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Abstract:

A review is presented of the quantization procedures applicable to linear gravitational fields in Minkowski space—time and of
various interaction processes involving gravitons. The discussion is mainly concerned with those processes that in the Feynman
diagrammatic approach involve gravitons on external lines and are of particular astrophysical interest because of their contribution
to background gravitational radiation in the universe. More specifically they are graviton production from particle—antiparticle
annihilation, gravitational bremsstrahlung, scattering of gravitons and photoproduction. Among the topics discussed are also, the
graviton—particle vertex and some of its applications, and the problem of coherent emission of gravitational radiation in the
laboratory.

1. Introduction

Although an extremely satisfactory classical description of gravitation exists, its complete quanti-
zation has so far defied every attempt. Einstein’s general theory of relativity does in fact present
from the point of view of quantum field theory, a variety of mathematical difficulties. These arise
chiefly from the non-linearity of the field equations, the presence of a complicated gauge group,
constraints in the initial value formulation of the theory, and the loss of the Poincare group so
important to particle physicists (Ashtekar and Geroch [1], DeWitt [22]). The probable discovery
of sources of strong gravitational fields such as black holes may have made the problem of the
complete quantization of the gravitational field even more acute, as astrophysical observations
require quantitative predictions which are difficult to make on the basis of a still non existing theory.

Strong gravitational fields, no matter how important and interesting, do not however encompass
the whole realm of quantum phenomena where gravitation plays a role. Weak gravitational sources
are indeed very numerous in our universe and are most readily available to us in the laboratory.
The linearized general theory of relativity is adequate to deal with these sources, can be quantized
consistently in a number of ways and the interactions of the quanta of the field, the gravitons,
with other particles can be studied.

Most of these interactions have an interest in themselves and serve to ascertain in a clearer way,
the significance and role of gravitation in physics. The study of gravitation would certainly not be
complete without their consideration. Some processes, however, have a direct astrophysical interest.
Bremsstrahlung, for instance, and photoproduction do generate sizeable amounts of gravitational
radiation (GR) which can be comparable in magnitude with those of classical processes. All pro-
cesses, then contribute to the creation of a background of gravitational radiation in the universe.
This vast-and as yet untapped source of information has great cosmological and astrophysical in-
terest. In fact, because of the extreme weakness of their interactions gravitons are almost unab-
sorbable and could therefore convey to us information about the various evolutionary stages of the
universe. With only a few exceptions, dictated mainly by the nature of the particular problem at
hand, the processes considered in this article are linear. Thus, problems such as the fall of matter
down a black hole (Zerilli [93], Davis, Ruffini, Press and Price [16] ), the radiation due to the
collision of two non-rotating black holes (Hawking [40] ), the stimulated or spontaneous emission
from rotating black holes (Unruh [76], Hawking [41]) and several other interesting problems for
which the linearized theory is not adequate, do not fall within the scope of this review.

Most of the linear processes that have so far been studied in the literature are here reviewed
and presented in as self contained a way as possible. Much work has been produced in this field
in the late sixties that still lies scattered over numerous journals. Hence the desirability of a review
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which may help to reassess the role of these processes in astrophysics. This role has, sometimes and
in our opinion unwarrantedly, been played down in the literature.

Although no real attempt is made to estimate the overall background of GR in the universe,
which would obviously be of considerable astrophysical significance, linear processes can be dis-
tinctly singled out that contribute to the increase or, conversely, the decrease of GR in the universe
and to the life and evolution of astrophysical objects. It is found, in particular, that high coherence
can compensate, within limits, for the weakness of certain sources. From this point of view the
problem of highly organized matter has indeed been barely discussed in the literature.

2. Quantization of linear gravitational fields

Quantization theories for linear gravitational fields have been proposed in the past by Rosenfeld
[70] and Pauli and Fierz [28]. More recently, the problem of quantizing the linearized version of
the general theory of relativity has been tackled along different lines by several authors with similar
results. Worth of particular attention among the quantization procedures is the functional integrals
method developed by DeWitt [21] and Fadeev and Popov [26] which is here only mentioned.
Although we essentially follow in this article the approach of Gupta [33], the approach of Weinberg
is also reported in some detail. Also interesting is the path dependent formalism of Mandelstam
[52] because of its connection with the theory of gauge fields. In Mandelstam’s approach any
reference to a coordinate system is avoided and unphysical variables like the metric tensor g, need
not be mentioned as curvature is directly introduced from the very beginning. The quantization of
curvature implies that space—time can no longer be viewed as consisting of a four dimensional in-
finity of points. Hence the resuits of measurements in quantum theory are no longer path indepen-
dent. Again the first order perturbation calculations give results equivalent to those of flat space
theories.

The question of renormalization is not dealt with in this paper. It is known that in the case of
pure gravitational fields all one-loop divergencies can be eliminated by a field renormalization
(’t Hooft and Veltman [74], DeWitt [21]). This is no longer the case as soon as gravitons interact
with other particles ('t Hooft and Veltman [74], Deser and van Nieuwenhuizen [17-20]), with
the exception of external off-mass shell gravitons which when added to a flat space renormalizable
process leave it finite (van Nieuwenhuizen [77]). It is implicitly hoped that the lower order terms
of perturbation theory are valid for most processes considered.

2.1. The linear approximation

Einstein’s equations can be written in the form

R, f%ng = 1k? T,, 2.1
where R, is the Ricci tensor, g, the metric tensor, R = R"j, Kk =+/ 167G, G the gravitational con-
stant and T, the energy momentum tensor of the “matter field”’. Matter here includes everything
except the gravitational field.

v*# is defined as the energy momentum tensor density for the matter field

NI LNy (2.2)
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The covariant divergence of R, — 3 8,, R vanishes. It therefore follows that the divergence of
T,, too vanishes:

aTZ/aXV — %Taﬁ 3gaﬁ =0, (2.3)
0
37(72 +1)=0. (2.4)

¢, is the pseudo tensor of the gravitational field and
ats/ox¥ = —1708 3g,p/0x" . 2.5

The linear approximation is defined by expanding the metric tensor and keeping only the first
order terms

Buv = My T KAy, (2.6)
where 7, is the Minkowski metric. It follows that
[a2h 0%h CEIN 3%h

2 _ M+ VA)+ h+6( }\p—-Dz}‘)=T
O SO0xy  0x,0x,/ dx;dx, M\ gaox ") = 7
ot oh

MY =E VA A
ax, 20w | (2.8)

By using the de Donder—Lanczos condition

dh,,/ox, —38h}[3x, =0 (2.9)
one obtains from (2.7)

Dzhw —%6“,,[]2h7,:=KT“V . (2.10)

By defining

huv = 7uu - %Suv'ygt (21 1)
and using (2.10) and (2.11) one gets

0%y, =«T,,; 987,,/3x,=0 (2.12)
A
luy _ %0 pn 10N o,
ax, 2 ox, 4ox, "7
A A A
o o=y[Teare 1M, (am e ayg)} (2.13)
W *lax, ax, 2ax, dx, #\ax, ox, 20dx,0x,/)’ '
Hence the Hamiltonian density can be written as:
A A A
q:l[am oy 1M 3G 19m Y7 1IN 372] (2.14)
2L ot ot 203t ot 209x, ax 49x, ax, 1" '

g
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It also follows from (2.12) that
02 8y,,/0x, =k aT,,/ox,: DO?dy,/ax,=0. (2.15)

The two equations agree only in the first approximation. However, for the exact non linear
gravitational field the supplementary conditions are exactly compatible with the field equations.

2.2. The quantization scheme of Gupta

The Lagrangian density is constructed as a function of the independent variables Vv and vy

0Y,, 07"’
L)G:_,}‘:( v _lm,,al) ' (2.16)
ax;\ ax;\ 2 ax}\ ax,\
Thus the field equations are:
O%y,,=0; DO?y=0 2.17)
and the Hamiltonian density becomes
[Py Loyey 1P oy Loy oy @18
2Lar 8t 20rar 2ax, 3x, 4ox, dx, '

Equation (2.18) will be reconciled with (2.14) by choosing the supplementary conditions in such
a way that the expectation values of y and vyj coincide. In terms of y’s, we have

oL 1 9711
=_ =_ 2.19
, 3(dy,,/at) 2 ot ( )
and the commutation relations are:
(Y 0, T (P, D] =180 — 1) (2.20)
MV, e
[y, S, 0] = 2ise ) 2.21)
[y (), vy ()] =21D(x — x), (2.22)
where
Dix—xy= - A pt [qp KRIHKE - X)) (2.23)

(27)4 p=0

T

is the singular function for the gravitational field. Since v,, =v,, and II,, = 8L/3(3,,/31), the
following commutation relation also holds:

[y, (X), v, (X)) =iD(x — x) (2.24)
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and, more in general

[0 (0)s 72, X)) = i(8,,8,, +8,,8,,) D(x — x") (2.2%)

[y(x), v(x")] = —4iD(x — x") . (2.26)
Yu» @nd v are then expanded into plane waves in the form

E 2\/— {aw(k) exp{i(k-r — wit)} +azu(k) exp{—ilk-r — wit)}} 2.27)

v = 2; 2\2/? {a(k) exp{i(k-r — wB)} +a* (k) exp{—i(k-r — wt)} }. (2.28)

Substitution of the above two equations into (2.24) and (2.25) gives:
la,, (k) a{p(k)] = 8/_“,6” +6,.8 (2.29)

up CVA

[a(k),a* (k)] = —-1. (2.30)

Use of the last six equations in the Hamiltonian density and omission of the zero point energy give
the Hamiltonian of the gravitational field:

[otdv= 2k3 k{sa;, (k) a* (k) — a* (k) a(k)} . (2.31)

The following four operators are defined for convenience:

ay, (k) = %(a“(k) —ayn(K);  ay (k) =1, (k) +ay(k)

1 (2.32)
ay; (k)= \/__ a3 (k)  ag(k) = \/—7 Ay (k) .
They obey the commutation rules
la},(K), a i () =1  [ay(k), a5 (k)] =1,
(2.33)
las3(K),a5(K)] =15 [ag(k), agy (k)] =1.
The Hamiltonian can then be written as:
fgfdv =2k {d}ja'" +apa®¥ +aia’3 +aha'® —a*a
k
+aj,a'? +a3,a* + a0 — a}yat® — a},a®® - aly,a®}) . (2.34)

There are therefore eleven types of gravitons corresponding to eleven independent components
of v,, and v. Since the commutators involving a,,(k) and a(k) have a negative sign it is convenient
to use an indefinite metric in dealing with the components v,, and 7.
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2.3. The supplementary conditions

Because of the introduction of an indefinite metric, any state ¥ is normalised as
YH = (—1)M0* 20" 30" (2.35)

where 1., 1,4, 15, and n are the occupation numbers of the a,,-, a,4-, a5,- and a- gravitons.
The supplementary conditions

.
M

ax#

U=0; (t-7)¥=0 (2.36)

where 'y;'w and y* are the positive frequency parts of Yuv and v, now determine the allowable wave
functions Y that describe the state of the gravitational field and ensure in particular that

<a7,w/axu> =0; (yh=m. (2.37)

Substitution of the Fourier expansions of Vv in (2.36) and the choice of k along the x, axis
gives:

(ay(k) — ag, (k)T =0; i=1,2 (2.38)
(@33(k) — o ()W =0 (v 2a}; (k) — agy ()W =0 (2.39)
(@30(K) — age (kKN =0 (a3(k) — v 2y (k) ¥ = 0. (2.40)

These equations eliminate states in which a;; and a,; gravitons are present in the absence of inter-
action. Also from equations (2.36) and the Fourier expansions of Yuv and v, one obtains

(a,,(k) = 2a(kN¥ =0, (a,(k)—a(k)¥=0 (2.41)

which imply the absence of a},- and a-gravitons in a pure gravitational field. Hence, the supplemen-
tary conditions eliminate 9 types of gravitons for a pure gravitational field:

My3 =My = Mgy SNgy T Ng3 SNy S Hgy SNy =1 =0 (2.42)

while the occurrence of negative probabilities in real states as predicted by eq. (2.36) is prevented.

Only gravitons of the types a,, and a,, can exist and the vacuum state may be defined as that
containing no a,, and a,, gravitons. Since all the components of 7;,, and ¥* contain absorption
operators, the vacuum state ¥, satisfies the equations:

YV =0: 7 ¥, =0. (2.43)
The only non vanishing component of the spin operator is then

Pra = 20 2al (R, (B) — . Ba_ () =2 7 (n, (k) ~ n_(K)) (2.44)

where 1, and n_ are the numbers of gravitons corresponding to the operators a, (k) and a_ (k).
Equation (2.44) shows that gravitons are particles of spin 2 with two independent spin states
corresponding to spin axis parallel or antiparallel to the direction of motion.
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2.4. The gravitational field in interaction

The interaction of the gravitational field with matter is represented by the Lagrangian density:

Y

Muv 29** 1 3y v
dx, 9x,  20x, 9x,

K
) =5 (W —318,MT . (2.45)

The above equation gives rise to the field equations:

2 = . 2 =
D%y, = KTW ;O '7“j = KTL‘ . (2.46)
The supplementary conditions are modified in the Heisenberg representation to:
[0v,,/8x,]1 ¥ =0 2.47)
(v -7)"¥=0 (2.48)
where [ 1* denotes the positive frequency part. In the absence of interaction they are indentical

to the previous conditions given in (2.37). The terms a'yw/ax” and (v} — ) can be split into posi-
tive and negative frequency parts in the presence of interaction in the Heisenberg representation.
Also the following equations hold:

0%9v,,/8x, =0 (2.49)

O%(vf -v=0. (2.50)

Passing from the Heisenberg representation to the interaction representation, the following equations
are obtained:

[07},/ax, +k [D*(x' —x) Ty, (x') dv] (1) = 0 (2.51)

(i —yH¥v=0. (2.52)

D* (x — x') is the positive frequency part of D(x — x"). Those gravitons which could not exist in a
pure gravitational field can now appear in virtual states in the presence of interaction due to the
T,, term. The whole theory is Lorentz invariant.

In particular, the field equations for the electromagnetic field are given by:

AFH[ax? = —pt (2.53)
dst Blaxk =0, gHr =g FKY (2.54)
FH¥ =347 [ax* — 9A*[ox” =gHrg"P F, (2.55)
AP = —gA*; pt=ygJt. (2.56)

The total Lagrangian density of the gravitational and electromagnetic fields may then be split into
two parts

L. = L+ Ly (2.57)
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and

Lp=—iV—EgF"F,, =—iV-2878" F\, F (2.58)
which, by using the Lorentz condition 84%/ax® = 0, becomes

Lp = —1F ¥ Fyy — 10V (FOHFE — 184 FWF )+ 0(k?) . (2.59)

The first order interaction term is given by
- K,y THY (2.60)

where T#” is the usual flat space energy-momentum tensor of the electromagnetic field.

2.5. Weinberg’s theory of massless particles

Linear gravitational fields can also be quantized by means of Weinberg’s “physical particles only”
approach [85—87]. In this approach particles are defined as the irreducible representations of the
inhomogeneous Lorentz group and play a more fundamental role than fields since particle operators
enter the interaction in the form of free fields which transform according to various representations
of the homogeneous Lorentz group and commute with each other at spacelike separations. The §
matrix is Lorentz invariant and the Feynman rules for gravitons (and photons) can be obtained.
In order to account for the inverse square law forces, potentials are introduced which a priori may
not be invariant. Thereby, the Lorentz invariance of the S matrix becomes a difficult requirement
to satisfy. The salient feature of the formalism is that for massless particle of spin j = 2, the only
Lorentz invariant theory is just that of Einstein. With an exactly conserved current, in the weak
field limit, the field equations reduce to those derived by Gupta. Weinberg’s approach is here
presented with a view to illustrate how the guif between the theory of massless particles and the
rest of particle physics could possibly be bridged.

2.5.1. The fields

Weinberg shows that in the perturbation theory for massive particles of any spin, the amplitudes
for emission or absorption of a particle with spin j vanishes necessarily as p/~'/2 for momentum
p - 0 whenm - 0.

