Chapter 19
Agreement and the kappa statistic

19. Agreement

Besides the & 2 contingeng table for unmatched data and the 2 table for
matched data, there is a third common occurrence of data appearing summarised as a
2x 2 table. Whertwo judges in a pie-baking contest are asked to rate a series of home-
made pies as acceptable or not, ap wychiatrists are asked to rate a set of patients as
neurotic or not, or te tests of learning disability are tried on a set of children (such that
each test indicates the presence or absence of the disability), one is interested in ho
much the tw measurers agree, the idea being that

1. moreagreement is bettdsecause the raters are finding the same quality

2.  themore agreement, the more likely we are to,nelyhe future, on the opinion of
one judge, or one psychiatrist, or one test (probably the shorter one).

There are a number of measures of agreement whighllean proposed, such as
the overall proportion of agreement. These are discussed quite completely by Fleiss et al.
(2003, Chaptei8). Hawever, in this course we shall concentrate on kappastatistic,
denoted by, whose estimatar is defined as

(Io = 1e)/(1= 1), (29.1)

wherel, is the observed value of meommonly used inde(such as thewerall propor
tion of agreement), anid is the expected value of this inden the basis of chance alone.
The statistioc "has the properties that

1. if there is complete agreement, then 1,

2 if there is no agreement other than by chance,shef,”

3. if the observed agreement is greater than chance agreemenrt>ten ~
4 if the observed agreement is less than chance agreement,<t@&n ~
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Interrateagreement
19.1. Tworaters

If the frequeng of the evaluations of the tw raters, of tw psychiatrists, or tw
tests, is gien by the following table:

Table 19.1: table for calculation of interrater agreement for 2 raters
rater 1
rater 2 Yes No Total
Yes P11 P12 I
No P21 P22 ra
Total Cy C, T

where thep’s refer to theproportion in each catgory, and thec’'s andr’s are the column
and rav proportions, respectrely, and T is the totahumber of subjects. The value af

given by any common indg of agreement is
2(P11P22 = P12P21)/(Car 2 + Cor 1) (19.2)

For example, in the case of twtests of a particular learning disabilitye mght
have

Table 19.2: example of table of frequencies

test 1
test 2 Present Absent orfal
Present 40 15 55
Absent 10 35 45
Total 50 50 100

which yields the following table of proportions:

Table 19.3: example of table of proportiops
test 1
test 2 Present Absent| ofal
Present 0.40 0.15 0.55
Absent 0.10 0.35 0.45
Total 0.50 0.50 100

so that the werall proportion of agreement, denoted py, is 0.40+0.35=0.75. The
expected agreement by chance, denote@dys

[1Cy +r»Cy = 0.50(0. 55) 0. 50(0. 45)= 0. 50
Using these values and definition (10.1xofve have
k = (0.75-0.50)(1-0.50)=0.250.50 = 0. 50
Using the second definition (10.2), wevba
& = 2(0.40(0. 35)- 0. 15(0. 10))0. 50(0. 45)+ 0. 50(0. 55))

=2(0.14-0.015)0.50 =0.250.50=0.50
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19.2. Morethan 2raters
For the case ok categories and twraters, we ha the following table:

Table 19.4: table for calculation of interrater agreemenkfi@ters
rater 1
rater 2 1 2 Kk Total
1 P11 P12 P1k I
2 P21 P22 P2k r
K Pr1 P2 Pk I
Total Cy C, Cx T

For this table we do not kra a $iort form of the calculation of such as that gen
by (10.2). Howeer, the formula (10.1) may be written as

where

and

K= (po - pe)/(l_ pe)

k
Po =2 Pi
i=1
k
Pe = 2 Gif|

i=1

For example, consider the results ofawests for learning disability where the
results are presence, uncertain and absence: sample daén isetpw:

