Math 9054A Assignment 2

Harshith Sairaj Alagandala
Student number: 251388575

September 26, 2023

2: Let k> 3 and w € C be a primitve kth root of unity. Then 1 — w* = 0.
P =1 —-2) 1 +x+2®+ .. +2"1
Ask >3, wehavew # 1s00 = 14w—+w?+...4+wk 1. Since k > 3, w? #1

but (w?)*¥ = (w*)? = 1. Which means 0 = 1+ (w?) + (w?)? +... + (w?)* L.
Also note, |w|= 1.

We know the polarization identity
Az, y) = [l +yll = [l = yll +ille + iyl — iz — iyl
Note that (i)* = 1 and this can be seen as

Az,y) = lz+yll +illz + iyl + 3 ||z + (0)%y|| +° [|= + iy

A natural extension would be to check if
k—1
= ij Hx + wij
=0

Lets expand one of the terms

|z +wy| = (2+wiy,z+wly)
= (z,2) + (Wy,wy) + (z,0'y) + (Wy,z)
= (z,2) + W (y,y) + & (z,y) + W (y,z)
= (z,2)+ W (y,y) + & (z,y) + & (y,2)
= |l + [w? lyll + & (z, y) + & (y, z)
= lzll + llyll + @& (2, y) + w’ (y, )



Now we sum

k—1 k—1
Sowife+wiyl] = 3wl (el + vl + @ (z,y) + Wi (y, 2))
j=0 =0

k—1 k—1 k—1
= YWzl +llyll) + Dl (z,9) + Y w? (y,2)
j=0 j=0 j=0

k-1 k—1 k—1
= (el +llyl) Yo’ + D (@y) + (y,2) Do
j=0 j=0 j=0
= k(z,y)
Hence, the polarization identity in k£ terms is as follows

k—1
k(z,y) = ij ||x—|—wjy||
3=0

: Let the range of T" be given by M.

M a subspace of ¢%: Given (y,) € M, we have (z,) € ¢?, such that
T((zn)) = (Yn)- So yn =27 "wn,

oo oo
ln)I* = @ an)|" =327 < 3 a < oo
n=1 n=1

as (z,) € (2. Hence, (y,) € (2.

Let a = (271,272, ...). Clearly a € ¢? since it is a geometric sum. Suppose
there exists & = (1, 3,...) € £? such that T(z) = a, then we are forced
to have 277z; = 277 for all j € N. This means x; = 1 for all j. But we

have ||z|* = Z;’il 12 = oo hence (1,1,...) is not in £2. This gives us a

contradiction, hence a ¢ M. Hence M is a proper subset of ¢2.

Let y = (y1,%2,...) € £2. Then consider the sequence {a,} C ¢
Ap = (21y17 22y2u 23y37 ceey 2nyn7 07 Oa )

Since each sequence has only finitely many non zero terms, we get a,, € ¢2.
Which gives T'(a,) € M.

T(an) = (Y1,Y25 -+, Yn, 0,0, ...)

Note {T'(an)} C M. Finally we will show T'(a,) — y

2 2
||y—T(CLn)” = H(y17"'7yn7yn+1)"')_(yla"'7yn70a0a"')”
= H(Oa'~~a0,yn+17yn+2a"')H2

o

= > lwl

k=n+1



Since Y77 olyk|?< oo, we must have that the tail of the sequence goes
to zero, ie, S 5o noalykl?— 0 as N — co. So [ly — T(an)|® — 0 asn —
oo. Hence {T(ay)} is a sequence in M that converges in ¢ to y € (2.
Therefore, M is dense in ¢2.



