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1.1: Let Q be a domain in C and K = IA(Q We have seen tha£ IA(Q is K union
with relatively compact compontents of Q \ K. Since Kg = K, Q\ K
doesn’t contain any component that is relatively compact in €.

Let M C K be a connected component of K. To show M is holomorphi-
cally convex it is enough to show M = Mg. Or equivalently, Q \ M has
no relatively compact compontents in €.

Suppose U be a connected component of 2\ M that is relatively compact
in Q. We have Q\ K C Q\ M since K D M. As M is a connected
compontent of K, there are open sets that seperate M and K \ M. Say
Vs is a neighbourhood of M in this seperation and W), is a neighbourhood
of K\ M such that Vjy "Wy = 0. Then Viy \ M C Q\ K.

Note U N (Vs \ M) is not empty. Because U N M # () as 2 is connected
and U is a component of Q\ M. Now UN(Vy\ M) C Q\ K. Let U be the
component of 2\ K that contains U N (Vi \ M). Now as Q\ K C Q\ M,

we get U C U. Finally, U ¢ U C Q. Hence, U is relatively compact in €
and is a component of  \ K which contradicts K being holomorphically
convex. So Q\ M can not any relatively compact components in 2. Which
tells us that M is holomorphically convex in Q.

1.2: Let u € C%(Q) on Q, where Q C C is a domain.

(i) Suppose Au > 0. Let G C Q be a relatively compact subdomain, h
be a continuous function on G such that v < h on bG. Consider the
function

v(2) = u(z) — e+ d|2)?
where € > 0 and § € (0,¢/R) with R = sup{|z|*: z € bG}.
Calculate Av = Au(2) +0A|z|2= Au(z) +5Az2 +y? = Au(z) +54 >
46 > 0. Hence Av > 0. And also v < u on bG by the condition on R
given.

We will show v < h on G. Note A(v—h) = Av — Ah = Av > 0 and
v—h <0 on bG. We will show that v — h can not attain maximum



on any point of G. This will show supg (v — h) < sup,(v — h) < 0.
Hence, we will get v < h on G.

Denote f =v —h on G. We have Af > 45 > 0. Let z € G.

Define average A(r) := 5% be(zﬂ_) fdS where S is the boundary

2mr
measure and r > 0 such that B(z,r) C G. As f is a continuous
SOB(z,r) _ f(Z)

function, limiting » — 0, we get lim, 0 A(r) = f(2) =5~

as the measure of bB(z,r) = 27r.
Let us look at the derivate of A. Since f is a continuous function
over a compact interval, we can differentiate inside the integral

1
A = — s
- NG
1
= — f(z+ r(cost,sint))rdt
s T )
1
= — f(z +r(cost,sint))dt
2m [0,27]
Al(r) = x if(z +r(cost,sint))dt
o 2T [0,271.] dr ’
1
= — Vf(z 4+ r(cost,sint)) - (cost,sint)dt
27 J(0,2x]
1
= — Vf(z+r(cost,sint)) - (cost,sint)rdt
2rr [0,27]
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= V£(€) - n(Q)dS(¢)

% bB(z,r)

Here 7 is the unit normal to the boundary. Using the divergence
theorem (integration by parts in 2 variables) we get:

Ay = - V- VI(B)du(B)

% B(z,r)
1
= - Bl fww(5)+fuu(ﬁ)dﬂ(ﬂ)
1
= 3 B(Z,T,)Afdu(ﬁ)
1

21 B(zr)

Y

46dp(B)

1
> ——46mr?
2rr

> 46r

> 0

where p is the area measure. Since A has derivate strictly postive. We
get A is strictly monotone. Which gives A(r) > lim,_,0 A(r) = f(2).



Suppose f had a maxima at z € G. The choose r > 0 such that
B(0,r) C G. Then we get A(r) > f(z). But this is impossible as f
attains maxima at z.

A - f(2) = —— F(0) — F(2)dS(C)

2mr bB(z,r)
0

IN

So the average must be lesser than or equal to f(z). This contradicts
that f attains maxima at z. Hence, f can not attain maxima at z and
supremum of f is only attained on the boundary (as G is compact).
But on the boundary f < 0. This gives f < 0 on G. Therefore v < h
on G.

So we have that v is a subharmonic function on G. First take § — 0,
then the resulting function is decreasing limit of subharmonic fuctions
hence is subharmonic. Then adding € to the limit function we get w.
Which shows that u is subharmonic.