Table 19.5: Proportions for 3 classes
test 1
test 2 Present| Uncertain Absent ofal
Present 0.40 0.05 0.05 0.50
Uncertain 0.05 0.10 0.05 0.20
Absent 0.05 0.05 0.20 | 0.30
Total 0.50 0.20 0.30 1.00

For this data, we ha

so that

po = 0.40+0.10+0.20=0.70,

Pe = 0. 50(0. 50)+ 0. 20(0. 20)+ 0. 30(0. 30)= 0. 25+ 0. 04+ 0. 09= 0. 38

% = (0.70-0.38)(1.0- 0. 38)= (0. 32)0.62 = 0. 516
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19.4 Interrateagreement \6hders of Biostatistics

It has been suggested (by Fleiss et al, 2003, p604) that values of kappa
1. greatethan or equal to 0.75 siwaexcellent agreement,
2. betweer0.40 and 0.75 represent fair to good agreement,

3. lessthan or equal to 0.40 siwqooor agreement.
These were originally suggested by Landis and Koch(1977).

19.3. Inferences about agreement

For the purpose of testing the hypothesis that0, that is, that there is no agree-
ment, except by chance, we may use the following formula for the standard error of ~

VIpe + PE=21iCi(ri +C)IT (10.3)
(1 - pe)
However, for the more interesting cases of

1. Testing the hypothesis &f,: k < 0. 40versusH 5: x > 0. 40,

2. constructinga confidence interval fork after having rejected theypothesis
H,:x =0, an alternatie, but more complicated, formula must be usddallows
for the fact thak is non-zero. It is written

VI(A+B-=-C)T)/(1- pe) (10.4)
where
A=3 pill-(r +c)(1-R)%
Kk k
BEU-g 2oyl +a)
and

C = [k - pe(L—R)]*
This formula was desloped by Fleiss, Cohenn and Everitt (1969).
To test the hypothesis that= «,, Fleiss, Cohen and Everitt say to use the statistic
K — ol
se(k)

To oconstruct a confidence interval for use

K £ 2, SEK).

wheresgk) is (10.4) ealuated ai”
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Example 19.1:
Consider the datagn in table 19.3 for which we kax = 0. 50:
1. totestk =0, we require
S rici(r; +¢;) = 0.55(0. 50)(1. 05) 0. 45(0. 50)(0. 95¥ 0. 5025
so that the standard errorofs’

and the test statistic is B0/0.0995= 5. 03, which is highly significant, (that is,
p < 0.0001, een for a two-sided alternat),

2.  totestk =0.40,we requiresgx = 0.50),whose components are
A=0.4(J1 - (1.05)(0.50) + 0. 391 - (0. 95)(0. 50)

=0.40(0. 475+ 0. 35(0. 525) = 0. 09025+ 0. 09647= 0. 18672

B = (0. 50)?%. 15(0. 50+ 0. 45% + 0. 10(0. 50+ 0. 55fg: 0.25(0. 135375 0. 11025)

which is 0.06141, and
C =[0.50-0.50(0.50)% = 0. 25 = 0. 0625
so that the standard error is
/(0. 18671+ 0. 06141- 0. 0625j100/0.50 = 0. 08617
and the test statistic is
|0. 50— 0. 40]0.08617=1. 160,

so thatp = 0. 1230(for a one-sided alternag), which is not significant {en a
a =0.10),

3. to construct a 95% confidence interval, we use the same standardtteatos
0.08617, and the 95% confidence interval is

[0. 50— 1. 96(0. 08617), 0. 58 1. 96(0. 08617)
that is, (0.331,0.669).
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Example 19.2:
The data in table 19.5 has 3 categories and we #r@ady shown that = 0. 516.
1. totestk =0, we require

S r,ci(r; + ) = 0. 50(0. 50)(1. 00} 0. 20(0. 20)(0. 40} 0. 30(0. 30)(0. 60)

