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1 Introduction

We detail our current understanding of Ext groups in homotopy type theory and their
semantic counterparts in a Grothendieck oco-topos. Homotopy type theory can be in-
terpreted into any Grothendieck oco-topos [Shul9], and abelian groups in the former are
interpreted as abelian groups internal to the topos of O-truncated objects in the latter
— i.e. sheaves of abelian groups on the specified site. We’ll refer to such sheaves as
Z-modules going forth; and in particular, our Ext groups are interpreted as Z-modules.
Section 2 begins with a brief description of how to think about constructions in homotopy
type theory in these models, and contains the type-theoretic developments. Section 3
on the other hand takes place in a sheaf topos, and requires only familiarity with those.

Whereas categories of sheaves of abelian groups have enough injectives, this is not
known (nor expected) to the case for abelian groups in homotopy type theory (nor for
abelian groups in an elementary topos). We therefore define our Ext as an internal
version of the so-called Yoneda Ext [Mac63], which is a resolution-free approach to Ext
groups available in any abelian category. Explicitly, in Section 2.1 we define a type
h&xt' (B, A) consisting of all short exact sequences

0—-A—F—-B—0

and define xt'(B, A) to be the set-truncation of h€xt'(B, A). The section is concluded
by the internal analog of the usual characterisation of the acyclic objects of Ext.



In a sheaf topos, there are two distinct notions of Ext for the Z-modules: the external
Ext groups, and the internal Ext sheaves [Har77, Section III-6]. While the classical
Yoneda Ext groups recover the external Ext groups, our &xt groups are internal and
recover sheaf Ext defined using injective resolutions in these models. The acyclic objects
in the first parameter are determined to be the internally projective Z-modules, examples
of which are the finite locally free Z-modules (see Remark 3.2.2).

It is well-known classically that there exist abelian categories for which the Yoneda
Ext groups are not sets, but proper classes. Our definition of &xt in homotopy type
theory inherits this issue, meaning Ext!(B, A) is a large type (see Remark 2.2.1 for
related discussion). Nevertheless, in Section 2.2 we construct equivalences

héxt' (B, A) ~ (K(B,n) = BAut(K(4,n))), for n > 2

where the right-hand side is small. While all the parts of this equivalence are either
classical or known, some parts have not previously been written out in type theory, and
the application to proving smallness of héxt!, and consequently Ext!, is new.

Despite the fact that injective resolutions always exist for Z-modules, we have chosen
to work with projectives, since these appear easier to work with in type theory. Section 2
is wrapped up by showing that our &xt groups can be computed in terms of projective
resolutions, whenever such resolutions exist. The proof is classical in nature, but uses
only tools available to us in homotopy type theory.

In Section 3 we explore the notion of an internally projective Z-module and contrast
it with the usual external notion of projectivity. Both external and internal injectivity
has previously been studied for Z-modules, and a little-known fact is that external and
internal injectives coincide in this setting [Har83, Proposition 2.1]. In contrast, internal
and external projectives differ in general and we demonstrate this through two examples.
Only the example of an external projective that fails to be internally projective requires
work, and the example presented is a novel modification of an argument due to Todd
Trimble.

Finally, we conclude in Section 3.2 by computing a nontrivial Ext? sheaf via an
internal projective resolution. It is well-known [Har77, Proposition I11-6.5] that sheaf Ext
may be computed using locally free resolutions, however our resolution is not locally free.
The computation generalises to show that the Sierpinski topos has internal homological
dimension 2.

Everything presented here has been worked out in collaboration with my advisor,
Dan Christensen.

2 Ext groups in homotopy type theory

Our setting is Martin-Lof type theory with a hierarchy of univalent universes, as in the
HoTT Book [Unil3]. At any given moment of time, we’ll use notation for at most two
universes: U : U’', where the former consists of the small types and the latter of the large
ones. When we say a large type is small, we mean it is equivalent to a small type.



We think of a type as an object in an co-topos &, e.g. a space or a sheaf of spaces.
Important operations on types that we need to understand are: forming Y-types, II-
types, and truncations.

