)1/q

≤ C

(∫
U

fp dη

)1/p

holds for all f ∈ L+
µ ? Is f 7→ Hf where Hf(y) =

∫
B(y)

f dµ bounded from
Lp
η → Lq

τ ?
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Monotone functions

Let (U,Σ, µ) be a σ−finite measure space. We assume no order.

Definition: An ordered core is a totally ordered subset A of Σ (If A,B ∈ A then
A ⊆ B or B ⊆ A), containing ∅ and satisfying µ(E) < ∞ for all E ∈ A and
∪A = ∪nEn for some {En} ∈ A.

Definition: A positive σ(A)-measurable function is core-decreasing if

E
x

y
1.

if x ∈ E and y /∈ E, f(x) ≥ f(y)

∀E ∈ A

2. f is constant in each gap

gap
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Examples
For an abstract Hardy inequality(∫

Y

(∫
B(y)

f dµ

)q

dτ(y)

)1/q

≤ C

(∫
U
fp dη

)1/p

, the collection

{B(y) : y ∈ Y } induces an ordered core.
More examples

1. Let U = [0,∞), µ the Lebesgue measure. The core A = {[0, x] : x > 0}.
Note σ(A) is the Borel σ-algebra. f is core decreasing if for each E = [0, t],
x ∈ [0, t] and y 6∈ [0, t] then f(y) ≤ f(x). (Hardy B(x) = [0, x])

2. Let U = [0,∞), µ the Lebesgue measure. The core
A = {[0, n] : n ∈ N+}. Now σ(A) is strictly smaller than the Borel
σ-algebra. f is core decreasing if x < y implies f(y) ≤ f(x) and f is
constant on each set (n− 1, n]. (Hardy B(n) = [0, n])
3. Let U = Rd, µ satisfying µ(B[0; r]) < ∞ for each r > 0. The core
A = {B[0; r] : r > 0}. Again σ(A) is strictly smaller than the Borel
σ-algebra. f is core decreasing if it is radially decreasing. (Hardy
B(r) = B[0; r])

A. Santacruz (asantacr@uwo.ca) Western University College Station, Texas, July 17, 2024 5 / 18



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Examples
For an abstract Hardy inequality(∫

Y

(∫
B(y)

f dµ

)q

dτ(y)

)1/q

≤ C

(∫
U
fp dη

)1/p

, the collection

{B(y) : y ∈ Y } induces an ordered core.
More examples

1. Let U = [0,∞), µ the Lebesgue measure. The core A = {[0, x] : x > 0}.
Note σ(A) is the Borel σ-algebra. f is core decreasing if for each E = [0, t],
x ∈ [0, t] and y 6∈ [0, t] then f(y) ≤ f(x). (Hardy B(x) = [0, x])
2. Let U = [0,∞), µ the Lebesgue measure. The core
A = {[0, n] : n ∈ N+}. Now σ(A) is strictly smaller than the Borel
σ-algebra. f is core decreasing if x < y implies f(y) ≤ f(x) and f is
constant on each set (n− 1, n]. (Hardy B(n) = [0, n])

3. Let U = Rd, µ satisfying µ(B[0; r]) < ∞ for each r > 0. The core
A = {B[0; r] : r > 0}. Again σ(A) is strictly smaller than the Borel
σ-algebra. f is core decreasing if it is radially decreasing. (Hardy
B(r) = B[0; r])

A. Santacruz (asantacr@uwo.ca) Western University College Station, Texas, July 17, 2024 5 / 18



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Examples
For an abstract Hardy inequality(∫

Y

(∫
B(y)

f dµ

)q

dτ(y)

)1/q

≤ C

(∫
U
fp dη

)1/p

, the collection

{B(y) : y ∈ Y } induces an ordered core.
More examples

1. Let U = [0,∞), µ the Lebesgue measure. The core A = {[0, x] : x > 0}.
Note σ(A) is the Borel σ-algebra. f is core decreasing if for each E = [0, t],
x ∈ [0, t] and y 6∈ [0, t] then f(y) ≤ f(x). (Hardy B(x) = [0, x])
2. Let U = [0,∞), µ the Lebesgue measure. The core
A = {[0, n] : n ∈ N+}. Now σ(A) is strictly smaller than the Borel
σ-algebra. f is core decreasing if x < y implies f(y) ≤ f(x) and f is
constant on each set (n− 1, n]. (Hardy B(n) = [0, n])
3. Let U = Rd, µ satisfying µ(B[0; r]) < ∞ for each r > 0. The core
A = {B[0; r] : r > 0}. Again σ(A) is strictly smaller than the Borel
σ-algebra. f is core decreasing if it is radially decreasing. (Hardy
B(r) = B[0; r])

A. Santacruz (asantacr@uwo.ca) Western University College Station, Texas, July 17, 2024 5 / 18



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Maps between ordered cores

Definition: A map r : A → Σ is a core morphism if: 1. τ(r(∅)) = 0.
2. There exists c > 0: τ(r(B) \ r(A)) ≤ cµ(B \A) for all A,B ∈ A.
3. If A ⊆ B then r(A) ⊆ r(B) for all A,B ∈ A.