The necessity to avoid this difficulty which would make the existence of inverse square laws
impossible leads to the introduction of potentials whose jth derivatives give the fields. For sim-
plicity, the fields for particles of spin j are chosen to be transformed under the (2 + 1) dimen-
sional representations (j 0) and (O j) of the homogeneous Lorentz group. They are indicated by
¢, (x) and x, (x) respectively and can be written as tensors F_(x) and F, (x) of rank 2/ as follows:

3
Fludpavallujpvfl = (9 y=3/2 it [ d°p [p*1e’ (p) — prei(p)]
i ©@pn?
. [ptieli(p) — pYidi(p)] la(p, £)) P * +b* (p, Fj) e 1P"*] . (2.61)
b* is the antiparticle creation operator, a is the particle annihilation operator, b is the antiparticle

annihilation operator, a* is the particle creation operator.
Therefore, F_(x) and F,(x) are just linear combinations of ¢(x) and x(x) and vice versa. The
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polarization vectors e¥ (p) in (2.61) are defined as

ek (p) =Ry (p)e; (2.62)

=T @=sVT e =el =0, 2.63)

RY(p) is a pure rotation that carries the z-axis into the direction of p.
i) F,(x) each have not more than (2j + 1) linearly independent components.
ii) F, (x) actually are tensors, that is, they transform as:

U(A) F{fml-=1d g=1(n) = At A AGTAT FLP 1] (A (2.64)

Ay is a proper orthochronous Lorentz transformation. The corresponding unitary operator is U(A)
while U~!(A) is its inverse. Also

AEAS =89 . (2.65)

The U(A) forms an infinite dimensional (and reducible) unitary, representation of the Inhomoge-
neous Lorentz Group:

U(A, @) U(A, a) = UAA, Aa +a)

U(A) UA) = U(AA) . (2.66)

Therefore, from (2.64), F, transforms according to some reducible or irreducible representation
of the homogeneous Lorentz group. The most general representation that can be constructed from
a(p, +j) exp(ip-x) + b*(p, —j) exp(—ip - x) is a sum of representations of type

F,:(0,N)G,i+5)A,j+1).. 2.67)

while the most general representation that can be constructed from a(p, —j) exp(ip - x)
+b*(p, /) exp(ip - x) is a sum of

F_ (G,00+53)G+1,1) ... (2.68)

as has been shown by Weinberg.

The only way such sums can have dimensionality < 2/ + 1 is for them to consist just of the first
terms (0, /) and (j, 0). The representation determines the fields uniquely, so F, must be x and F_
must be ¢.

The following properties of F, are mentioned to number the components of F, :

1) The F,’s are symmetric under interchange of any two index pairs,
2) Antisymmetric under interchange of indices within a pair,

3) They are either self-dual or anti-self-dual within each index pair,
4) The complete trace on any two index pairs vanishes.

The conditions of antisymmetry and self duality or antiself-duality lower the number of indepen-
dent components for each index pair from 16 to 6 to 3. The conditions 1 to 3 would give F, (x)
the same number of components as for a symmetric tensor in 3 dimensions, i.e.,

Nj_z(f+2)=(i+1)(i+2)'

5 o) (2.69)
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Condition 4 imposes N;_, constraints. Therefore, the number of independent components left
is not greater than 2j + 1,

N, =N, <2j+1. (2.70)

The proof that the F, (x) are tensors, is contained in Weinberg’s article [87]. The fields F, (x) obey
the free field equations

D2FHnl(x) =0 (2.71)

8, Flil(x)=0. (2.72)

Forj=1,(2.61) gives two of Maxwell’s equations. The five independent components of F[#1 (A7l
are identified with the left or right handed parts of the source-free Riemann—Christoffel tensor.

The potentials can now be introduced and are found to be suitable to formulate a theory of
photons and gravitons. The potentials are not tensors and their transformation properties are shown
in the next subsection. The S matrix follows as a natural consequence of the introduction of the
potentials and the current operator in the interaction representation as shown in subsection 2.5.3.

The transformation of the .S matrix follows from the Lorentz transformation rule for one par-
ticle states and the imposition of two conditions on the current operator in the Heisenberg represen-
tation.

2.5.2. The potentials
- The tensor fields F,(x) are the jth derivatives of the potentials as can be seen from (2.61),
1 d3p
(2m)*? f@lpﬁ‘”

AMrFi(xy = e (p) ... di(p)la(p, +/)elP ™ + (—-1)7p" (p, ¥ e PX]1  (2.73)

FIsYl () = 9 4% (x) — 8% A%(x) (2.74)

FIml Al () = gH 3 4P (x) — 34 aMAYM(x) — YT AN(x) + 87 AMN (x) + 8”01 AMM (x) . (2.75)

Since A, are free of the objectionable factors p/, they can be used to construct a theory of photons
and gravitons. The 4, (x) cannot be tensors, because the traceless part of a symmetric tensor of
rank j transforms according to the (j/2, j/2) representation of the homogeneous Lorentz group

and this is not one of the representations (2.67) and (2.68) allowed for massless particles of helicity
A =tj. Also, A, vanishes if any of its indices is = 0, a property hardly admissible for a tensor. The
potentials therefore transform in the following way:

UA)Y A1 Hi(x) U7 (A) = Abr AT (2m) =312 Lo (el (p) - p" fulp, I M (2.76)
) o TQIipptr
M = [e(p) — p'if. (p, N)] la(p, £)) exp(ip - Ax) + (1) b"(p, %)) exp(—ip - Ax)] . (2.77)

Equation (2.76) can be expressed in a more compact form as:

j
UM)AR M) U A) = AjE.. AYTAL P IAX) + 25 o g etk MG A) (2.78)
1 - r=1
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The second term on the right-hand side of the above equation denotes the gradient terms and the
A* are tensors except for gradient terms. Since the photon and graviton are their own antiparticles,
it is convenient to restrict any further discussion to purely neutral particles and define phases such
that

b(p, £)) = (-1) a(p, £)) . (2.79)
Then
Azl...#i*(x)=Agl...yj(x) . (280)

Therefore, Hermitian fields can be defined such that

Aul...ui(x)=Aill...ﬂj(x)+A;il...ui(x)

= @nyr [EP_ 5o (p) . eip) lalp, £/) €7 +a(p, ) e (2.81)
20PN

Bul...uj(x) = _iAﬁl...uj(x) + iAlilM](x)

. 3 . :
G 1)3/2 J (2(11 f)m T () e (p) ... (p)alp, £))eP* +a*(p, 7)™ P 7] (2.82)
T p *

with A carrying intrinsic parity (—1)/, while B has intrinsic parity —(—1) . A* and A*” can there-
fore couple to normal tensors like the electric current and energy momentum tensor, while the B’s
have to couple to tensors of abnormal parity, like the current of magnetic monopoles.

2.5.3. Lorentz invariance and current conservation

The space like components of the current operator in the interaction representation are defined
by

8i,iy..f @) = —SH (x)[8A"i(x) . (2.83)

From the potentials (2.73) it can be seen that the S matrix for emission of a particle with m =0,
helicity £, and momentum p in a transition « - § is

i 1
mpP? QipH'?

Sﬁa(p’ i]) =

N . . = 1y
el (p) ... e',{'(p)fd“x e"ipx Z_% ( nl')

X [ dty o deOIT{H () H' (1) &,..;(0Ha) . (2.84)

The above S matrix can be expressed in terms of exact energy eigen states and Heisenberg represen-
tation operators as

i 1
(2m)*2 (21pH'?

Ssalp: £) = e (p)...ed(p) (b outlgf! .(p)lain) (2.85)
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(H) i (P) = fd“x e~ 1P*(b outlgj! (01 in (2.86)
gH (x) = el 1g(0) ¢~ 1H? = ¢iHt ¢~ iHo" g(p)giflo? o= i1 (2.87)
From the Lorentz transformation rule for one particle states the S matrix transforms as
Ap\?
S8, 50= (P2) Spgna (A, £1) exp (31/°(p, A} (288)

This is possible if and only if

(i) (H) j(P)is the spacelike part of a symmetric tensor g™ (p) with

‘11...‘1]
UNg,? W (DU (M) = A g, (Ap) . (2.89)
(ii) The tensor is conserved
(H)
Pl L (1=0. (2.90)

The propagator for the j = 2 particle is given by

(TLAR (x), AM(7)D, = @m)~3"2 | (21@3,1/2 TAT(p) {0x = ) P72+ 6(y — ) &P )
p (2.91)

A (p) = 25 et(p) € (p) ek (p)el(p) (2.92)

In momentum space, this gives
A¥PA(g) = ifd“x exp{—ig - (x — )} (T {A**(x), A"”(y)})0 = [I*"*(q)/(q* — ie) . (2.93)

Letting p = k = (001), using (2.63) and evaluating the polarization sum shows that the only non-
vanishing components of (2.92) are

H““(k) = [12222 k) = lexz(k) = Hznz(k) — lezl(k) = Hzm(k) = _JJ1122 k) = —H””(k) = % .

(2.94)

There is a simple relation between IT#***"(k) and II*” (k). TI*Y (k) is given by

M (p)= 2 et(p)es(p) . (2.95)
Application of the rotation R(g) enables to represent M#*AM(g) as:

M#A7 () = 5 [TI*M@) TP ()" (q) + TI*" (@) TI*M () — TT#* (@) T (q)) (2.96)
where

v VM 2 4
nuv(q) = nuu + (n”q + nq ) q0 + q ‘f?"’f? (297)

[q1° Iql*
n* = [0001] . (2.98)
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The propagator (2.93) can be split into three parts
AENT(G) = AEANq) + AL (@) + AEAT(q) (2.99)

AEMg) = —5 (PP + pEph — A ) (g — i) (2.100)

while A,,, contains all terms carrying a factor g*, ¢”, g™ or ¢" and A, is the remaining part

Loc

AT (@) = [ g’ + i gt + g i+ 0 kgt — g — Mok ) 21q 1]

+nhn? 0" 2q1* . (2.101)

The A . term does not have a pole at g = 0, so its Fourier transform is temporally local, and
its effect can be cancelled by adding a ‘“Newtonian” term to the interaction.

The current g,,, (x) has to be conserved to eliminate the 1/g2 pole in Ag,, 4. The only conserved
symmetric tensor is the energy momentum tensor 6, so A, has to be coupled to §,,,. For exact
conservation 6, must involve the potential A ,,. Therefore the proof of Lorentz invariance becomes
extremely difficult for the case of j = 2 (the graviton) but forj = 1 it is simple but longwinded.

The effective graviton propagator is

ABNN(G) = —HIn M + Pt — T (g — ) (2.102)

2.5.4. Derivation of Einstein’s equations

For the massless particle with j = 2 the Lorentz invariant theory leads to the derivation of
Einstein’s equations. The interaction representation potential in this case is traceless. It then fol-
lows that the traceless part of the Heisenberg representation potential is given by:

All(x, 1) — 187 4%, (x, 1) = U Alx, U1 (1) . (2.103)

Analogously to the case of the scalar potential for the electromagnetic field, six components of the
Heisenberg representation potential are introduced and lead to the equations

V2AL(x)= —g0(x) (2.104)

VZA';,”(X) = __% ggo (x) : (2.105)

V2ZAR(x) - 345, (x) = —1g{,(x) — 120 (x) (2.106)

3; AR (x) +30,45,(x)=0. (2.107)
The S matrix for a transition a—f due to an infinitesimal c-number 8g,, can then be expressed as:

85 = —i [ d*x(B out| A ()l in} 8g,,, (x) . (2.108)
The field equations satisfied by (2.103) are:

0% [Afi(x, 1) — 5874, (x, D] = — [ &y D™ (x - »)gli®, 1) (2.109)

where
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D™(ry = (2m)=2 [ & p UM (p) explip - 1) = 1 (87 8/ + 5167 — §5*1) 53 (x — )
(2.110)
+3(073% 8" + 270" 6" + 0736/ +3/3'6% — 3'a/8* — p* 3! D(x — y) +307879% ' E(x — p)]
d*p
Ip1*
By using the current conservation condition one obtains

O2AH(x) — %0741 (x) — 3,042 (x) — 33/ [AR (x) — 14K, ()] = —g{i(x) + 3 87gl, ,(x) .

e~y =07 [ZLexplip- (x -y} = €0) - X2 Q.111)

(2.112)

The traceless part of A¥ is divergenceless as is A7(x),

aiAZ(x)—%aiAf{k(x)=0. (2.113)
These equations can also be expressed as

REP(x) = —g (x) + 58*7 gy (%)
or equivalently as

RE(x) — 38" R, (x) = —gh¥ (x) (2.114)
where R} is given by

REP(x) = D2 A% (x) — 30, AN (x) — Y, AN () + 8407 AN, (x) . (2.115)

Equations (2.110) and (2.111) must also be retained as gauge conditions on the potential. They
arise because of the special way in which 4”(x) have been constructed. Equations (2.113) and
(2.114) are recognized as Einstein’s equations in the weak field approximation provided that
g"¥ is taken as

g¥(x) =" + Al (x)

and the energy momentum tensor 8* is for matter alone, which is however inconsistent with the
requirement that the current gf{’ be conserved. The matter tensor 6*” has zero covariant divergence,
but its ordinary divergence is # 0 if gravitational interactions must be accounted for. Gupta has
shown that (2.113) with an exactly conservedright-handside is exactly equivalent to Einstein’s
equations.

The Feynman rules for photons and gravitons can thus be formulated and are summed up in
section 3.

3. Rules to calculate diagrams

The Feynman rules for photons, gravitons, electrons, and neutrinos etc. can now be formulated
and are summed up in section 3. It is worthwhile to mention that the rules discussed are not a com-
plete set of Feynman rules and cannot be used to calculate higher order terms involving closed
graviton loops.
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The wave function of an incident electron of momentum p, and spin §; is given by the solution
of the Dirac equation,

(p —m)¥, =0 3.1
Vi) = Y Ui S expl—ip; - x) . (3.2)

For a neutrino of momentum p, and spin S,

¥, (x) = V%U(pi, S exp(~ip; - x) . (3.3)

The wave function is normalized to unit probability in a box of volume V. In a similar way, the
wave function in the final state is given by:

T (x) = |/E’fﬂl7 T(p,, S;) exp(ip; - x) (3.4)

for the electron, and
- 1 & .
Vi(x) = V; U(py, S¢) exp(ipg © x) (3.5)

for the neutrino.
The wave functions in momentum space are obtained by use of the Fourier transform.
VmlE V U(p,;, S, ¢) describes an electron in momentum space in either the initial or the
final state and :7 (1 / V) U(pi!f, Si,f) describes a neutrino in either the initial or the final state.
The four vector potential of a “photon™ with momentum p, and polarization e* is written as
a plane wave

e”

K ’ = ip'x + —ip-x .
At (x, p) NET1% (e e ) (3.6)
p,p*=0; .37
e is the unit polarization vector and satisfies the transversality condition,
€, =0. (3.8)

The wave function of an incoming photon is given in momentum space by:

1
21 p;l

1

\I/ip“h = (2m)~32 el (p,) . 3.9

Similarly the wave function of an outgoing photon is given by:

1
\/—2|—p-J €y (Pf) .

The photon propagator is given by the equation:
ODp(x —y)=8*(x—v) (3.11)

\Ifggt = (2m)~32 (3.10)
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d*q¢
Dp(x —y)= [——e W& Dy(q?) (3.12)
(m?*
Dp(K?) = - g#(k2 ~ ie) . (3.13)
2m?

This last equation describes a virtual photon propagator (1 —~ ») for an internal line of momentum
K.

The form of the electron—electron—photon vertex is dictated by the requirement that A* is
coupled to a conserved covariant quantity.

The Lagrangian for the electron—electron—photon interaction is given by:

L= —e\PFyu\PiA“ . 3.14)
In momentum space the electron—electron—photon vertex is given by:
—(2m)* ey, 8% . (3.1%)
The potential for an external particle of momentum p and helicity +2 is given by:
Byoky — —3/2 d’p u ip-x * - —iprx
Alvk2 = (27) f—— ek (p)el2(p)la(p, £2)e?™* + b (p,72)e™P'¥] . (3.16)
V2p]
The graviton is its own antiparticle like the photon,
b(p,£2)=a(p, +2), b*(p,+2)=a’(p,£2). (3.17)

In momentum space the wave function of an incoming graviton is:

gin =1 1
@ JIpl

The wave function of an outgoing graviton is:

1 1
out —
@mPy2pl

The symmetrical tensor ¥ is given by:

grv = L (Ut aP W + UyPaH ) | (3.20)

e (p)elp) . (3.18)

et (p)el (p). 3.19)

The electron—electron—graviton vertex is given by:

by, Pty (k=V/T6TG). (3.21)
The neutrino—neutrino-—graviton vertex can be expressed as:

—3 k(1 +iv) (v, P, + 1,2,) - (3.22)
The scalar—scalar—graviton vertex is given by:

—3K(P 1 Py ¥ D1uPyy — MPN,) (3.23)

where p, and p, are the initial and final four momenta of the scalar particle and m is the mass of
the scalar particle.
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The photon—photon—graviton vertex is given by:

_% {(elupla - eml)m)(ezul’:

— €3P2) — %Em)(elaplﬁ - emﬁm)(egpg - Ggpg)}

(3.24)

where p, and p, are the initial and final four momenta and €, and €, the respective polarizations.
It is obtained from the interaction Lagrangian —3 kh up T*? for a particle and can be used to describe
effects like the redshift, the deflection of light by the sun and also for interactions of fermions,

scalar particles etc. with gravitons in the weak field approximation. T#” is the energy momentum
tensor of the particle considered. Also the energy momentum tensor for scalar matter is given by

the expression:

Ty = 01,01, — 3N 010010 — 3Mm210,,0° .