Given a type A, a family of types over A may be thought of in two ways. Firstly,
as amap p: B — A where we see B as all the fibres p~!(a) of p glued together as a : A
varies. Secondly, as a map P : A — U into the universe of types. The second viewpoint
is convenient in type theory; and to go there from first viewpoint, one simply considers
the association a + p~'(a) : A — U, the fibre p~!(a) being itself a type.

Conversely, given a type family P : A — U, the X-type ¥,.4P(a) is the total space
of a map into A whose fibre over a : A is P(a). For example, the type B above is
the total space of p~1(—) : A — U, i.e. B is equivalent to Y. p~'(a). An element of
Ya:aP(a) is a “dependent pair” (a,p) with a : A and p: P(a), and there’s a projection

(a,p)—a:X4aP(a) = A

making ¥,.4P(a) into “an object over A”.

The type II,.4P(a) is the object of sections of the bundle ¥, 4P(a) — A. An
element of this type is a “dependent function” f such that f(a) : P(a) for all a : A.

Finally, we require two notions of truncation: set-truncation ||—|o and propo-
sitional truncation |—||. The former corresponds to forming the set of connected
components ||Al|p of a type A, whereas the latter corresponds to the image of A under
the unique map to the terminal object: A — ||A||— 1. A type A is a set if the map
A — ||Allp is an equivalence; a proposition (denoted IsProp(A)) if the map A — || A
is one; and A is contractible (denoted Contr(A)) if the map A — 1 is an equivalence.

2.1 The type h&xt' of abelian group extensions

Fix two abelian groups B and A in i throughout this section. Below, we define the type
hf,'xtl(B , A) of abelian group extensions, i.e. short exact sequences

0—>Ai>E£>B—>0

for some abelian group E : Ab. The type héxt! (B, A) is a 1-type whose set-truncation
is defined to be Ext'(B, A). By characterising paths in h€xt' (B, A) we will identify the
trivial extensions as the merely split extensions, and this produces the relevant notion
of projectivity in homotopy type theory.

Definition 2.1.1. Given a homomorphism f : Ab(A, B), we say that f is an epimor-
phism, respectively monomorphism, if the following hold, respectively:

ISEpi(f) := . Contr (|| f 1 (D)), IsMono( f) := IsProp(ker(f))
Definition 2.1.2. Let A 5 E % B be two composable group homomorphisms. When-

ever the composite p o i is trivial, there is an induced map i’ : A — ker(p). We say that
1 and p are exact if 7/ is an equivalence:

IsExact (i, p) := Z IsEquiv(i’)
h:Ha:A p(z(a‘))ZO
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Having defined monomorphisms, epimorphisms, and exactness, we begin constructing
a Yoneda-style Ext in homotopy type theory:

Definition 2.1.3. The type of extensions of B by A is:

héxt' (B, A) := Z Z Z IsMono(i) A IsEpi(p) A IsExact (i, p) : U’
E:Ab i:Ab(A,E) p:Ab(E,B)

An element of h€xt' (B, A) is written as (E, i, p).

As defined, hExt' quantifies over Ab and is therefore a large type. It is moreover a
1-type, since Ab is and the fibre of the outermost sigma is a set. This mirrors the fact
that the category of group extensions of B by A, whose morphisms are homomorphisms
E — E’ making the relevant triangles commute, is a groupoid. The following proposition
makes that clear:

Proposition 2.1.4. Let (E,i,p) and (F, j,q) be extensions of B by A. Paths between the
extensions correspond to isomorphisms £ = F respecting the inclusions and projections:

((E717p) :hfxtl(B,A) (F7j7q)) = Z ((poz:j)/\(p:qogo)
p:E~F"

Proof. Follows by characterisation of paths in »-types, and that transport in function
types happens via pre- and post-composition. ]

In [Mac63], Mac Lane produces the set Extl(B, A) by applying g to the groupoid
of extensions. We now do the corresponding thing:

Definition 2.1.5. The set of extensions of B by A is Ext' (B, A) := ||h&xt (B, A)||o.