Theorem [Sinnamon, S.- 2024]
Given a core morphism r : A → Σ, there exists a linear map R : L1

Loc,B → L1
Loc,A

such that ∫
A

Rf dµ =

∫
r(A)

f dτ, ∀A ∈ A.

L1
Loc,A

L1
Loc,B

(U,Σ, µ,A)

(T, T , τ,B)

r
R
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Induced measure on the half line

Every ordered core induces a Borel measure λ on [0,∞) and maps R,Q:

f ∈ L1
Loc,A

g ∈ L1
loc([0,∞), λ)

R Q RQg = g

QRf 6 = f in general

QRf = f if f is core-decreasing

Q and R preserve monotonicity.

Properties:
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Abstract Hardy inequality: The case p 6= 1

Recall, characterize the best C such that(∫
Y

(∫
B(y)

f dµ

)q

dτ(y)

)1/q

≤ C

(∫
U
fp dη

)1/p

holds for all f > 0.

Step 1: Use the Lebesgue decomposition and Radon-Nikodym to have the

equivalent inequality
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Y

(∫
B(y)
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B(y)

gu1−p′
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dτ(y)
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(∫
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)1/p

.

Step 3: Use the maps R,Q to find an equivalent Hardy inequality on the half line.

[Sinnamon 2022]
There exists a nonincreasing function b with an equivalent inequality(∫ ∞

0

(∫ b(y)

0

g(s) ds
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dy
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≤ C

(∫ ∞

0

gp(s) ds
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Abstract Hardy inequality: The case p = 1

Characterize the best C such that
(∫

Y

(∫
B(y)

f dµ

)q

dτ(y)

)1/q

≤ C
∫
U
f dη

holds for all f > 0.

Step 1: Use the Lebesgue decomposition and Radon-Nikodym to have the

equivalent inequality
(∫

Y

(∫
B(y)

f dµ

)q

dτ

)1/q

≤ C

(∫
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.

Step 2 (?): Substitute f = gu1−p′ where 1
p + 1

p′ = 1. But p′ = ∞.
We need a different approach, we will show that the monotonicity of the function
y →

∫
B(y)

f dµ (core increasing) lets us replace u for a core decreasing
function u.

Step 2: Replace u by u,
(∫

Y

(∫
B(y)

f dµ

)q

dτ(y)

)1/q

≤ C
∫
U
fu dµ.

Step 3: Use the maps R,Q to find an equivalent Hardy inequality on the half line.
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Greatest core decreasing minorant

Definition (pointwise): For u ≥ 0, the function u is the greatest core decreasing
minorant if u(s) ≤ u(s) for almost all s ∈ U and if h(s) ≤ u(s) and h is core
decreasing, then h ≤ u.

Theorem [S.-2024]
If u ≥ 0,∫
U
ug dµ = inf

{∫
U
|u|h dµ : h ∈ L+(Σ) and

∫
E
h dµ ≥

∫
E
g dµ for all E ∈ A

}
.
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Transferring monotonicity

Lemma [S.-2024]
The best constant C in the inequality(∫

Y

(∫
B(y)

f dµ

)q

dτ(y)

)1/q

≤ C
∫
U
fu dµ is the same as the best constant C

in the inequality
(∫

Y

(∫
B(y)

f dµ

)q

dτ

)1/q

≤ C
∫
U
fu dµ

Important step: In general R(fu) 6= R(f)R(u) but R(fu) = R(f)R(u) holds.

Lemma [S.-2024]

The best constant C in the inequality
(∫

Y

(∫
B(y)

f dµ

)q

dτ

)1/q

≤ C
∫
U
fu dµ

is the same as the best constant C in the inequality(∫
[0,∞)

(∫
[0,y]

Rf dλ

)q

dθ(y)

)1/q

≤ C
∫
[0,∞)

RfR(u) dλ
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Main result, case p = 1.