=0.25+0.016+0.054=0. 320

so that the standard errorwofs

and the test statistic is
0.520.0729=7.08,

which is highly significant, (that ig < 0. 0001),
2. totestk = 0. 40,werequire

A=0.4J1 - (1.00)(0. 484 +0.1q1 - (0. 40)(0. 484 + 0. 2q1 - (0. 60)(0. 484

=0.40(0.516)+ 0. 10(0. 8064)+ 0. 20(0. 7096) = 0. 10650+ 0. 06503+ 0. 10071
which is 0.27224,

B = (0. 484)”‘%). 05(0. 50+ 0. 20¥ + 0. 05(0. 50+ 0. 30} + 0. 05(0. 20+ 0. 30Y

+0. 05(0. 20+ 0. 50¥ + 0. 05(0. 30+ 0. 50 + 0. 05(0. 30+ O. 20)25

=0.36(0.135375 0.11025)

= 0. 23426(0. 05)(0. 49 0. 64+ 0. 25)2= 0. 0323,
and
C =[0.516- 0. 38(0. 484 = 0. 33226 = 0. 110396
so that the standard error is
V(0. 27222+ 0. 0323~ 0. 1103986J100/0.62 = 0. 07107
and the test statistic is
|0. 516~ 0. 40J0.07107= 1. 632,

with p = 0. 0514(for a one-sided alterna#), so that the result is not significant at
a =0.05.

3. toconstruct a 95% confidence intakvwe use the same standard e@d¥7107 so
that the 95% confidence interval is

[0.516- 1. 96(0. 07107), 0. 5161. 96(0. 07107)
that is, (0.377,0.655).
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19.4. Weighted kappa

In a rating scale with more that awevds, the usual kappa statistic considers all
the disagreements equally bad, that is, being in cell (1,3) is just as bad as being in cell
(1,2). For a nominal scale variable, for exampkeydurite colour red, green or blue, this
is fine. However for an ordinal scale variable, for diseasevagtiwith levels, none, mod-
erate, much, this would be saying that having taters saying (none, much) is as bad as
having them saying (none, moderate).

One way around this problem when the scales are ordinal is to weight the discrep-
ancies so that those ratings more discordant are considersd. wncomputation of the
kappa statistic, this is done so that the more discordant\aarelgss weight in comput-
ing agreement.

Although there are mgrways of calculating weights, the following rules are used
by SAS
1 Wi = 1, Wij = Wji and 0< Wij >1
2 (following Fleiss, Cohen and Everitt, 1969)

Pow) = 2 2 Wj Pj
U
Pe(w) = 2. 2 WijiC|
i
~ _ Pow) = Pew)
Ry=—r—t
1= Pew)

3 There are tw types of weights used by SAS:
3.1 Cicchettiand Allison (1971) weights:

_ lci — ¢l
wj =1-—"—-"
Cc—C1
wherec; is the score for column i (seextesection) and c is the number of
columns
For a default column score of 1, 2, 3, this yields
wii =1
Wio = Wy = 0.5
and
W =0
3.2 Fleissand Cohen (1973) weights:
_ (ci— Cj)2
j =1l
(Cc —cC1)2

For a default column score of 1, 2, 3, this yielg =1
Wio = Wy = 0.75

and

W =0

6 December 2012



Wonders of Biostatistics Interrater agreement 19.9

4 The column scores can vary:

4.1 Table scores are the deft. Theseare the column (and row) numbers; see
preceding for example

4.2 inputvalues, for example, 1, 2, 4, rather than the default 1, 2, 3;
4.3 othersuch as Rank, Ridit and modified Ridit (see SAS documentation);
5 The resulting variance is

2% Pi E{Vij = (w;, +W.j)(1_kw)§ - %w - Pe(w)(l‘/?w)g

. i
Var(k,,) = - Pe(w))zn
where
Wi = ,Z P.j Wi
and
Wi = |Z Pi. Wj;