Using this definition, we have previously verified that the arguments in [Mac63], with
only minor modifications, make Ext' (B, A) into an abelian group (via the Baer sum) and
show functoriality in both variables. For this reason we may speak of Ext!(C, A) as an
abelian group going forth.

Perhaps surprisingly, our truncation kills more than Mac Lane’s 7.

Proposition 2.1.6. Let (E,i,p) be an extension of B by A. Then E is trivial in
5xt1(B, A) if and only if p merely splits, i.e. the following proposition holds:

| Z pos=idg||

s:Ab(B,E)
Proof. First of all, by the characterisation of paths in truncations [Unil3, Theorem 7.3.12]
(B, i plo=sat 5.y ) = I(Eyi ) =gt .a) (AE Buia, i)l

Forgetting about truncations, the right-hand side holds if and only if p splits, by the
usual argument. This in turn implies the statement on the truncations. O



Remark 2.1.7. Given a short exact sequence of sheaves of abelian groups,
0—-F—-G—H—=0

one may consider this sequence as an element of the external Yoneda Ext group, or as
an element of the internal Ext! (H, F) sheaf. The previous proposition indicates that
the sequence can represent a trivial element in the latter, but a nontrivial sequence in
the former. An example of this is given in Remark 3.1.3. It is however not the case
that external Ext being zero implies the same for internal Ext, since the latter may
compensate by having partial elements.

Classically, an abelian group P is projective if and only if any group epi p: E — P
splits and these are exactly the acyclic objects for Ext! in the contravariant parameter.
The previous proposition provides evidence that the corresponding notion of projectivity
in our setting is that of p merely splitting. In section 3 the relationship between internal
and external projectivity is explored; and in a general model they are incomparable.

We conclude this section by characterising projective abelian groups in homotopy
type theory.

Proposition 2.1.8. Let P be an abelian group. The following are equivalent:
(i) Any epip: Ab(A, P) merely splits, i.e. the following holds:
I{ s: Ab(P, A) [ pos=idp }|
(i) For any epi p: Ab(A, B) and any f : Ab(P, B), there merely exists a lift:
I{ g:Ab(P,A) [ pog = [}
(iii) Ext'(P, A) = 0 for all abelian groups A.

If any of the equivalent conditions above hold, we say that P is projective.

Proof. The equivalence of (i) and (i7i) follows from Proposition 2.1.6, and the equivalence
between (i) and (i7) mirrors the classical argument by picking points. O

A dual argument characterizes the injective abelian groups () as those such that
Ext' (B, Q) = 0 for all abelian groups B.

2.2 BAut and smallness of h&xt!

A well-known issue with Yoneda Ext in a general abelian category is that it produces
(a priori) large abelian groups, which are not equivalent to a set. The type hfxt' (B, A)
inherits this issue by living in a larger universe, but we show that it is nevertheless
equivalent to a small type. Specifically, we construct equivalences

héxt' (B, A) ~ (K(B,n) —, BAut(K(A4,n)), foralln>2

where the right-hand side is small. Consequently, the set-truncation Extl(B , A) is small
as well. Of course, these equivalences are also of independent interest.



Remark 2.2.1. Any Grothendieck oco-topos contains a hierarchy of universes, and re-
stricting to the sets (i.e. O-truncated objects) produces a hierarchy of sheaves of sets.
The meaning of Ext! being large is that it ascends one step in this hierarchy. However,
our Ext! recovers the Ext! sheaf in these models, which of course is small. Thus the fact
that Ext' is small is only of interest in models lacking resolutions, examples of which are
not yet well understood.

Recall that any group G has a classifying space BG, which is a pointed and connected
1-type such that QBG ~, G. More generally, for a loop space G we write BG for
its delooping, i.e. a pointed and connected type such that QBG ~, G. Important
examples are the Eilenberg-MacLane spaces K(G,n) for a group G. In homotopy type
theory, these are constructed via higher inductive types, suspensions, and truncations
and therefore inhabit the same universe as G.