(ii) Suppose Au(a) < 0 for some a € Q. Then consider by continuity of
Au we get Au < 0 in a small ball say B = B(a,r,). Then A(—u) > 0
on G. Following the calculation as above we get

And hence

Suppose h is harmonic on B(a,r,) such that h = u on bB. By the
MVT of harmonic functions we get

h(a) = — /bB hdS

27r,

Suppose u is subharmonic, we must have h > u on B. With the
previous equation

1
— /bB(u — h)dS =0

So u(a) > h(a) this contradicts h > u on B. Hence, u can not be
subharmonic.

u(a) — h(a) >

1.3: Let Ly = {z € C?: (2,a) = b} where a € C?\ {0} and b € C. Suppose
u,v € Lp such that u # v. Denote w = u —v = (wy,wy) € C% As
u # v, WLOG we can take ws # 0. We have (u,a) = b and (v,a) = b. So
(u —v,a) = (w,a) = 0. Which gives wia; + woas =0 = ag = f%al.
Hence a = (al,—%al). Also note that a1 # 0 as a # 0. Now to get



1.4:

a condition on b: (u,a) = wja; + usaes = b. Dividing by a;, we get
ul + (—%;)UQ = 6%'
Now suppose, we have another line Ly = {z € C? : (z,a) = [} where
a € C?\{0} and 8 € C. And suppose u,v € Ly. With the same arguments

as above, we get o = (g, — ﬂ’lal) with a1 # 0 and u; + (7%)1142 = &ﬁl

Which gives 5% = zT Finally look at the equivalence
(z,a) =b< (z,a)g =2 & (z, a—) B& (z,a)=0
a1 a1 aq

Therefore, L1 = Lo.

Part (i) First we see that d is a metric. Let f, g, h € O(D). Non negativity
d(f,g) > 0: this follows as all terms in the sequence are non negative. Also
d(f,f) =0: as |f — flxk= 0, so each term in the sequence is zero. If f # ¢
then there exists a point a € D such that |f(a) — g(a)|> 0. So d(f,g) >0
as there exists a j such that a € K; and the jth term would be non zero
in the sequence as |f — g|x,> 0 and hence the sequence is greater than
zero.

d(f, h) iZ_j |f - h|K_7-

i=1 1+ ‘f - h"Kj

<. 1
= 20 )

=1 1+ |f - h|Kj

. 1

< 277(1 —
< L S =)
T s 1 9l Flg — Dk,
o L+ |f —glg,+lg — hlx, L+ 1f = glk,;+lg — hlx;
< Z |f — 9|K 227] lg |KJ

1+ |f - glk, 1419 —hlx,

< o)+ dlon)

j=1

Hence d is a metric.

Now let us show that the metric induces the topology of compact conver-
gence.

Say f, — g in the topology of compact convergence on O(D) where f,, g €
O(D). Then let us show that d(f,,g9) — 0. Given ¢ > 0. Find J such



that 1/27 < /2.
= —7 |fn_h|Kj
d(farg) = D279

_ iQ_j [fo = blie, i gmi_Fn = hlx,

e Tl P (1 R PR LY
J  fa—hlx, o

< ;2—3M+j§12 y

< ;2_Jlfnf;h|;|}( Lo

< 22 Jlf"fn h'ngj +e/2

Now for each j € {1,...,J} choose N; such that for all n > N; we have

—j Ifn - thj

T 17—, /D

This can be choosen as [f, — h|x;— 0 for each j. Now choose N =
max{Ny,..., Ny}

Then for n > N:

J J
W) <3 2“{ Ff2E Y/ RS =

Hence d(f,,9) — 0.

Conversely, say d(f,,g) — 0. Take K C D compact. Now given ¢ > 0, we
will find N such that n > N we have |f, — g|k < €. This will show f,, — ¢
uniformly on K.

As {K;} exhaust D, we can find J such that K C K;. Find M such
that n > M implies d(fn,9) < 15,27 7. Then specifically, since the terms

[fn—h|
2- Jﬁ 277, Since t/(1+1) is

an increasing function on ¢ > 0. We get |f, — h|x,< €. Hence f, — g
uniformly on K.

are non negative, we have

So d induces the same topology as compact convergence on O(D).
Part (ii) Say X is bounded.

Given any K compact in D. Find J such that K ¢ K. Set r = 27771,
We can find A > 0 such that ¥ C AB(0,7). Given f € ¥ we have



d(0, f/)\) < r. Then looking at a single term we get

27‘] If/>\|KJ
|f//\|KJ+1
|f/)\|KJ
‘f/A|KJ+1
‘f|KJ <A

<pr=292"7"1

<1/2

Given any function f € ¥ we have got |f|x< |f|x,< A. Hence sup{|f|x:
fer}<i<oo.

Suppose sup{|f|x: f € ¥} < oo for all K compact in D. Let M; =
sup{|f|x,;: f € X}. Take any r € (0,1). Let J be big enough such that
2=7 < r/2. Choose \ big enough such that

M;/A
1+ M/

—d <r/2J
for j =1,...,J. Then as shown in part (i). We get

IETA WY/

Mu

o, f/x) = 27 R
o VA Sy VAR,
J
—; 1/ Ak,
< Yooy Z 27
= 1+ [f/Ak, Py
J
- M/
< 271 I 497
j; 1+ M,/
J
< Zr/2J+r/2

<3 <.
)l

<

Hence f/A € B(0,r). That is f € AB(0,r). So ¥ C AB(0,r). Therefore
> is bounded.