Table 3.1
Feynman rules for gravitons, photons, electrons, neutrinos, and scalar particles

Wave functions

Graviton vertices

External particle of
momentum p

Wave function

Particles

Vertex

An incoming photon

An outgoing photon

An incoming graviton

An outgoing graviton

An incoming electron

An incoming neutrino

An outgoing electron

An outgoing neutrino

An incoming scalar particle

An outgoing scalar particle

1
(2|pl)1/2
1 o
ipn'’? @

1

€
(2[?[)1/2

@ny 32 f(p)

(2")-3/ 2

@m? £ p)

1 u v
—— ) )
Q@ipn'’?

m
EV

1

@my 32 V;U(Pp 5)
@2m/? V}V‘ U(pe, Sp)
em™>? V,‘;U(pf, Sp
@2m)2 @U(pi,si)
@mn? V;%_V T(pg: Sp)

(2")—3/2

@m? U(p;.S;)

Photon—photon—
graviton

Electron—electron—
graviton

Electron—electron—
photon

Scalar—scalar—
graviton

Neutrino—neutrino—
graviton

—;—\/ 167G {(elupla—elal’m)
X (Egypg‘—egpgv)

1
~78uple1aP18-€18P 1)

X (5ph-¢§ P}

—3VI6nG trpSry,pS) 6
—e(21r)4'y#54

—%(p 1uP20*P lvpzu—mz nw)m

1 .
-7V 167G (1+iy5)(yyPy+vyPy) 5*

Propagators

Photon propagator
for an internal line
carrying momentum

qu—-v)

Scalar propagator

Graviton propagator
(uv — An)

—i2m™ /(g% —ie)

-i2m)™*/(@* —ie)

—i2ay? [ny}\nvnmunnvk

5 #Vn}\n]
2(q” —ie)

N
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Table 3.2.
Non-linear graviton vertices.
Although these vertices are beyond the scope of this review, they are introduced for convenience as they are used in a few instances
in the course of the review.

Particles Vertex

. T e I 1 ) ) 1
3 gravitons =2/ 167G {pw3 p3v2 n“l ”2””1“3 - 7(p2 .p3)n“1”3n”1“2n"2“; 2113”21721,377”1,,271,,1“3

1 1 1
+3(p,y - +3 +
2(Py p3)n“1"2n”1“2n“3”3 4p1”3p2u37?“1,,2n,,1#2 P 1w, P 1y v, My py
1 1 1
T 8P23P 3w, v Mgry T BP2 P3N vy MagvyMogny T 8P2 P3 Ty v, T gry
1 1
" 4P, Pouy v Tgry 2p2”3p2“3n“1"2n#2”1}
. i,
Two graviton-two scalar - zik? {(nuvn}\x T MM NPy Py ¥ (P pPay PPy + "ux(pl)\p2v+plvp2)\)
+nu>\(p1up2k+plxp2v) + M (P1aPau t PruPan)

= M (P1APak * P1ePan) — Tk (PruPay + PruPo)}

4. Graviton production from particle—antiparticle annihilation

The production of gravitons from particle-antiparticle annihilation has been considered by
Ivanenko and Sokolov [42, 43] and Ivanenko and Brodsky [45]. More in general the possibility of
mutual transformations of matter and gravitons has been discussed by Ivanenko [44]. Ivanenko and
Sokolov then calculated the cross sections of the transmutations of scalar particles into gravitons.
For a scalar field result coincides up to a constant factor with the result obtained by Vladimirov
[79] for the non-relativistic approximation to the electron—position annihilation into gravitons.
Vladimirov’s work is discussed below.

4.1. Electron—position annihilation

Vladimirov [79] has studied the following processes:

a) e +e ogtg
b) e*+te —»gtry

which are represented by the diagrams (a—e) and (f—k) of fig. 4.1 where e* and e~ are the positron
and electron, g is the graviton and v is the photon. These reactions have a higher probability of
occurence. In fact, particularly favourable conditions for these reactions exist in supernovae,
where the core can reach 5 X 10° K and pair densities are consequently very high. The interaction
Hamiltonian used by Vladimirov in a previous paper [80] makes use of

o _o¥ \Ij)

H=3i(vV k%) (hy, —38,,h) (\T'v,, 5o

axv

but yields however incomplete results. For this reason Vladimirov has used in his more recent
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Fig. 4.1. (a)—(e) Broken lines represent gravitons: The processes e*+ e~ — g + g. (f)—(k) Wave line represents photon: The processes
et+e >g+y.

paper the tetrad formalism of Fock and Ivanenko. The tetrad formalism is in fact required to in-
corporate spinors in curved space—time. The influence of a gravitational field on a fermion field

is therefore described by means of a tetrad field and all its equations are derivable from a varia-
tional principle. If A}, h,, denote the contravariant, covariant components of a tetrad numerated
by an index a running from 1 to 4, with k4 being timelike and the other 3 tetrad vectors spacelike,
then

hat = padbpk h¥ =n, ", 4.1)

where 1, = 7°° is the Minkowski metric. The connection between the tetrad field and the metric
field gw(x) is given by
h”ahz =g, or f’lghw = ghv (4.

Then the field equations can be derived by means of the variational principle § f (L + L™)d*x=0
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where L is the gravitational Lagrangian and L™ is the matter Lagrangian which is a function of the
tetrad field variables and the matter field variables and their first order derivatives. Also the
Lagrangian is invariant under constant Lorentz rotations of the tetrads,

R (x) = L2'(x) h** (x) | (4.3)

where L2 is the Lorentz rotation.

For a complete description of the interaction of the gravitational and spinor fields, it is neces-
sary to take the Lagrangian density of the sum of the spinor field in curved space and the gravita-
tional field:

Lt =Lt L+ L, s (4.4)
L, is the first order term in the expansion of the equation:
L=—_1= l: Wy ht Z ow +i ﬂ v T+ 2mI +1 (\Ilycya'yb 7b'ya'yc)\f/h"“h"”hb"A“,W}
oxt  ax* (4.5)
and is of the form
=1/, + znwh)( Gy, 0¥ 2%, \p) 4.6)
ax 0x,
The density £2,, the expansion of (4.5) to order «, has the form
oy . a¥ 2
(hua va +77 uhabhab)( I\I,’Y;t +i 8—7 \I,) +'K_ mh Vh‘“’\ll
u ax, ax, * 4 s
o dh,, ahyp ah,
BRAT v (’y#h,,p —a}: ~Yh,, = ax, — Yo YoYullop 5 Py )\If +kf(h). 4.7

The second line of (4.7) results from the introduction of the tetrad. £
sion of the Lagrangian density of the gravitational field. Therefore:

P _ K_z I ahab ahab N ’_(—2 I % a—h‘ B ]/ﬁ u ah“a ahub
grav L 4 wy ax# axy L 8 wv ax# axv 2 N-Vaxb axa

grav 18 the first order expan-

_ l/i‘—zh ih_a_h“_”+ |/K—2h Ohyp My (4.8)
4 " ax, ox, 2 Mox, ox, '
A lengthy but straighforward calculation yields the differential cross section:
%?—2- =138 (477)2 pk, [pz m?cos?6 + p*sin®0 + 2p?sin?0 cos? 0 + 3 (m? — p?sin?h)?
L3p2m* + m2p?(m? - p?sin?0) p3sin?0 :] (4.9
m? + p2sin?6 (m? + p?sin?0)?

where p is the momentum of the fermion and 6 the angle between the direction of motion of the
initial particles and the momentum of the graviton.
In the classical case, when k3 — m? > p?, the above formula takes the form:
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do 2,4

o= K % ‘ (4.10)
64(8m)?

The radiation is equally probable in all directions.

In the ultrarelativistic case, in which p? ~ k2 > m?,

ur

d€2 128(8m)?

From (4.11) one can see that there is no radiation of gravitons in the directions of propagation
of the initial particles.

From (4.9) it is also possible to obtain a similar formula for the annihilation of two four com-
ponent neutrinos (m = 0) into two gravitons (Wheeler and Brill [90]).

The total interaction Lagrangian of spinor, gravitational and electromagnetic fields is given by:

Line = e‘II'Yu‘I'A“ —zeVi? ‘I"YM‘I‘A“h — e/ Kz\If'ya\IlA“ha“ +%\/Ff“p EFHR?

do K4 k2
(3 sin?20 + 2sin%9) . 4.11)

= 4.12)
— s VKTF, F¥h + 3 1 mEVh + 5k (B, + 58,,0) (—i\Tfy“ ;_‘I:w \If) +/K2f(3h) + O(k?) .
x
\/F f(3h) are terms containing the product of three graviton functions. A transformation of the
pair into a photon and a graviton is possible for identical polarizations and the processes are re-
presented by the diagrams f—k of fig. 4.1. If the calculation is in the center of mass system, the
contributions of the diagrams f, i and k mutually cancel.
The differential cross section is given by

2,2 3 2 sin2 (k2 — 2p?sin?0)
do= 2K p” sin"6 [l+sin26+ i :Idﬂ (4.13)
4(8m)? ko (k2 — p? cos?0) k% — p? cos?0
In the classical case p? < k2 = m?
do 2,2 3 "
. - (K) sin28 (1 + 2 sin20) . (4.14)
dQ 4(87T)2 1

Because of the presence of the factor sin?8 in (4.14) the production of gravitons and photons has
a maximum at 6 = ;7. There is no radiation in the directions of the momenta of the initial particles.
In the ultra relativistic case p> ~ k2 > m? the cross section becomes

ur e2 K2

do

dﬂ 4(81{)2
and no longer depends on the energy of the particles. The radiation of gravitons becomes strongest
in the directions of the momenta of the original particles.

A comparison of the total cross sections for processes a) (non linear) and b) can be made in the
classical as well as the ultra relativistic cases. In the non relativistic approximation the total cross
section of two graviton annihilation has the form

(1 +cos?8) (4.15)

= ——;— 2
20487V’ &

r

04 m. (4.16)
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The total cross section for photon—graviton annihilation is

13r.r 3 2
o e (V -
%4 = 480n (1) e T (4.17)

In the ultra relativistic approximation the total cross section for two graviton annihilation is

k*k3 2 k2
=—_0%-_8 0
ur T 7687 7681 2 (4.18)

and increases with kg. For ky o, ~V'r. /rg mc?, the cross section of the two graviton annihilation
becomes of the order of the cross section of two photon annihilation. For electrons, &k, , = 10%! m,
the total cross section of the photon—graviton annihilation is

0l = 7,7, /48T = 1.26 X 10~ cm? (4.19)

and does not depend on the energy or the mass of the colliding particles. At the same energies the
cross section of two photon annihilation becomes of the order of the cross section of photon—
graviton annihilation,

k;)u'~k0cr~Vre/rg' (420)

In the ultra relativistic case, the cross section, unlike the electrodynamical case increases with
energy and for k, ~ 10%! m certainly exceeds the limits of the field approximation and becomes
comparable with the cross section for the annihilation into photons.

In spite of the extremely small values obtained for the gravitational transmutations, such
processes may be of importance on a cosmological scale as stressed by Wheeler [89].

5. Gravitational bremsstrahlung

Bremsstrahlung is a well defined process only within certain limits; the simultaneous emission
of very soft gravitons for instance, too soft to be observable within the accuracy of the energy
determination of the incident and outgoing particle, can never be excluded. Such radiation is al-
ways present, even in the usual elastic scattering. Since it is impossible to make a clean physical
distinction between bremsstrahlung and radiationless scattering when the emitted graviton is ex-
tremely soft, the considerations are restricted to the emission of not too soft gravitons. The ex-
ternal field could be a Coulomb field. The contributions of Halpern and Laurent [36], Weinberg
[88], Carmeli [15], Barker et al. [3] and Boccaletti [12] are considered in detail. The contribution
to graviton emission from bremsstrahlung processes is certainly not insignificant as shown later in
the calculations.

5.1. Weinberg’s formula
Weinberg has obtained, as a consequence of a treatment in which the infrared divergence of

quantum gravidynamics are removed with the same methods used in quantum electrodynamics a
formula which gives the emission rate and spectrum of soft gravitons in an arbitrary collision
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process. The derived formula for gravitational bremsstrahlung is used to estimate the gravitational
radiation emitted during thermal collisions in the sun which, within the solar system, is found to
be a stronger source of gravitational radiation than classical sources such as planetary motion.

A short account of the treatment of the infrared divergences arising from very soft real and
virtual photons and gravitons is given. In a combined theory of electromagnetism and gravitation,
the infrared photons and gravitons simply supply independent correction factors to transition rates.

The attachment of a soft photon line with momentum ¢ to an outgoing charged particle line in
a Feynman diagram needs the introduction of an extra charged particle propagator with momentum
q + p and one extra vertex for the transition p + g = p. If the soft photon line is attached to an
incoming charged particle line, the extra propagator is for momentum p - ¢ and the transition is
p ~ p — ¢. The extra factor introduced in the matrix element in the limit g - 0 is:

2 e, PE (P, - g — inye€) ; n=¢tl (5.1)

where the sum runs over all external lines in the original diagram. If a soft graviton line of momen-
tum q is attached, in the limit g - O the extra factor is:

VI6TG T3 1,04 /Py - 4 — i) (5.2)
and the sum again runs over all external lines in the original diagram. The effect of attaching N
soft graviton lines to an arbitrary Feynman diagram is just to multiply the matrix element by N
factors of eq. (5.2). Because of this factorization it is possible to perform a sum over an unlimited
number of very complicated Feynman diagrams.

The virtual infrared divergences are now discussed and the equations derived above are used to
obtain expressions for the infrared virtual graviton corrections. It is shown further that the diver-
gences cancel. In order to obtain these results, it is perhaps easier to deal before with soft photons
and derive at the end the corresponding results for gravitons. The effect of adding N virtual infra-
red photon lines to a diagram that does not already involve any infrared lines is to multiply the
matrix by N pairs of factors:

Z} ennnp‘r‘:/(pn ’ q - "7;16) .
n

Each pair is connected by a photon propagator {—i/(2m)*} Ny /(g* — ie) while a summation over
the polarization indices and an integration over g are carried out. In addition one must divide by
2N N! because the external line poles factor only if we sum over all places to which the two ends
of each virtual infrared photon line are attached and this includes spurious sums over the N permu-
tations of the lines and over the two directions each line might be thought to flow. The result is
then:

A N
]%[% [ d“qA(q)] (5.3)
A

‘—1 enemnnnmpn'pm

A(q) = — .
2m*(g* —ie) " (p, - q — in,€)(~p,, - q — in,, €)

5.4
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A is a cut off energy, a cut off [g| > A is imposed to display the logarithmic divergences as powers
of In A, where A € A. This cut off only affects the infrared lines because it is only these that give

infrared divergences for A = 0.

The negative sign of p,,.q in the second denominator means that if ¢ is the momentum emitted
by line 1, ¢ must be absorbed by line m. Summation over N leads to the conclusion that S matrix

for an arbitrary process may be expressed as:

A
Sea = St exp(% / d‘*qA(q)) :
A

S‘?a is the S matrix without virtual photons of infrared type. The rate for o - § is given by:

A
[ge = T'gy exp (Re f d4qA(q))
A

. Z enemnnnmpn pm =
am (D, a)(p,, Q)

A A
1
Re [ d'qA@=[——— [ d*q8q")]
xf 2-Q2m)} xf
where A is the positive dimensionless constant:
A= [@Q4(@Q)

L 5 €nm MMy (Pp " Ppy)
2(27)3 nm E, —p, DE, —pP, @D '
(2m)
Integration gives:

A@q) =

14 B

Ly
= nMm€n€m -— In .
g B 1= Bum

B,..m is the relative velocity of particles n and m in the rest frame of either
Bam = (1 —mims [(p, — P ) .

Therefore:
Dg, =T, (WA .

The same procedure applies to gravitons, with the substitution A > B where

B=— m_m 1 .
2n 'gn)"?n"?m nem B, (1 —p2 )2 "1 = Bum
Hence
Py D) —3mimk}
B@) = 167G m 2

2amy T Ey Dy D — D D)

—A In

> >

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)
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and one obtains
Lpo = Fga (AN . (5.14)

Since B > 0, the above equation shows that all processes have zero rate in the limit A - 0 just as all
charged particles have zero rate for A - 0 in electrodynamics. The paradox is resolved by taking
into account the infrared divergences due to emission of real soft gravitons.

The S matrix elements for emitting N real soft gravitons in a process a — 8 is obtained by multi-
plying the S matrix for @ - § by N factors of the type (5.2) and then contracting each of these
factors with the appropriate graviton “wave function™:

Qm)T221q1) 1 €)(q, 1) €(q, £1)

where g is the graviton momentum, z = +2 is its helicity, €, is the polarization vector. Therefore
the graviton emission matrix element is:

N . . )
(p, €@, 1h)
Sg(1,2,..N)=8g, [T @m-3r 1 3 .