Viewing a type X : U as a point in the universe, we naturally obtain loop spaces
(X =y X) which by univalence are equivalent to Aut(X), the type of auto-equivalences
of a type X. This means that the path component of X in ¢/ merits the name BAut(X):

Definition 2.2.2. Given a type X : U, denote BAut(X) := 3 y,,||X = Y- for the
path component of X in the universe U, pointed at (X, |[idx|-1).

Almost by definition, BAut(X) is a pointed and connected type. Characterisation
of paths in 3-types immediately tells us that the loop space is (X =y X), justifying the
notation. While elegant, this definition raises universe level by quantifying over Y. If
we know X is a small set, then Aut(X) is a group and BAut(X) is equivalent to the
classifying space K(Aut(X), 1) described above. As such, when X is a set BAut(X) is
small. However, when X isn’t a set this is a known corollary of a theorem by Rijke.

Proposition 2.2.3. For any small type X, the type BAut(X) is also small.

Proof. This is a corollary of Theorem 4.6 in [Rij17], since we assume a hierarchy of
univalent universes (which implies Rijke’s “global” function extensionality), as well as
closure under HITs (in particular graph quotients). The fact that BAut(X) is connected
means the point inclusion 1 —, BAut(X) is surjective, and the theorem implies the
image (which is all of BAut(X)) is equivalent to a small type im’(1). O

The equivalence Ext' (B, A) ~ (K(B,n) —. BAut(K(A,n))) will be built up from
several intermediate equivalences, and we start from the right.

Notation 2.2.4. For a type Y, write U/Y := > y,, X — Y for the type of maps into
Y. If Y is pointed, write Uy /Y := Y x4, X — Y for the type of pointed maps into Y.

Lemma 2.2.5. Let F and Y be types and yo : Y. We have an equivalence:

( Z Feptyo)) ~ (Y = (U, F))

pUJY

where (U, F') denotes the universe pointed by F.



Proof. The type of pointed maps Y —, (U, F') is a sigma-type, and we have an equiv-
alence between the two bases U/Y ~ (Y — U) since U is the object classifier [Unil3,
Theorem 4.8.3]. Via this equivalence a bundle p: X — Y is sent to its family of fibres
p~H(=):Y — U, and so p~!(yo) ~ F asserts via univalence exactly that the latter map
is pointed when considered into (U, F). O

Note that when Y is connected, the right-hand side of the equivalence above can be
replaced by Y —, BAut(F') since Y maps into the connected component of F' in U.

When F is pointed, we wish to promote the left-hand side to a type of fiber sequences,
which involve pointed maps. There is a natural map which forgets the point

U: > FeupHyo) — Y, F~p (w)

plUs /Y pU/Y

where p~!(yo) has a natural basepoint whenever p is a pointed map. In fact, it’s possible
to go the other way:

Definition 2.2.6. Let (Y, y0) and (F, fo) be pointed types. The “promotion” map

P:ZF:p (yo) ZFE*Z) (v0)

sends p: X — Y and e: F ~ p~!(y) to the pointed map

(p,prae(fo))) : (X,pri(fo)) =Y

and definitionally points the equivalence, (e, Le(fo)) o B = p o).

Promoting and forgetting points form an equivalence, and showing this requires
knowledge of paths in U, /Y and Zp;u*/y F ~, p~ (o).

Lemma 2.2.7. Let (Y,y9) be a pointed type, and let p : X —. Y and q: Z —, Y be
two elements of U, /Y . Paths p = q inU./Y correspond to pointed equivalences between
the total spaces overY, i.e.

P=u,vq) ~ Y. P=vqot

VX~ Z
where =, denotes equality of pointed maps.

Proof. By the characterisation of paths in sigma-types, and transport in families of
pointed maps. 0

Notation 2.2.8. Let (X, xz¢) and (Y, 1) be pointed types, and p : X —, Y a pointed
map. We denote the path p(zg) = yo by pp.



