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1: Let {e,} be an orthonormal basis of Hilbert space H and T : H — H be
a bounded linear operator.

Since {e,} is an orthonormal basis we have z = > - (x,e;)e. Using
linearity for T, we get
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for any NV € N.
If we let N — oo, we get ||>_7 v (2, ex)ex|| — 0. So, by the continuity of
T we get | T(> ey (@, ex)e)|| = 0. Hence limiting N — oco.

N o] oo
Tr = nh_)néoZT((x’ek)ek)—i_nh—?;o T(kZN x,ex)er) ;T x,en)en) +0

Finally, we look at the represetation of > p , T'((x, e, )e,) in terms of the
orthonormal sequence.
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Now we use lim(a,,,b) = (limay,, b)
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Using linearity of T over the field
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Finally, using the linearity of the inner product.
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Z (x,ex)T(er), en)en = (z,er)(T(er), en)en
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3: The set (P is an ideal of ¢>: Let (a,) € ¢F and (b,) € £>°. Let M
be a bound on the terms of (b,). We have (a,)(b,) = (
look at ||(anb”)||§ = Y lanbp|P< MPY |a,[P= M”H(an)Hz < 00. So,
(an)(by) € £P. Hence ¢P is an ideal of £°.

The space ¢, is an ideal of £°°: Let (a,) € ¢, and (b,) € £>°. Let M be
a bound on the terms of (b,,). We have (a,)(b,) = (anb,). Given € > 0,
there exists N € N such that for all n > N, we have |a,|< eM~!. So,
|anbn|< eM~1M = e. Hence, (anb,) = (a,)(b,) € ¢, converges to zero.
Therefore, ¢, is an ideal of £°°.

The space ¢, is closed in ¢*°: Let ((ay);) be a sequence in ¢, that con-
vergers to (b,) in £°. Given € > 0, choose Ny such that for j > Ny,
[(@n); — (bn)|ljoe < €/2. Now choose N; such that for n > Nj, we have
10N |< €/2. So, |bu|< b — a1 +alN < €/2 + €/2, ie, |bu|< € for
n > Ni. Hence (b,) converges to zero, that is, (b,) € c¢g. Therefore, c, is
closed in .

The closure of % in £*° is ¢,: Clearly /P C c,. Since ¢, is closed we have
P C ¢, (Closure will be with respect to £>°). Let (b,) € c,, then consider
the trucated sequences A; = (01,0,0,...), A2 = (b1,b2,0,0,...) and A; =
(b1,...,05,0,0,...). Then (A;) is a sequences in ¥ as each of the sequence
has only finitetly many nonzero elements. Now look at |[A; — (by)||,ec =
supn>;j{|bnl}. Since (b,) converges to zero, as j — 00, sup,>;{[bn|} — 0.
Hence P is dense in ¢,. So, P = c,.