(5.15)
r=1 2|qr|l/2 n Mn Pn -4,

By squaring eq. (5.15), summing over helicities and dividing by N! because gravitons are bosons one
obtains the rate for emission of N soft gravitons with momenta nearq,, q,, q5, ... gy

N
1
P&y ay) 84, - day = 57T 11 BG@) %, (5.16)
where T'g, = 154,17,
1 v
B(g) = (21r)‘3/2§|—5I 167G Zm) MM P PP Pon W6 (@) (5.17)
and
ILe0 (@) = 12 €,(q,%)e,(q,t)€;(q,£) €;(q, £1) . (5.18)
Also
M50 (@) =3 {11, (@), (@) + I, (DTN, (q) — TL,, ()11, (q)} (5.19)
where 11, ,(¢) = n,,,,.
Therefore
. 2 1.,,.2,,2
B(q) = 2m)-3/2 o710 5 o {Pn - Pm) ~ 310 m ) (5.20)
2lql pm T i
B@q) =B@)/q° . (5.21)

The rates for emission of N gravitons with energies near w,, ... wy is given by integration of (5.16)
over solid angles,



78 G. Papini and S.R. Valluri, Gravitons in Minkowski space—time. Interactions and results of astrophysical interest

Phatw, owp)dw, odwy =— T, ) (5.22)

The preceding equation shows that the graviton emission rate contains logarithmic infrared diver-
gences on integration. Use of the well known representation of the step function gives:

rgf(gE)zl f sin Eo de_W iwo (5.23)
po mJ —o— Jow =
and for A = 0
PR (SE)= (E/NB b(B)Ty, (5.24)
where
1 - sin r dw
b(B)=?_fm do — exp{xof—w—( 1)] (5.25)

By inserting (5.14), which displays the virtual infrared divergences, into (5.24)
PE(SE) = (E/A® b(BITY, . (5.26)

It is seen that all dependence on the infrared cut off A disappears. Fga is the rate for the process

a — ( without soft graviton emission, and without inclusion of virtual infrared gravitons. To lowest
order in G the above equation gives the power spectrum of soft gravitons accompanying a reaction
a - fas:

Edl,,(KE)=B l"ga ar . (5.27)

The rate of emission of energy in soft gravitational radiation during collisions is:

A
P(<A)= f EdN<E). (5.28)
0
“Soft” here means that the emitted energy E is <A. By using (5.26) one obtains:
P(<A) = 1f = b(B) AT, ~ BAT, . (5.29)

If the particles involved in the collision are non relativistic then (5.10) may be expanded in terms
of V,, and V,, with V' =p/E

2 =VEi+ V2 -2V, -V, — VIVE 3V, -V, P +2(Vi+ VYV, V). (5.30)
Use of (5.30) in (5.12) gives:

1 +631m / 1/2
282, (1 _{32)1/2 n(lli%!m) =1+ 30, VP + @R+ Vo) +... (5.3D)
'm —_ nm
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Because of energy momentum conservation the following equations hold

2 n,m,(1+3V2+3V4+ )=0, 20 Mam,V,(1+3V2+ .)=0. (5.32)
n n
Use of (5.31) to (5.32) in (5.13) gives in nonvanishing order in V
G
B= 7 (1_56 QijQij + ?’g Q?i) (5.33)
Q=1 2 n,m, V.V, . (5.34)

In non relativistic elastic two body scattering
Q;; 0, = 32 V4 sin? 6., 0,;=0 (5.35)

where u is the reduced mass, V = |V, — V,| is the relative velocity and 0 is the scattering angle in
the center of mass system. Therefore:
B=3C p2yesinze (5.36)
5w
The rate for such collisions per cm3/sec is Vn, n, do/dS2 where n; and n, are the number densities
of particles I and 2. Hence the total power emitted in soft gravitational radiation attributable to
1--2 collisions is:

P(<A) =§;G u? VsnlnzVsAf% sin26, dS2 ; (5.37)

V, is the volume of the source. “Soft” radiation can be defined by taking the cutoff A ~ Tuve,
This formula can be used to estimate the thermal gravitational radiation from the sun. The most
frequent collisions are the Coulomb collisions between electrons and protons or electrons. There-
fore:

3kT

p=m,, V= i n,=n,, n2=ne+np=2ne, (5.38)
[
do ., 8me?
——sin‘8, dQ2=—""—1n A, . (5.39)
L 170

A, is the ratio of the Debye shielding radius to the average impact parameter. The solar gravita-
tional radiation is given by:

=326 a1 o €
Po =257 GTY iV oAy (5.40)
In the sun’s core T, ~ 107 K, n, =3 X 10¥ cm~3, V; =2 X 103 cm™3
InAp=4. (5.41)

Therefore the power is calculated to be
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P, =6X 10" erg/sec . (5.42)

As a comparison, classical quadrupole radiation for the Jupiter—sun system yields only 7.6 X 10!!
erg/sec at extremely low frequencies.

The thermal gravitational radiation from the sun appears to be the dominant source of gravita-
tional radiation in the solar system. A binary star like Sirius A and B radiates more classically, the
power is 8 X 1014 erg/sec, and also more thermally. Thermal collisions may possibly provide the
most important source of gravitational radiation in the universe.

The power spectrum formula of eq. (5.17) is both classical and quantum mechanical. Also,
since everything in the universe is almost transparent to gravitons, eq. (5.37) may be used directly
to compute the thermal gravitational radiation from any hot body.

5.2. Gravitational bremsstrahlung from the sun

Carmeli [15] has calculated the solar gravitational radiation power by determining the spectral
resolution of low frequency gravitational radiation by a system of colliding particles. The spectral
resolution is obtained by application of Fourier analysis to the Landau and Lifshitz’s formula [51]
for the gravitational radiation intensity. In general, in the spectral distribution of the radiation
accompanying a collision, the main part of the intensity is contained in the frequencies w ~ /7,
where 7 is the order of magnitude of the duration of the collision. For this interval of frequencies,
however, one cannot obtain a general formula for the distribution. The “tail” of the distribution
at low frequencies, satisfying the condition wr <€ 1, is, however, easier to handle. This is in fact
the case discussed by Weinberg, as seen in section 5.1. This part of the calculation by Carmeli is
thus a classical version of Weinberg’s treatment and the result for the spectral power of the gravi-
tational radiation is in accord with the result of Weinberg. By using Carmeli’s method, however,
one can also estimate the total gravitational radiation of the scattering process for all possible
frequencies, and without resolution into Fourier integrals. In fact, if AE denotes the gravitational
radiation accompanying a collision of two charged particles, then AF is obtained from the radia-
tion formula by integration over the time interval (—oo, «) of the collision at all possible frequen-
cies

2

= [ r G(daD"’ 5.43
Ab—f]dt—_fwzg—dts) (5.43)

where D, is the mass quadrupole moment
Dy = [p(Bxix* — % xx)d>x . (5.44)
The rate for such collisions/cm? sec is v, n, n, do/d§2. Hence the total power radiated for any

two particles 1 and 2 is

do

a—ﬁdﬂ

P= stAEvnln2

or (Spitzer [73]))
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P=Vomn, [ AE2mpdp. (5.45)
0

The integral in (5.45) is the effective radiation and its value for quadrupole gravitational radia-
tion can be calculated by following the method of Landau and Lifshitz [51]. The result is:

[do [ dr127rp=329"0pe2V3. (5.46)
0 —oo

The total power is therefore:

_ 327G
9

Use of the equations (5.38) due to non relativistic collisions in the sun gives the total radiation
as

P

pevin n, vV, . (5.47)

p=841C 1 2p2pryy (5.48)
905 m

Using the same data taken by Weinberg for the sun’s core:

T~10"K, n,~3%x10¥%cm™3; V,~2x10% cm3. (5.49)

The solar gravitational radiation power is found to be
P~ 5X 10 erg/sec. (5.50)

This value is about 10 times larger than the one obtained from eq. (5.37). It also does not require
any cut off as the integral (5.46) unlike (5.37) converges.

5.3. Bremsstrahlung in neutron stars
Boccaletti [12] has applied Weinberg’s results to study the emission of high frequency gravita-

tional radiation from neutron stars.
The data used now are

V.~ 10! cm? for the volume of the neutrino star ,

p ~ 10" g/cm? for the mass density ,

n = particle number = 0.6 X 1038 cm~3 | (5.51)
pp ~ 13Xx107% ecm™! |

Ep =P}[2m ~ 5% 1075 erg ~30 MeV , A~3Ep;

V'=0.75 x 10'® cm/sec is the center of mass velocity, m is the neutron mass and 7. is the effective
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reduced particle number due to the degenerate gas while 7 is the original particle density
Roe =0 KT/E . (5.52)
The phenomenological cross section ¢ is
g~ 1072 cm? . (5.53)
Therefore the power is calculated to be
P(SA)=1.6 X 10% erg/sec . (5.54)
This value of P is calculated for the tail of the spectrum and the average graviton frequency is
v~ 0.4x10%2 Hz . (5.55)

The total gravitational radiation of a neutron star, including all the frequencies of the spectrum
and without any cut off is:

P~ 10?7 erg/sec (5.56)

with the same ratio of total to tail power found by Carmeli for Coulomb scattering in the sun.
5.4. Graviton bremsstrahlung with gravitational scattering

The formulation of Gupta [33] can be used to treat graviton bremsstrahlung in a manner similar
to photon bremsstrahlung. A discussion of the problem of infrared divergences in processes involv-
ing the emission of photons can be found for instance in Jauch and Rohrlich [47] or Yennie et al.
[92]. From Weinberg’s formulation {88] it can be accepted that the infrared divergence in graviton
bremsstrahlung is cancelled by the diagram that contributes in radiationless scattering, though
Weinberg has not discussed the self energy diagrams in radiationless scattering which are necessary
to cancel the infrared divergent renormalization constant in the vertex diagram. The problem,
though quite similar to that in quantum electrodynamics, is more cumbersome to resolve in the
present case.

The graviton bremsstrahlung cross section for a spinless particle is derived by Barker et al. [3]
by including linear as well as non linear gravitational interactions. They also show that the total
probability for the emission of non physical gravitons in this process vanishes. The complete
elimination of the infrared divergence in graviton bremsstrahlung is carried out by using the
vertex and self energy diagrams suggested by the work of Dyson [25] and Ward [81].

The collision between two spinless particles of masses m and M is considered with the restrictions
M > m and %MV},, < M. These conditions allow full consideration of the gravitational field which
is not done if the scatterer is represented by means of an external field.

The initial and final propagation four vectors of the heavy particle are g and ¢’, and that of the
particle of mass m are p and p'. The propagation vector of the emitted graviton is k. The scattering
operator for the diagrams of fig. 5.1 is given by:

K3M 1
4V31% \2papoky(k +p' — p)?

S=—-i2n)*8(p —p' —k+q—q")8(py — py — ky)

X I; aj(k)a*(q")alq) a*(p")a(p) (5.57)
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Fig. 5.1. The lowest order diagrams for graviton bremsstrahlung with gravitational scattering.

where

I;=A;+B,+C; (5.58)

p,p,

. pip;
5 - 2p} — 5u*) pip; + 2pg — 1MD) pip; — Pip; (AP Py — 34) + (k +p' — p)?] (5.59)
! (P —p» -k '

(k+p' —p)p;p
C;= 2 ; -, k=0, pr=p?t=—yu*. (5.60)
(p' —p) — ke

A, represents the contribution of diagrams (a) and (a'), while B;; and C,; represent the contribu-

tions of diagrams (b) and (c¢). The remaining diagrams give vanishing contributions in view of the
large mass of the scatterer.

After summation over the two polarization states of the gravxton the graviton bremsstrahlung
cross section becomes
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kM ko p sin 0 sin 6’ d9 d6' d¢’

do = -
330 Ko 121 (k+p' —p) ('~ pP — k)

[J2p? sin*0 + K2p'* sin*0’

+L2p'?p? sin%0 sin20' + 2JKp'? p? sin?0 sin?0’ cos 2¢’

+ 2JLIp31p'I sin30 sin 6’ cos ¢’ + 2KL|p'1?|p| sin®6’ sin 6 cos ¢’ (5.61)
with

((p' —p)* — k3 — 2ky(Ipl cos 6 — p,))

=Gt - p)

Ipl cos 8 — p,
((p' —p)? — k2 +2k,(Ip'Icos 8" - p.))
K=(pt - 41 e : (5.62)
Ip’l cos 8" — p,

L=4Gur —pypy)k,

The angle between p and k is 8, the polar angles of p* are 8’ and ¢'. In the non relativistic ap-
proximation, (5.61) can be easily integrated over the angles. When p2? < u?

ko=po —PE) =~ (p2 —‘plz)/zﬁ

so that
J=sulp? —-p*+(p' - p)?); =—uw(p® -p'?); K=3ulp?-p?-(p -pP);
(5.63)
k+tp' —p) =@ -py: (' —p)’ k=@ -p).
Integration over the angles ¢', 8’ and 6 gives (in C.G.S. units)
o= KoM csn ( 1P, 3 @ +p'?) | 1P +Ip’l)
15(4m)? Ko \1pI pr PI— 1P
or
64 GMszhdé( + 1_-)
hubbdiehed + 32 L A
do = IS(ﬁc) T S5V2=€E +3(2 - <f)11 JT—¢ (5.64)

4

where ¢ is the ratio of the graviton energy and the incident particle energy. The logarithmic term
is entirely due to diagrams (a) and (a") which involve linear gravitational interaction, and it domi-
nates the bremsstrahlung cross section in the non relativistic approximation. However, the general
result (5.61) shows that the contributions of diagrams (b) and (c), which involve non linear gravi-
tational interactions, are quite important at relativistic energies.

5.5. Graviton bremsstrahlung with Coulomb scattering

The graviton emission during the Coulomb scattering of a spinless particle of charge ¢ by a heavy
particle of charge Ze can also be estimated along lines similar to those expounded in section 5.4.
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Fig. 5.2. Graviton bremsstrahlung with Coulomb scattering.

However, in addition to the particle—graviton coupling terms, one must consider the particle—
photon coupling terms

ied, [(*U*)U - U"(3* U)]—e’AuA“U*U, (5.65)
the particle—photon—graviton coupling terms

iex (h,, — %Gwhﬁ‘\)A“ [*U"YU — U*3" Ul + O(ek?, e*k) (5.66)
and the photon—graviton coupling terms

—3K h,,(FYF"? —%S“VFMF"")+O(K2). (5.67)

The lowest order diagrams for the process under consideration are shown in fig. 5.2 and can be
treated in the same manner as the diagrams of fig. 5.1. The diagrams (a), (a"), and (b) only contri-
bute to the scattering cross section which can be expressed as

_2e¢*k* %o 1p'|  sin6sin 6’ d6 d6’ dg’
82m* Ko Ipl (k+p' —p)* (B — PP — KD
+L'2p'?p? sin?0 sin?0' + 2J'K'p'?p? sin?6 sin?0’ cos 2¢’

do [J2p* sin*0 + K'2p'* sin* @’

+2J'L'1p13|p'I sin®6 sin 0’ cos ¢’ + 2L'K’ (p'1? 1pl sin38’ sin 6 cos ¢'] (5.68)

where
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— 2
J ' =pyl(py — p)* — ki — 2ky(Ipl cos 8 — py)]/(p cos 0 — pgy)

[(p' — p)* — k3 + 2k, (Ip'| cos 8" — py)]

! ! ' 5-69
Ip'l cos 8" — p, ( )

K'=—p,

L'=2(py +py) kg
Replacement of (GMm/hc)? by (Ze?/4nFic)? in (5.64) gives the cross section in the non relativistic
approximation.

6. Scattering of gravitons and gravitational scattering

This section is concerned with the scattering of gravitons by spinless particles, the gravitational
scattering of several particles and the bending of light in a gravitational field.

6.1. The scattering of gravitons by spinless particles

Barker et al. [4] considered the scattering of gravitons by spinless particles and the annihilation
of two spinless particles into two gravitons and have obtained the scattering and annihilation
cross sections for various polarization states of the graviton. The property of invariance under gauge
transformations is satisfied. The authors have only imposed the requirement of asymptotic gauge
invariance and by doing so have obtained weaker gauge conditions than those used by Jackiw {46].
The processes are represented by fig. 6.1.

For neutral and charged particles the interaction Lagrangians used are respectively
Ly = »%xhw[a“ U,0"U, — %5””69 Uyd° Uy — 3 8*°u2 Uy Uy

n

— ﬁxzuz(hﬁhﬂ — 2hwh“”) Uo Uo + 0(k3) (6.1)
and
Ling = —kh,, (X UT"U — 388, U~ 38" w2 U U) — 52 u® (W4RY — 2k, h*") U* U + O(x>)
(6.2)
I('//
e /,’ o P P
/ A v
l‘// 7/ /, ,,
,/ 7 e m e ] v
’ LK e I
/J 2 ok k/,
k/’/ p p p P
7
) () (5] )

Fig. 6.1. Graviton scattering by a spinless particle.
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while the graviton coupling terms are represented by

Lo = —s(hy, —38,,h8) [L3¥h,,8”h*® — 3" hE 3% k) + 3% Kt 3},

+30%h3a,h* — 3, b3 h*P ] + O(K?) . (6.3)

Expressions (6.1) to (6.3) are given as ordered products, in which U, and U represent the field
operators for neutral and charged spinless particles, and &, represents the field operator for
gravitons.