A pointed equivalence between total spaces over Y induces an equivalence of the
fibres whose precise decription we now give. Consider a triangle over Y as on the right
below, where k : p =, q o % is a path of pointed maps containing a 2-cell I" on the left
below asserting that p and g o ¢ are pointed by the same path.

plz0) =——2—= o v (o) ppt) — (Xom0)
kg I dpt fiby, 1 i P k (Y, yo)
Q(wpt) * /q

q(¥ (o)) q(20) (¢ (v0), gpt) —— (Z, 20)

On some (z, p) : p~1(yo), the induced map fiby, x is defined by

ﬁbd},k(‘r7 p) = (1/1(37)77?7: ' p)

where - is path composition and (—) is path inversion.
In order to show that fiby ;. is a pointed map, we need to produce a path

(¢($0), kmo ' ppt) :q_l(yo) (ZOa th)

where the left-hand side is fiby (20, pp). In the base, we have ), : ¢(xg) =z 2o which
by transporting in the family (z : Z — ¢(z) =y yo) produces the goal

q(wpt) ’?m'ppt = Qpt
and this holds since it’s on the boundary of I'.

Lemma 2.2.9. Let (Y, yo) and (F, fo) be pointed types, letp : X —, Y andq: Z —.Y be
elements of U,)Y , and lete : F ~, p~'(yo) and e’ : F ~, ¢~ (yo) be pointed equivalences.
Paths (p,e) = (q,€') in 3, /v F = p~(yo) correspond to equivalences 1 : X ~, Z
over Y which induce equivalences on the fibres fiby, :p 1 (yo) ~« ¢ 1 (yo) respecting F:

(p,e) = (q,€') ~ Z Z fiby o e =€

V: X~ Z kip=sqov)
Proof. By Lemma 2.2.7, the characterisation of paths in »-types and transporting in
s Foey s Hyo):UJY = U O

Proposition 2.2.10. Let (Y,yo) and (F, fo) be pointed types. We have an equivalence:

P:(Y Frqgly) ~ () Freulg ' (w0)iam): U

qU)Y qU]Y



Proof. The direction U o P = id is definitional, so we concentrate on P o U = id. Let
q: (X,z09) =« Y be a pointed map and e : F ~, ¢~ (yo) a pointed equivalence, depicted
(with explicit base points) as the bottom row of arrows below:

(¢ (o), e(fo)) —— (X, prye(fo))

w‘z e(fo))

(Y7 yO)

(e,1)
(F, fo) (id,epr) (id,pry (ept))

(¢ (o), (w0, gpt)) —— (X, 20)

The top row is P o U applied to the bottom row, and we now construct the required
data for a path UP(q,e) = (q,¢e). The rightmost triangle commutes definitionally (i.e.
k., =1 for all x : X), so we need only argue that the pointings agree. To that end, we
split e,; into two components:

(eglotv ejzot) : Z q(p) * gpt = PTy e(fo)

ppry e(fo)=zo
This means egt is a 2-cell of the form

pry e(fo)

pry q(e(fo)) =—= wo
I b
pry a(e(fo)) 22 o(xo)

which implies that the pointings in the rightmost triangle agree.
Since k; = 1), the induced map on the fibres (dotted line) is indeed the identity.
This means the resulting pointing is ej, and the leftmost triangle clearly commutes. [

Theorem 2.2.11. Let B and A be abelian groups. For anyn > 2, we have an equivalence
héxt' (B, A) ~ (K(B,n) —, BAut(K(A4,n)))
In particular, hExt' (B, A) and Ext' (B, A) are both equivalent to a small type.

Proof. We may replace the right-hand side by K(B,n) —. (U,K(A,n)), since K(B,n)
is connected. Lemma 2.2.5 and Proposition 2.2.10 then combine to give an equivalence:

> K(An) ~p o) ~ (K(B,n) —. U,K(A,n)))
p:Ux/ K(B,n)

Theorem 4 in [BDR18] produces the following equivalences of categories for n > 2:

K(—,n) : Ab ~ { pointed, (n—1)-connected n-types } : m,



under which kernels and fibres correspond. This implies an equivalence

(Y Y Azka@) ~ (Y K(4n) = '(w)

E:Ab p:Ab(E,B) pUy/ K(B,n)
where the left-hand side is equivalent to h€xt' (B, A). O

We wish to emphasize that the only new observation in this section is that h&xt! is
equivalent to a small type. Similar results about pointed bundles have been discussed
in [Sco20], [Mye], and [NSS14].

