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2: Define
lz|]| = inf{l/s:s > 0,sx € B}

Claim: 0 € B :
Take some v # 0, then exists some ¢ > 0 such that given o € F and |a|< ¢
we have av € B. (Using (*)). Setting o = 0, we get 0 € B.

To show ||| is @ norm, we need to check (Definition 2.1 [1]). Let z,y € X
and o € F.

(@) [zl =0:
Since the set {1/s : s > 0,sz € B} only contains positive real num-
bers, its infimum must be greater than or equal to zero.

(b) |lzl]l =0 if and only if x =0 :
We have shown above that 0 € B.
Let # = 0, then 0 = s € B for any s > 0. So norm ||0| = inf{s >
0} = 0. Hence, ||z| = 0.
Let « # 0 then there exists ¢ > 0 such that for o € F, |a|< ¢ if and
only if ax € B. Which gives inf{1/s : s > 0,sx € B} > 1/t. Hence
[l > 0.

(©) llaz|| = |alllz| :
Suppose a(# 0) € F and z # 0.

laz|| = inf{l/s:s>0,sax € B}
= inf{l/s:s>0,s|a|ix€B}
et

= inf{la|/r:r> O,r%x € B}
= |afinf{l/r:r > O,r%x € B}

By property (*) there is ¢ > 0 such that for § € F, |3|< t if and only
if Bz € B. So, if rﬁx € B, then rz € B.



lax| = |o|inf{l/r:r>0,rz € B}
= o]«
If either & = 0 in the field or £ = 0 in X then ax = 0 and |a|||z|| =
0[] = flez].

(@) llz+yll < llzl + 1yl :
Let © # 0, y # 0. Since |lz| is the infimum of the set {1/s : s >

0,sz € B}. If we take ||z|| 4+ &1 for any §; > 0, we get T € B

Similarly, m € B for any d > 0. Now using the convexity of B,

for ¢ € [0,1].
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Set t = ([|lz]|+01)/(l|lzll +|lyll+d1+02), then 1—t = (|ly|[+d2)/ (||| +
[yl + 61 + 02)
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(]l + [lyll + b1 + d2)

(x+y)€eB

So,
(]| + lyl| + 61 + d2) € {1/s: 5> 0,s(x +y) € B}

Then ||z + y|| = inf{l/s: s> 0,s(x+y) € B} < |lz| + |ly]| + 61 + 2.
This works for all §; > 0 and dy > 0. Hence, ||z + y|| < ||z| + [ly]|-
For the second part, we must show B = {z € X : ||z| < 1}.
Let © € B, then 1 -z € B. Which means 1 € {1/s: s > 0,sz € B} and
]l < 1.
Suppose z € X such that [|z|| < 1. For § > 0, WEs = s € B
Condition (*) tells us there exists ¢ > 0 such that for « € F, |a|< ¢ if and

only if ax € B. Then ﬁ < t. Taking ¢ arbitarily small 1 < ¢. Finally

set a=1,thenl-z=x € B.

: Let 0 < p < 1 and let S be the vector space of all sequences in F. For
x = (x1,22,...) isin S, set

o 1/p
=] = (ZIJBkI”)
k=1

Let X ={z € S ||z] < oo}

Let us show that d(z,y) = ||z — y||” defines a metric on X. We need to
check the conditions on Def 1.17 of [1].

Let z,y,2z € X,



d(z,y) = [z —y[" = (lek - ykl”>
k=1

Since we are summing over non negative terms, d(x,y) > 0. Also,
since € X the sum is finite.

(b) Look at the equivalence

(ka yk|p> 0oz, =y Vk=1,2,..
k=1

If for any k, xp # yi then we will have a postive term. Since each
term is non negative, the sum will be positive.

This shows that d(z,y) = 0 if and only if z = y (that is x; = y, for
all k=0,1,...).

(c) Since |zk — yr|= |yx — x1| we have

d(z,y) = <Z|$k - y/cp> = (Zh/k - $k|p> =d(y,z)
k=1 k=1

(d) First we see the triangle inequality the field for a,b € F.
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Now let us look at the triangle inequality the vector space

d(z,z) = Y |oj— 2zl
k=1

= > @ —y) — (z —y)P
k=1
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Hence, d is a metric on X.

To show X is a subspace of S. It is enough to show x — ay € X for



z,y € X and a € F.
o0
lz —ayll = Q_la; —ay; )7
k=1
o0 o0
< Ol aly )P
k=1 k=1

203 _lzi")VP 20} Jy; 1)
k=1 k=1

< o0

IA

Hence, X is a subspace of S.

Finally, consider a = (1,0,0,...) and b = (0, 1,0,0,...). Then |ja| = (17 +
0P 4+ 0P +..)Y/? = 1 and ||b|| = (0P + 1P + 0P +..)/» = 1. So a,b € X.
Now [la+b| = (1P + 17 + 0P + ...)1/P = 2/P_ Note that ||a| + [|b]| = 2 <

21/ = |la +b||. This breaks the triangle inequality if this was a norm.
Hence, ||| can not be a norm.
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