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THE MAXIMAL IDEAL THEOREM FOR LATTICES OF SETS
J. L. BELL anp D. H. FREMLINY

Klimovsky [1] has shown that the maximal ideal theorem for distributive lattices
with unit implies the axiom of choice. Our aim in this note is to give a simple direct
proof that the maximal ideal theorem for lattices of sets implies the axiom of choice.

Definitions. Let (L, A, v, <) be a lattice. An ideal in Lis a subset I of L such
that (i) a, bel = avbel. (i) ael and b < a=bel. A fiter in L is a subset F of
L such that (i) a,be F=anbeF; (ii) aecF and a<b=beF. A lattice of the
form <L, N, u, ) where L is a family of sets and n, U, S are set-theoretic inter-
section, union, and inclusion, respectively, is called a lattice of sets. Clearly every
lattice of sets is distributive.

It is easily shown that the axiom of choice implies that any lattice of sets with a
greatest element 1 (in fact any lattice with a greatest element) has maximal proper
ideals, i.e. ideals maximal with respect to the property of not containing 1. We now
establish the converse.

THEOREM. If every lattice of sets with a greatest element has a maximal proper
ideal, then the axiom of choice must hold.

Proof. We observe first that if every lattice of sets with a greatest element has a
maximal proper ideal, then by duality every lattice of sets with a least element has a
maximal proper filter (and conversely). It is this second form which we shall use
below.

Let {4,:i€l} be any indexed family of non-empty sets. Let us assume that at
least one A; has more than one element; otherwise the problem is trivial. Let X be
the set of partial choice functions f such that the domain D(f) of f is a subset of
I and f (i) € A, for each ie D(f). We regard a function as a set of ordered pairs, so
that f < g means that D(f) < D(g) and f (i) = g(i) for all ie D(f). For each fe X,
let

S(f)={g:g€X and f< g},
and let L be the sublattice of the power set of X generated by {S(f):fe X}.

For any f,ge X, S(f) n S(g) is either S(fu g) or &, depending on whether f
and g agree on D(f) n D(g) or not. Consequently each element of L is either & or
can be expressed in the form S(f;) U ... u S(f,) for some fi, ..., f,€ X. Also, will

certainly belong to L, because we are supposing that there is an 4; with more than
one element. Thus L is a lattice of sets with a least element.
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1This work was done while the second author held a Central Electricity Generating Board
Fellowship at Churchill College, Cambridge.
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By hypothesis, then, there is a maximal proper filter F in L. Since L is a dis-
tributive lattice, F is prime, that is, ifav be F then at least one of a, b belongs to F.

Let B={f:feX and S(f)eF}. 1f f,g€B, then S(f) N S(g) #, so fu g is
a function; consequently, & = UB is a function, and he X. Now S(h) < S(f) for
all fe B. But if a is any member of F, then a can be expressed as S(f;) U ... U S(f,)
for some fi,....f,€X; since F is prime at least one f; belongs to B, and
S(h) = S(f;) < a. Thus S(h), which contains /4 and is therefore non-empty, is con-
tained in every member of F; it follows at once that F must be the filter in L generated
by S(h), so that S(h) is a minimal member of L. Thus /i has no proper extensions in
X, and the domain of & must be I itself. Therefore h is the required choice function
for {4, : i eI}, completing the proof.

Remarks. Recall that an ideal I of a lattice L is called prime if xayel = xel
or yel. Itis a well-known fact that a maximal ideal of a distributive lattice must be
prime; the converse is easily shown to be false in general. Now it is easy to manu-
facture prime ideals in any lattice of sets L without appealing to any form of the axiom
of choice; simply pick ae UL and let I = {XeL: a¢ X}, I is easily seen to be a
prime ideal in L. Thus the existence of prime ideals in lattices of sets is a triviality;
but, as we have shown, the existence of maximal ideals in such lattices is equivalent
to the axiom of choice, which is known to be independent of the remaining axioms
for set theory. This fact indicates that there is a great difference between maximal and
prime ideals, even in such relatively simple algebraic structures as lattices of sets.

We are grateful to Max Dickmann and Yoshindo Suzuki for bringing Klimovsky’s
work to our attention.
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