2.3 &xt" via projective resolutions

We have previously defined the higher Ext groups &xt" in homotopy type theory and
verified in detail that short exact sequences induce long exact sequences in the con-
travariant variable. (The covariant version is expected to hold as well, but we do not
use it here.) In the interest of space we refrain from reproducing the definition of Ext"
here, as we only need its familiar abstract properties.

Having both projective abelian groups and higher Ext groups at hand, it is natural
to ask whether projective resolutions can be used to compute Ext™. Below we show
that this is indeed the case, when such resolutions exist. The argument is standard
homological algebra, and the content is that it holds with the results available to us in
homotopy type theory.

Let B be an abelian group, and assume a projective resolution P, of B. Write
po : Po — B for the obvious map, and note that by definition Py/im(P;) = B and so
Py surjects onto Bj := ker(pp). Continuing inductively, we may factor the projective

resolution as follows:
> P2

P > Py
T A A
By B By

where B;y1 := ker(p;) and By := B. Let P_; := 0 and ip := 0 in the following.

Proposition 2.3.1. Let B and A be abelian groups, and assume P, is a projective
resolution of B. Then Ext™(B, A) is the n' cohomology of the cochain complex

Ab(Pe, A) :=(--- = Ab(P,—1,A) — Ab(P,, A) = Ab(Py41,A) — --+)

Proof. The short exact sequence (Bj41 BALN Py LLN By,) induces a long exact sequence

0 — Ab(Bp, A) —2 s Ab(Py, A) — Ab(Byyi, A)

gth(Bk, A) 0 > 5Xt1(Bk+1, A)
Ext?(By, A) ‘/ Ext?(Byi1, A) >
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where the zeros down the middle column appear due to P, being projective, by Propo-
sition 2.1.8. It follows from the first diagonal arrow that Ext!(By, A) = cok(iy, ), and
moreover from the subsequent diagonal arrows that Ext" ™! (By, A) = Ext"(Byy1, A) for
n > 1. Applying the second equality recursively produces Ext" (B, A) = &xt'(B,, A),
and so we may conclude by showing Ext!(B,,, A) = H"(Ab(P,, A)) for all n > 0.

The epis pui1 @ Puy1 — Bpy1 become monos py, : Ab(Bpy1,4) — Ab(Pyq1, A),
and because of this we get that ker(Ab(P,,A) — Ab(P,;1,A)) = ker(i; ) by the
commuting triangle on the right:

Ab(Pnfl, EE— Ab Pn,A E— Ab n+1,A)

] e

Ab(B,, A) Ab(Bys1, A)

The long exact sequence we started out with says moreover that this kernel is
Ab(B,, A), with p} being the kernel inclusion. Consequently,

H"(Ab(P,, A)) = ker(iy, 1)/ im(Ab(P,—1, A)) = Ab(B,, A)/im(iy,) = cok(i,,)
If n = 0, then this is Ab(By, A) = Ext’(B, A), since iy = 0, and for n > 0 we have
cok(i?) = ExtY(B,,_1, A) = Ext"(B, A)

by the equations above. O

3 Internal Ext groups in a topos

In this section we explore some of the statements in the previous section when inter-
preted into a Grothendieck co-topos. Statements about abelian groups in homotopy
type theory become statements about sheaves of abelian groups, i.e. Z-modules. The
&xt groups defined Section 2 recover the sheaf Ext [Har77, Section III-6] defined via in-
jective resolutions. The notions of projectivity and injectivity in homotopy type theory
become internal projectivity and injectivity in a model, and we study the former notion
in the next section. Thus Proposition 2.1.8, and its dual, identify the acyclic modules
for sheaf &xt in both variables, and therefore justify computing sheaf &xt via internal
projective and injective resolutions (since they are acyclic resolutions). The latter is
nothing new, because internal and external injectives coincide [Har83, Proposition 2.1];
but we wrap things up with a detailed example of the former, which we haven’t seen
explicitly mentioned in the literature.