The contribution of the observable gravitons to the scattering operator in the interaction picture
is obtained by means of the Fourier decomposition,

h, = \/IV z ( 1 )” [a,,, (k) exp{iCk - r — N} +a% (k) exp{—i(k - 7 — w}]

wt=kyx,, ky=Ikl (6.4)
2 ®) = e, (0, (k) +e,, _(K)a_(k) 6.5)
€y, (k) = \/— [(e), (k) el (k) — el(k)el(K)) +i(el (k) e2(k) + el (k) e, (k)] (6.6)

a, (k) and a_ (k) are annihilation operators for gravitons with their spin axes parallel and antiparallel
to k, while e! (k) and e? (k) are unit vectors such that k, e! (k) and e2 (k) are mutually perpendicular
and e} =e3=0.

Also a (p) and a” (p') are the annihilation and creation operators for the spinless particle.

In the laboratory system,

p=0, p,=u, k=Kk+p

ptky=ky+pg . 6.7)
The polarization vectors associated with the gravitons are chosen such that
) kK'X k Kk X el (k) k X el(k)
1 =el(k) = -1 2 = 27y =
e (k)y=e (k) X K e’ (k') T e* (k) X (6.8)

Then the contributions of the diagrams (a) and (a') of fig. 6.1 vanish and the contributions of
the remaining diagrams take a much simpler form. The scattering operator for the diagrams can be
expressed as:

| k* 1 ko ko
(b koko)'? 4 2 ky — K,

S= —I‘; Qrys(p+k—p — k) raik) ek,

pky ko112 1 k- k'\2
a* (PN a(p)=iV-2Q2n)* 8(p+k—p — k)_( ) [(H, )
16 pO (k l)l/2 I\Ok() (().())

L& ) @ (KYa_ (k) +a* (Ka, (k))]a (Palp) .

0 O

X(a(KYa,(k)+a’ (Ka_(k)+ (1 —

»
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Asymptotic gauge invariance requires that the scattering operator be invariant when subject to
transformations of the form

a5, (@) > a;,(q) — iq,\;(q) — iq, N (q)

aa5(D) > a5 (D) +ip, Ng(P) +ipgh, (P) (6.10)

a requirement manifestly satisfied.
The resulting scattering cross sections for various polarizations states of the gravitons are

do,, do__ .

Q- do - G*m?*cot* 30 cos*36/(1 + 2¢e sin?10)?

do,_ do_,

10 - aa =G m? sin* 1 0/(1 + 2¢ sin?3 6)? (6.11)

where € is the incident graviton energy in units of m and 0 is the graviton scattering angle. On
averaging over the initial polarization states and summing over the final ones,
do

- G?m?(cot?36 cos*36 +sin*} 0)/(1 + 2e sin?10)? 6.12)

which, in the non relativistic approximation is

d% = G*m? [cot* 16 cos16 +sin®10] . (6.13)
The non relativistic cross section agrees with the results of Jackiw [46], Gross and Jackiw [32],

DeWitt [21] but (6.12) disagrees with the result given by DeWitt [21].
6.2. Gravitational scattering of neutrinos

Boccaletti et al. [11] have considered the gravitational scattering of neutrinos in the one
graviton exchange approximation. The problem is a priori interesting because neutrinos have zero
mass and spin 3 and must therefore exhibit the characteristic behaviour of fermions and at the
same time bear some relationship to that of photons, because of the zero mass. A behaviour similar
to that of photons should also be expected on the basis of the work of Papapetrou and Corinaldesi
(63] who found that the spin of the particle has practically no influence on the value of the de-
flection of light in a Schwarzschild field. An interesting point however, has been raised by
Kobzarev and Okun [48] who have observed that from the point of view of the gravitational
interaction there is no reason why four component neutrinos should not exist. Boccaletti et al.
have shown in their calculations that two and four component neutrinos are scattered in the same
amount by bosons and in the small angle limit have the same cross sections as photons except in
the case of neutrino—neutrino scattering which gives two slightly different cross sections for the
two and four component cases.

6.2.1. Neutrinos in the gravitational field of a large mass
The behaviour of a neutrino beam in a gravitational field can be represented by the diagrams
of fig. 6.2.
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Fig. 6.2. Neutrino scattering in an external gravitational field.

The matrix element is given by
_KzMO 1 ©O sv0 ;+f 1 ; i 1 4 3
(p,IMIp= §f\/76 6%, (1 +ivg) (Pt vup) U, — 8%(p, tq —p)d%q.
8(2m)? lql (6.14)

The differential cross section can be obtained from (6.14) in the usual way. The result is

K*M2 2
do _ 1 © cos?(8/2) (6.15)

4216 T Gt (p/2)

In the limit of small angles one obtains

K*M?
do o 1 (6.16)

dQ 4(271’)2 04 ’

Therefore a neutrino beam is deflected, by a large mass in the same amount as a light beam.

There is also no difference in this respect between a two component and a four component
neutrino.

6.2.2. Neutrino—scalar and neutrino—photon scattering

The cross section of neutrino—scalar particle and neutrino—photon scattering can be also

evaluated in the one graviton exchange approximation. The matrix element for neutrino—scalar
particle scattering is represented by

(ky,pIM|Kkipp
= K 1
2(2m)? 8/ k‘l’ k‘z’ (p, — p2)2

il 5 (1 +iy ) p + v p* )l (ky kg + Ky Koy — m?8,,) . (6.17)
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Fig. 6.3. Neutrino—scalar particle scattering. Fig. 6.4. Neutrino—photon scattering.

k, and k, are initial and final four momenta of the scalar particle and p, and p, the four momenta
of the neutrino and p = p, + p, in fig. 6.3. In the small angle limit the differential cross section is
given by

do _ k' wh (6.18)

dﬂ 4(27.‘.)2 64
where w is the total c.m. energy and 6 the scattering angle in the c.m. system. Expression (6.18) is
equal to the cross section for the problem in which the neutrino is replaced by a photon (Boccaletti
et al. [9]). The diagram for neutrino—photon scattering is shown in fig. 6.4.

The matrix element is given by

2
— K —f 1 : v vy i 1
Ckypy IMIk py= ——————— 1, s (1 +iy ) (¥'p* + P 4, ——
2872 11 4(2‘”)2 r——-——k(l) kg v 5 v (pl —p2)2
X [(ey ki — €1akyy) (e, k5 — €5ky,) — 38, (e ki — eygk ) (€5 k5 — e5k)]. (6.19)
For small angles, the differential cross section can be approximated by
do _4 «k* K

40 T K R (6.20)
which is equal to photon—photon scattering cross section

6.2.3. Neutrino—neutrino gravitational scattering
The matrix element is given by

] _ .
— u(py; (1 +ivy)

2 1T . v
(P3P4IMip,py) = —— 3 [u(p3) 1 (1 +iy)) (7 p* +v*p”) u(p,) -
1672m)? (py — p3y)

(Zm)

X (VP + 7,2, t(py) — (py)z (1 + i) (¥ q* + v ¢ u(p,) (—1;2)— u(p;)
p] - p4

X H(+ 1) (1, + 7,4 u(py) | (6.21)
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Fig. 6.5. Neutrino—neutrino gravitational scattering.

where p=p, +p;,p' =p, +P,, 4 =P, * D4,q' =p, + p; in fig. 6.5.
In the c.m. system, in which & is the common modulus of the momenta and 0 the scattering
angle between p, and p,, the differential cross section in the small angle limit is given by

4 2
do _5 «* Kk 6.22)
if the contribution of the v, terms are included.

If the contribution of the vy, terms are subtracted the resultant cross section is given by:

do _4 k! k2 (6.23)

dQ 4 (27!')2 04

From the above two equations it is seen that the gravitational scattering of two component
neutrinos is slightly different from that of four component neutrinos. Moreover, (6.23) is exactly
the same as the correspondent photon—photon cross section. In the case of a four component
neutrino, the virtual gravitons could be converted into pairs of anomalous neutrinos and anti-
neutrinos, that is left ¥ and right v. These pairs cannot be scattered absorbed or emitted through
weak interactions and would only be deflected by gravitational fields and would themselves be
sources of these fields as pointed out by Kobzarev and Okun [48].

6.3. Gravitational photon—photon and photon—scalar particle scattering

Boccaletti et al. [9] have calculated the cross sections for the photon—photon and photon—
scalar particle scattering both classically and by using the linearized quantum theory of gravitation.
The correspondence principle would obviously connect these two methods. It is therefore con-
firmed by both calculations that the gravitational action of a beam of light is twice as great as the

Newtonian one.
As pointed out by the authors, the comparison between classical and quantized theory is not a
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purely academic problem. The investigations into the peculiarities of gravitational interaction be-
tween photons or between photons and particles is interesting at least for two reasons:

i) On astrophysical grounds, because of the possible insight into astrophysics and perhaps into
cosmology and the various applications and consequences on both domains.

i) It may be possible in a not too distant future to produce more and more intense photon
beams and therefore test some of the theoretical predictions.

The photon-—-photon and photon—scalar particle scattering are discussed in the lowest order in
the perturbative approach, all diagrams of figs. 6.6 and 6.7 are with only an intermediate graviton.

The Lagrangian density for the interaction between the e.m. and gravitational fields is given by:

L =—tkh,,T,, . (6.24)

h,, represents the gravitational field, 7, is the energy momentum tensor of the c.m. field; the

angular differential cross section for unpolarized photons is

a 2
ggz—=(—§f)~2—_—%5'-;:[1+cos16%0+sin16%6]. (6.25)
Sin
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Fig. 6.6. Photon--photon scattering.
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Fig. 6.7. Photon—scalar particle scattering.
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The expression in square brackets is identical to the result obtained by Barker et al. [5, 6],
though calculated by completely different methods. In the c.m. frame k is the photon momentum
and 4 is the scattering angle. For small angles

4 2 2
(%) ~ MK L eacr K (6.26)
qudntum (277)2 46* 6*

The classical calculation yields 4 times the value of (6.26). This is equivalent to saying that the
classical deflection angle is greater by a factor of 2. This factor may be accounted for by consider-
ing that in the classical case a fixed beam replaces the photon of the quantum case as a source of
gravitational field. But in the quantum problem the photon too, is deflected. For symmetry
reasons, a factor 2 for the deflection angle should therefore appear.

Photon—scalar particle scattering

K, is the four momentum of the initial photon and K, that of the final photon; p, and p, are
the analogous quantities for the scalar particle.

The energy momentum tensor for scalar matter is

T“p = ¢1y¢1“ - %Suy¢la¢lq + %m2¢2 nyv (6'27)

and the differential cross section is represented by

do _ wt (l+cosfy?
dQ 16212 4w — k)2 \1 — cos 6/

For small angles (6.28) becomes

do ) K2 ( w? )2 1 2( w? )2 1
do ~ 1~ 16G — (c.g.s) (6.29)
(dﬂ quantum 4(21‘!‘)2 w—k 94 w—k 04

where w is the total energy in the center of mass system and k is the photon energy.
The classical differential cross section is given by

(6.28)

4
(%) ~ 1662 % L (6.30)
d K et

The classical formula differs from the quantum one by a factor of k2 /(w — k)?. This means that
the classical angle differs from the quantum one by a factor of k/(w — k), that is by the ratio of
the photon energy to the particle energy. The symmetry arguments previously advanced are no
longer valid.

In the case when the ratio k/(w — k) = }, i.e., the photon—photon scattering, w = 3k.

It then follows that the difference between the classical and quantum formula is the same as in
the case of photon—photon scattering.

A massive particle exerts a gravitational action exactly as that of a photon of the same energy.
In different words, the gravitational deflection of a particle by a beam of light is double that as
would be obtained by replacing the beam by an average density of matter equal to that of light.
Barker et al. [4] have obtained a similar result by applying the quantum theory of gravitation to the
case of photon—scalar particle scattering. Barker et al. give the gravitational potential and find that
light is deflected by a heavy object by twice the amount predicted by the Newtonian theory.
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6.4. Bending of light in an external gravitational field

Boccaletti et al. have calculated the effect of the bending of a light beam in a gravitational field
and considered the interaction of a photon with the external gravitational field of the sun. This
corresponds to one of the three crucial tests of Einstein’s theory and is shown in fig. 6.8.

The interaction Lagrangian density is known from the work of Gupta and follows from (2.60).

The first order wave function in momentum space is therefore:

— LKBENEYP — §8VPE) (eh kL — €bk1) (e2K2 — €2K2) (6.31)

where €, k!, and €2, k? are the polarization vector and momentum of the two photons.

Fig. 6.8 is the analog of Rutherford scattering in quantum electrodynamics.

The matrix element M in the external field approximation (Jauch and Rohrlich [47]) is given
by:

K*Mg —
(e, M1k = 1 om0 (/260820 — 4/ 267)
Q2m)? (4kTkD/?
X (el k! — el ki) (e2 k2 — e2k2) —‘; 8%k, +q — k) d%q . (6.32)
lql
R = —kM /4nr is the static external potential and M, is the solar mass.

K 1

8@ = ~(J5 Mol - (6.33)
V2 lqI?

is the Fourier transform of #°°. g is the momentum of the virtual graviton. The graviton polariza-
tion tensor has in this case only the time components

&P =/28V058°0 e=y2. (6.34)

The gauge is chosen, such that €% = €3 = 0. Hence

!
|
| 9
[
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®

Fig. 6.8. Photon scattering in an external gravitational field.
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(kyIMik) =
(6.35)
ﬂszo f ! [KOKk% (e, e,) — 2k, k) e, €,)+ 2 (e, k, Ne, k)] 8%k, +q — k) d3
22mY @ROKI2 Y (g1 172(€,€)) — 27U Ko)L€, €9) T2 1€ Ky NE Ky 274 1 a’q
172
and
KM, 5
do = . ‘i‘v [k(ljkg(elez) - %(kl kz)(elez)+%(61k2)(62k1)]2
(2m? (2k‘l’ kg)4 pol
8(kg — kN dk, KAM2 KM
X = dQy = cos® 10 dS2 . (6.36)
(k9 + k9 — 2k9k9 cos§)? (4m)216 ~ \l —cosf (47)* 16 Joos

For small angles, tan § ~ 6

do KMo

19" PP 6—4 . (6.37)

According to Einstein’s theory the angle by which a photon is deviated in the gravitational field

4GM,,
0= PR (6.38)

where r is the least distance from the centre of the sun attained by the travelling photon.
Equation (6.38) is the same as the one resulting from Einstein’s general relativity and is there-
fore a good check of the quantized theory.

7. Annihilation of spinless particles into gravitons

The formalism in the calculation of the scattering of gravitons by spinless particles has been ex-
tended to the annihilation of two neutral or oppositely charged spinless particles with propagation
vectors p and p’ into two gravitons with propagation vectors k and k' as shown in fig. 7.1. It takes
into account the self-interaction of gravity as shown in section 4. In the c.m. system

P=-p; ko=—k, py=py=ky=kg. 7.1
The polarization vectors associated with the two gravitons are chosen as:
o K'Xp' _kXp ' W _ k' Xel (k)
(k)= el(h)= < =el(k); eXk)=—7—"7,
()IkXpI ()lkXpIe() (k") ]
2 1
e2(k) = Qikel—(k% _e2 (k') (1.2)

The scattering operator can be expressed as
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Fig. 7.1. Annihilation of two neutral or oppositely charged spinless particles into two gravitons.

= —iV=2Q2n)* 8(p +p' — k — KDa(p)a(p)[@; (k) ai(K) +a* (KVa_ (k) (Fy + F + Fy + F)

+(ay (k"ya” (k) +a* (K a, (k) (F, + F,)] (7.3)
where
F = K2 W —(p— 2 (p+k)*? F. = K> (1 —(p+ k)2 (p—k)?)
3T 128 6,2 2 ’ a 128 6,2 2 ’
pou® +(p—k)*) po(u® + (p +k)*)
=_K_2_4 2002 A2 (r _ )2 2 =_K_2ﬁ
Fy=—5 i 2 —4pd) — (- P (p + k1), F, =S (7.4)
Po

The resulting cross sections for various polarization state of the two gravitons are

do,, do__ ep2r 4 gin%p 72

= = _R2 _ (32 cin2 _—______B—S]ﬂ—

o - aa - ap || TF o smet (7.5)
do,_ do_, g@g2p2r gisin%a 1° e
Q@  de 48 || _p Coszg] (7.6)

with

E=p,, B=Ipllpy=v (7.7)
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where £ is the particle energy, v its velocity, and @ is the angle between &k and p. The total cross
section can be obtained by integrating both do,, and do__ over 6 from O to 37 and integrating
either do, _ or do_, over @ from 0 to #. Thus:

o =0 =TOE g3 a3 - - 2 4380 - 2 4300 n 1 E ] 7.8)
4g? —8
7G2E?

o,_=0_, =

ML (76~ 96+ 565 — 67 + (108 — 3 —96°+26° +36%n L) a9
2% =3
The total cross section is given by
o=0,,to__+to,_. (7.10)

In the non relativistic approximation

0=1erm2/ﬁ (711)
while in the extreme relativistic approximation
o~ &nG*E? . (7.12)

The above results are qualitatively in agreement with the earlier estimates of Wheeler and Brill
[90] and of Ivanenko and Sokolov [42] but the numerical factors in the above two equations
disagree with the results of DeWitt [21].