6 For hypothesis testing, under the null hypothesis, this variance reduces to

o .Z% pi. p.jE(Vij = (w;. +W.j)§ - P3(w)
Var(ky,) = (L= Pey)?n
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19.5. Some other estimators

1 Scott’s kappa:
The kappa statistic discussed sq tisually referred to as Cohankappa (1960),
assumes that the rates (proportions) may be different for both raters, so that the

P11 =r1C1
so that in the first example, weviea
P;; =0.55*0.50 =0. 275

However, Scott assumed that the rates (proportions) are the same for both raters so
that onehas to serage the proportionver row and column, as in

r,+c;
2
so that
A (rp+cy)(ri+cy)
11 4
so that in the first example, weviea
0.55+0.50
P11 = % =0.275625
Moreover,
Pe = P11+ P2y

=U1+Clﬁ:D2+C2ﬁ
O 2 0O 0O 2 0O

In this example, this becomes

(0. 55+ 0. 50Y + (0. 45+. 50)?
4

_1.1025+0. 9025
B 4

=0.50125

Recall that Coher’kappa was 0.50.
2 amaximum likelihood estimator:
One defines the common correlation probability model:

Pr(X; =1,X,=1)= 7 + (1 - m«
Pr(X;=1,X,=0)=m(1-m)(1-«)
Pr(X;,=0,X,=1)=m(1-m)(1-«)

Pr(X;=0,X,=0)=(1- )%+ n(1- )k
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Under this model one has a maximum likelihood estimator and its asymgotoce.
In fact, the maxiumum likelihood estimator is Scostimator.

3 Goodness of fit approach:

This is alternatie gpproach to estimating in that it produces asymmetric confi-
dence intervals, thus imitating the asymmetric distribution pieatimator ofx .
In this approach, Donner and Eliasziw (1997?) suggested
1 LetP, = X; + X5

and letn; be the number of timagpositve <ores are indicated;

2 look at the Goodness of fit statistic, which in this case may be written as
S (n - NP)?
|§1 NP,

which, undethe null hypothesis, hasyg distribution.

3 If we =t this statistic to its critical 0.054d of 3.84, we hae an equation in«.
This is a cubic equation with 3 possible rootxy twhich may be imaginary.

4 If all roots are real, we select &vof them to produce upper and lower values of a
95% confidence interval fatr.
In general, if all three roots are real, one of them is outside theahtetyl), and
the other tw ae in that interval, and these latterotwoots provide the values for
the confidence interval.
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19.6. Using SASto calculate kappa statistic

Here is a SAS program for a simple 2x2 table:

titlel ' Chapter 19 - agreenent '’
title2 'Kappa statistic’;
options |1s=80 ps=60
proc format;
value rating 0 = 'absent’
1 ="presnt’;
data mary;
input ratl rat2 freq;
| abel ratl = 'rater 1’
rat2 ="rater 2';
format ratl rating.
format rat2 rating.
dat al i nes;
1140
10 15
0110
0 0 35

proc freq order=data;
tabl es rat 1*rat 2/ kappa,;
exact kappa;
wei ght freq
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and here is the output:

Chapter 19 - agreenent 1
Kappa statistic
The FREQ Procedure
Table of ratl by rat2

rat1(rater 1) rat2(rater 2)
Frequency]|
Percent |
Row Pct
Col Pct |presnt |absent | Tota
--------- T e
pr esnt | 40 | 15 | 55
| 40.00 | 15.00 | 55.00
| 72.73 | 27.27
| 80.00 | 30.00
--------- T e
absent | 10 | 35 | 45
| 10.00 | 35.00 | 45.00
| 22.22 | 77.78
| 20.00 | 70.00
--------- T e
Tot al 50 50 100

50. 00 50. 00 100. 00
Statistics for Table of ratl by rat2
McNemar’ s Test

Statistic (9 1. 0000

DF 1

Pr > S 0.3173

Si npl e Kappa Coeffi ci ent
Kappa (K) 0. 5000
ASE 0. 0862
95% Lower Conf Limt 0. 3311
95% Upper Conf Limt 0. 6689