1.5: Let Q = D?*(0,1) \ D2(0,r) for 0 < r < 1, be a domain in C2. Suppose
feo®).
(i) and (ii) Fix z; with |21]< 1, we consider two cases
Case 1 r < |z1]/< 1 : Then for any given |z9|< 1, we get (21, 22) € .

Since we have f € O(Q), it is holomorphic in each variable; we have
29 — f(z1,22) is holomorphic at the set of points

{z2: (21,22) € Q} = {22 : |22|< 1}



Hence, we can write zo — f(z1, 22) as a power series on the unit ball.
b b
Once we fix z1, we get a power series in zo; so the coefficients of the
) 9,
power series are dependent on z;. We get

oo
29 > f(21,292) = Zan(zl)zg
n=0

We can let a,(z1) = 0 when n is a negative integer. Giving us

oo

2 flz1,22) = Y an(z1)28

n=—oo

Now we must show that a,, are continuous functions of z;. Since we
have a power series about zero, we can calculate a,, by taking the
following integral:

1 f(z1,0)
e

an(zl) = % Cl=rts,

where §,. > 0 such that r + 6, < 1.
We must show that this function is continuous in z;. Let w, — z,

f(wnaC) B f(zoa C)
Gt

IN

o
1
Qi+l

1
n(tm) — tn(z0)| /U

IN

/ 1 (wn €) — f(70r Q)]
I¢|=r+6,

Since f is continuous, it is uniformly continuous on the compact set
{(21,22) : 21 € D(2,,¢,) and |2z2|= r} for some small epsilon that
such that D(z,,€6,) € D(0,1). Given e > 0, we find some § > 0
such that for u,w in this compact set such that |u — w|< § gives
|f(w) = fw)|<e.

Choose wy,, close enough such that |w, — u,|< §:

7
Up(Wn) — AnlZ2o é o i+1 fwTL?C _fZOaC dC
onn) —an(eall S g | G = £
d)
< edC
27'1'7"3"'_1 [¢|=r+4,
1
< —€
=g

So an(wy) — an(z,) as w, — z,. Hence, a, is continuous.
Case 2 |z|<r : For this case we will get an annulus. Then for r <
|z2]< 1 we get (21, 22) € Q. We get 29 — f(21,22) is holomorphic in



(iii)

this annulus. Take the Laurents series expansion about zero. When
r < |z|< 1.

z2 = f(21,22) = Z an(z1)zy
Where ) F21.0)
_ 21,
) =507 i,

Note (z1,¢) € Q for all [(|= 7+ ¢,. Again, with the same calculation
as before we get a,s are continuous functions in z;.

Remark: we can not take
1 f(zla C)

an(21) =50 e T

g

As this evaluatest f at (z1,¢) where |¢|=r and |2z1|< r. In this case
(21,¢) ¢ Q. 1 fixed the issue by taking |(|= 7 + 0.

To show a,, is holomorphic in z; it is enough to check %an =0.

o (z):iﬁ f(21,¢)
0z M\t 211 0z |C|=r+6, Cal

g

We can take the differential operator inside the integral as the func-
tion is continuously differentiable in the compact region of integration
and is bounded above.

9 1 9 Q)
62(1”(21) /|c d¢=0

2 |=rts, 0z (IT1

As z1 — f(z1,() is holomorphic. Also note that, since |(|= 7 + 0,
and (z1,¢) € Q, a, can also be defined for all z; € D(0,1) = D. So
a, € O(D).

For j < 0, since a; € O(D) and a; = 0 on |z;|> r, which contains a
limit point, we get that a; is identically zero on D.

Take |z1|< 7. Consider the Laurents series expansion we have given
before. When r < |z3|< 1.

oo

2 flz1,22) = Y an(z1)28

n=—oo

But since a; is identically zero for j < 0, we will get this map as a
power series.

oo
2o = f(z1,22) = Zan(zl)zg
n=0



The radius of convergence given by the root test would match the
one we had for the annulus. Which tells us that this map is analytic
on the unit disc.

Hence we can define f(z1, z2) for any point |z3|< 1. So we can extend
f to all points |21|< 1 and |23]|< 1. Let us denote it by f: D? — C.

2’1722 E an 21

It is clear that it is holomorphic in z3 for any fixed |z;|< 1. If we fix
|z2|< 1, then we have

3 =9
021 21722 267 2 =0

As a,, is holomorphic on D. So it partially holomorphic in each
variable. This is a holomorphic function on D?(0, 1) using Hartogs
theorem.

Remark: we don’t need to use Hartogs Theorem here, we can show
that f is continuous by a sequential argument as a,s are continuous.