Theorem [S.2024]
For (Y, T , τ), (U,Σ, µ), (U,Σ, ν) σ-finite and a core map B : Y → Σ. Let
η = ηa + ηs, where dηa = udµ and ηs ⊥ µ. Then the best constant C in the
inequality (∫

Y

( ∫
B(y)

f dµ

)q

dτ(y)

)1/q

≤ C

∫
U

f dη, (1)

satisfies

C ≈

[∫
Y

( ∫
µ(B(z))≤µ(B(y))

R

(
1

u

)
◦µ◦B(y) dτ(y)

) q
1−q

dτ(z)

] 1−q
q

, for q ∈ (0, 1),

and
C = sup

s∈U

(
1

u
(s)

)
τ ({y ∈ Y : s ∈ B(y)})1/q , for q ∈ [1,∞).

Where u is the greatest core decreasing minorant.
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Application: Hardy inequalities over metric measure spaces.

Previous results [Ruzhansky, Verma, Shriwastawa, Tiwari 2019-2024]
- X is a metric measure space, with a borel measure dx admitting a polar
decomposition (λ), that is

∫
X
fdx =

∫∞
0

∫
∂B[a;r]

f(r, ω)λ(r, ω) dωr dr.

- Examples of spaces with polar decompositions: Euclidean spaces, Homogeneous
Lie groups, Cartan-Hadamard manifolds (complete, simply connected, Riemannian
manifold with non-positive sectional curvature).
- Fix u, v > 0, then the inequality(∫

X

(∫
B[a,x]

|f(y)| dy
)q

u(x) dx

)1/q

≤ C
(∫

X

|f |p v(x) dx
)1/p

holds for a finite C if and only if .... (finiteness of single parameter supremum on
u, v or a single integral).
- Applications to weights (u, v) related to Riezs potentials (inverses of the
fractional Laplacian) to get Hardy-Sobolev inequalities.
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Application: Hardy inequalities over metric measure spaces.

Previous results [Ruzhansky, Verma, Shriwastawa, Tiwari 2019-2024]
- X is a metric measure space, with a borel measure dx admitting a polar
decomposition (λ), that is

∫
X
fdx =

∫∞
0
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∂B[a;r]

f(r, ω)λ(r, ω) dωr dr.
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Our contribution. p = 1

A = {B[a; r] : r > 0} is an ordered core, the map B : X → Σ defined by
B(x) = B[a; |x|] has totally ordered range.

Theorem [S.2024]
With hypothesis only on the weights. The best constant in the Hardy inequality(∫

X

( ∫
B[a;|x|a]

f(y) dµ(y)

)q

ω(x) dµ(x)

) 1
q

≤ C
∫
X
f(x)v(x) dµ(x), ∀f ∈ L+

µ

satisfies C ≈

(∫
X

( ∫
z≤Ax

1
v (x)ω(x) dµ(x)

) q
1−q

ω(z) dµ(z)

) 1−q
q

, for q ∈ (0, 1),

and C = supx∈X

(
1
v (x)

)( ∫
x≤At

ω(t) dµ(t)

)1/q

, for q ∈ [1,∞).

Where v(x) = ess inf{v(t) : t ∈ B[a; |x|a]}, x ≤A t means B[a; |x|a] ⊆ B(a, |t|)
and B[a; |x|a] = {z ∈ X : dist(a, z) ≤ dist(a, x)}.
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Our contribution, the case p > 1

Theorem [S.2024] Generalizes the previous results in MMS
With hypothesis only on the weights. The best constant in the Hardy inequality
the Hardy inequality(∫

X

( ∫
B[a;|x|a]

f(y) dµ(y)

)q

ω(x) dµ(x)

) 1
q

≤ C

(∫
X
f(x)pv(x) dµ(x)

) 1
p

holds if

and only if p ≤ q and:

supx ̸=a

{( ∫
X\B[a;|x|a]

ω dµ

) 1
q
( ∫

B[a;|x|a]
v1−p′

dµ

) 1
p′
}

< ∞, 0 < q < 1 < p and

∫
X

( ∫
X\B[a;|x|a]

ω dµ

) r
p
( ∫

B[a;|x|a]
v1−p′

dµ

) r
p′

u(s) dµ(s) < ∞, or 1 < q < p and

∫
X

( ∫
X\B[a;|x|a]

ω dµ

) r
q
( ∫

B[a;|x|a]
v1−p′

dµ

) r
q′

v1−p′
(s) dµ(s) < ∞. Here

1
r = 1

q − 1
p .
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Ideas for future work.

Sobolev inequalities
We have Hardy inequalities for more metric spaces (e.g. Riemannian manifolds
instead of Cartan-Hadamard manifolds), does it lead to Hardy-Sobolev type
inequalities?

If not for all metric measure space, what structure is needed?
(manifold?, group action?).

Function spaces
How do we exploit the flexibility of Hardy inequalities in core sets? (e.g. using
diadic cubes, Morrey spaces (?)).

Operator theory
Can we extend monotone ‘functions’ to the noncommutative setting? (e.g. von
Neumann algebras with semifinite trace).
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