Test of HO: Kappa = 0
ASE under HO 0. 0995
z 5. 0252
One-sided Pr > Z <. 0001
Two- sided Pr > | Z| <. 0001
Exact Test
One-sided Pr >= K 4. 178E-07
Two-sided Pr >= | K| 8. 356E- 07

Sanple Size = 100
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Here is the calculation of kappa for a second 2x2 table:

titlel ' Chapter 19 - agreenent ';
title2 'Kappa statistic exanple 2’
options |s=80 ps=60
proc format;

value rating 0 = "absent’

1 ="presnt’;

data mary;

input ratl rat2 freq

label ratl = 'rater 1’

rat2 ='rater 2';

format ratl rating.

format rat2 rating.
dat al i nes;
1120
10 25
0120
0 0 35

proc freq order=data;
tabl es rat 1*rat 2/ kappa,;
exact kappa;
wei ght freq
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and the output

Chapter 19 - agreenent
Kappa statistic exanple 2

The FREQ Procedure

Interrater agreement

| Total

100
100. 00

Table of ratl by rat2
rat1(rater 1) rat2(rater 2)
Frequency]|
Percent |
Row Pct
Col Pct |presnt |absent
_________ o
pr esnt | 20 | 25

| 20.00 | 25.00
| 44.44 | 55.56
| 50.00 | 41.67
_________ o
absent | 20 | 35
| 20.00 | 35.00
| 36.36 | 63.64
| 50.00 | 58.33
_________ o
Tot al 40 60
40. 00 60. 00

Statistics for Table of

McNemar' s Test

Statistic (9

DF
Pr > S

Si npl e Kappa Coef f

0

ratl by rat2

Kappa (K)
ASE

95% Lower Conf Limt
95% Upper Conf Limt
Test of HO: Kappa

ASE under HO
Z

One-si ded Pr
Two- si ded Pr
Exact Test
One-si ded Pr
Two- si ded Pr

Sampl e S

>

z

> |2

>=
>=

K
| K|
ze
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Here is a SAS program for the dataset 2 with 3 categories:

titlel ' Chapter 19 - agreenent ';
title2 'Kappa statistic 3';
options |s=80 ps=60;
proc format;
value rating 0 = "absent’
1 "uncertain’
2 ‘presnt’;

data mary;
input ratl rat2 freq;
label ratl = 'rater 1’
rat2 ='rater 2';
format ratl rating.;
format rat2 rating.;
dat al i nes;
2 2 40
215
205
12
11
10
02
01
00

proc freq order=data;
tabl es ratl*rat2/agree (wt=fc) norow nocol;
test agree;
exact agree;
wei ght freq;

Note the(wt =f ¢) term in the Proc FREQ); this indicates that the weighting is the Fleiss-
Cohen gve dove; the alternatie is (wt =ca) for the Cicchetti-Alliston weighting.
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Here are the results of this analysis:

Chapter 19 - agreenent
Kappa statistic
The FREQ Procedure
Table of ratl by rat2

rat1(rater 1) rat2(rater 2)

Frequency |

Per cent | presnt  |uncertain|absent | Tota
| | | |

---------- T

pr esnt | 40 | 5 | 5 | 50
| 40.00 | 5.00 | 5.00 | 50.00

---------- T

uncertain | 5 | 10 | 5 | 20
| 5.00 | 10.00 | 5.00 | 20.00

---------- T

absent | 5 | 5 | 20 | 30
| 5.00 | 5.00 | 20.00 ] 30.00

---------- T

Tot al 50 20 30 100

50. 00 20. 00 30. 00 100. 00
Statistics for Table of ratl by rat2
Test of Symetry
Statistic (9 0. 0000
DF 3
Pr > S 1. 0000
Si npl e Kappa Coeffi ci ent
Kappa (K) . 5161 this agrees with the notes
ASE . 0711 this agrees with the notes
95% Lower Conf Limt . 3768 this agrees with the notes
95% Upper Conf Limt . 6555 this agrees with the notes
Test of HO: Kappa = 0