8. The graviton—particle vertex, the proton—neutron mass difference and related problems

The analysis of the graviton—particle vertex in itself, that is quite separate from other parts of
a Feynman diagram, can be used in a number of problems, including the calculations of the proton—
neutron mass difference (Pagels [62]), and the-binding energies of the deuteron and singlet deuteron
(Hare and Papini [38, 39]). These applications are essentially based on the close analogy existing
between electric charge and gravitational mass as quantities indicating the source strength of the
electromagnetic and gravitational fields respectively. This may also be expressed by saying that
as the electric and magnetic structures of a particle are obtained in the particle—photon vertex, so
its mechanical properties are contained in the particle—graviton vertex. Dispersion relations may
then be obtained for the form factors appearing in both vertices.

The nucleon-graviton vertex of fig. 8.1 that corresponds to the trace of the energy-momentum
tensor can be represented in the form (Pagels [62])

(P)T(W?) = a(P) [G(W?) + G'(wH] 8.1)

where G and G’ are nucleon mechanical form factors. It satisfies TCP-invariance. At threshold,
where all lines are on the mass shell, one obtains

GM*)=M 8.2)

which is the graviton—nucleon coupling constant. Following Bincer’s method [7] one can then
derive sidewise dispersion relation for the mechanical form factor. For proton and neutron they are
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Fig. 8.1. The nucleon—graviton vertex.

wr—M2 = Im G, (w'?)dw"
Gp,n(w2) = Mp,n +- T ; , 9 i , 2 . * (83)
n2, PoM W' —w? —ie)
From these one can immediately derive the proton—neutron mass difference
2 Im G, (w?) dw? * Im G, (w?)dw?
sM=M, —M, =1 [ —° L (8.4)
"M:, w? — M2 WMi w? — M2

The additional assumption of low energy dominance, already tested successfully in the calculation
of anomalous magnetic moments (Drell and Pagels [23]; Parson [68]) restricts the integrations

in (8.4) to A*M2 and N>M2 respectively with A? ~ 3 (Drell and Pagels [23]). The contributions to
Im G, can then be calculated by expanding the vertex as shown in fig. 8.2. The Ny and N con-

N N
T g
4
-4~ 1=0,
- -
r"’ \\\q /1
~ .
// \\\ ’/
4 ~ I
’
P
N N k
2.
pz-m

Fig. 8.2. Contributions to Im Gp,n'
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o

Fig. 8.5. The two nucleon intermediate state.
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Fig. 8.6. The electromagnetic contribution.

tributions can be further expanded in figs. 8.3 and 8.4. Most of the diagrams in figs. 8.3 and 8.4
can be calculated in the pole approximation. This is sufficient to give the correct experimental
value for 8M. Completely analogous procedures are applied to the determination of the deuteron
binding energy (Hare and Papini [39] ). The vertex of interest is = W(w’) in this case and €, and
e;" are the polarization vectors for the off and on-shell deuterons respectively. Figs. 8.5, 8.6 and
8.7 represent the two nucleon intermediate state, the electromagnetic contribution and the
break-up contribution respectively. The Lorentz condition d - € = 0 and TCP invariance restrict
the vertex to the expression
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Fig. 8.7. The breakup contribution.

€, W(W y=FywHe, + Fi(w)(e- 1)1, . (8.5)
One concludes, however in this case that
Fy (M) 2M2 (8.6)

The subtracted dispersion relation now is

2 2 % 2 2
-M f ImG(w )dw (8.7)

Gwt)y=M+"
T W MHW? —w? —e)

and the binding energy
B=M +M, — M, (8.8)

can be calculated as
_1r
7

MP

which can be extended to the more general case of alight nucleus (Hare and Papini [38]). Againlow
energy dominance restricts the integrations in (8.9) to A'2M3 and N\*M?%, respectively. X'? is deter-
mined by the relation

NIME - M2 =N2ME — MY, (8.10)

Since A? is already known, so is A'2. They yield the correct value of the binding energy. The same
method applied to the singlet deuteron indicates that the system is unbound. The analysis of the
particle—graviton vertex, and in the particular problems considered the assumption of threshold
dominance appear therefore to be able to link and explain the neutron—proton mass difference,
the deuteron binding energy and the non-existence of a bound singlet neutron—proton pair.

Im G, (w'?) dw'? f Im G, (w'2)dw'? 1 j Im Gy(w'?)dw'"? 8.9)
2 o2
n My

—
HH w —Md2

1
2_M12) 1rM
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9. Photoproduction of gravitons

Photoproduction processes of the type ¥ + e - e + g have been first studied by Vladimirov [79].
Perhaps more interesting, at least from the astrophysical point of view, is the interaction of photons
with a static electromagnetic field and the consequent emission of gravitons. Strong sources of
electromagnetic radiation do in fact exist in the universe, among them are quasars, pulsars, galaxies
and in our planetary system, the sun. The linear theory within certain limits is adequate to deal
with them.

Weber and Hinds [83] have studied the photoproduction of gravitons starting from a Hamiltonian
formulation. They have shown that the processes of the creation of gravitons by Coulomb scattering
of photons and by scattering in a magnetostatic field occur and have calculated the cross sections
for a large volume containing a uniform field. Such interactions might lead to observable effects
over a long period of time.

Also Papini and Valluri [64—67] have considered the process of photoproduction of gravitons
in static electromagnetic fields and have applied the results to the study of gravitational radiation
from a variety of astrophysical objects. Radiation rates have been estimated in different frequency
ranges of the electromagnetic spectrum. Photoproduction has been found to contribute a signifi-
cant amount of gravitational radiation.

9.1. Graviton photoproduction in static external gravitational fields
Boccaletti et al. [8) have considered the emission of a graviton by a photon in a gravitational

external field as represented by the two diagrams of fig. 9.1.
k, and k, are the four momenta of the initial and final photon respectively. p is the four

Fig. 9.1. Graviton photoproduction in a static external field.
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momentum of the emitted graviton and ¢ that of the virtual graviton. The matrix element corre-
sponding to the two diagrams is given by:

- K2 A 0 £00 V2 v -y ' 1
(pk, IM k= - fﬁ“ (\/28968P0 — T 6 ")(ekkp — epkx) —_—
(27 (B K3 p°)' 2 (p+ k2

X [8,6(p + k) (P + k) — 8,5 (Dt k), (P +ky), — 8, (p+ky),(ptky), +8,(p+k),(p+ky),]

X (€2Kk% — €2k2) 8™ (€78 — § 675 &) + BN (/2670 670 \/_6”P)(e2 k2 —€2k3) e
(k, —p)

X [6ua(k1 - p)p(kl - p)r - 6vg(k1 - p)u(kl - p)1' - S”T(kl —p)p(k] - p)0’+ ‘Svr(kl - p)u(kl —p)a]

X (e, ky — ey k,) 879 (278 — 18788) ¢(q)8%(k, +p+q — k) d3q . ©.1)

In the case of an extended source, like a galaxy, the Fourier integral is evaluated from a minimum
ro that is the radius of the galaxy, and this imposes a constraint on the exchange momentum g

do=m) [ [ 8(k2 +p® — KO)pk, M1k, )2
f i

8(kS +p° — kD
= o f[ : e 3 E(E 2 {states of the graviton}? d’k, d3p:|
8(271')5 |k, — k, — pI* k§kIp® ol \grav

(ZJ 2{- }2) (9.2)

grav

fdk"fde fd¢2f"defd¢Q 27

8(2.”)5 pol

Q is given by
0
= Z— (k° k9) sin 6 sin 0, (k9% + k92 — k$kS(1 — cos@,) + k‘l’(k‘l’ — k) cos 6 — k9 (kS — k)

1

X (sin 8, cos ¢, sin 6 cos ¢ +sin 6, sin ¢, sin O sin ¢ + cos 8, cos 0)"%] . (9.3)

2 o1 means the sum over the polarizations of the photon and the Z_ ., 2{states of graviton} in-
dicates the square modulus of the expression between curly brackets in (9.2) summed over graviton
polarizations. There are four possibilities for the photon and hence four amplitudes for €, and €,
parallel and then perpendicular to the (k,, k,) plane. The explicit values of the polarization vectors
are:

€,y = (cos ¢5,sin¢,,0), €, =(sin ¢,, — cos ¢,, 0) (9.42)
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€, = (cos 0, cos ¢,, cos 8, sin ¢,, —sin6,), €, =(sin ¢,, —cos ¢,, 0). (9.4b)
The constant in (9.4) has been taken as the average mass of a galaxy. The cross section in cm?

is of the order of:
o=~ 10%/10% ~ 10~ cm? . 9.5)

If the target is a galaxy, the cross section is very small and the contribution to the red shift of
the light coming from the distant stars is negligible.

If the energy loss of a photon which emits a graviton is evaluated, with the use of the standard
formula

dk 1
M 00

— = Zap, 9.6
- Nof P oy 9P (9.6)

N is the number of galaxies /cm?; considering a path of the order of the radius of the universe, Ak
is found to be:

Ak, ~ 1070 e-v. 9.7

Therefore, it follows that the red shift of light cannot be explained as a ““tired light”” phenomenon.
9.2. The processes of the typey+e—~>e+ g

The calculations are based on the interaction Hamiltonian introduced by Gupta [33]. The

(a) (b ©

[C)] ®)

Fig.9.2. The processy +e > e +g.
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diagrams for the process are given in fig. 9.2. The electron may be substituted by other fermions.
Let £, be the initial energy of the fermion, k,, is the energy of the photon, &, is the graviton
energy.

When

E, >k E, >k, (9.8)

01>

the matrix element has the form:
M= ie/ k2 o p )(Plkz)il(l?le)~(l91k1)é .(p.)
@) Vg kyy | (p k) (pyky) v

The diagrams b and ¢ give the main contributions. The effective differential cross section of the
process has the form:

(9.9)

k2,E,

- 2 0272
do=(Qm? —

b cos? 22 \M(p,, p,)I* dS2 . (9.10)

By squaring (9.9), averaging over initial and summing over the final spins, one obtains

2,26 ind ) oin? k P(k—k)2
do _ _ e*k’p°®sin®f sin’¢ _E(_I_Z_l_) 9.1D)

d2 8(4m)*E (E, — p, cos 8) koy \(pyky) @, K3)

where ¢ is the angle between k, and p, and 6 is the angle between k, and p,. In the relativistic
case, E~ E, ~ E, ~ p, ~ p, and by setting of k, ~ k, ~ k one gets

o~ e*k?E?k? . (9.12)

For k extremely small, eq.(9.12) diverges. This infrared divergence is of the same nature as those
present in electrodynamics. In quantum electrodynamics the infrared catastrophe appears and
hence the methods of perturbation theory would be inapplicable. If it is assumed that a significant
number of gravitons exist in oufer space, then the transformations of gravitons into photons
must take place when fluxes of gravitons interact with matter.

In particular this effect via the factor sin®8 in (9.11) could enhance the electromagnetic radia-
tion normally reaching earth from outer space if some objects moved at right angles to the radius
vector from the earth to the object. The measurement of the effect and of the Doppler red shift
would then make possible a complete estimate of velocity and direction of motion of astrophysical
objects (Vladimirov [79]).

9.3. Photoproduction in static electromagnetic fields

The quantization of the linearised form of the gravitational field has in its applications to weak
sources, yielded in general low rates for graviton emission. Strong extended sources of electromag-
netic radiation in the universe like quasars, pulsars, etc. could improve considerably the graviton
emission rate.

The first order diagram for the process is given in fig. 9.3. In fig. 9.3, [, ¢ and k are the four
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Fig. 9.3. The photon—photon--graviton vertex.

momenta of the graviton, the incoming photon and the photon of the static external field. The €
quantities are the corresponding polarization tensors. Therefore the interaction Lagrangian can be
written as:

o
2, == 25 1(€@) @yl +4,0,) ~ (0 20,9, — @O (e, L, + €1, — €,q, — €,4,,)

— () (q,8, +q,8,) + @) (e &, + €,8,) — 8, {(e6) (q]) — (q&) (eD}] . 9.13)
From it one derives the transition matrix
1 27— \2 . ) .
KM g2 = (m) (TK) pzof 1€,, (€, 1, +q,1,) (€€) — (¢,], +€,1,)(qé)

+(e, €, + eué“) () —(€,q, + é“qv) (el) + (g€, * q,€,) (&)

—2q,q,(€8) —8,,((q]) (e€) — (el) (g€))} (K)I? (9.14)

where ¢(K) is the potential due to the static electromagnetic field. The polarization sum gives 16
large sets of terms which results from the expansion. Using the expression

Zé“péaﬁ = _% (n#anpﬁ + nya n”ﬁ - nuynaﬁ)

and considering the three cases

Dv=a, wu=p
v=4, L=
Du=v, a=4

the summation over polarizations over all the 16 sets of terms is carried out. The differential cross
section can then be written in the form:

do/dQ2 = (1/V/ 21, 2q0)2(_T")2 (2m)? - 4 [d®18(q, — 1,) {3(qI)* (e€)? — 4(e€)(ql) (qé) (&)

— 8(el)(ql) (qé) (e€) + 4(el)* (qé)* + 3(ql)* (ee) (e&)} 19(K)I* . (9.15)
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Since the vertex is covariant a convenient frame of reference can be chosen in order to simplify
the calculations: g is chosen along the z axis. Then:

1=(q0,0,0,9): q*=0=qq-q*=P=0~-I; q3=q¢"; =P (9.16)
I=(,, |l sin 6 cos ¢, 1] sin 8 sin ¢, /| cos 0) 9.17)
—q =1(0, 1] sin 8 cos ¢, || sin 0 sin @, |I1{(cos8 — 1)) (9.18)
ql=qt(1 —cos9). (9.19)

Since €,9" =0, two polarization vectors satisfying this condition are chosen such that:

(1) €=(0,1,0,0)

) €=(0,0,1,0). (9.20)
The static Coulomb field is considered first. Then

p(k) = 22_= 2 9.21)

K2 [1=q*

and the time like component é does not vanish. Moreover

e€=0; é=-1. (9.22)
Thus the total cross section is given by

_* 2 (2 _ 2
o= f - )(2 0)( ) @m? [ dy 8(q - o) dS2 {-3q3(1 — cos 0)
—%q% sin?0 (1 + cos 2¢) — 4qd(cos 6 — 1)} (Ze)*/(11- q|*)? (9.23)

where 6 and ¢ specify the orientation of the outgoing graviton or equivalently:

g=4m*GZ?/e?

c
The magnetic field is assumed to be that of a dipole. The potential due to the magnetic
field can be calculated in momentum space from the expression for the potential in coordinate
space by the use of the Fourier transformation.
Therefore (9.15) is evaluated and on simplification gives:
7981 —cos 8)® (1 —5cos ). (9.25)

For the magnetic field of a dipole, the potential is given by

=47 (c.g.s. units) . (9.24)

47M cos 0’
Pp = — 9.26
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where M is the magnetic moment, 8’ is the angle of inclination of the dipole with the direction of
the incident photon. € can be chosen to have components
€= (0, sin 30 cos ¢, sin 30 sin ¢, cos 36) . (9.27)

The total cross section is found to be given by

f_g_ (1 — cos 0)?

_5 i
> 1 cos (1 cos 0) sin 8 d0 d¢

Omag =(:‘?4‘,‘C')2 (47M cos 6')* (2m)? 3 f

2q4
= 2567 GM?q3 cos*0'  (q, = 2w/ = 2mv/c) (9.28)
o . =1024x® GM2y? cos28’ (c.g.s. units) . (9.29)
mag — .

Eqgs. (9.24) and (9.29) agree in order of magnitude with those previously calculated by Weber and
Hinds [83] using the Hamiltonian formulation of the general theory of relativity.

9.3.1. Higher order corrections

In this section the second order radiative corrections are calculated. The four point interaction
of the two fermions, photon and graviton is known from the work of Pagels [62].