3.1 External and internal projectivity

We start by defining internally projective abelian groups in a topos, and then we demon-
strate that this notion is incomparable to the usual one of (external) projectivity. Let
& denote a topos and Abg the category of abelian groups in &. We’'ll use exponential
notation F¢ for the internal Hom in Abg.
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Definition 3.1.1. An abelian group P € Abg is internally projective if the expo-
nential functor —% : Abg — Abg preserves epimorphisms.

Contrast this with the notion of P being externally projective, i.e. that the external
Hom Abg(P,—) : Abg — Ab preserves epimorphisms.

We demonstrate that the two notions of projectivity are incomparable through two
examples.

Proposition 3.1.2. Let G be a nontrivial group, and let & be the topos of G-sets. The
constant G-set at Z is internally projective but not externally projective in Abg.

Proof. 1t is immediate that Z is internally projective since it represents the identity
functor on Abs. Let ZG denote the free abelian group on G acting on itself on the right
(i.e. contravariantly). The natural epimorphism ZG — Z fails to have a section because
G is nontrivial, so Z cannot be externally projective. O

Remark 3.1.3. The previous proposition implies that SxtiZG(Z, —) =0 for i > 1, since
Z is internally projective. On the other hand, it is well known that the corresponding
external Ext groups may be nontrivial. If for example G = Z/2, then we have

Extyo(Z,Z/2) = H*(Z/2,Z/2) = (Z/2)[u1]

where u; has degree 1, so the above is a graded ring which is nontrivial in all degrees.

The example of an externally projective abelian group which fails to be internally
projective is more involved. The following is a version in Abg of an example in & due
to Todd Trimble'.

Consider the poset C := N« {a, b} where a and b are greater than all n € N:

a

\ b
and let & be the category of presheaves on C. Write y : C — & for the Yoneda

embedding, and write Z(—) : & — Abs for the functor which pointwise constructs the
free abelian group on a set. In particular, we may depict Zy(a) as follows:

0—1—2—---

Z

7\

0

Proposition 3.1.4. Zy(a) is externally projective but not internally projective in Abg.

Written out at the nLab’s presentation axiom (rev. 46).
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Proof. 1t is immediate that Zy(a) is externally projective, since it represents evaluation
at a. To show that Zy(a) isn’t internally projective, we construct an epimorphism
o : F — G that isn’t preserved by (—)%¥(@).

Let F': C°P — Ab be the following Z-module, with index-wise inclusions:

0

DenZ @nzlz — @nzzz o \

Define G(n) := Z for n € N and G(a) := 0 =: G(b), with all maps on N being
identities. Then we have an epimorphism ¢ : F — G given by addition at n € N and
identities at a and b. However Abgs(G, F') = 0 since any such map must factor through

lim,, F'(n) = 0 on the N-part of C (and is necessarily 0 on a and b).
Using that Z : & — Abg is strong monoidal, we see that

0

G = Z(y(a) x y(b)) = Zy(a) @ Zy(b)
and consequently that
F29(@) () = Abg(Zy(a) @ Zy(b), F) = Abg(G, F) =0

On the other hand, GZ¥(@)(b) = Abg(Zy(a) ® Zy(b),G) = Abe(G,G) contains at
least two elements: 0 and idg. This means that 62¥(® cannot be an epimorphism, since
it isn’t one at b. O

3.2 Computing sheaf &xt via internal projectives

We conclude by computing a nontrivial Ext? sheaf using an internal projective resolution.
Let & be the Sierpinski topos, i.e. the category of presheaves on a single arrow (0 — 1),
or equivalently, sheaves on the two-point space S with a single closed point.

Lemma 3.2.1. The functor —2¥©) : Abge — Abg sends a presheaf F := (F(0) « F(1))

to F¥() = (F(0) M F(0)), the constant presheaf at the zero component. In particular,
Zy(0) is internally projective.

The proof is straightforward.