ASE under HO 0. 0729 this agrees with the notes
Z 7. 0780 this agrees with the notes
One-sided Pr > Z <. 0001

Two- sided Pr > | Z| <. 0001 this agrees with the notes
Exact Test

One-sided Pr >= K 1. 342E- 11

Two-sided Pr >= | K| 1. 342E-11

Statistics for Table of ratl by rat2
Wei ght ed Kappa Coef fi ci ent
Wei ght ed Kappa (K)
ASE
95% Lower Conf Limt
95% Upper Conf Limt

A®O®OoOOO
\‘
[e)]
o
H

Test of HO: Weighted Kappa = 0
ASE under HO 1000
Z 0526
One-sided Pr > Z 0001
Two- sided Pr > | Z| <. 0001
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Exact Test
One-sided Pr >= K 2. 883E- 10
Two- sided Pr >= | K| 3. 268E- 10

Sanple Size = 100
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19.8. Exercises

1 Two tests (the Derer Devdopment Screening Test(DDST) and the Early Screen-
ing Inventory(ESI)) of delayed delopment in children are used on a sample of 80
children with the following results:

DDST
ESI delayed| not delayed| Total
delayed 40 10 50
not delayed 10 20 30
Total 50 30 80

1.1 Isthere ay agreement between theavests.
1.2 Isthe agreement fair to good?
1.3 Construca 9% confidence interval for the coefficient of agreement.

2 Two tests (the Dedlopmental Indicators for the Assessment of Learning (DIAL)
and the Miller Assessment for Preschoolers(MAP)) of delaye@lafement in
children are used on a sample of 100 children with the following results:

DIAL
MAP delayed | not delayed| Total
delayed 50 10 60
not delayed 10 30 40
Total 60 40 100

Construct a 95% confidence interval for a coefficient of agreement betweermthe tw
tests.
3 Two tests, the Deglopmental Sentence Score (DSS) and the Miller Assessment for
Preschoolers (MAP), of delayedwd®pment in children are used on a sample of
100 children with the following results:

DSS
MAP delayed | not delayed| Total
delayed 50 10 60
not delayed 10 30 40
Total 60 40 100

At a = 0. 01,investigate the lipothesis thak, the measure of agreement of the tw
tests, is less than or equal to 0.40.

4 Two tests of delayed delopment in children, Delopmental Sentence Score
(DSS) and Declopmental Indicators for the Assessment of Learning (DIAL), were
used on a sample of 100 children with the following results:
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DSS
DIAL delayed | not delayed| Total
delayed 40 10 50
not delayed 10 40 50
Total 50 50 100

4.1 Wty should the measure of agreement be adjusted for "agreement by chance”
4.2 Construca %% confidence interval for a coefficient of agreement between the tw

5

tests.

Two tests (the Deslopmental Indicators for the Assessment of Learning (DIAL)
and the Miller Assessment for Preschoolers(MAP)) of delayeia@ment in
children are used on a sample of 100 children with the following results:

DIAL
MAP delayed | not delayed| Total
delayed 50 15 65
not delayed 5 30 35
Total 55 45 100

Construct a 99% confidence interval for a coefficient of agreement betweermthe tw
tests.

Two raters were a®ld to indicate whether each of 100 childrevehdelayed deel-
opment or not. Their responses are summarised in the following table.

Construct a 99% confidence interval for a coefficient of agreement betweermthe tw

rater 1
rater 2 delayed | notdelayed ofal
delayed 51 14 65
not delayed 6 29 35
Total 57 43 100

raters (the interval may be one-sided or two-sided).
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