Diagrams a and c of fig. 9.4 give the same contribution and are identical. Also diagrams b and d

Fig._9.4. The second order radiative corrections.
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are identical. Therefore the polarization tensor I1 (k, 1, q) can be defined,

uYAO
Huu)\a AT V}\O uua}\) : (930)
Also (f1T 5611 and (f] T4, 11 give the same contribution. The cross section is calculated initially

for a screened static Coulomb field. The transition matrix element for diagram (a) is given by

Ze _
€l Tpuno (a5 K, m)|?|; €, M) =

2m&-Ne? /167G e, l——{fd“pqw‘y}\ p-m ., prl-dq— _Ze_lemo (9.31)
i pT—m* (pFI—q) —m?] K?
After removal of the divergences by charge renormalisation one obtams
Zf)z K€y 1 T ypro | €271 SURNZ =
! (9.32)
€Ren m? 1 —cos# 4(1 — cos 0)? m® 1
T (1287G) Z2 ¢? { 40 — —— — — 100 —
g2 (1 —cosf+N') (1 —cosf+N')? gy (1 —cos 8 +\')?
The total cross section can now be written as:
o =f 20 KEMIDI2 8(qy — 1,) d31 = (2m)? e}, (167G) (222 ) (2m)
£
2 t ' 4
X {40’"_(1n 2%7\_ _ 2_%?) 8 + 8\ In 2 ;,)‘ 28})\, _ - 200m } . (9.33)
gk geN(2+\)
The corresponrding result for a magnetic dipole potential is

— 2 2 ! 2 2 ’ 2 + )\'

0= (2m)* 2m)(167G) e}, (dm M tos 8) { 8g5l2 — 2N +A'* In N
2 N 2 A
— 80m (2+7\ln2+>\) T (9.34)
(1]

9.3.2. The third order radiative corrections

The third order radiative corrections correspond to the diagrams of fig. 9.5.
T, no Can be calculated by introducing the polarization tensor for the closed loop with the
crossed photon and graviton lines. T,,,,,, has a finite part and a part which has a logarithmic
divergence. The tensor can however, be regularised (Karplus and Neumann [50]). The calculation
of Tao 18 straightforward but very lengthy. After squaring the matrix element and summing over
the polarizations one obtains the total cross section in the low energy approximation as:

672G

4 €°2°G
g = (l6m) 9

(9.35)
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(B#) P 0 Y

© «

Fig. 9.5. The third order radiative corrections.

In the relativistic approximation g, > m and for a screened Coulomb potential one obtains

+ 1 2 3 =
f@? |<€uv|lu Tv?\a lvTuAal m |€;\170)| d’l

in? 6 m?
~5 €ur | Gy 1.0 57 o 1) 1M, + 283 [ 1477 ) o (9.36)

Pol
m? m? 1 2
— (8t 1,8,0) (1 — —q—l—)4(nl)ex + 2(eD) (1 + E) ,8,% l,,gw)na] l;_—_ﬂ;?—ﬁ'l d3l] ,

K12 =11—q* =2g3(1 —cos 6 +1,), A, =N3/2g3. (9.37)

Integration over the angles and the summation over the initial polarizations yield the cross sec-
tion:

2 A 4 1+2A 2+ A
03=4601a3|:1+m ( 2 + =2 )+ m? + L 2 0 2
qg 2 +‘?f2 2+ 7\2 qg)\z Q2+ )\2) 18 36 )\2
m? 2 A
S v ing ] ©38)
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alis the first order cross section and a is the fine structure constant. For the magnetic field of a
dipole one obtains

24 A
m* 1 2
+8+4 . _ _

8§+4 9ln N -

2 2
0} =0} 16% [ "2 2 40 In 23 e 4 197 (9.39)

q; 2 q; g

10. Synchrotron radiation

Pustovoit and Gertsenshtein [31] have considered the production of gravitational synchrotron
radiation from charged particles spiraling in magnetic fields. Gravitational radiation is produced
not only because of the quadrupole moment of the particle in motion but also because of the
electromagnetic stresses caused by the charge. The trajectory of the particle is completely deter-
‘mined by the electromagnetic interaction since the gravitational interaction is much smaller. The
ratio of the power due to the gravitational losses to that of the electric losses is independent of
energy in the ultra relativistic case

dE) /(dE) _ 13 16aGM?
dE ak =12 LomG M- 10.1
(dt grav.loss dt ekctric.loss 4 e2 ( )

M is the mass and e the charge of the particle.

Another possibility of producing gravitons as high frequency radiation is by collisions between
atoms and particles. A good example is the Coulomb scattering of electrons in the interior of a
star. Unfortunately, the rate of photon emission is very small compared not only with the rate of
photon emission, but also with the rate of neutrino—antineutrino pair emission calculated by
Gandelman and Pinaev [30].

Gravitational synchrotron radiation from particles in stationary external gravitational fields has
been extensively studied in recent times. It has in fact been suggested by Misner {55, 56] that a
gravitational synchrotron effect might be responsible for the events observed by the Maryland—
Argonne gravitational wave detectors. Because of the strong focussing effect and the proximity
of the solar system to the galactic plane, the amount of radiation necessary to explain Weber’s
observations would be reduced substantially if a hypothetical source at the galactic center emitted
gravitational synchrotron radiation into the galactic plane. Several models have been discussed in
the literature involving radiation from relativistic particles in orbit around massive spherically
symmetric or rotating black holes. None seems to yield a possible astrophysical source of synchro-
tron radiation. A comprehensive review of the subject has been published by Breuer [14].

11. Terrestrial sources of gravitational radiation

11.1. Induced emission of gravitons

Weber [84] has described the production of gravitational waves by large vibrating piezoelectric
crystals and found that the production of gravitational radiation by microscopic systems is insignifi-
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cantly small. The gravitational decay of excited states of nuclei or molecules takes place at too
slow a rate to be of any significance as a source of experiment in the terrestial laboratory. It is
however possible in principle that the gravitational radiation from such systems can be increased
greatly by using induced emission at resonance. This process has been considered by Halpern and
Laurent.

An apparatus working on the principle of induced emission would be the gravitational counter-
part of the “laser”” and has been called a “‘gaser”’. The “gaser” conceived by Halpern and Laurent
[36] consists of a material the microscopical parts of which can be excited by external means. Be-
sides the production of gravitons, induced emission would produce an avalanche of photons in the
direction of the rod, which could however be removed, by means of mirrors. The induced emission
would therefore be specific in the sense that gravitons would increase the emission of gravitons
and not that of photons.

The cross section for the process of induced emission at resonance is:

o =x?, (11.1)

geom

where A\ denotes the wavelength of the emitted radiation. If this condition could be realized the
gaser would be as effective as the laser. However, the extreme weakness of the gravitational inter-
action and the unavoidable competition from perturbations prevent such a possibility. More realistic
limits can be obtained as follows:

Let 8w, denote the line width due to the electromagnetic interaction and dw, the spread in
frequency due to all disturbances. The two effects can roughly be taken into account by writing
the cross sections as

0=K16w, (bw;>dw,)

0=R/Téw, (dw, > dw,). (11.2)

7 is the lifetime of the excited state as calculated from the gravitational interaction only. For a
quadrupole transition

/7 =x*wSd*M? - (11.3)

where x2 - 2 - 87G/c* =4.14 X 10~*8 g~! cm~! s2. G is the gravitational constant, M is the mass
of the radiating particle and d is a length of the order of magnitude of the orbit of the particle,

w = ke (11.4)
and

dw,=w'd*e’; dw,=Aw, (11.5)
where A is a measure of the frequency spread. Also the mean free path is given by

I=1/oN, (11.6)
where N is the number of microscopic systems/cm?3. By using the expression for 1/7, one obtains

7=—2— .1 when (%)4<% L7

X2 M2 m2
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and
2 4 2
A X when (?‘—) >€ (11.8)
x? Nd*M? d A

The mean free path /, the characteristic length of the gaser, is defined as the distance over which
the number of gravitons double. The minimum of / is given when

I=

X, =d(e?/A) (11.9)
This gives
. =e/AIK*M>Nd?) . (11.10)

In natural units for nucleie~ 107!, M~ 107 B ecm ™, N~ 10¥ cm~3,d~ 1072 cm, x =
10732 ¢cm. Then

I~ 10%/Acm. (11.11)

Such a large number excludes of course nuclei as the source of radiation in a gaser. The smallest
value for A is in fact similar to that of the Mossbauer experiment (A ~ 1071%),

Therefore (11.10) suggests that larger systems than nuclei should be tried as sources. If big mole-
cules or systems comparable to our microscopic systems are used, the wavelength of the radiation
is of the order of that for vibrational transitions (Schiff [711]),

X~ (mM)V? d? (11.12)
where m is the electron mass. Also

M=~ pd?®, p=~10% cm~ (corresponding to 1 gcm~3) . (11.13)
Therefore:

X~ pmd’ . (11.14)

Comparison of (11.14) and (11.9) gives:

A>Rpin If d2 (e/mp)!/s (1/A)/10 (11.15)
IfA~ 107" p~ 10% cm—*
A>K,,, if d=10"8%cm. (11.16)

The above condition for d is fulfilled for all molecules.
The condition

— 2
[ @y >~ (11.17)
X° Nd*M?
can therefore be used.
Insertion of (11.14) and the approximate relation N ~ d=2 into (11.17) gives

I~ ﬂz ~ 10% A cm (for molecules) . (11.18)
X

© B
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This excludes also vibrational and rotational transitions in molecules as sources for the radiation
in a gaser. For molecules the attainable A, is of course, much greater than it is for nuclei.

11.2. Super radiating states

Nagibarov and Kopvillem [57] discuss the possibility of creating a super radiating gravitational
state (SGS) from quantum systems that already are in a super non-radiating electromagnetic state
(NES). The ratio of gravitational and electromagnetic power /(®) and I® radiated by free particles
in free space in interatomic and internuclear transitions are respectively

n=1I8/[°~ 104 (interatomic transitions) (11.19)

n=18/]°~ 1073 (internuclear transitions) . (11.20)

It is shown by Dicke [94] that the use of lasers increases n by a factor N, A Q asaresult of a
decrease in the spontaneous electromagnetic radiation in the resonator; and by a factor 7, ™IN
as a result of retaining the photons in the resonator where N, is the number of resonator modes,
Q is the resonator figure of merit, A is the photon wavelength 7, and 7 are the photon lifetime in
resonator and duration of particle phosphorescence in free space and N is the total number of
particles. Therefore n could be increased by 1015 —1020 times. In addition, /® increases by about
Nitimes because of the coherence of the gravitational waves. A further increase in 1 can be obtained
by using the directional property of radiation from large systems. The intensity of the coherent
part of the spontaneous emission of such systems is

g = f[g(K) pé}q [exp{i (k — ?‘:; g kt@) “r, } exp{—i(k - :L_g g kge) : rq}:]dﬂ (11.21)

where / (g)(K ) is the spontaneous emission intensity in a unit solid angle d§2 in the direction of the
wave vector K r, and r_ are the radius vectors of the radiating particles, a,, are ~ 1, and k;, are
the wave vectors of the exc1t1ng electromagnetic pulses (¢ is the serial number of pulse sequence,
and 6 numbers the wave vectors within the limits of one pulse in the case of multi quantum exci-
tation). To satisfy the equality K = E;,oagekge in the exponential of (11.21), two quantum excita-
tion has to be used.

It is possible to excite the systems simultaneously by two laser pulses with:

k,,(e)=k{n,, k,,(e)=—ki,n, (11.22)

with carrier frequencies
Vo Yo

HTATFIVE T T a0 - TVe)
Two quantum electromagnetic excitation is physically equivalent to a certain effective frequency
Vo=V, tv,, kny=k=8. (11.24)
From (11.21) it follows that
IO~ [O Dy N2(1/Lv)? sin ¢ (11.25)

v (11.23)
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¢~ vg Ey By uP At (11.26)

where £, and E, are the electric field intensities of the electromagnetic wave, u the dipole ma-
trix element, At the duration of the exciting pulse, and L the length of the sample in the n, direc-
tion.

The equation (11.25) is similar in form to (11.21), but is obtained taking into account the dif-
ference between photon and graviton velocities in matter with the super radiating electromagnetic
state (SES) completely excluded, thus increasing n further. by

N(1/Lvy)?* times (for N=10',L =1 cm, v, =310sec™!), n=10° times. (11.27

There is no electromagnetic radiation at frequency v, at all in the n, direction.

The occurrence of super radiating electromagnetic generation is avoided by the excitation of
gravitational echoes in the two quantum mode. The problem of reception has also been discussed
by Nagibarov and Kopvillem. It is best to receive pulses of coherent gravitational waves with the
aid of analogous quantum systems. An SES is first excited which decays after a time T'; < T, as
a result of the inhomogeneities of the local fields. In the same way a system is obtained in which
energy and information on the phase and on the wave vectors of the exciting pulse are stored and
this makes directional reception possible. At an instant of time 7} < r < T, this system is subject
to pulses of gravitational and laser beams, in which the directions of the wave vectors and the fre-
quencies are such that an SES is produced in the system. After a time 2¢ the system begins to
generate, in the required direction, coherent electromagnetic waves. In such a method of reception,
the gravitational pulse serves as the means that permits at the required instant of time and in the
required direction, the release of the energy stored in the receiver. Though there is a difference in
the angular distributions of the radiation intensities of the mass and electric quadrupoles, it is still
possible to excite high frequency radiation by means of an alternating electric field. In regular
lattices containing excited nuclei, SES and NES can spontaneously occur for y quanta and conse-
quently SGS can occur at the frequency of the y quanta relative to the nucleonic mass quadrupoles.
The mass quadrupole can be excited by means of an electric dipole transition, making it possible
to let the mass quadrupole to emit at maximum intensity.

11.3. Continuous generation of a gravitational beam

Nagibarov and Kopvillem [58] have considered the use of superradiant states of quantum sys-
tems for the generation of coherent gravitational continuous waves in the optical region. It is the
graviton analog of stimulated optical and acoustic emission.

It is well known that in order to generate gravitational waves it is necessary to excite oscillations
of mass quadrupole moments. The intensity of the radiation of the gravitational waves by an iso-
lated quadrupole is proportional to the sixth power of the circular frequency of the oscillations

I~ WS (11.28)

Excitation of oscillations of electric multipoles by an external electromagnetic field leads also
to oscillations of the mass multipoles. Therefore, lasers can be used for the excitation of mass
quadrupoles in the stimulated emission regime. To excite gravitational waves in the range 10'? <
w, < 10 rad/sec, the rotational and vibrational levels of the molecule are used. In the range
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10" < w, < 10" rad/sec the electronic levels of atoms and molecules are used and in the y-ray
frequencies internuclear transitions are used.

The generation of gravitational radiation, in the considered range of frequencies w,, is effected
by a system of N> 1 mass quadrupoles, the linear dimensions of the system being > )\g (wave-
length of the gravitons). Due to interference effects; '

I~ NwS . (11.29)

Since for the reception of GR it is necessary to record at least one quantum, the efficiency
of the discussed method of generation of reception of GR increases with frequency like wg.

In media in which # (the refractive index for e.m. waves) > 1, upon excitation of GR in the single
quantum regime

I, ~ Nw$ (11.30)

because of the difference between the wave vectors k, of the photons and k, of the gravitons with
the same frequency. To avoid an additional decrease of /, by a factor 7\2, it is necessary to excite
the emission of GR in the two quantum regime by using two lasers, which gives

k:ffec=kg . (1131)

The above equality in single quantum excitations can apparently also be attained in inverted systems.
In dense gases,n =1, k, = k,.

A serious obstacle to the experimental realization of GR generation is the powerful e.m. radia-
tion which necessarily accompanies GR.

To decrease the intensity I, of the electromagnetic radiation the following prescriptions are
useful.

1) The system should be excited with the help of two lasers for which effectively &, = k; then
the intensity of e.m. radiation at frequency w_ decreases by a factor A% compared with the case
of single quantum excitations.

2) One should excite systems in electromagnetic resonators which have no mode at frequency
w,, at least in the direction of k,; this in general suppresses the coherent spontaneous e.m. radiation
with k, = k.

3) The direction of effective k, = k, should coincide with one of the minima of the intensity of
the spontaneous emission of the isolated electric quadrupole. The method for the reception of GR
is the inverse of that proposed above. A quantum statistical theory can also be developed for the
generation of GR with the aid of lasers at the electronic levels of atoms and molecules, at the rota-
tional and vibrational levels and at the Landau levels. I, are listed in table 11.1. The parameter of
the receivers and the intensities of the light ray at the receiver output are listed in table 11.2.

Table 11.1.
GR generation power in the stimulated induction regime (from Nagibarov and Kopvillem [58]).
Nature of levels wg mg 0o v VN s Ieon(wg)/sin?8
{1 and 12) (rad/sec) ® (cm?) (cm3) (cm™3) (cm?) (erg/sec)
1016 107%’ 1071 10¢ 10% 10° 10712

1013 10722 10715 108 1023 103 10710
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Table 11.2
Power at the receiver output in the derection of a gravitational ray in various reception methods (from Nagibarov and Kopvillem
[58].