Remark 3.2.2. A Z-module F over a space X is finite locally free if there exists an
open cover (U;);er of X such that the restriction of F' to each Uj is free of finite rank, i.e.
F|y, ~ Z", where the right-hand side is a constant sheaf on U;. It is well-known [Har77,
Proposition I11-6.5] that sheaf Ext can be computed via (finite) locally free resolutions.
However, the internal projective Zy(0) is not locally free since any open cover of the
Sierpinski space S must contain S itself, and Zy(0) is not constant on S.
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We now construct an internal projective resolution P, of B := (0 <— Z/2) € Abg,
aiming to compute a certain nontrivial Ext2. For reasons pointed out in the remark
above, this resolution will not be locally free.

Diagrams in & are written with 1 at the top and 0 at the bottom, with the arrow
pointing downwards due to contravariance. We have a short exact sequence in Abg,

7257 —17)2

Lol

72 —=7 ——0

which we’ll denote K — Zy(1) — B.
One can check that K is not internally projective, and so it makes sense to choose
the internal projective cover p : Zy(0) @ Zy(1) — K drawn as the right square below:

0------- sy L — 7
l (0,1) lz
(2,-1) 142
Z ----- Y ASY/ Z

The left square is the kernel of p, thus we have a short exact sequence:
Zy(0) L Zy(0) @ Zy(1) > K

where the kernel Zy(0) is internally projective. This means we have found a complete
internal projective resolution P, of B:

0 = Zy(0) & Zy(0) © Zy(1) - Zy(1) > B >0
Now we compute H?(P,,Zy(0)), which is Ext?(B, Zy(0)) by Proposition 2.3.1.
Proposition 3.2.3. H?(P,,Zy(0)) = (0 < Z/2).

Proof. Since the resolution has length two, H?(Ps,Zy(0)) = Zy(0)2¥©) /im(f*) is the
cokernel of f*. Note that the codomain of f* is Zy(0)2¥(*) ~ Zy(1), by our description
of exponentiating with Zy(0) in Lemma 3.2.1. As for the domain, we further have:

Zy(0)W O~ 7y(0)O @ Zy(0)* V) ~ Zy(1) © Zy(0)

Now we determine f* on the left below, from f on the right:

ZTZ 00— Z
T
L L3I 72N 747

It suffices to think about f; since this determines f{'. By definition,

fo  Abg((Zy(0) ® Zy(1)) ® Zy(0), Zy(0)) — Abg(Zy(0) ® Zy(0), Zy(0))
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is pre-composition with f ® Zy(0). Since tensoring is pointwise, everything happens in
degree 0. This reduces the problem to computing the image of

2,-1)":(Z®Z—-Z)— (Z—1Z)
which sends the two projections to multiplication by 2 and —1, respectively. Therefore,
fola,b) =2a—b:ZBZ —Z

by the identifications made at the start. This determines f; : Z — Z as multiplication
by 2, and consequently the cokernel of f* is (0 <— Z/2), as desired:

Theorem 3.2.4. Abg has internal homological dimension 2.

In the proof we use the notation Z[—| for the free abelian group on a set; avoid
confusing this with Z(—) which denotes the free abelian group on a presheaf. Let U
denote the functor sending an abelian group to its underlying set.

Proof. Consider a general Z-module F := (F(0) < F(1)). We wish to construct an
internal projective resolution P, of F' that ends at P,. First we construct an internal
projective cover Py — F' on the right,

b Joo |

G(0) - Z[UF(0)] & Z[UF(1)] — F(0)

whose kernel G is on the left. Since subgroups of free abelian groups are free, G(0) and
G(1) are both free and we may choose sets of generators gp and g; so that G(0) = Z[go]
and G(1) = Z[g1] as abelian groups. This gives a natural candidate for an internal
projective cover P; of G,

0 ----------3 > Zlg1] —d G(1)

| oo

id+
K(0) —— Zlgo] & Zlg1] — G(0)
whose kernel K is on the left. Now, K (0) must be a free abelian group and we may

choose a generating set kg so that K ~ Z(y(0) x ko). Hence K is internally projective,
and gives the last step P» of an internal projective resolution of F'. O
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