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PSY 9555A (Oct 16): CFA Extensions (Invariance and Means) 
Multi-Trait Multi-Method Model 



Multi-Trait Multi-Method Model: Correlated Residuals 

Standardized solution 
Non-significant coefficients/paths removed 



Reliability of Latent Variables 

( )
( )

2

2

ˆ ˆ
ˆ

ˆ ˆ ˆi i

i
X X

i ii

λ φ
ρ

λ φ θ
=

+

∑
∑ ∑

Reliability of SEQUENT 
 
(1.00+1.147+1.388)^2 = 12.496 
12.496 x 2.839 = 35.477 
35.477 / 35.477 +(8.664+1.998+2.902) 
=.723 
 
See Kline p. 242 for other equations 
Involving correlated errors 

In Kline (Raykov, 1997, 2004) 
Use unstandardized solution 



Modeling Means 

• So far we have modeled the sample/observed  var-cov matrix 

• It is also possible to model the means of the observed variables and latent 

variables 

• Useful to compare groups, experimental conditions, and longitudinal data 

• Advantage over t-tests, ANOVA, conventional repeated measures designs: 

• Possibility to first evaluate measurement invariance across groups or 

longitudinal waves 

• Main caveat: having enough subjects in each condition 

• Alternative procedure to compare groups in SEM – MIMIC model  
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X 

Understanding Means and Intercepts in SEM 

• Exogenous variables (X variables) have means 

• Endogenous variables (Y variables) such as indicator variables  have intercepts 

• Think of indicator variables in terms of regression equations 
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Mean Structure: Multiple groups (gender) 

In Mplus, in a multi-group analysis 
with a mean structure, both the 
intercepts and the factor loadings 
are held equal across groups as the 
default to specify measurement 
invariance. 
 
Also means and intercepts of the 
latent variables of the first group are 
fixed at 0 while those in the other 
group(s) are free to vary. 
 

Parameters and dfs 
Elements: 
(v (v+3))/2 = (4*7)/2 = 14 x 2 (groups) = 28 
 
Parameters:  
4 residuals x 2 = 8 
4 intercepts  
3 indicators (1 free) 
1 latent variable variance x 2 = 2 
1 mean (in one group) 
Total parameters = 18 
dfs = 28 – 18 = 10  
 



Mean Structure: Multiple groups (gender) 



Mean Structure: Multiple groups (gender) 

Significant difference between males and females  
(but need to show invariance of intercepts first 



Mean Structure: Multiple groups (gender) 

Males Females 1 

7.05 

6.81 

7.94 

7.65 

1 

7.05 

6.81 

7.94 

7.65 

0.00 -3.30 

Note that the reproduced means for males are 7.05, 6.81, 7.94, and 7.65 are the 
same as their intercepts because their latent variable mean = 0. The reproduced 
means for females are 3.76, 3.65, 4.37, and 4.09. These can be reproduced as the 
mean of the latent variable (-3.30) x loading  + intercept.  



CFA Measurement Invariance – Types of Invariance 

• Dimensional invariance 

• Configural invariance 

• Metric (loadings) invariance 

• Strong factorial (intercepts) invariance (also known as scalar invariance) 

• Strict factorial invariance (indicator residual variances) 

 

• Population heterogeneity 

• Factor variances/covariances invariance 

• Latent means invariance 



Model 1: No constrained parameters (Unconstrained/Parent model) 



Males 
unstandardized 

Females  
unstandardized 

Model 1: No constrained parameters (Unconstrained/Parent model) 



Model 1: No constrained parameters (Unconstrained/Parent model) 



Model 2: Constrained Loadings  

Loadings Constrained (Nested Model): χ2
(44) = 73.59, p < .01  

(note also CFI = 0.989) 
 
Unconstrained (Parent Model) : χ2

(38) = 55.80, p < .05 
CFI = .994 
 
Chi-square Difference test: 
χ2

(44) = 73.59 - χ2
(38) = 55.80 = χ2

diff (6) = 17.79, p < .01 
(crit χ2

(6) = 12.59 at p = .05 or 16.81 at p = .01) 



Model 2: Constrained Loadings  

Males  
unstandardized Females  

unstandardized 



Model 2: Constrained Loadings  



Model 3: Constrained Intercepts (and Loadings)  

Model 3 Constrained Intercepts (Nested Model): χ2
(50) = 76.82, p < .01  

CFI = 0.990 
 
Model 2 Constrained Loadings (Parent Model) :  χ2

(44) = 73.59, p < .01  
CFI = 0.989 
 
Chi-square Difference test: 
χ2

(50) = 76.82 - χ2
(44) = 73.59 = χ2

diff (6) = 3.23, ns 
(crit χ2

(6) = 16.81 at p = .01) 
 



Model 3: Constrained Intercepts (and Loadings)  



Model 4: Constrained Indicator Residual Variances (and Loadings and Intercepts) 

Model 4 Constrained Indicator Residuals (Nested Model): χ2
(58) = 190.62, p < .01  

CFI = 0.953 
 
Model 3 Constrained Intercepts (Parent Model) :χ2

(50) = 76.82, p < .01  
CFI = 0.990 
 
Chi-square Difference test: 
χ2

(58) = 190.62 - χ2
(50) = 76.82 = χ2

diff (8) = 113.80, p < .001 
(crit χ2

(8) = 26.12 at p = .001) 
 



Other Models of Invariance 



Longitudinal Measurement Invariance: Unconstrained Model 



Model 2: Constrained Loadings 

Model 2 Constrained Loadings (Nested Model):  
χ2

(36) = 95.68, p < .01 CFI = 0.988 
 
Model 1 Unconstrained (Parent Model) :  
χ2

(30) = 54.48, p < .01  CFI = 0.995 
 
Chi-square Difference test: 
χ2

(36) =95.68 - χ2
(30) = 54.48 = χ2

diff (6) = 41.20, p < .001 
(crit χ2

(6) = 22.46 at p = .001) 
 
Conclusion:? 



Model 2: Constrained Loadings 

Constrained Loadings Unconstrained loadings (previous model) 



Model 3: Constrained Intercept Model Syntax 
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