Methods of Nature of levels Receiver parameters Power at

GR reception i1> and 12 o ) .. receiver
P wg G (erg) Vgt  wph wimwpptily  Aw TZ* output
of n,£,5, (erg/sec)
1) With photon Tl 1016 10710 107% 10! 107 107 1076 10713
pumping Ty 1013 10710 1073 108 107 107 107% 10°U
2) With photon  Tlg| 1016 1016 107 10718 1077
pumping My 1013 1013 107 10718 1073
w? Ay Tz* Wa—Wph Wa—Wpr ]coh(wph)
3) Phonon Tl 5x10'5  10° 1078 10% 1015 10718 1073

graviton My 5x1012  10° 1078 102 1012 10718 10%

11.4. Stimulated generation of coherent gravitational radiation

A system of N identical particles with a discrete spectrum is considered. |1 is the ground state
of the isolated particle. |2) is one of its excited states with energy £, — E, = w,. The unperturbed
spectrum of such a subsystem is described by the operator

N
H, =w, 2 R . (11.32)

j=1

Its interaction with the external generators with effective wave vector k and effective frequency
w can be represented in the form:

g{rzAkRk++A;Rk_ (11.33)

Ry = 2LRLe™™i, R, =Rj+iR,; [R],R]=2R] (11.34)
= J

[R;,RI)_=R,, [R,,R.1=-R_. (11.35)

R{i is the component of the operator of the effective spin R = 3, r; is the radius vector of particle
j. A, is an operator describing the interactions-with the external generator.
The intensity of the stimulated gravitational emission (SGI) is given by:

Iw,) = [Kk,)dQ (11.36)
N
_ N Wg | sin%6 2 ( We ) = . ‘ il
I(k,) = Iy(k,) > [1 — cos f, tanh e, T 5 tanh %, T N ;231 exp {i(k,—k, —k,)r,
(11.37)

where dS2 is the solid angle element, rp=rp -, kg is Boltzmann’s constant, T is the temperature,
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cos 6, = (1 + (T,Aw)* + w2T, T,)"! (1 + (T, Aw)?) (11.38)
sin 0, = (1 + (T, Aw)? + w2 T, T, )" |w,I T2 Aw (11.39)
Aw=w0—lwg| ; Iwgl=|wltw2| (11.40)
w,=KUKIDI, =2k (11.41)
7
kyw
1, (kg [ ™ 12) 7,7, [2+ Zaipg, 2|’ ]
4nc
—1 23 {1D™12 QID™ 11 + 21 DT 1X1| D™ 2) nsnx}] (11.42)
K,8,%
p™ =/ +pm,)_Lprm ~ pm=ipm (11.43)
pm = /i(Dp +Dm) - iDP ; DT, =D, ~\/——(D‘“ D) (11.44)
D, =Dm, =\/L— (D} +D™), DT, =Dm, —\/6 (D™, — D7)
DI =La[3L2 — LI+ 1)], ap=myQy(L/Q2L — 1))~} (11.45)
moQO - (LfLiprj(3Z'2 . r12)dU'|LiLi) , LIi =L1x +1L1y ; (1 146)

k, is the gravitational constant; u, 8, x = x, y, z; n, are the direction cosines of the vector k dv'
= dx dy' dz’, pg is the density of the electron mass at point x’, y', z’ of the electron shell of the
particle j, m, the electron mass, L’ are the components of the effective orbital motion of the
particle.

In (1‘ 1.37) the coherent part of the gravitational radiation describes the factor containing

2rexplitk, —k, —k,)r;} .
FET
At kg =k, *+ k,, this function has a sharp maximum. To obtain the maximum possible I(wg) it

is necessary that this direction coincides with one of the maxima of I, (kg). The power of the
coherent part of the SGI is given by

Loon (W) = Iy (no k) A2N?45) sin? 6, tanh? (w,/2k, T) (11.47)

4S is the area of the face perpendicular to k| +k, =n, |k, +k,|, S/A\1; > 1 (/;, = length of sample,
A, = wavelength of the generated gravitons, n, coincides with one of the maxima of I(kg)),

w, = (wg/2n)(n +1); w,= (wg/Zn)(n -1 (11.48)
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(sin 6,),0, = 1w, I T, (1 + w2T, T,)~Y2 (when Aw = (1 + w2 T, T,)V2T,). (11.49)

max

If the generator power is such that

w, > 1NT, T,, (sin0,), . =V T,/T,. (11.50)
The transition 1) - |2) is realized as a result of absorption of two quanta, when

wytw, =w, . (11.51)

Then it follows that

(11.52)

QI lo> @IH] 11 A9 a) o (1
lw = 2_ +

a Wy —w,+il*, w, —w, +ill,

o, and ¥, are respectively the Hamiltonians of the interactions’of the first and second electro-
magnetic generators with impurity j, and I, is the width of level a.

If the transition |1) ~ (2) is a result of absorption of a quantum w, and creation of a quantum
w, (W, =w, —w,), then

A o alH L2 Q1K o) ) K |1
|w,|=[2 : Lyt . (11.53)

a W tw, +il, w, —w, +il',

Also in this case
sin & /sin 8= (w, —wg)/wl ) (11.54)

a@ is the angle between n, and k, ; 8 the angle between n, and k,

B=COS_1['—M}%—+L(W +W)] (1155)
2w=w,) 2w, 1 g ’

w W, — W

—2~=tan&, 52=sin"( ! L sinB). (11.56)
w, Wy

If the GR is excited by a system with an equidistant spectrum and an effective spin R > 3

)\2

I, ( )=4I(k)—§R2(R+1)2M'26 tanh? (=8 (11.57)
coh (Wg olkg) 5 sin“6, tan %, 7) .
When R =%, (11.47) is obtained.
For the case of GR generation using Landau levels
P E 2 P, E Y —2
sin?6, =( > T22Aw) (1 +(T,Aw)* + (7) T2 ) , Py =(4mce/H)'* . (11.58)

e is the electron charge and H, is the Z component of the constant external magnetic field. The
matrix elements of the quadrupole moment between the states whose Landau quantum numbers
n, differ by 1, are
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+1+ 1)} (11.59)

where / is the orbital quantum number and E the intensity of the alternating electric field.

The Brans—Dicke theory [13] predicts that the pulsations of the mass density should lead to
generation of scalar gravitational waves. For a system of N particles pulsating coherently with fre-
quency w,,

4k, YA wy AP wé NN?
Ioon(W,) = 91 e 45 Sin*0, tanh?(w,/2ky T) (11.60)

ky=k +ky i ky =k (1+40)/(1+6x) (11.61)

A=Al fdv'('?)p, 12 . (11.62)

k, is the gravitational constant with allowance for the scalar field. k can be either >0 or <0, or
{kl ~ 1 (Sexl [72], Dicke and Goldenberg [34]). The oscillations of the quantity A can also be
excited by lasers through oscillations of the charge density of the electron cloud, of the nuclei in
the molecule, or of the nucleons in the nucleus.

Nagibarov and Kopvillem discuss also methods of detecting rays of coherent GR.

11.5. Lattice vibrations in solids

The quantized model of a simple cubic lattice serves to study the gravitational radiation resulting
from lattice vibrations. The interaction of electromagnetic radiation with solid proves the existence
of optical transitions and the Brillouin effect. In both cases an extended crystal contributes co-
herently to the emission. The gravitational analog of these processes were not considered in the
works of Mironowsky [54] and Weber [82]. Mironowsky apparently did not take into account
the conservation of crystal momentum, which applies even to a continuum as the limiting case of
a crystal lattice, and his result has to be modified.

Halpern and Desbrandes [35] have considered a simple model of a crystal lattice and investigated
its gravitational radiation. The lattice is quantized but the gravitational field remains classical. The
work is closely patterned on that of Halpern and Laurent [36]. The emitting bodies have extensions
that are large compared with the wavelength and hence the multipole approximation cannot be ap-
plied. The gravitational radiation emitted by the quantum transitions of solids has been considered
by Halpern in the semi classical, linear approximation and the procedure used is analogous to that
of the transitions of microscopic systems discussed by Halpern and Laurent [36].

The linearized theory relates the classical gravitational field G** to the energy momentum
density of matter 7% (x) as;

OG** = 16aGT+ ,
where

G =+ —gg*, g=det(g,,). (11.63)
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When r = |x - x'{ > A, the wavelength of the GR, as well as the extension of the source, then
terms of higher powers in 1/r can be neglected and the following result is obtained,

’ !/

xax# Too ' 3L
R00(X)d”x". (11.64)

G (x) = +26 [ =

T2° denotes the value of T°°(x") retarded with respect to the point x'. Therefore the quadrupole
approximation can be replaced by the retarded quadrupole approximation.

There are N atoms per periodocity interval for the lattice. For the nth particle the mean displace-
ment is

X(n)=R, +u(n) . (11.65)
Assuming central forces,
VE, . %y) =% L Uy, (R, —R,,) ut(m)ub(m) ,

_ (11.66)
UpyRpy —R) == F,(n),

where F), (n) is the u component of the force acting on the nth particle as a result of a unit dis-
placement from equilibrium position of the mth particle in the « direction. The equation of motion
of the system is given by

mii*(n) = — 22 U,, (R, — R, ) ub(m). (11.67)

The solutions of (11.67) constitute lattice waves.
The angular frequencies of the normal modes of the system are given by

w(d) = w, sin (@m/N), w, =V 4y/m,
a is the lattice constant,
U, (cu/t) = —7501&,6”& . (11.68)

uit (u=1, 2, 3) are three mutually perpendicular vectors parallel to an equal in length to each
one of the edges of an elementary cube of the lattice and ¢ = £1. The gravitational waves propagate
even in the crystal with a velocity almost equal to that of light because their interaction with
matter is extremely weak.

The Hamiltonian for the quantized system can be expressed in terms of Hermitian operators
a, and ay as:

H= kEA wy (k) {a (k) ay(k) + 3}kl = 1p+p'1=w+w =w"). (11.69)

A normalized state of n quanta (phonons) of polarization X and momentum p as well as n’ phonons
of polarization B’ and momentum p’ is represented by

(n! ')V (@ (P))" (@5.(p))V10) = In(\p) B (N'D) (11.70)

where | 0) is the state of zero phonons.
The contribution due to the rest masses is m(Z,, x, (n)x, (1)/r)g oo and the matrix element



G. Papini and S.R. Valluri, Gravitons in Minkowski space—time. Interactions and results of astrophysical interest 121

tlten becomes

U, (nu,(n)

(- DD —HNE)Y| 2

n

n(\, pyn'(\'p')y . (11.71)

x,(n) can be replaced by i, (n) in (11.71) because only the displacements &z contribute to (11.65)
after the time derivatives are taken. Also 1/r can be replaced by R the constant distance between
the field point and the centre of the crystal. Therefore (11.71) becomes

5% (nn)!? (w(BYW'(p)) 12 €5 €4 2 expli(p + 1) R, —i(w +w)i} . (11.72)

The crystal momentum is conserved for the factor exp {i(p + p') - R} compensates the retardation
effect. The whole crystal can contribute to the emission. The flux density in the neighborhood of
the Z axis is

Gw +w)onn' _ 2GEE'W?
3laR“w * TR*
with £E=nw, E'=n'w' ~ n'w.
The total rate of radiation emitted is
~ R*Y?13 ~ GEE' w/L ~ Gpp'wq*L (11.74)

where p = E/V is the energy density and V' = gL where L is the length of the crystal in Z direction.
¥ is the solid angle and is =37 - w"L. The above results are valid in the harmonic approximation.

Bx)~ (11.73)

12. Results of astrophysical interest

In this section are collected those results which are more interesting from the astrophysical
point of view. They are mainly classified according to the particular astrophysical object to which
they refer. It might be worth mentioning that the results obtained by Papini and Valluri {64—-66]
are obtained from application of the results obtained in section 9.3.

a) The Sun

The emission power of gravitons by photoproduction from the Sun in the infrared region has
been calculated (Papini and Valluri [64—67]) to be 5 X 102 erg/sec corresponding to a flux at the
Earth of 1.7 X 1072 gravitons/cm? sec. Such a value is subject to variation depending on the data
available for the sizes of the chromosphere, the corona and the magnetic field. This result does not
differ very much from the values 6 X 10'* erg/sec and 5 X 10! erg/sec given by Weinberg and
Carmeli as indicated by egs. (5.42) and (5.50) respectively. Bremsstrahlung and photoproduction
in the sun therefore constitute the strongest source of GR in our planetary system. Classical
quadrupole radiation for the Jupiter Sun system follows in intensity with 7.6 X 10!! erg/sec in an
entirely different frequency range. Quite in general, thermal collisions may provide the most im-
portant source of gravitational radiation in the universe.

b) Quasars
Estimates for emission power from bremsstrahlung are not yet available and might be difficult
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to make since quasars are still not well understood objects. Estimates for photoproduction by
3C273 in particular have been given by Papini and Valluri [67] for various regions of the spectrum.
They depend on presently available data for the quasar’s magnetic field and suffer from the same
uncertainties. Again emission peaks at infrared frequencies with an upper limit of ~5 X 1032 erg/sec.
The corresponding flux at Earth, assuming the distance of 3C273 to be 500 Mpc, is ~3 X 10726
erg/cm? sec, indeed negligible, and much smaller than the fluxes of ~ 10712 erg/cm? sec due to
broad band bursts produced by large explosions in quasar and galactic nuclei as conjectured by
Press and Thorne [69]. A considerable amount of GR, perhaps ~ 10?8 erg/sec, could also be
emitted by photoproduction in the gravitational field of a quasar (Boccaletti et al. [10]). This
figure is considerably higher than the gravitational luminosity, ~ 10?5 erg/sec, of 10° supernovae
(Vladimirov [79]). 3C273 in the above optical range would emit at the rate of ~5.5 X 1025 erg/sec
(Papini and Valluri [67]). Since there may be one quasar every 100 galaxies, the quasar contribu-
tion to the overall graviton density in the universe may be non negligible.

c) Seyfert galaxies and galactic centre

Photoproduction in the infrared can account for up to ~3 X 102% erg/sec for NGC1068 and
~8 X 1022 erg/sec for the galactic centre (Papini and Valluri [67]). The corresponding fluxes at
Earth amount to ~2 X 10~%7 erg/cm? sec and ~2 X 10727 erg/cm? sec respectively, again smaller
than the outbursts predicted by Press and Thorne [69]. Over long periods of time their contribu-
tion to the graviton background in the universe may be sizeable. Much higher is the estimate
1038 erg/sec given by Mironovskii [ 53,54] for gravitational luminosity of a galaxy due to the motion
of its double stars. The gravitons in this case have extremely low frequencies. Graviton photo-
production in static external gravitational fields cannot explain the red shift of light as a ““tired
light” phenomenon. As shown in section 9.1, the results of Boccaletti et al. [8] indicate that even
if the external gravitational field is that of a galaxy the cross section for the process is only
107! cm? and the energy loss of a photon is only ~10750 eV,

d) Pulsars and neutron stars

Unlike the classical problem that admits radiation only if the axis of the magnetic dipole moment
of the star and its rotation axis are at'an angle, in the quantum problem there can be emission of
GR also with complete alignment. Estimates for NPO532 have been given by Papini and Valluri
[65], for photo-production in the magnetosphere of the star, in different frequency ranges. They
find P ~ 3.6 X 1020 erg/sec for radio frequencies, P ~ 3 X 10?! erg/sec in the optical range and
4.1 X 10%® erg/sec in the infrared region and estimates for X-ray and y-ray regions are 6.2
X 10%? erg/sec and 4.1 X 103! erg/sec respectively.

Shortly after birth pulsars possess external electric fields which are then gradually neutralized
by the near plasma charge separation (Pacini [61]). For hot neutron stars the surface luminosity
can be ~1038 erg/sec (Tsuruta and Cameron [75]) and is peaked in the soft X-ray region. By
assuming an electric field at the surface ~ 10'* V/cm, one obtains

P~ 2.8 X 10%! erg/sec.

Magnetic fields of intensity upto 105 gauss can exist within neutron stars (Vandakurov [78]).
The power emitted by a pulsar with Lg ~ 1038 erg/sec is P ~ 6.2 X 103* erg/sec and possibly higher
values soon after birth and the radiation is peaked in the soft X-ray range. The power emitted via
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photoproduction can therefore exceed the quadrupole contribution for pulsars of ellipticity

< 1073, It is interesting to speculate that photons produced in the interior of the star in the
presence of strong magnetic fields may also be converted into gravitons that could then escape

and therefore play a role in the cooling of the star. It also appears that the gravitational luminosity
of a neutron star can be larger than both gravitational (10'S erg/sec) and electromagnetic

(10% erg/sec) luminosities of our sun. Comparable in efficiency with photoproduction is gravita-
tional bremsstrahlung in neutron-neutron scattering. Boccaletti estimates infact P ~ 10?7 erg/sec

at frequencies 1022 Hz for a canonical neutron star as indicated in eq. (5.56). One should there-
fore expect the presence in the universe of a background of GR distributed over the complete
spectrum and due to the overall population of neutron stars. It is difficult at this stage to gain a
perspective on the general graviton density in the universe. Attempts to estimate it have been made
by Boccaletti et al. [10] taking into account various processes that can both produce and annihilate
gravitons. For an universe with an age of 10'® sec they find that the situation is far from equilibrium
and that the gravitons are still accumulating. They conclude that the mean density of gravitons in
the universe may be ~10~'° erg/cm?3, smaller therefore than the cosmological background of
electromagnetic radiation (~10~!* erg/cm?). This conclusion may however be premature not only
because information as to the number, distribution and efficiency of strong sources in the universe
is still missing, but also because the efficiency of the quantum linear processes so far studied can
indeed be at least as high as that of the classical ones. Bremsstrahlung and photoproduction in
particular may significantly increase the estimates given in the literature.
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